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Abstract: In this work, we numerically study the inverse problem of locating small circular
obstacles in a homogeneous medium using noisy backscattered data collected at several frequencies.
The main novelty of our work is the implementation of a single-layer potential based fast solver
(called FSSL) in a Full-Waveform inversion procedure, to give high quality reconstruction with low-
time cost. The efficiency of FSSL was studied in our previous works [7, [6]. We show reconstruction
results with up to 12 obstacles in structured or random configurations with several initial guesses,
all allowed to be far and different in nature from the target. This last assumption is not expected
in results using nonlinear optimization schemes in general. For results with 6 obstacles, we also
investigate several optimization methods, comparing between nonlinear gradient descent and quasi-
Newton, as well as their convergence with different line search algorithms.
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Localisation de petits obstacles avec un solveur rapide
utilisant une méthode de potentiel de simple couche

Résumé : Dans ce travail, nous étudions le probléme inverse pour la localisation d’obstacles
circulaires dans un milieu homogéne en utilisant des données multi-fréquences de type ‘back-
scattering’. La principale nouveauté de ce travail est I'implémentation d’un solveur rapide util-
isant les potentiels simple couche (dénommé FSSL) au sein d’une procédure d’inversion des formes
d’onde (FWI), afin d’obtenir une reconstruction de grande qualité, & un faible cott numérique.
L’efficacité de la méthode FSSL pour le probléme direct a été étudiée dans nos précédent travaux,
[7, [6]. Ici, nous montrons des reconstructions jusqu’a 12 obstacles dans des configurations struc-
turées ou aléatoires, avec plusiers modéles initiaux éloignés et de nature différente par rapport
a la cible. Dans le cas de reconstruction de 6 obstacles, nous présentons aussi une étude des
différentes méthodes d’optimisation implémentées dans notre code, en comparant le gradient
non-linéaire conjugué et quasi-Newton, ainsi que la convergence de différentes méthodes de line
search.

Mots-clés : Inversion des formes d’onde, Full-waveform inversion, localisation de petits ob-
stacles, probléme inverse en multiple-scattering, potentiel simple couche, inversion quantitative,
propagation harmonique, multi-fréquences, méthode de 1’état adjoint, équation de Helmholtz,
reconstruction, optimisation non-linéaire.
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1 Introduction

In this work, we consider the inverse problem of locating quantitatively small circular obstacles
in a homogeneous medium using multi-frequency backscattered data. This inverse problem has
applications in materials imaging e.g. non-destructive testing using acoustic waves to detect
defects, buried objects location, geophysical exploration and medical imaging, c.f. [2, [{0]. The
general framework of an inverse problem starts with the forward map ® which assigns to a model
p in a model space P observed dataset (state) d in a state space D. An inverse problem aims to
reconstruct the unknown model which gives rise to an observed data dgps, i.e. one tries to solve
for @1 (dops)-

The unknowns in our inverse problems are the positions of the obstacles and the observed data
are noisy synthetic back-scattered data. We assume that the number, size and scattering type
(soft or hard) of the obstacles are known, and that the obstacles are non-overlapping and located
strictly inside a rectangular domain of interest in which experiments will be carried out to collect
the back-scattered data (along the boundaries of the domain). The inverse problem is written
as a nonlinear model-based minimization problem and solved by gradient-based optimization, a
procedure in which an initial guess is corrected in hope of converging towards the true model.
In seismic inversion, this approach is called Full Waveform Inversion (FWTI), see e.g. [46], [42], [19].
FWI using only gradient-based optimization with simple linesearch has been effective in large-
scale optimization, in reconstructing velocity of complex mediaﬂ With increasing computing
powers, FWI has become a popular tool in seismic inversion, however the method enjoys much
less popularity in smaller-scale problems. For this reason, we would like to investigate the
performance of FWI in the context of inverse scattering. The main novelty of our work is the
implementation of a fast solver in FWI procedure to give high quality reconstruction with low-
time cost, this is further discussed below.

For the localization problem, there are two approaches in describing the direct problem math-
ematically. In our work, the direct phenomenon is modeled as a multiple-obstacle scattering and
mathematically described as an exterior boundary value problem of the Helmholtz equation, with
boundary condition imposed on the obstacles and radiation condition imposed at infinity, see
discussion in Section[2} Also in our approach, the position of the obstacles are retrieved directly,
and the typical data set are either far-field or near-field data. Another viewpoint is to consider
the obstacles as part of the homogeneities of the medium, e.g. in Electrical Impedance Tomog-
raphy (EIT) in biomedical imaging, the obstacles are represented by regions having different
conductivity and the dataset in this setting being the Dirichlet-to-Neumann map (D—t—N)EI, see
e.g. [2], or in inhomogeneous medium scattering, as regions having different value of refractive
inde

Reconstruction methods fall into two categories: quantitative, which includes FWI, and qual-
itative (also called imaging-based direct methods). Quantitative inversion has the advantage of
being ‘conceptually simple’ and giving better precision reconstruction [34]; however, these pro-
cedures require solving numerous direct and adjoint problems, and can thus be computationally
intensive. Most works in inverse scattering focus on shape reconstruction (of extended obstacles)

I Numerical reconstruction of synthetic examples modeling Earth’s subsurfaces can be found e.g. [I7]

2 The direct problem is now modeled as V - (y(x)Vu) = 0 with the conductivity «(z) being constant outside
of the obstacles and taking extreme values inside the obstacles. Under small inhomogeneities assumption see e.g.
[21] for a description of 7. This equation is coupled with a Dirichlet boundary condition on the boundary of the
domain of interest, which in the context of EIT is a current applied to the boundary. The problem is in a finite
domain rather than an infinite one as in multiple-obstacle scattering. In the context of EIT, the D-t-N gives the
potential, measured on the boundary of the domain of interest, induced by currents also applied on the boundary.

3This perspective is described by —A — k?n(z) = 0 and radiation condition is imposed at infinity. The
information of the obstacles are now contained in the refractive index n(z). The presence of an obstacle is
signaled by n taking on different value from the background medium, see e.g. [13} 24].

RR n°® 9137



4 Barucq € Faucher € Pham

or on localization of scatterers as inhomogeneities (the EIT pointview); due to the computational
burden of quantitative inversion, they use imaging-based methods (such as direct sampling, fac-
torization, MUSIC, probe methods etc). For examples of qualitative reconstruction of shape, see
the survey paper [47], book [10], or the introduction of [34], [38] 5] and the references therein. For
localization problems using qualitative methods, see e.g. [I8] Il 28] 1T, 24, [T6].

The computational cost of quantitative inversion can be drastically reduced by using fast
solvers (for the resolution of forward problems). In previous works [7] [6], we have investigated
the efficiency of a solver based on single-layer potential (called FSSL) in simulating the diffraction
by a large number of small soft or hard-scattering obstacles, in comparison to methods based on
volume discretization e.g. Finite Element methods. This solver reduces drastically the resolution
time-cost of a forward problem and hence the overall time-cost of a FWI procedure. The second
advantage of FSSL method is the high-precision simulation of the forward problem, and as a
result, the quality of the final reconstructiorﬂ In dealing with small scatterers or homogeneities,
a reductive model is usually employed by asymptotic expansion (see e.g. [2]), or the interaction
between the obstacles is approximated by single-scattering (also called Born approximation), or
the scatterers are considered point-like (e.g. in Foldy-Lax model [28]). This is not the case for
our solver which takes into consideration all levels of interaction between the scatterers, and can
treat both small and extended scatterersﬂ Comparable to our approach for the direct problem
is the generalized Foldy-Lax model used in [4] and the references therein, however a different
linear equation was use(ﬁ and direct-imaging is used for inversion in [4]. Another advantage of
the single-layer potential solver is that it does not require domain truncation, which is typical of
integral equation methods, which makes application in FWI simplier and gives higher precision
modeling, compared to using FWI with volume-based discretization.

The literature on quantitative inverse scattering focuses mostly on shape reconstruction, see
e.g. [36, B3l 135, BI] or inhomogeneities of the medium [8] and the references therein. While FWI
is popular in seismic inversion, see e.g. [46], few literature can be found on inverse scattering
using true FWI approach, with the exception of the recent work [20]. However, there are several
differences between [20] and our paper: 1. the obstacles are characterized as part of the medium
in terms of speed, density of medium (versus to our unknown parameters being exactly the
position of the obstacles), 2. the linear problem is simplified with Born approximation and,
3. the direct problem is discretized and numerically solved by volumed-based methods (finite
difference or finite element), 4. FWI is carried out in the time-domain for the wave equation
describing a medium with absorption, 5. numerical experiments are shown for up to 5 obstacles
for structured configurations.

Other novelties in our experiments are the usage of back-scattered data and the fact that
our initial guesses are allowed to be far and different in nature from the target, a property not
expected of methods based on nonlinear optimization schemes in general. Regarding dataset,
most references work with the far-field pattern or Dirichlet-to-Neumann map as scattered data
rather than backscattered data (with the exception of e.g. [24] which however uses Music-type
inversion). Back-scattered data are produced by a single sensory device (which acts as an array of

4The precision in forward problem resolution, an important point in FWI, helps reduce the number of artificial
local minima of the cost function.

5 For circular obstacles, to guarantee the invertibility of the forward problem, the testing wavenumber & and
the radius of the obstacles r have to satisfy: xr are not in the set of zeros of Bessel functions. A ‘cheap’ requirement
however enough for our tests is that xr < 2, for more details see [7, Remark 2]

6In [4], single-layer potential Ansatz is also used to distinguish the scattered field by extended obstacles from
that by the point-like scatterers. However, a different choice of boundary operators (using a combination of
interior trace operators) result in the so-called Combined Field Field Integral Equation [4, Eqn 2.13]. For more
details on the derivation of this equation see e.g. [3, Eqn 64|. These equations are more complicated (containing
more terms) than the ones that we use, which are obtained simply by applying the exterior traces (for both the
Dirichlet and Neumann problems ) to the Ansatz [7].

Inria



Quantitative localization of small obstacles with single-layer potential fast solvers 5

transducer and as well as receivers)ﬂ Regarding initial guesses, most iterative-based inversions
are said to require sufficient closeness of the initial guesses to the true target [32]. In our
experiments, despite the restriction on the angle of data collection, with the usage of multiple-
frequencyﬂ our initial guesses are allowed to be far and different in nature from the target. In
addition, we show results with up to 12 obstacles in structured or random configurations, these
are on the higher end in terms of the number of obstacles that can be detected among results using
either quantitative or qualitative methods. Another contribution of our work is the investigation
of several optimization methods, comparing between nonlinear gradient descent (a popular choice
in seismic inversion) and quasi-Newton, as well as their convergence with different linesearch
algorithms. As pointed out in [34], although the implementation of quantitative inversion is
‘simpler’ in general, the theoretical side of the convergence and uniqueness in inverse multiple-
scattering is not completely settled, see Remark[I] These experiments are contributions to future
theoretical investigation of the convergence and uniqueness of quantitative methods in inverse
multiple-scattering.

The remaining of the paper is organized as follows. Section [2]introduces the fast solver which
is used to discretize the direct problem, and the discrete inverse problem as an optimization
problem of the cost function. The key ingredient in gradient-based optimization is the Fréchet
derivative of the cost function, which in our paper is computed using the Adjoint-State method,
from two perspectives. This is the subject of Section [3] with further details in Appendix [B}
In Section [ the frequency-hopping procedure with the investigated search directions and line
search algorithms are described. Section [f] serves as an overall discussion and highlights the
common theme of the numerical experiments follows after. The numerical experiments are given
in Section [6] for 6 obstacles, [7] for 12 obstacles in structured configuration, and Section [§] for 12
obstacles in random configuration. Section [§] aims to show that the inversion procedure also
works for arbitrary configurations.

Remark 1. The shape and location for one obstacle can be uniquely determined from the far-field
pattern [25, [T]l]. Lipschitz stability study of the forward map ®, and the convergence for gradient-
based and Newton-like iterations are carried out for shape reconstruction with the scattered data
being far-field pattern, see e.g. [{3, [29]. When the obstacles are considered as part of the in-
homogeneities (or conductivities) of the medium, and the dataset are the Dirichlet-to-Neumann
operators (also called boundary measurements), uniqueness and stability estimates are given by
[21]. There is also a uniqueness result with respect to the location of point-like homogeneities
by [22]. Uniqueness with the scattered data being far-field pattern with respect to the location of
homogeneities of finite refractive index and under smallness in size assumption is given in [24)].

2 Discrete direct and inverse problem

We first describe how the direct problem is discretized by the single-layer potential fast solver.
For convenience, this is also called FSSL.

Notations Consider a configuration of Ngps non-overlapping circular obstacles of the same
radius. We assume the circular obstacle I is of radius r; and centered at x; € R2. located at

x; = (x11,%X1,2) , 1 <I < Nops.

7 This type of partial data (versus full data which are collected all around the domain of interest or at wider
angles) which is not compatible with traditional MUSIC-type methods [24], also this represents more challenges
for the reconstruction, see also discussion in Section

8 Multi-frequency data is a natural assumption in physical experiments [24]
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The configuration is determined by vector p, called the parameter vector of size Npar = 2 X Nops.
P=(X1,1,%X12 -+, XNope,1 » XNowe,2) -
Denote the polar coordinates relative to x; by (r7(+),05(-)),
x = x; + ri(z) (cosb;(z), sinb(z)). (1)

Denote by d;; the distance between the centers of obstacle I and J, and by 6;; and 6 ;; their
relative polar coordinates,

Xy =xy+dyy (COSHJ[, Sinan); Xy =x7+dsy (COSG]J, Sin@IJ).

The non-overlapping assumption is given by dry > ry + 1.

The continuous forward problem In nondestructive experiments to detect the location of
obstacles, incident waves are sent into the domain of interest to be diffracted by the obstacles,
and corresponding scattered waves u are recorded at receivers, see Figure [1l In particular, for
a time-harmonic acoustic wave wui,.(z) €™ ¢ (of frequency f), propagating in a homogeneous
medium with wave speed ¢, the scattered wave u is required to solve the Helmholtz equation in
the domain outside the obstacles defined by Qext,

(-A—kHu =0,

and to satisfy the k-outgoing condition at infinity to ensure that it does not re-enter the domain
of interest
lim r(Qpu—iku)=0 , r=|z|.

r—00

27

Here, wavenumber « is determined by the dispersion relation « = Tf and the corresponding

. . _ 2
wavelength A is given by A = =%.

Incident ~ (@] o
plane wave
I O o o
u Scattered
o wave u
0 o o
Qext

Figure 1: Scattering of a plane wave by various and non-overlapping obstacles. Qcy is the
domain outside the obstacles.

We will be working mainly with incident wave in the form of time-harmonic planewave, charac-
terized by the angle of incidence (also called angle of illumination) ine.

upw(x) — ei KX-(COS Qine,SIN Ainc) ) (2)

The number of the angle of incidence is denoted by Nacq.
We assume that the obstacles are either soft- or hard- scattering, upon which Dirichlet or
Neumann boundary conditions are imposed on their boundaries,

Yo (U + Uine) =0 for Dirichlet condition ,

i (U + Uine) =0 for Neumann condition along I'ops -

See [7] for the definition of the exterior trace operators v and ;.

Inria
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Discretization of the forward problem by FSSL discretization We list the main idea
of FSSL, for more details see [7, [6]. In this method, the scattered response is written as a
superposition of waves scattered by each obstacle which are in the form of acoustic Single-
Layer Potentials. In this way, the Helmholtz equation and the radiation condition are satisfied
automatically. When there are Ngps non-overlapping obstacles 2 with boundary denoted by
T'7, 1 <1 < Nopg, we write

N
Z (Sror)( Z/ (z,y)0r(y)dy , o7 €C(Ty). (3)
I=1 Iz

Here G, is the outgoing fundamental solution at wavenumber k, and is given in terms of the
Hankel function of the first kind Hél),

Gulz,y) = sHM(klz—yl) , x#y. (4)

The unknowns of the multi-scattering problem are now the single-layer densities ;. The dis-
cretized scattered waves are obtained by a truncation of the Fourier Series of the single-layer
densities. For discretization method of order m, the approximate diffractive field is written as a
linear combination of single-layer potentials with approximate single-layer densities {vy,, s}, using
2m + 1 Fourier nodes between —m and m.

Nobs m
Z SJ Vh,J ,With 'Uh7J(0J(X) , T'J(X)) = Z VJJ 6”9"(’() . (5)
J=1 l=—m

The coefficients V' = (Vj;)1<J<Now.,—m<i<m are the coefficients of the generalized Fourier series
for vy ;. We can rewrite in a more compact form using matrix-vector multiplication

wx) =T V. ©)

matrix
multiplication

Here T'(p) is a function-valued column vector composed of Nops blocks and each block is of size
2m + 1
T : P — MynalCR%C) ;5 (T(p),, =Si(p)(wan). (7)

Here, M, (F) denotes the space of matrices of size n x m with components taking value in F.
When the obstacles are circular, the scattered wave can be written as multipole expansion
defined in terms of Hankel functions of the first kind H,(fl),

NObs

Z ry Z VJ[ H( ) I<ET'J( )) eilGJ(x)' (8)

l=—m
In its compact form @, the function-valued column vector T'(p) defined in is given by,

im )
T(p)sa = v B (srs(x) !, 9)

The unknowns V' solve the multiple-scattering linear system

A(p)V = F(p,nc). (10)

RR n°® 9137



8 Barucq € Faucher € Pham

with mapping properties,

V,F : P=RYr & Mpy,(C);
A : P = RNPM — MNXN(C)

That V is a solution of is equivalent to
V = S(p, Qinc) -
where solution operator S is defined as
S: P — CY | p = A() 'F(p,aine)- (11)

The multi-scattering matrix A composes of Nops X Nops block matrices, each of which is a
matrix of size (2m + 1) x (2m + 1).

Aot Ao;12 - Agji(n-1)  Aain
Aa;21 Aq;2 Ag2(vo1))  Aai2N
A, =
Ao, (n-1)1 Aa;(N—1)2 -+ Aa;N-1 Ay (NN
A, N1 Ao;N2 - As N (N1 A, N

The diagonal operator A, ., describes self-reflection by obstacle I. The off-diagonal A, ;; with
I # J describes the diffraction by obstacle I of the wave emitted by J. The size of the linear
system is given by

N = (2m + 1) Nops

The invertibility of the system is discussed in Footnote [5]

For circular obstacles, the multiple-scattering linear system can be described explicitly in the
form of multipole expansion, using the Hankel functions of the first kind Hg) and the Bessel
function Jj and their derivatives. The diagonal blocks A, ; are diagonal matrices, with diagonal
components given by

Hl(l)(li rr) , for soft-scattering (Dirichlet BC)
nHl(l)/(n r;) , for hard-scattering (Neumann BC) -

(A])” = iT(I’[ Jl(fi rI) X { (12)

For I # J, the components of the off-diagonal block A, ;; are given by,

(Aa,10)y, =iTrdm(kry) Hii),l (kdpy) eilm=D0ur

" Ji(krr) , for soft-scattering (13)
kJi(krr) , for hard-scattering

The components of the RHS corresponding to planewave gy are given by

. Ji(kr for soft-scatteri
Fri = — 2upy(xp) it e il x W(krr) r soft-sca ernflg
' kJj(krr) , for hard-scattering

Inria
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In short, the discretization of the forward problem in the case of circular obstacles can
be summarized as

AP)V = Flp,am) < V = S(p,ame), (15)

with (column) vectors € CV T(p) defined in (7)), V(p) and F(p) defined (14)), and matrix
A(p) defined .

The discrete forward map ® Consider a set of receivers located at Ri,...,Ry.. € R2

rec

Denote by R~the linear evaluation (restriction) of a function to this set. Ryec acts on column
vectors, and R acts on row vectors,

R : Mnxl(C(Qrcc;C)) — MnXNrG(‘( )
v=(v;) +— (Rv)ir = vi(Rg) ; (16)
(©)

R : Mlxn(C(Qrcc;C)) — MN rec XM

Here C(Qyec; C) is the space of complex-valued functions of real variables R? continuous in a
neighborhood Q.. C R? of the receivers.

For a given configuration p, we define the forward map ® which gives the simulated
data, which is the field scattered by the configuration, recorded at the receivers positioned at
Ri,...,Rn €R2,

rec

& : P=RVer — D =CNr
Noubs
P — (I)(p) RT <Z Z’U” (S]W]l)(Rk)>
J=1 leZ 1<k< Nyoe

(1)
It is convenient to use

R (T(p)t V) = (7~€T(p)t) 14

which applies the restriction operator to the basis functions first and the object 7~ZT(p)t is a
matrix of size Ny X N with row indexed by k with 1 < k < N,e. and the columns indexed by
(J,1) with 1 < J < Nops, —m <[ < m. We denote this matrix by .

Its component at row k and column (J,1) is given by

(), = (RTG)), = Srwi) R, (a8)

We write
®(p) = R(p) S(p), (19)

Discrete inverse problem Given the observed dataset vector dopns € D, the inverse problem
aims to find the configuration p that gave rise to these data.

RR n°® 9137
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P
Forward prm

Diffracted field
recorded at receivers
p d

Obstacle positions

Inverse problem

In FWI approach, the discrete inverse problem is written as an unconstrained optimization
problem of the reduced cost function J

2

min J(p) . J(p) = Z %H@(P) — dobs >

peEP

(20)

Angles of illumination

3 Calculation of the gradient by adjoint-state method

We will use a gradient-based optimization, c.f. Section [d to correct the initial guess to the true
models. The main ingredient of these first-order methods is the Fréchet derivatives of the cost
function J (versus second-order methods which use the Hessian in addition).

The differentiability of the cost function depends on that of the forward map ®, c.f. Propo-
sition [T}

~

9, J(p) = Re ((@ — dobs)* a,,cb)

This will entail the differentiability of the scattered field, the multiple-scattering matrix and that
of the incident wave (i.e. the RHS). We briefly remind some results on the differentiability of
the forward map from the literature. In shape reconstruction, with the range of ® being far-field
patterns, the differentiability of ® (with respect to the boundary of the obstacles) is given by
[26, 27], see also the references cited in [34]. It is noted in [33] p.95 second paragraph], that
when the range is the trace of the scattered field on a surface, the differentiability of the forward
map (with respect to the boundary of the obstacles) still holds. This fact is also proved in [41]
which involves showing the differentiability of layer potentials. The proofs in [41] can be adapted
to show the Fréchet differentiability of the single-layer potential and as a result that of the
multiple-scattering matrices with respect to the position of arbitrarily shaped obstacles. Since
we are working with circular obstacles, we can take advantage of the explicit multipole expansion
to show and calculate these derivatives directly. This is even simpler for the discretized problem,
since the multi-pole expansions for the scattered field and the scattering matrices comprise only
of finite terms. Their explicit calculations are carried out in Appendix

To calculate J', we can either calculate the Jacobian 0,® (the sensitivity approach), or
only calculate the action of this Jacobian on the vector ®(p) — dops via the so-called Adjoint-
State method. Option 1, more costly, however provides more information, i.e. the action of
the Jacobian on any vector in CV and not just the vector ®(p) — dops. See [30, p.118-119]
for discussion of the drawback of this approach. For detailed description of the Adjoint-State
method, see |30} [12]. We present the ‘traditional’ adjoint-state calculation in subsection and
one via another view point called Adjoint-state by the Lagrangian in subsection The results
of these calculation are summarized as follows,

Inria



Quantitative localization of small obstacles with single-layer potential fast solvers 11

For a fixed set of parameter p, we calculate J' (p), using the following steps.

1. We first solve the direct problem for V' = S(p) which is a solution to
Alp)V = F,uw) , (21)

where A is given by and F by . After this step, we have also obtained the
value of J.

2. We then solve the adjoint equation

A(p)' 1 =— R(p) (®(p) — dobs) , (22)

for the adjoint state v; = 41 (p), which is a vector of size N = (2m + 1) x Nops. The
matrix R(p) is defined in (T8).

3. The gradient of the reduced cost function J at p is given by , c.f. Prop.

T (p) = Re[(@(p)—d()bs)* R -

(mS(p) + 7 (f%A

0y S®) = F (P, up))].
(2

3)
The quantities and notations in the above expression are explained in Remark [2]

Remark 2.

1. The first term in the derivative of J is related to the derivative of the single layer O,
given in in Subsection . The quantity O, (J.l) S(p) is of size Nyee X N, with its

)

k-th row given by the following expression evaluated at V = S(p).

. t
Iy im0r(Ry) B (1) cos 07 (Rg)
( > Jm(krr)e me{ reHL (k71(RO)  Gngy Ry )

imHY (k77 (Re)) ( sin 67 (Ry,) ﬂ )
Rk — x| — cos 0r(Ry) 1<I<Noy,

The operation - means taking the trace with respect to the tuple-indices {(J,1)}.

3

2. The second term in derivative of J comes from Oy A calculated in - in Subsection
B3 and that for source term associated with planewave, dpFp, given in Subsection [B.3,
Its I-th block (in Matlab syntax) is given by the following expression evaluated at W =71

RR n°® 9137
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and V = S(p).
(W'o, A " V)(2I—1:2I) = (8, W'A(p)V )(2 —1:2I)

)

Nops m t
cos 6
= E E Wn ap Mﬁf}lm Bim Vim + Wim ogm Mf]).lm Bn Vi < . 9J1>
) ) smo gy
J=1 |l,m=—-m
P - (3) (4) sinf,\"
3 - JI
+ JE | E Wn an M., Bom Vim + Wom agm Mg, B Vi ( cosf7 )
= ,m=—m

COS (ine iles Ji(Kerr) Dir BC
+ 2k, 1% ine .
Ke Wine(X1) (sm amc) Z it {/{Jg(m rr) Neu BC

The block matrix MIJ7 ./\/lf]), ./\/l”, ./\/l[J, and matriz « and B are defined in and
D).

Remark 3. In practice, to take advantage of the feature of Mumps and Lapack which allows
users to solve also the transpose problem, by re-using the factorization already made in step one

(for solving the direct equation ), instead of working with , we solve for 71 the unique
solution to

AP =— (R(p) ®(p) — doss

3.1 The adjoint-state method

Preliminary step We write the derivatives of J in terms of that ®. Denote by ®; the real
and imaginary part of ®. Since p is a real variable, the Jacobian and Fréchet derivatives of ®
and J are well-defined, under sufficient regularity assumptions.

(I)(p) = q’l(?) + léz(p) ; (bi:RNpar _>RNYQC

If exists, 0, ®; is a matrix of size Nyec X Npar. The reduced cost function J is a real valued
function of a real variable , J : RVrar — R,

J(p) = zl®1(p) —dil® + 3[®2(p) — dof?

Thus its gradient V and derivative can be defined as normal.

Proposition 1. We have

~ t t
OpJ = (@1(17) - d1> Op®y + (@2(17) - d2) Op P
S—~— N R
1XNpar 1% Noeo Nree X Npar (24)

Re[ (& doss) 0,0 ]

In the above expressions, the involved operations are matriz vector product.

We also write

Inria
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Proof. Write
CNobs 5 dops = dy + idy , d; € RNV
For ¢, € RVvar,
<8”J ’ 5p>(RNpar)*><]RNpar <a”% ~dif* + 9 5 [ 22(p) — ol ">(RNpar)*XRNpar
(apcbl 1(p)—dy ) + ((9p02)0,, ®2(p) — ) )
= (6. @y <1>1<p>—d1)) + (G (Dp@2)" (P2(p) ~ ) )

= [(@1(p) — 1) @1 + (@2(p) — da)" 32 | 5,

Here (, ) represents the vector dot product in R™¥rar, Thus

9 J = (Pi(p) —di) 8p®1 + (Da(p) — do) 3pPs
We calculate the real and imaginary part of (® — dops)* 9y,

(® — dobs)* 0p®

= [(@1 - d) +i(@ — )] (9,21 + 10,82)
= (@1 = d) = (P2 — do)'] (@1 + 10,:)
= (01— ) @1 + (P2 d2) 9Pz + i [ (@1

— 1) 0,0y — (P2~ do) D, 1]
As a result,

Step 1 We further explore the structure of the Jacobian 0,®, with a goal to see its specific
action on the vector ®(p) — dops.

Nopbs m
o(p) = M) Sp) = < 3T (Srwi)(Re) S >
of size of size col. vector J=1l=-m 1<k<Nyec
Nreex1 rec X IN of size N -

Recall that R is matrix of size Nyo. X N, with row indexed by 1 < k < N, and columns indexed
by couple (J,1) with 1 < J < Ngps, —m <! < m.

Nops m
o, ® = 0, SJWl Rk SJ[

of size Nrec X Npar

RR n° 9137 row vector of size Npar 1<k<N.
—=v_= rec
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At each index k, the quantity in the parentheses is a row vector of size Npar = 2Nops. We
calculate the components of this row vector.

Nops m
dp = ) Z Z (Sywi)(Rg) 5Jl>
of size ;recprar ( ’ J=1l=—m 1<k< Nree
Nobs m Nops m
=<Z > (SIWI) ){8;7511}) <Z > { (Sywi)( )} 511)
J=1l=—m 1<k<Nyee J=1l=—m 1<k<Nyee

= RIS 0pR) -
bS + B
(26)
The row of the second matrix in is calculated in , with the expression evaluated at
V =S(p).
It remains to study the first term in . we write

A(p)S(p) = F(p)
= W(p) + A(p) 9y [S(p)] = OpF(p)
Here, W(p) is matrix of size Ngo1 X Npar;
W =0,A - S (27)

(J.0)
with its (I,1) row given by

Nobs m
W((Ial)v) = Z Z (ap AIj;lm) Sjm ' (28)
J=1 m=-m
the (I,1)-th row of W 1<I<Nobps
—m<Ii<m
As a result, we obtain
05(r) = A (- W)+ Fw) (29)

Step 2 We substitute from the calculated expression of 9,®.

((I) — dobs)* 8:,,@ = ((I) — dobs)*i)‘iaps + ((I) — dobs)* (8,, 9‘{) (Jl) S. (30)

We rewrite further the first term by substituting in (by convention, all vectors are
column),

(@ — dops)* R 0,S = (cp - dobs> R A—l( W+ a,,F)

of size 1X Ngo1 Nso1 X Npar

R (2~ dops) ) A (- W+ 0,F)

(
= (AR (B~ dons)) (- W+0,F)
"

( W+ 0 F)

Inria
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We have denoted the expression in the first parenthesis by =1,
7 = —ATTR” (CI) - d0bs> ;
= A 71 = —R” <(I) — dobs>

Now using Prop. [l} we arrive at an expression to calculate derivative of .J.

Proposition 2.

~,

'(p) = Re [(RV — doss)” 9,(RV) + 71 (25 (AV) = 8,F)]|

<

V=S(p),v1=71

S(p) — 8pF)} (31)

S(p) + v§ (W — 8pF)}.

= Re [(‘P(p) — dobs) OpMR (j,l) sp) + m (8,,A (f,l)
= Re [(@(p) — dobs)* OpR (j,l)

3.2 The adjoint-state method by the Lagrangian

We now re-derive formula from the Lagrangian point of view. We have introduced the
function spaces,

e P C RMvar is the space of real parameters we aim to retrieve.

e D C CHree represents the space of observed data at these receivers.

e V = CV is a space of solution of the multiple-scattering linear system.
Introduce the cost function G defined as

G: Pxy — R

2 (32)
G(p.V) = ||R(p) V — dons |
We introduce the state operator
S:PxVv—CY¥  S(p,V) = A(p)V-F(p) ; (33)
and state equation
S(p,V) = 0. (34)
By the definition of the solution operator given in , we have

S(p,S(p)) =0

In addition, by the definition of the forward map @ in , the cost function G evaluated at
V =S(p) gives the reduced cost function J,

2

Jp) = G(p, Sm) = |em) — dous]|_ (35)

RR n°® 9137
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Lagrangian To calculate J' , we consider the following optimization problem

miryl’ G(p,V) subjectto S(p,V) =0,
E
Vev

with p and V treated as independent variables, with their relation given by state equation
posed as a constraint. For this purpose, we introduce the Lagrangian £ and the adjoint state
variable v, € YV = CN

L:PxVxV — C

Lp,Vim) = G(m,V) + (0, 5@ V)y. s, (36)

Since there is a natural identification of V* with V, we will simply write the second term in
using matrix-vector product,

[<p7‘/771) = <’Yl 5 S(p7v)>v*’v = ’Yf S(p7 V) -

Here * is the transposed complex conjugate.
We have

J(p) = Re L(p,S(p),m) . Ym,p.
And,
T(p) = 0 [Re L(p, S(p),vl)}-
By in Prop 4| of Appendix

T(p)3y = Re [(@pL) (. Vi) + (OFRL) (P, V) 0,5(p) + (OF L) (. Vi) 3, S) ]|, -
(37)

Here, 0p L is the usual partial derivative of £ with respect to p, while agR,c, and 8%R£ are the
complex partial derivatives defined in Definition [I] of Appendix [A]

The adjoint state problem We would like to avoid calculating 9, S(p). For this purpose,
we can and will choose «; so that the terms in containing this quantity and its conjugate
vanish, i.e.

(OFRL) (P, V,71) 95(p) + (ORL)(p,V, 71) 0,5(p) = 0. (38)

To arrive at a more explicit equation, we now calculate Ly, and Ly-. We have
CR CR CRy . CR 0 _ oCR CR
6\/ L = 3\/ g + 8V [ 8V L = 67 g + % [.

By its definition, [ is linear in S which is itself linear in V', thus [ is Fréchet differentiable with
respect to V' and

ORI = oR [»y;(AV—F) = A ; R = 0.
By Definition [I] in Appendix [A] we have

NRG = LRV —dops)* R 3 055G = LMV —dons)' R.

Inria
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LHS of condition is
(a\C/R E)(p7 V7 ’Yl) aps(p) + (8%R£>(p7 V7 ’Yl) ap (p)
* t -
= %(‘ﬁV - dobs) R 9pS(p) + %(%V - dobs) R 0,5(p) + 1A 9,S(p)

Re [(mv ~dgpe)* R a,,S(p)} + 7FAD,S(p).
and
Re [(05%.£) (p, Vi) 9,5(p) + (9RL) (P, Vi) 9,5(p)]
— Re [((mv —dobs)" R + 41 A) 9, S(p)] :
Condition (38) is satisfied if v1 solves

(RV —dobs) ™ + 17A =0 , V=5(p)
= Ay = —R" RV —dobs) , V =S(p).

We arrive at the adjoint problem with solution -1,

ATy = % (@(p) ~ dons) - (39)

Final step We use the state adjoint y; = 71 as defined in to simplify to

7/ —
J'(p) op = Re [(apﬁ) (P, V:m) ‘V:S(p),“n:wl p} .

It remains to calculate 0,L
(apﬁ) (pa Va 71) = (6pg) (p7 ‘/7 ’Yl) + (ap [) (p7 ‘/7 71) .

Upon identifying G with function H of complex variable d and d,

G(p.V) = H(R(p)V,R(p)V)
with B
H oo CNee x CN — R 3 H(d,d) = 3|d — dons|®-
Note that V is treated as a independent of p. Using in Prop 4| of Appendix |Al we obtain

(39)(p. Vi) = 2Re [(05°H) (9, )] ‘d:mp)v

— 2Re [%(mv — dobs)” Bp(PR v)} ,
On the other hand,
(0p1) (P, Vi) = 71 [0p(AV) — 0, F] .

Note that, in the above expression, V' is a variable independent of p. As a result,

J'(p) = Re[(‘ﬁV—dobs)* Dp(RV) + [a,, (AV) — a,,FHV:S(p)m:% L (40)

RR n°® 9137
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4 Optimization methods

In this section, we describe the algorithm to correct a prescribed initial guess to the true model.
Using multi-frequency data, this process, called frequency-hopping, comprises of running several
gradient-based optimization procedures over different frequencies, one for each frequency and
from low to high. Each step to update or correct a guess within a gradient-based procedure at
a fixed frequency uses linesearch-based strategy, and is described in subsection To see how
this fits within the final procedure, see Figure 2] The overall frequency-hopping is described in
subsection [I.2] General description of linesearch and gradient-based optimization can be found
in [40].

4.1 Line search algorithm

We now describe how to go from the current iterate p, to a next value p, ,; at which the (cost)

function J has a lower value. The main ingredients of line-search based strategies (opposed to
the trust region strategy) for an update are a search direction sy (usually chosen to be a descent
one) and a step length «y in this direction, i.e.

Pry1 = P T OkSk
That direction sj is a descent direction means
stV <0 , Vi :=VJ(p).
Step length oy can be found by solving the one-dimensional minimization problem
inJ . 41
min J(pr + ask) (41)

Since exact minimization can be expensive, one uses a line-search algorithm to generate a
limited number of trial step lengths until one arrives at a candidate that approximates the
minimum of .

In our numerical experiments, we investigate the effectiveness of two search directions Broyen-
Fletcher-Goldfarb-Shannon (BFGS) in the quasi-Newton (QN) family, and Polak-Ribiére (PR)
with restart in the nonlinear-conjugate gradient (NLCG). These two search directions will be
used in combination with the following three line-search algorithms which will be described in
details below. The linesearch algorithm we consider are: Linesearch (LS) Algo. 1 also called
simple-backtracking is the cheapest, LS Algo. 2 imposes sufficient descent and second-order
quadrature for update, and the most expensive one is strong Wolfe LS Algo. 3.

Write

~

di(a) = J(p), +asy) 3 dr(0) == J(py) 3 ¢4(0) = T (p)sw -

‘ Linesearch Algo 1 ‘ is described in Algo. [I} This is the ‘cheapest’ linesearch requiring only

#(a) < ¢(0), and imposing no control over how much .J decreases. Thus, only the value of the
cost function at each trial step size is required. The initial steplength in Algo. [I]is given by,

Reference
steplength

Isll2/lIsklloo

6initial trial —

Linesearch Algo 2 ‘ is described in Algo. Here, the degree of decrease in J is imposed
by

dla) < ¢(0) + pad(0) , pe(0,1) Armijo condition .

Inria
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Set 5trial = ﬂinitial trial;

Set i =0 ;
while (Z < NLS IterMaz 1) do

if (b(ﬁtrial) < ¢<0) then

‘ By = Birial ; LS = ‘successful’ ; Exit ;
else if ¢ = Npg jtermaz 1 — 1 then

| Bx = Burial ; LS = ‘unsuccessful’ ; Exit;
else

‘ ﬂtrial — % X ﬂtrial 5 1 4 i+1 5 /* Update Biria1 */
end
end
Result: Set oy = S;

Algorithm 1: Simple back-tracking linesearch see also [40, Algo. 3.1].

As a result, this should yield faster convergence that the simpler LS Algo.1. Trial step length is
updated as the minimizer of the quadratic ¢ with ¢(0) = ¢(0), ¢’'(0) = ¢'(0) and q(al(-k)) = qb(ozgk)),
c.f. [40, Eqn 3.57]. The initial step length is chosen as follows

min (6ref ) 5max) . k=1
Btrial : initial = . ( ¢;971(0) ) (42)
' mm | g—1 ’ Bref k>1
3,(0)
where et
¢x(0) steplength
Bmax = - ; ﬁref = (43)
167, (0) [kl
Remark 4. For our tests, i = 0.0001. In general p < 3, c.f. discussion in [39] (so that the

criteria is satisfied when the cost function is a quadratic).

‘Linesearch Algo 3‘ is the most expensive of the three algorithms presented here, and
requires the strong Wolfe conditions which comprise of

dla) < ¢(0) + pa ¢ (0) , pe(0,1) Armijo condition ; (44)
¢ ()] < n]d' ()] , 0<u<n Curvature condition .

The first condition controls the decrease in J and is also called the sufficient decrease condi-
tion, while the second one prevents the trial step length a from being too small.

The actual algorithm comprises of an outer algorithm described in Algo [3] and an inner one
called Zoom Algo We follow the principles of [40, Algo 3.5 and 3.6], and specify how the
interval was updated in our implementation. The overall goal of Algo. |3|is to construct (or
update to) an interval whose endpoints satisfy the following condition, and to which Zoom Algo

[ is applied.
Condition 1 (on the variables of the zoom algorithm Zoom(f8io, fni))-

(i) Among all step lengths generated so far that satisfies the sufficient decrease condition, B,
gives the smallest value of the function,

(i1) Bni is chosen so that ¢'(Bi0)(Bri — Bio) < 0.
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Set Birial = Binitial trial With the latter defined in ;

Set i =0 ;

while (Z < NLS TterMaz 1) do

if (b(ﬁtrial) < ¢(O) + Mﬁtrial ¢/(0) then

/8* = 6trial 5

LS successful ;

Exit;

else if ¢ = Npg rtermaz 1 — 1 then

B* = Btrial 5

LS unsuccessful ;

Exit;

else

e ~/(0) B |
e 2 [¢(ﬁtrial) - ¢(0) - ¢/(0> Btrial] ’

if ||5temp - 5tm’alH < €Stag Steplength then
‘ ﬂtrial <~ %5trial 5

else
‘ Btrial <~ Btemp 5

end

141+ 1;

end

end

Result: Set o = S,
Algorithm 2: Enhanced backtracking linesearch with sufficient decrease and second-order

interpolation update.

(iii) the interval bounded by B, and Bp; contains step lengths that satisfies the strong Wolfe
condition,

Either one enters the Zoom Algo [4] or Algo [3] produces increasing sequence (1, (3o, ... with
properties: ¢(f;) is a decreasing sequence, (; satisfies the sufficient decrease condition, but fails
the curvature condition, see Remark [5] and [f] Once one enters Zoom Algo [d this means an
interval that satisfies Cond. [I| has been constructed. From this step on, either the algorithm
stops upon finding the right steplength or hitting the maximum number of iteration NiterMax LS 2,
or the Zoom Algo [ keeps updating to a new interval that also satisfies Cond. [I] see Remark [7]

Remark 5. In other words, either one enters in the Zoom algorithm, or the above algorithm
will produce increasing sequence (1, Ba, ... with properties: B; satisfies the sufficient decrease
condition, but fails the curvature condition with ¢'(3;) < 0, i.e.

o(B:) < ¢(0)+Bipd'(0) , ¢'(B:i) < n¢'(0).

In addition, from comments mn Algorithm@ o(B;) is a decreasing sequence. Thus B satisfies
Condition (1] (i).

Remark 6. Without Nig rtermaz 2 (case 5), the process is repeated (case 3), until an interval with
endpoints satisfying the requirements to use the Zoom algorithm (case 1 and 2) is constructed.

For entering Zoom in case 1, steplength B;_1 already satisfies Condition (1| (i). Also from
previous remark, ¢'(Bi—1) < 0, and by construction Biria > Pi—1, we have ¢'(Bi—1)(Btrial —
Bi—1) < 0, thus Condition[]] (ii) is satisfied. It remains to verify Condition[]] (iti). In this case,
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Set Birial = Binitial trial With the latter defined in ;
Set i =1; Set By =0
while (i < Nirs rierMac 1) do

Evaluate ¢(Btrial)-
if ((b(ﬁtrial) > ¢(O) + :U//Bt'rial (b/(O)) or ((b(ﬁtrial) > QS(/B'Lfl)) then
By = Zoom(B;_1, Birial) ; /* Case 1 */
exit ;
else
/* In this case Piria1 satisfies s.d.c and ¢(Biria1) < ¢(Bi_1) */
Evaluate ¢'(Birial) ;
if [¢'(Btriar)] < —1¢'(0) then
Bx = Birial /* Case 4 x*/
Outer_LS = ‘successful’ ;
Exit
else if ¢'(Biria) > 0 then
ﬁ* = Zoom(ﬁtrialvﬁifl) ; /* Case 2 ( & ¢'(Buia) > —n¢'(0) ) */
Exit
else if ¢ = NLg jtermaz 1 — 1 then
Bx = Birial /* Case 5 */
Outer_LS = ‘unsuccessful’ ;
Exit
else
Bi = Birial ; /* Case 3 : Interval Update ( < ¢'(Biria) <n¢'(0) <0 ) */
1 /* The above assignment results in f; satisfying s.d.c and ¢(8;) < ¢(Bi—1) *x/
Btrial — mln(15 X ﬂtrial ) ﬂref) 5 /* Update [rrial */
141+ 1;
end
end

end

Result: Set oy = S,
Algorithm 3: (Outer) Linesearch algorithm using Strong Wolfe conditions to determine step

length o, used to update p;, to p;; = Py + Sk.

e Either ¢(8i-1) < ¢(Biriar), from Remark|[3,
¢'(Bic1) <0 Biriar > Bic1 = ¢'(Biz1) (Biriar — Bi-1) < 0.

This means that the conditions of Theorem@ are satisfied, which implies Condition (ii3)
1s satisfied.

o Or Biriar does not satisfy sufficient descent condition (s.d.c). In this case, the endpoints
satisfy the assumption of Proposition @ (with B;—1 playing the role of Ymin and Biriai of
Ymax ), and thus Condition [1] (iii) is satisfied.

When entering in Zoom with case 2, both Biriq and B;—1 satisfy s.d.c without satisfying the

c.c; however we switch the direction of Zoom, in direction Birial, Bi—1 (rather than Bi_1, Birial as
in case 1) since ¢(Biriat) < ¢(Bi—1), thus Condition[]] (i) is satisfied. Condition[d] (iii) is obtained
by the asumptions of Theorem[J are satisfied with

A(Biriat) < ¢(Biz1) + Biriat > Bi—1, ' (Beriar) = 0 = &' (Biriat) (Bi—1 — Biriar) < 0.
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As for C’ondition (i), since @' (Biriat) > 0 and Biriat > Bi—1 we have ¢ (Biriai(Bi—1 — Biriat) < 0.

Data: ¢(0),¢'(0), Bio, Pni satisfying Conditions (1)-(ii)
Result: 8, = Zoom(Bio, Phi)

Initialization : vio < Bio ; Yhi < Bui 3 J > 0;

while ] < NLS IterMaz 2 do

if ||710 - ’Yth < €Stag Steplength then

Br = Mo 3
Zoom_LS = ‘unsuccessful’ ;
Exit ;

else
Yirial = QuadInterpol(Yio,Vhi) defined in |45 ; /* Update ~eria1 */
Set j < j+1;

end

if ((b('ytrial) > ¢(O) + U Vtrial (b/(O)) or (¢(’7trial) > (b('ylo)) then

1 /* Interval update case 1 In this case, since Yiia1 iS between i, and 7y, we have

@ (Y10(Mhi — Y10) @' (Y10(Verial — 710) > 0. Since 71, and 7n; are always chosen so that
@' (710) (Mhi — 710) < O (Condition [t| (1i)). This means that ¢ (Vio(Verial — 710) < 0. Thus we
carry out Zoom in the direction m */
Set Yhi ¢ Yerial
else
Evaluate ¢ (Virial);
if |¢'(Veria)| < —1¢'(0) then
Bx = Yerial ;
Zoom_LS = ‘successful’ ;
Exit ;
end
/* In this case Yerial satisfies s.d.c but fails c.c; that ¢(7Viria1) < ¢(710) is automatic since
Verial is defined by quadratic interpolation. As a result, <iria1 can take on the role of 7,.

&' (Veria1) (Mni — Y10) @' (Veriar) (Mo — Yeriar) < O

Since 7iria1 is between 71, and hi, we have
e ¢ * &' (Versa1) (Vs — M10) @' (Cersa1) (Yns — Versar) > 0

The search interval is updated either in direction 7iria1, 715 (Case 2) or iriar, 7, (Case 3)
*/
if ¢/(’ytrial) (’Yhz - ’ylo) > 0 then
‘ Set Vhi ¢ Yo ; /* Interval update case 2 (in this case ym is replaced.) */
end
Set Yo < Vtrial ; /* Interval update case 3 (in this case 7y remains the same ) */

end

if ] = NLS IterMaz 2 then
Zoom_LS = ‘unsuccessful’ ;
Bx = Yo ;

end

end
Algorithm 4: Zoom algorithm

Remark 7. Suppose the previous interval satisfies Condition 1 -8, each new interval {a,, ap;}
using the interval update in Zoom Algo [ satisfies automatically condition 1 and 3. To see
condition 2,
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o Case 1 : we used qy,, Qyriq) - v Violates the sufficient decrease condition.

e Case 2 and 3 : we used Qypiql, Q1o and Qiyriqr, Oy TESPEctively. By interpolation, we have
d)(alo) > ¢(atrial) and ¢(ahi) > ¢(atrial) .

Remark 8 (QuadIterpol). The quadratic interpolation q with q(ay,) = (o)) ¢ () =
& (o)) and q(ap:) = ¢(ani)) is given by

= |:¢(ahi) — d(aio) — (oni — o) @ (g0)

(i — ago)?

} (0 — ) + &' (o) (@ — o) + Blas)

J =2 [05(0%) — d(auo) — (ani — ai0) @' (o)

(ani — agp)?

J @)+ #an)
thus the minimizer is given by

@' (o) (auni — ao)?

2 [d)(am) - ¢(C¥lo) - (ahi - alo)¢/(al0)] .

Qo —

4.2 Frequency-hopping inversion procedure

Our overall inversion procedure comprises of running gradient-based optimizations at several
frequencies, going from low frequencies to high ones. The gradient-based procedure at each
frequency is described in Figure[2] At the lowest frequency, the algorithm uses (user-)prescribed
initial guess; at successive frequencies, the initial guesses are the reconstructed parameters given
by the algorithm at the previous frequency. This strategy is called frequency-hopping and have
been used in several areas of inverse problems to correct the ill-posedness of the inverse problem,
for reconstruction of conductivity see [8], location of homogeneities [24] 5, [9], in seismic inversion
[I7]. In our case, using lower frequencies allows the initial guesses, although far from the true
models both in terms of position and nature, to converge to the vicinity of the true position;
higher frequencies are essential for taking into account the multiple-scattering effect between
the obstacles, and are necessary for convergence to positions hidden (in the middle of) in the
configurations. For a more mathematical discussion of the frequency-hopping in the context of
shape reconstruction, see [44].

We investigate the effectiveness of two search directions: Broyen-Fletcher-Goldfarb-Shannon
(BFGS) in the quasi-Newton (QN) family, and Polak-Ribiére (PR) with restart in the nonlinear-
conjugate gradient (NLCG), in combination with three line search algorithms: Linesearch (LS)
Algo. 1 also called simple-backtracking is the cheapest, LS Algo. 2 imposes sufficient descent and
second-order quadrature for update, and the most expensive one is strong Wolfe LS Algo. 3. The
linesearch algorithms are described in more details in subsection[4.1] For general motivation and
history of NLCG, we refer to [25], and of quasi-Newton to [I5]. The search directions are chosen
with the goal of being able to retrieve as many obstacles as possible while using only first-order
information (i.e. the gradient of the cost function), at the same time allowing the initial guesses
to be far from the true models. Nonlinear-conjugate gradient and the simpler version, Steepest
Descent, are popular in seismic inversion since there is no need for matrix storage, a useful feature
for problems which aim to retrieve a large number of parameters. Successful reconstruction for
velocity in heterogeneous medium has been shown using NLCG, see results in [I7]. Gradient-
based optimization, in particular variants in the NLCG family, has been investigated in the
context of inverse scattering, see e.g. [45 31l I7]. A more extensive comparison between the
variants (in NLCG) is carried out in [48]. These references suggest the effectiveness of PR. For
this reason, we choose PR among others variants in NLCG. Quasi-Newton is less computational
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intensive than methods in the Newton-like family used in e.g. [36},[33, 35 31 8] and the references
therein, while still offers good convergence rate of Newton’s method [36]. In the references just
cited, the linear problem is first linearized as ®(Pipitial guess) + P’ (Pinitial guess)9p = dobs and one
solves for 6,. This approach is equivalent to employing the Gauss-Newton method in FW

For the explicit implementation of the search directions, we follow [40, p. 140] for BFGS and
and [40, Eqn (5.44), (5.45) p.122-123] for PR with restart (called PR+). The restart, in which
the direction is set to Steepest Descent direction, is needed, since the defined PR search direction
([40, Eqn (5.44) p.122]) is not guaranteed to be a descent direction. On the other hand, BFGS
implemented with strong Wolfe linesearch algorithm (see below) guarantees descent direction.
We use [40, Eqn 6.20] for the initial approximate for the Hessian used in BFGS.

Remark 9. SD2 has a built in reset to guarantee descent search direction, thus it can be used
with all the line search algorithms. This not the case for SD1, and it sometimes can fail with
LS1 or LS2.

These are the stop criteria employed in Algorithm depicted in Figure[2]to skip to the following
frequency or to stop the overall procedure:

e those controlling the smallness of V.J and J: Ecritical point &1d €err tol}

e those signaling the stagnation of the algorithm at a frequency: e€giag Steplength When new
steplength is too close to the previous one, €stag Pos When the new configuration is too close
to the current one, and €Stag T when the algorithm does not reduce the value of the cost

function J (i.e. it is not descending or remains the same compared to e.g. 5 iterations
before);

e number of iterations: Nitermax controls the outer iterations (from one reconstruction to the
next), NLS 1terMax 1 1S used within a linesearch algorithm, and Npg 1terMax 2 is only used for
Linesearch algorithm 3 (in particular the so-called Zoom algorithm);

e the fact whether a linesearch is successful or not,

e the number of frequencies prescribed by user.

5 Common features of the numerical experiments

True models We will work with both periodic (for 6 in Section |§| and 12 obstacles in Section
7) and random true models (for 12 obstacles in Section , although periodic configurations,
we do not make use of this fact in our inversion. The radius of the obstacles are 0.5. In each
configuration, they are either all soft-scattering or hard-scattering.

Synthetic back-scattered data The back-scattered data , inspired from physical experiments
in [7], are created by a transreceiver which acts as both a source (by emitting almost planewaves)
and receivers, c.f. Figure [d] or [I4 For each angle of incidence, synthetic observed data are
collected at 128 points, along a line perpendicular to the angle of radiation. The fixed number
of data points is applied to all frequencies. The line along which the receivers are placed is also
considered as the borders of the domain in which obstacles truly reside. This type of data is
called partial or reduced data [24, [37], rather than full data which are collected all around the

9 Gauss-Newton is like Newton’s method using line-search strategy however with the Hessian approximated
by VJ*VJ, c.f. [40, p.254-258].
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e Calculate Search direction s;
e Carry out Line search algorithm to obtain «a;

Pit1 = P; + aisi, Jig1, Vdiqa

v
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frequency

|jz - cfi—5| < €Stag T
or [|[p;y1 — Pill < estag Pos
or LS not sucessful
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Figure 2: Optimization algorithm at each fixed frequency. At the lowest frequency, the
algorithm uses prescribed initial guess; at successive frequencies, the initial guess is the
reconstructed parameters given by the algorithm at previous frequency. The values of J and its
gradient V.J are by the Adjoint-State method, summarized in 7 . Linesearch algorithm
uses either Algo. 1, 2 or 3 listed in subsection

domain of interest. To create different planewaves (i.e. different angles of incidence), the device
is moved to different positions along the edges of the domain of interest.

Backscattered data at multiple frequencies are also used. We use a maximum of 4 angles of
radiation (for 12 obstacles). For 6 obstacles with noise-free synthetic data, sucessful reconstruc-
tion is obtained with only one angle of radiation, however this means using more frequencies.
When using more than three angles of radiation, the range of the frequencies are

Kmin =008 < kK <Kmax =08 ; 004 < kr <04.

When only use one angle of radiation (for 6 obstacles), we go up to Kmax = 1.2 and in this case
Kmaxt = 0.6. These ranges satisfy the requirement for the invertibility, discussed in Footnote [5
of the linear system representing the discretized forward problem.

To avoid the ‘inverse crime’, synthetic data are produced by FSSL order 12 with solver Lapack
in a separate set of codes. The solvers used for the resolution of the forward problem is Mumps
at lower order of FSSL (< 6). For more realistic experiments, complex Gaussian white noise is

dded by Matlab ti
added by Matlab routine awgn(data, SNReg , ‘measured’),

RR n°® 9137



26 Barucq € Faucher € Pham

with SNRgp signal-to-noise ratio per sample in decibel defined as

|[Data Vector||

SNRgp = 101 T T T
@ ©810 ||INoise Vector ||

(46)
Noise Vector is generated using Gaussian probability distribution.

Inversion program The inversion codes are written in Fortran90. The experiments are run
in sequential on personal laptop. A procedure is designed by indicating in order (in a parameter
file to be read by the executive file of the codes) the frequencies to be used, and for each such
frequency, the accompanying parameters: order of FSSL (to solve the forward problem), number
of angle of radiation, and the accompanying stop and stagnation criteria

€J, €VJ , €Stag J ; €Stag Pos ; €Stag LS, NIter Max » NLS IterMax 1, NLS IterMax 2 - (47)

The current solver used for the direct problem is Mumps. A more optimal choice will be Lapack,
as shown in [7, [6], however for the small linear systems, the performance difference is negligible
between these two solvers. Both solvers allow resolution with multiple right-hand-side, which is
useful when there are several angles of incidence, i.e. one collects data with several planewaves.
The forward linear system becomes

) [ VO] = [l . Pl

and similarly for the adjoint problem . Note that both equations use the same LU factoriza-
tion, another useful feature of Mumps and Lapack already mentioned in Remark [3] and thanks
to which the cost of calculating J and its gradient lies mostly in the resolution of the forward
problem.

How the inversion procedures are carried out and designed? In initial runs for each
configuration and initial guess, the goal is to obtain convergence; as a result, all parameters such
aS €7 , €V, €Stag Pos, EStag J aNd €gtag 1s are assigned very small values, and frequencies are added
one by one. These parameters are adjusted according if there is still no sign of stagnation of J
(by studying the convergence curve). After convergence is obtained, the next step is to refine
the results, by increasing the error tolerance and stagnation criteria and by removing redundant
high frequencies, in a way so that the same convergence results are obtained. This is done in
order to reduce the number of iterations. The actual parameters for each experiment are listed
in Appendix [E]

Remark 10.

e Once convergence is obtained (the obstacles find the true positions), more frequencies can
be indicated in the parameter files read by the code, however the results remain the same,
the program will enter a frequency but leaves immediately without incurring any iteration
(due to stagnation).

e One aims at a certain error in position, and uses the least number of frequencies that will
allow this level of error, i.e. if one stops earlier, the reconstruction result will be lower in
quality, and if one continues, the gain in precision is negligible and the algorithm stagnates
at redundant frequencies. This is why the convergence results of different methods (different
search direction and different linesearch algorithm) are listed with the different number of
frequencies used.

e Sometimes, fewer frequencies can be used (with stagnation parameters adjusted accord-
ingly), however, this can lead to higher iterations numbers.
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Quality of reconstruction The procedure has no information of the true models (except
indirectly through the synthetic observed data). The quality of a reconstruction is calculated
after the inversion has been carried out (outside of the inversion codes), and is based on : the
number of frequencies used, number of iterations taken, error in J and position. Error in position
is calculated as the distance between reconstructed model and the true mode;, in particular

Tr2 T2

({11 TN1 (71 TN1
Preconstructed = s y DPmodel = ~ R .
x1,2 Tn,2 x1,2 Xr,2

The relative error position is the scaled distance with respect to the size of the domain. Thus
on a domain [a, b], X [c,d],,

) . Tr1 g1
Err. Pos (preconstructed) = dlSt(preconstructed7pmodel) = ISIII,ILITI%N H( ) - ( )H . (48)

where

Err. Pos. (preconstructed)
max{|b—a| , |d—cl|}

Rel. Err. Pos (preconstructed) = (49)

Relative error in J of a reconstruction is calculated at the final frequency of the reconstruction

\/2 J(preconstructcd)
|| dobs ‘ |

RelErrJ (P, cconstructed) = at final reconstruction frequency.  (50)

Note that when there is noise, dps is the noisy synthetic data.

Remark 11 (Difficulties in comparing the methods). Fewer number of iterations does not mean
shorter CPU time of the overall reconstruction. The number of iterations indicated does not take
into account the iterations used for line search. Simpler line search algorithm can take more
iterations, however each iteration is much cheaper than one in more complicated algorithms.
We shall see that LS2 is a good compromise between LS1 (the simplest) and LS8 (the most
complicated).

Remark 12. We have seen that the optimization problem is solved using only first order infor-
mation, in particular only the value of the cost function and its gradient. However, the value
of the cost function and its gradient need to be updated at several points both within each outer
iteration and in each linesearch iteration of an outer iteration. This is accomplished via the
Adjoint-state method, described in Section@ each time one needs to solve the forward problem,
the computational cost of each update of J and its gradient is hence in the resolution of the
corresponding forward problem. In actual experiments, we will see that the number of forward
problems is quite large (~ number of outer iteration x number of linesearch iterations). For
experiments with 6 obstacles, they take around 100-150 (outer iterations), this means that the
number of actual forward problem that was solved can be up to 30 times this number. This num-
ber is higher for experiments with 12 obstacles. Thus the reduction of the resolution time of each
forward problem is very important. In our work, this is achieved by using the fast solver FSSL,
described in Section[d We shall see in numerical results that despite the large number of forward
problem that need to be solved, the final reconstruction times are in order of 1 sec for 6 obstacles
and around 11 secs for 12 obstacles.
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6 Localization of 6 hard-scattering obstacles

In this experiment, we consider the recovery of the position of six hard-scattering obstacles.
The domain of interest is of size 42 x 38 and the (disc-shaped) obstacles have a radius 0.5. As
mentioned, we do not assume the periodicity of the true configuration and the centers of the
obstacles are at the following location:

(68, 72), (72, 72), (76, 72),
(68, 68), (72, 68), (76, 68).

In Figure |3 we illustrate the obstacles configuration for the domain of interest. Figures
and [3(b)] show the two initial guesses considered for the reconstruction. The first one (in Figure
is much more different in nature from the true model, than the second one. In Subsec-
tion we carry out the reconstruction using noise-free data and the initial guess of Figure
In Subsectionsandwe incorporate noise in the data (23dB) and test the two initial guesses.
All proposed methods are investigated: Quasi-Newton (SD1) and nonlinear conjugate gradient
(SD2) search directions with three line search algorithms (backtracking, quadratic interpolation
and strong Wolfe condition, respectively LS1, LS2, LS3), for a total of six possibilities.

90 90 T T
+
80 | | gof * 7 )
+
+ X X x X x X
70 | + x x x N 70 | x x x N
H
M
+
60 [~ - 60 4 . -
50 | | | | 50 | | | |
50 60 70 80 90 50 60 70 80 90
(a) Initial Guess 1 (IG1): Error (b) Initial Guess 2 (IG2): Error
Position is 20.5 Relative Error Position is 29.5, Relative Error
Posisition is 54% Posisition is 77.6 %

Figure 3: Configuration for the six hard-scattering obstacles reconstruction where the obstacles
are in red (H) and initial guesses for the reconstruction are in green (E[)

In the case with no noise, we only use one angle of radiation for the data: 90°. For the cases
where noise is incorporated, three angles are used: 90°, 0° and 180°, see Figure [d] For each angle
of incidence, synthetic data are collected at 128 points (i.e., receivers positions) at the boundary,
along a line perpendicular to the selected angle of radiation.

The noisy data with added noise (23dB signal-to-noise ratio, see ) correspond to total
relative L? error (polluted observed data compared to true observed data) between 6.0% and
8.0%, in L norm between 10% and 21%. For the reconstructions, we take the lowest frequency
to be k = 0.08, such that kr = 0.04. We illustrate the observed data (with and without noise)
as well as the data corresponding to both initial guesses at frequencies k = 0.08 and x = 1.0 in
Figures [f] and [6] respectively.

We see that low frequencies give poor information about the interaction between the obstacles
(showing little oscillation) and that, in particular for radiation angle 90°, there is a small gap
between the synthetic data (both noise-free and polluted) and the simulated data of the initial
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Figure 4: For each angle of incidence, synthetic data are collected at 128 receivers (H) equally
spaced and lying on a line perpendicular to the angle of incidence. These are corresponding
sides of domain [51, 93], x [51, 89],. The goal is to retrieve the positions of the obstacles
indicated in red f}

2 (mm)

(a) Real part of the data for an incidence angle of 90°. Relative error between observed and noisy
data is 7.2% with L2-norm and 18.2% with L> norm.

—05
—0.6
55 60 65 70 75 ) 85
y (mm)

(b) Real part of the data for an incidence angle of 0°. Relative error between observed and noisy data
is 6.9% with L2-norm and 16% with L norm.

Figure 5: Data obtained at the 128 receivers at frequency x = 0.08. The blue line EI)
represents the synthetic data, the blue dashed line with crosses the data incorporating
23dB noise, the red dashed line E[) represents simulated data associated to the initial guess

1 (see Figure and the green dashed line E[) represents simulated data associated to

initial guess 2 (see Figure [3(b)).

guesses (see Figure [5(a)). This helps explain intuitively how beginning the reconstruction at low
frequencies allow that the initial guess to be far from the true model and of different nature (our
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55 60 65 70 75 80 85 90
x (mm)

(a) Real part of the data for an incidence angle of 90°. Relative error between observed and noisy
data is 7.2% with L2-norm and 18.2% with L> norm.

y (mm)

(b) Real part of the data for an incidence angle of 0°. Relative error between observed and noisy
data is 6.9% with L2-norm and 16% with L° norm.

Figure 6: Data obtained at the 128 receivers at frequency x = 1. The blue line E[) represents
the synthetic data, the blue dashed line with crosses the data incorporating 23dB noise,
the red dashed line () represents simulated data associated to the initial guess 1 (see
Figure and the green dashed line () represents simulated data associated to initial

guess 2 (see Figure 3(b)).

initial guess 2 is not at all structured). At higher frequency, the data collected for the different
configurations provide a much larger contrast (see Figure @

6.1 Inversion using noise-free data

We first work with noise-free data, starting from 1G2 (Figure and using only one angle
of illumination: 90‘@ For the reconstruction, x ranges from 0.08 to 1.2. We test the different
methods that have been introduced, namely, two search directions for which three line search
algorithms can be used. The information for each case is given Table

We proceed with the iterative procedure, the information on the processes are given in Table[2]
and the progression of the scaled position error with iteration is shown in Figure [/} In the
Figure [§] we visualize the positions of the obstacles recovered for three selected iterations, using
the SD2-LS2 method.

The reconstruction provides a scaled position error of less than 1% in all cases and the
reconstructed configuration is almost indistinguishable from the true model (see Figure 8] where
the case giving the most error, SD2-LS2, is shown). In this case, where noise-free data are used,
all methods converge similarly, in a maximum of 100 iterations. However, we note that the

10Tf we use more data associated with other angles of illuminations, then the number of frequencies needed for
the reconstruction will reduce.
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Search Line LS coeft. f list of frequency
Direction search frequency

(SD) (LS)
1 1 n/a 12 0.08,0.09,0.1:0.1: 0.5,0.8: 0.1: 1.2
1 2 10~ *n/a 12 o
T 3 10-7.0.9 3 0.08 , 0.09 , 0.1:0.1:1.0
2 1 n/a 9 0.08 , 0.09 , 0.1:0.1:0.5, 0.8 , 0.9
2 2 10~ "n/a 12 o
5 3 10-%.0.9 5 0.08 , 0.09 , 0.1:0.1:1.0

Table 1: Parameter used for the noise-free data experiment for the 6 Obstacles reconstruction
using data from one angle of radiation (90°). For each frequency, the order of FSSL is 3. The
colon notation x:y:z indicates and interval from x to z with step y.

Experiment [60bs.NoiseFree.IG2].

Method f Kmax Final J Final i Final Final Run
freq Rel. iterations | position scaled time (s)
Error J error position
error
SD1-LS1 12 1.2 3.0x107% 0.21% Yt 0.21 0.54% 0.54
SD1-LS2 12 1.0 4.0 x 107* 0.25% 72 0.18 0.46% 0.22
SD1-LS3 | 12 1.0 1.0 x 107 0.13% 89 0.21 0.55% 0.26
SD2-LS1 9 0.9 3.8x107° 0.08% 82 0.18 0.40% 0.58
SD2-1.S2 | 12 1.0 7.0x107°  0.11% 100 0.32 0.85% 0.29
SD2-LS3 12 1.0 4.0x107° 0.08% 84 0.17 0.44% 0.41

Table 2: Information on the reconstructions of the 6 obstacles position using data without noise
and different methods. Experiment [60bs.NoiseFree.IG2]

SD2-L.S1 method is able to converge using nine frequencies, while it has not been possible with
the other methods. Regarding Remark LS2 (used with both search directions) might take
more iterations, but the final reconstruction takes the least time. Although LS1 does not take
more iteration than LS2 or LS3, the overall reconstruction time is longer because more time is
spent on the inner line search iterations.

6.2 Inversion using data with noise — Initial Guess 1

We now incorporate noise in the data with a signal-to-noise ratio of 23dB. The data used cover
three angles of radiation: 90°, 0° and 180°, according to Figure [ The effect of noise on the
data is shown in Figures |5| and @ For the reconstruction, we start from the initial guess 1 (see
Figure ; a set of nine frequencies is used: 0.08, 0.09 and from 0.1 to 0.7 with step 0.1. All
methods use the complete set of frequencies, at the exception of the SD2-LS1 (Search Direction
method 2, Line Search method 1) where only eight are used, omitting the highest frequency. In
Table [B] we provide the information for the iterative reconstruction. The Figure [J] shows the
evolution of the error in the position of the reconstructed obstacles with iterations. The Figure[I0]
shows the evolution of the cost function with frequency iterations for five selected frequencies.
We observe that optimization at lower frequencies stagnates faster than at higher frequencies,
see Figure The same figure also shows that the methods SD2-LS1, SD2-L.S3 and SD1-LS3
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Figure 7: Progression of the obstacles position error with iterations for the reconstruction of 6
obstacles using noise-free data. The markers are only placed one iteration over two for clarity.
The blue circles indicate the SD1-LS1 method; The red crosses indicate the
SD1-LS2 method ; The green squares (= ) indicate the SD1-LS3 method ; The yellow
triangles (]Z[) indicate the SD2-LS1 method ; The black stars indicate the SD2-LS2
method ; The orange diamonds (]:[) indicate the SD2-L.S3 method. The details of the method
parameters are given Tables|l|and [2 Experiment [60Obs.NoiseFree.IG2].
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(a) Iteration 2, x = 0.08;
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(c) Iteration 100, k = 1; J =
8.0 x 10™4;
scaled position error is 0.8%.

position error is 0.3;

Figure 8: Obstacles position recovery using noise-free data with the SD2-LS2 method.
Experiment [60bs.NoiseFree.IG2].

converge faster and require fewer iterations per frequency to obtain a marked decrease in the
cost function, compared to the rest of the methods. What is interesting is SD2 with the simplest
linesearch LS1 is most efficient, using only 42 global iterations with the lowest time cost of 0.31
secs, see Figure[I1]for the illustration of its reconstruction result. The lesser efficient methods for
this configuration are SD1-LS1 and SD2-LS2 exhibiting a slower convergence rate and requiring
much more iterations, see Figure [0} In any case, two search directions perform similarly well.
Although they might take different number of iterations to convergence, all methods are able to
arrive at a reconstruction of similar accuracy, as illustrated in Table [3]
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SD| LS LS coeff. § Kmax f iter. Final Final Final scaled Run
frequency J Relative position time

Error J error (s)

1 1 n/a 9 0.7 88 0.79 7.00% 0.7% 0.64
1] 2 (0.0001, n/a) 8 0.6 67 0.94 6.77% 1.0% 0.4
1] 3 (0.0001, 0.9) 9 0.7 72 0.79 7.00% 0.8% 0.6
2 1 n/a 9 0.7 42 0.79 7.00% 1.0% 0.31
2 2 (0.0001, n/a) 9 0.7 131 0.79 7.00% 0.6% 0.72
2 | 3 (0.0001, 0.9) 9 0.7 59 0.79 7.00% 0.8% 0.82

Table 3: Parameter used for the 6 Obstacles reconstruction using noisy data from three angles
of radiation and the initial guess 1. The level of noise in the data is of 23dB. For each
frequency, the order of FSSL is 3. SD indicates the search direction method and LS line search.
Experiment [60bs.23dB.IG1].
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Figure 9: Progression of the obstacles position error with iterations for the reconstruction of 6
obstacles using level of noise of 23dB in the data and starting from the initial guess 1
(Figure . The markers are only placed one iteration over two for clarity. The blue circles
indicate the SD1-LS1 method; The red crosses indicate the SD1-LS2 method ; The
green squares (]ID indicate the SD1-LS3 method ; The yellow triangles (]ZD indicate the
SD2-LS1 method ; The black stars indicate the SD2-1.S2 method ; The orange diamonds
(]:[) indicate the SD2-L.S3 method. The details of the method parameters are given Tables
Experiment [60bs.23dB.IG1].

6.3 Inversion using data with noise — Initial Guess 2

We reproduce the previous experiment of recovering six obstacles from noisy data, but starting
from the initial guess 2 (see Figure . Here we investigate how the starting information
influences the reconstruction, in terms of accuracy and convergence speed, depending on the
methods. In Table[d] we give the information regarding the different setups and resulting number
of iterations and accuracy of the recovery. In Figure [I2] we plot the evolution of the position
error of the obstacles with iterations. We note that the position error of this initial guess is
slightly larger than for the first initial guess, thus we expect the need for more iterations.

The efficiency of the lineasearch algorithms, when coupled with SD2, changes compared to
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Figure 10: Evolution of the cost function depending on the methods for different frequencies for
the reconstruction of 6 obstacles using level of noise of 23dB in the data and starting from the
initial guess 1 (Figure . The blue circles indicate the SD1-LS1 method; The red
crosses indicate the SD1-LS2 method ; The green squares (]I[) indicate the SD1-L.S3
method ; The yellow triangles indicate the SD2-LS1 method ; The black stars
indicate the SD2-LS2 method ; The orange diamonds (]:D indicate the SD2-LS3 method. The
details of the method parameters are given Tables[3] All methods do not have the same
number of iterations per frequency due to the stagnation check in the iterative algorithm.
Experiment [60bs.23dB.IG1].
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Figure 11: Obstacles position recovery using 23dB data with the SD2-L.S1 method and starting
from initial guess 1 (Figure . Experiment [60bs.23dB.IG1].

the reconstruction starting from the initial guess 1 (see Table . While SD2-LS1 using initial
guess 1 performs the fastest, with initial guess 2, the convergence of SD2-L.S1 and SD2-LS3
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SD| LS LS coeff. § Kmax f iter. Final Final Final scaled Run
frequency J Relative position time

Error J error (s)

1 1 n/a 9 0.7 72 0.79 7.00% 0.8% 0.67
1] 2 (0.0001, n/a) 8 0.6 79 0.94 6.77% 1.0% 0.48
1] 3 (0.0001, 0.9) 8 0.6 75 0.94 6.77% 0.8% 0.68
2 1 n/a 10 0.8 181 1.11 6.88% 0.7% 2.64
2 | 2 (0.0001, n/a) 9 0.7 79 0.79 7.00% 0.75% 0.46
2 | 3 (0.0001, 0.9) 8 0.6 155 0.94 6.77% 0.73% 1.40

Table 4: Parameter used for the 6 Obstacles reconstruction using noisy data from three angles
of radiation and the initial guess 2. The level of noise in the data is of 23dB. For each
frequency, the order of FSSL is 3. SD indicates the search direction method and LS line search.
Experiment [60bs.23dB.I1G2].
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Figure 12: Progression of the obstacles position error with iterations for the reconstruction of 6
obstacles using level of noise of 23dB in the data and starting from the initial guess 2
(Figure . The markers are only placed one iteration over two for clarity. The blue circles
indicate the SD1-LS1 method; The red crosses indicate the SD1-LS2 method ; The
green squares (]ZD indicate the SD1-LS3 method ; The yellow triangles (]ZD indicate the
SD2-LS1 method ; The black stars indicate the SD2-LS2 method ; The orange diamonds
(o) indicate the SD2-LS3 method. The details of the method parameters are given Tables
Experiment [60bs.23dB.IG2].

require twice the number of iterations than the SD2-L.S2. On the other hand, the behavior of
the linesearches coupled with SD1 remain the same for both initial guesses; in particular, the
comparison in convergence pattern among SD1-L.S1, SD1-LS2 and SD1-LS3 remain the same for
both initial guesses. This means that SD1 appears to be better solution, less affected by starting
model. Overall, as in with IG1, all methods, while taking different number of iterations, are able
to provide similar accuracy in the reconstruction, with less than one percent position error. In
Figure we show the position of the obstacles for three iterations using the SD2-LS2 method,
where we can see the accuracy of the final reconstruction.
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Figure 13: Obstacles position recovery using 23dB data with the SD2-LS2 method and starting
from initial guess 2 (Figure 3(b)). Experiment [60bs.23dB.1G2].

7 Localization of 12 soft-scattering obstacles

In this section, we consider the case of twelve soft-scattering obstacles of radius 0.5 to be recov-
ered. They are positioned in a structured organization with center locations:
(76, 68), (76, 72), (76, 76), (76, 80),
(72, 68), (72, 72), (72, 76), (72, 80),
(68, 68), (68, 72), (68, 76), (68, 80).
Compared to the previous experiments where only six obstacles are considered, we now take
four angle of radiation for the data, i.e. we generate illumination from all sides of our domain,

see Figure In Figure [I5] we show the two initial guesses taken to start the reconstruction
algorithm.

100 | : 100 : 100 | : 100
80| : 80 : 80| : 80|
X x x x x x x X x x x
bEoR X b bEoR
b bl x
60 : 60 : 60| : 60
10| . 10 : 10} : 0|
‘ ‘ ; ‘ ‘ ‘ ‘ ‘ ;
60 80 100 60 50 100 60 80 100 60 80 100
(a) 90° incidence (b) 0° incidence (c) 270° incidence (d) 180° incidence

Figure 14: For each angle of incidence, synthetic data are collected at 128 receivers @ equally
spaced and lying on a line perpendicular to the angle of incidence. These are corresponding
sides of domain [46,102], x [36,108],. The goal is to retrieve the positions of the twelve
obstacles indicated in red (E)

7.1 Inversion using noise-free data

We apply the iterative reconstruction algorithm with noise-free data, and starting from the initial
guess 2 (Figure [15(b)). We compare the efficiency of the two search directions by performing
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(a) Initial Guess 1 (IG1) Err Pos
27 Rel.Err Pos = 48%

(b) Initial Guess 2 (IG2): Err Pos
37.6 Rel.Err Pos = 67%

Figure 15: Configuration for the twelve obstacles reconstruction where the obstacles are
indicated in red @) and the initial guesses for the reconstruction are in green (H)

the methods SD1-LS3 and SD2-LS1. The algorithms use frequency from x = 0.09 to x = 0.7 for
the SD1-LS3 and up to £ = 0.9 for the SD2-LS1. In Table[5] we list the information for the two
cases.

SD| LS # Kmax f iter. Final J Final Relative Final scaled Run
frequency Error J position error | time (s)

1|3 9 0.7 270 6.0 x 107 0.05% 0.1% 7

2 1 9 0.7 300 9.0 x 1072 1.90% 2% 23

Table 5: Parameter used for the 12 Obstacles reconstruction using noise-free data starting from
initial guess 2 (Figure . The order of FSSL method for the modeling is of 3 for frequency
lower than 0.4 and order 4 for the higher frequency. SD indicates the search direction method
and LS line search. SD2-LS3 line search parameters are y = 10~* and n = 0.4.
Experiment [120bs.NoiseFree.IG2].

We plot the evolution of the cost function with iterations at selected frequencies for both
methods in Figure In this figure, at initial frequencies (0.1 < xk < 0.4), method SD2-LS1
provides better convergence, as the cost function decreases faster than it does for SD1-LS3. At
higher frequencies, although the progression of the cost function has the same pattern for both
methods at k = 0.5, SD1-LS3 performs much better for higher frequency x = 0.6. This difference
in performance can also be seen in the evolution of the error in obstacles position after about
iteration 150, shown in Figure[I7] Also, in this figure, for SD1-LS3, the error position decreases
at first slowly (at initial iterations i.e. lower frequencies) before a rapid descent takes place to
a final position of 0.1 %. For SD2, this decrease of the error position is much less drastic, and
ends at a much higher position error 2%. The quality of the reconstruction are illustrated in
Figures [18| and in which distinctly higher precision (20 times higher) is given by SD1-LS3.
Furthermore, while a higher quality reconstruction, the time cost of SD1-LS3 is merely a third
of SD2-I.S1. As a result, between the two methods, SD1-LS3 performs better. This results
also implies that although simpler linesearch LS1 can perform well in simpler configurations (see
Experiment [60bs.23dB.IG1] in subsection , complicated configurations will require more
sophisticated linesearchs.
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Remark 13. We have seen from Table[J that constraint to using the same number of frequencies,
method SD2-LS1 provides a much worse result than SD1-LS8, with a precision 20 times less while
taking 3 times longer. This method however can attain similar accuracy, given higher frequencies
and incurring further computational cost. In fact, it needs 2 more frequencies (0.8 and 0.9) and
the final run time is slight higher for 30 secs.
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Figure 16: Evolution of the cost function depending on the methods for different frequencies for
the reconstruction of 12 obstacles starting from the initial guess 2 (Figure . The blue
circles indicate the SD1-L.S3 method; The red crosses indicate the SD2-1.S1
method ; The two methods do not have the same number of iterations per frequency due to the
stagnation check in the iterative algorithm. Experiment [120bs.NoiseFree.IG2].

7.2 Inversion using data with noise — Initial Guess 1

We now incorporate noise in the generated data, using a signal-to-noise ratio of 30dB, following
. It leads to a relative L?-norm error between 2.8% and 3.5% and L>°-norm between 4.1% and
8.1% compared to the synthetic, noise-free data. We start from the initial guess 1 of Figure

We compare two methods for the reconstruction: quasi-Newton Search Direction using strong
Wolfe condition for line search (SD1-LS3) and Nonlinear conjugate gradient Search Direction,
also using strong Wolfe condition for line search (SD2-LS3). Both methods use the same line
search parameters with p = 1.0 x 10~* and n = 0.4. The frequency varies from x = 0.09 to 0.7.
Table [0] gives the information regarding the reconstruction runs.

Figures [20| and |21] plot the evolution of the cost function and the position error respectively,
and compare the two methods. In Figure 22| we illustrate the obstacles reconstruction with
iterations for the SD1-LS3 method. From Figures[20, we observe similar behavior as in the noise-
free experiments (Experiment [120bs.NoiseFree.IG2| in subsection [7.I): at initial frequencies
(k = 0.2,0.3), the method SD2-LS3 behaves slightly better than SD1-LS3, with steep drops in
the value of the cost function occurring from the beginning of the iterations; at higher frequencies,
the progression of the cost function is similar for the two search directions. For most frequencies
(except for the last one xk = 0.7), both methods are very comparable, as indicated by the evolution
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Figure 17: Progression of the obstacles position error with iterations for the reconstruction of

12 obstacles starting from the initial guess 2 (Figure . The markers are only placed one

iteration over three for clarity. The blue circles indicate the SD1-LS3 method; The red
crosses indicate the SD2-LS1 method. The details of the method parameters are given
Table Experiment [120bs.NoiseFree.IG2].

90 |- I 90 |- -
+++ . ot -:. + + + + + + 4+
80 |- * - 80 |- -
X X X X f x & *x
X x x x = x '!lx x+
70 — 70 |- —
X x X % x+ x x+‘g<
L+ + + + | L N
60 +4F w T ++ 60 ++ + ++
50 | | | | 50 | | | |
60 70 80 90 60 70 80 90
(a) Iteration 2, kK = 0.1; J = 98; (b) Iteration 30, kK = 0.2; J =
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0.02; position error is 4 ; scaled
position error is 7%.
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Figure 18: Twelve obstacles position recovery using noise-free data with the SD1-LS3 method
and starting from initial guess 2 (Figure [L5(b)). Experiment [120bs.NoiseFree.IG2].

of position error of Figure 2I] At the highest frequency, SD1-LS3 performs slightly better than
SD2-LS3, and results in a reconstruction with half position error , see Figure 2I] Since the
total number of iterations and time cost are similar, with reconstruction of almost comparable
precision, see Table @7 the two search directions are comparable, with a slight edge towards SD1.

7.3 Inversion using data with noise — Initial Guess 2

We repeat the experiment using the noisy data but starting from the initial guess 2 of Fig-
ure [L5(b)l which are further away from the actual obstacles, compared to the initial guess 1. We
proceed with two methods: quasi-Newton or Nonlinear conjugate gradient, both using strong
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(a) Iteration 2, k = 0.09; J = 34; (b) Iteration 30, k = 0.09; J = (c) Iteration 300, k = 0.7; J =
position error is 23; scaled posi- 13; position error is 11 ; scaled 9.0 x 1072 position error is 1.35
tion error is 40%. position error is 21%. ; scaled position error is 2%.

Figure 19: Twelve obstacles position recovery using noise-free data with the SD1-LS3 method
and starting from initial guess 2 (Figure[15(b)|). Experiment [120bs.NoiseFree.IG2].

SD| LS f Kmax f iter. Final J Final Relative Final scaled Run
frequency Error J position error | time (s)

1 3 8 0.7 525 0.25 3.18% 0.3% 15

3 8 0.7 503 0.26 3.24% 0.7% 13

Table 6: Parameter used for the 12 Obstacles reconstruction using noisy data starting from
initial guess 1 (Figure . The order of FSSL method for the modeling is of 3 for frequency
lower than 0.4 and order 4 for the higher frequency. SD indicates the search direction method
and LS line search. Line search parameters are u = 10~4 and n = 0.4 for both methods.
Experiment [120bs.30dB.IG1].

Wolfe condition for line search (SD1-LS3 and SD2-LS3 respectively). The line search parame-
ters are ;4 = 1.0 x 1074 and n = 0.4. As in the previous experiment, the frequency varies from
k= 0.09 to 0.7. The information for the iterative algorithm are given in Table [7}

The progression of the cost function with iterations is plotted in Figure[23] We observe very

similar behavior for the two methods and, as in our previous tests (Experiment [120bs.NoiseFree.IG2]

in subsection and Experiment [120bs.30dB.IG1] in subsection , the convergence for low
frequencies is more rapid with the SD2-L.S3 method, while at higher frequency, it is faster with
SD1. The two methods are yet very close, as it is indicated from the progression of the posi-
tion error with iterations in Figure [24] In this figure, one observes that the slow convergence
of SD1-LS3 at low frequencies is compensated by the rapid convergence at higher frequencies.
With initial guess 2, the difference in performance is imperceptible compared to that for initual
guess 2; accuracy, number of iterations, and run time are comparable between the two methods
(see Table @ In the Figure we show the obstacle position recovery at three iterations, for
the SD1-LS3 method.
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Figure 20: Evolution of the cost function depending for different frequencies for the
reconstruction of 12 obstacles using noisy data and starting from the initial guess 1
(Figure . The markers are indicated one over two iterations for clarity. The blue circles
indicate the SD1-LS3 method; The red crosses indicate the SD2-LS3 method ; The
two methods do not have the same number of iterations per frequency due to the stagnation
check in the iterative algorithm. Experiment [120bs.30dB.IG1].
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Figure 21: Progression of the obstacles position error with iterations for the reconstruction of
12 obstacles using noisy data and starting from the initial guess 1 (Figure [I5(a)). The markers
are only placed one iteration over four for clarity. The blue circles indicate the SD1-LS3
method; The red crosses indicate the SD2-L.S3 method. The details of the method
parameters are given Tables @ Experiment [120bs.30dB.IG1].
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Figure 22: Twelve obstacles position recovery using noisy data with the SD1-L.S3 method and
starting from initial guess 1 (Figure|15(a)). Experiment [120bs.30dB.IG1].

SD| LS i Kmax f iter. Final J Final Relative Final scaled Run
frequency Error J position error | time (s)
1 3 8 0.7 423 0.25 3.18% 0.3% 11
3 8 0.7 401 0.25 3.18% 0.4% 11

Table 7: Parameter used for the 12 Obstacles reconstruction using noisy data starting from
initial guess 2 (Figure . The order of FSSL method for the modeling is of 3 for frequency
lower than 0.4 and order 4 for the higher frequency. SD indicates the search direction method
and LS line search. Line search parameters are ¢ = 10~* and 1 = 0.4 for both methods.
Experiment [120bs.30dB.IG2].

8 Localization of 12 hard-scattering obstacles in random
configuration

In order to test the robustness of our reconstruction method, we design an experiment with
twelve hard-scattering obstacles of radius 0.5, which are now positioned randomly in the domain
of interest. The domain corresponds with a section [40,100], x [50,100],, and the obstacles are
locating with their following center position:

(75.5, 82.0), (77.0, 71.0), (74.0, 78.0), (65.4, 79.9),
(82.0, 73.9), (73.0, 69.0), (70.0, 66.0), (77.0, 65.2),
(67.0, 71.2), (81.0, 68.2), (70.0, 75.0), (80.5, 79.8).

The smallest distance between the centers of two obstacles is between 4.24 and 19.5, leading to

o

85 < - < 39. (51)

—

The domain and the obstacles configuration is illustrated in the Figure together with the
initial guess for the reconstruction. The data are generated using the four angles of illumination,
in a similar fashion as what has been described in the Section (see Figurefor an illustration).
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Figure 23: Evolution of the cost function depending for different frequencies for the
reconstruction of 12 obstacles using noisy data and starting from the initial guess 2
(Figure . The markers are indicated one over two iterations for clarity. The blue circles
indicate the SD1-L.S3 method; The red crosses indicate the SD2-LS3 method ; The
two methods do not have the same number of iterations per frequency due to the stagnation
check in the iterative algorithm. Experiment [120bs.30dB.IG2].
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Figure 24: Progression of the obstacles position error with iterations for the reconstruction of
12 obstacles using noisy data and starting from the initial guess 2 (Figure [15(b)|). The markers
are only placed one iteration over four for clarity. The blue circles indicate the SD1-LS3
method; The red crosses indicate the SD2-LS3 method. The details of the method
parameters are given Tables[7] Experiment [120bs.30dB.1G2].

RR n°® 9137



44 Barucq € Faucher € Pham

90 — 90 — 90 -
+ + +, + + o+ + + + + + o+ + + + + + o+
+ * +
+
80 - + — 80 - — 80 - -
X X X x *® 1#0»)( * * Ok x %
X X x x X X % 4” * % k%
70 |- — 70 |- ++ — 70 |- -
X X x x Xy % x+ x L
+ +
601+ + A 60 |- . 60 |- -
++ + ++ ++ +H ++ ++ + ++
50 | | | | 50 | | | | 50 | | | |
60 70 80 90 60 70 80 90 60 70 80 90
(a) Iteration 2, k = 0.1; J = 100; (b) Iteration 60, K = 0.2; J = (c) Iteration 424, k = 0.7; J =
position error is 31; scaled posi- 0.25; position error is 5.5 ; scaled 0.25; position error is 0.15 ; scaled
tion error is 56%. position error is 10%. position error is 0.25%.

Figure 25: Twelve obstacles position recovery using noisy data with the SD1-L.S3 method and
starting from initial guess 2 (Figure [L5(b)). Experiment [120bs.30dB.IG2].
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Figure 26: Configuration for the reconstruction of twelve randomly positioned obstacles
(indicated in red }). The initial guess for the reconstruction are in green (). The position error
for the initial guess if of 40, and the underlying relative error of 79.4%.

8.1 Inversion using noise-free data

We first propose a reconstruction using noise free data, with the Quasi-Newton search direction
and imposing a strong Wolfe condition for line search (it corresponds to SD1-LS3 method). The
set of frequencies for the reconstruction is chosen between x = 0.08 and 0.5 for a total of seven
frequencies (0.08, 0.09 and from 0.1 to 0.5 with a 0.1 step). The Tableprovides the information
of the iterative algorithm.

In Figures 2§ and [27] we respectively plot the evolution of the cost function and of the
obstacle position error with iterations. Compared to experiments with structured configurations,
the algorithm requires more iterations, but fewer and lower frequencies to convergence to the
solution. The recovery is very accurate with a final scale error in position of 0.12%, as illustrated
with the visualization of the reconstruction given Figure 29}
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SD| LS i Kmax f iter. Final J Final Relative Final scaled Run
frequency Error J position error | time (s)
1 ]3] 7 [ 05 [ 507 [ 6x10 " [ 48x10°% | 0.12% | 12 ]

Table 8: Parameter used for the 12 random obstacles reconstruction using noise-free data
starting from initial guess of Figure [26] The order of FSSL method for the modeling is of 3 for
frequency lower than 0.4 and order 4 for last frequency, 0.5. SD1-LS3 corresponds with
Quasi-Newton search direction imposing a strong Wolfe condition for line search. Line search
parameters are ;= 10~* and 1 = 0.4. Experiment [120bs.Random.NoiseFree].
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Figure 27: Evolution of the cost function for the reconstruction of twelve randomly positioned
obstacles starting from the initial guess of Figure [26] and using SD1-L.S3 method. The markers
are indicated one over two iterations for clarity. Experiment [120bs.Random.NoiseFree].
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Figure 28: Progression of the obstacles position error with iterations for the reconstruction of
twelve randomly positioned obstacles starting from the initial guess of Figure [26] and using
SD1-LS3 method. The markers are only placed one iteration over four for clarity.
Experiment [120bs.Random.NoiseFree].

8.2 Inversion using data with noise

We incorporate noise in data with 30dB signal-to-noise ratio. The L2-norm error with the noise-
free data is between 2.7% and 3.6%; the L°°-norm is between 3.9% and 8.8%. We illustrate the
data captured at the receivers location in Figure [30]

Table [0 provides the parameters of the reconstruction. Here, 10 frequencies are used, from
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(a) Iteration 2, k = 0.09; J = 0.014; (b) Iteration 120, x = 0.2; J = (C) Iteration 507, x = 0.5; J =
position error is 15; scaled position 2.0 x 1075;

position error is 7.5;

error is 30%. scaled position error is 6%.

6.0 x 10~7; position error is 0.06 ;
scaled position error is 0.12%.

Figure 29: Twelve random obstacles position recovery using noise-free data with the SD1-LS3
method and starting from initial guess Figure Initial guess are given in green (ED, true
positions are in red (H) and current positions in blue @

Experiment [120bs.Random.NoiseFree].

2 (mm)

(a) Real part of the data for an incidence angle of 90°. Relative error between observed and noisy
data is 3.3% with L?-norm and 6.8% with L°° norm.

0.8 /

06" . |
|
40 45 50 55 60 65 70 75 80 8 90 95 100
y (mm)

(b) Imaginary part of the data for an incidence angle of 0°. Relative error between observed and
noisy data is 3% with L?-norm and 7.1% with L° norm.

Figure 30: Data obtained at the 128 receivers at frequency x = 0.8. The red line

represents the synthetic data and the blue dashed line with crosses the data
incorporating 30dB noise.

k = 0.08 to 0.8. Figure [31] shows the evolution of the cost function with iterations for three
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frequencies, Figure [32] shows the evolution of the obstacle position error. In this figure, we
observe that despite the decrease in the cost function, the error in the obstacle position may
increase along with the iteration. This is perhaps due to the randomness of the configuration.
However, the final reconstruction remains very accurate, with 0.3% error in the position, as
illustrated in the visualization of Figure

SD| LS i Kmax f iter. Final J Final Relative Final scaled Run
frequency Error J position error | time (s)
1 [3] 10 [ o8 [ 317 | 024 ] 3.05% [ 0.3% | 8 ]

Table 9: Parameter used for the 12 random obstacles reconstruction using noise-free data
starting from initial guess of Figure [26] and using noisy data. The order of FSSL method for the
modeling is of 3 for frequency lower than 0.4 and order 4 for higher frequencies. SD1-LS3
corresponds with Quasi-Newton search direction imposing a strong Wolfe condition for line
search. Line search parameters are g = 10~% and n = 0.4.

Experiment [120bs.Random.30dB].

~
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k=0.2 k=0.7 k=0.8

Figure 31: Evolution of the cost function for the reconstruction of twelve randomly positioned
obstacles using noisy data and starting from the initial guess of Figure with SD1-LS3
method. The markers are indicated one over two iterations for clarity.
Experiment [120bs.Random.30dB].

9 Conclusion

In this paper, we have implemented an iterative algorithm to locate soft or hard-scattering
obstacles in either structured or random configuration inside a homogeneous medium. We follow
FWI procedure to write the inverse problem as a nonlinear minimization algorithm of the cost
function, which is solved using only first order information, (the value of the cost function and
its gradient calculated via the Adjoint-State method). The cost of inversion procedure due to
having to solve a large number of forward problems, see Remark is drastically reduced by
using the fast solver FSSL based upon single-layer potential. This fast solver also allows a simple
implementation in FWI without the need of domain discretization.

Our experiments show that the implementation of FSSL solver in a FWI procedure gives
high quality reconstruction at extremely low time cost, despite the constraints of noisy synthetic
limited data (using at most four angles of radiation and at most ten frequencies), and initial
guess far from the true models. For configuration of 6 obstacles, most reconstructions take less
than 1 second (with the exception of that given by SD2-LS3 at 1.4s and SD2-LS1 taking 2.6s
in Experiment [60bs.23dB.IG2]). For 12 obstacles, the inversion results take around 11s (with
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Figure 32: Progression of the obstacles position error with iterations for the reconstruction of
twelve randomly positioned obstacles using noisy data and starting from the initial guess of
Figure [26| with SD1-LS3 method. The markers are only placed one iteration over four for
clarity. Experiment [120bs.Random.30dB].
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(a) Iteration 8, x = 0.08; J = 0.3;
position error is 16; scaled position
error is 32%.

(b) Iteration 120, k = 0.4; J = 0.3;
position error is 2.5; scaled position
error is 5%.

(C) Iteration 317, kK = 0.8; J = 0.17;
position error is 0.17 ; scaled position
error is 0.3%.

Figure 33: Twelve random obstacles position recovery using noisy data with the SD1-LS3
method and starting from initial guess Figure Initial guess are given in green (ED, true
positions are in red (H) and current positions in blue (H) Experiment [120bs.Random.30dB].

the exception of SD2-LS1 in Experiment [120bs.NoiseFree.IG2] taking 23s). In addition, the
reconstructions come with satisfactory precision. For both noise-free and noisy synthetic data,
the reconstruction error is less than 1%, and in illustrated figures, the reconstructed positions
align completely with the true positions.

We have also investigated several methods of optimization, including two search directions:
Quasi-Newton BFGS (SD1) and nonlinear conjugate gradient PR+ (SD2), combined with three
linesearch algorithms imposing different criteria for choosing a step length: simple backtracking
(LS1), sufficient descent (LS2) and strong Wolfe conditions (LS3). In the configuration of 6
obstacles, the two search directions perform comparably well. It can happen that in some cases,
simple linesearch LS1 performs very well. However, in most cases, it is overall LS3 and LS2
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that give the most consistent performance. In complicated configuration with 12 obstacles, it is
linesearch LS3 that shows the most reliable performance. Tested with both search directions,
it gives comparable performance, however there is a slight edge towards SD1-LS3. We also
note that, SD2 performs better at lower frequency, giving steeper descent in the value of the
cost function, right from the start. However, at higher frequencies, it is SD1 that gives faster
convergence. This means that mixed algorithms could be investigated to optimize the iterations
number.

Future work This algorithm should also work in transmission problem describing fluid-fluid or
fluid-elastic inclusions. In these cases, in addition to locating the inclusions, one can also try to
retrieve their material parameters. In our experiments, the absence of second order information
for the minimization does not prevent us from recovering accurately the solution, however, it
might be interesting to investigate the convergence and calculation cost if one uses information
from the Hessian. Regarding inverse techniques, it would be interesting to compare with other
methods, such as MUSIC, or more interestingly couple with such a direct-imaging method to
relax further the a priori information on the configuration, especially the number of obstacles.
These methods can be used to generate a good initial guess, c.f. [I8], and our FWI algorithm
can then be used to correct the guess to the true model.

A Complex Derivation

Let Z be the complex vector space Z = Z +iZ. where Z is a real vector space. For z € Z, we
write
z = x + iy, z,y €Z.

A function g of variable z € Z can be considered as a function h of z and z with these two
variables treated as independent,

9(z) = h(z,w=12) ; h:Z,xZyw—C
We can also write g as a function f of the real and imaginary part of z,

9(z) = f(xy)

Definition 1. If g is Fréchet differentiable with respect to z with z treated as a constant, we
denote this derivative by O5R g.

Similarly, if g is Fréchet differentiable with respect to z with z treated as a constant, we
denote this derivative by OR g.

Remark 14. With function g, h related by g(z) = h(z,w = %). That g is Fréchet differen-
tiable with respect to z with Z treated as a constant is equivalent to h Fréchet differentiable with
respect to the first variable.

O5Rg = Ohlw=s = (0.h)(z,2). (52)

That g is Fréchet differentiable with respect to z with z treated as a constant is equivalent to h
Fréchet differentiable with respect to the second variable,

0Ny = Owhlw—z = (Ow h)(z, Z). (53)
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Proposition 3. With f and g related as above. Suppose that
e f is Fréchet differentiable in x and y separately;

e g is Fréchet differentiable in z with z treated as a constant, and in z with z treated as
a constant

Then the derivatives defined in Definition[1] are equal to,

g = SOt ] ¢ 0Fg = L (D10 ]

5 (

Proof. We consider g as a function on Z x Z and work with h related to g by

The relation between h and f is given by

hiz,w) = f(x,y) if (é)ZG —11> (;)

Fréchet differentiating on both sides with respect to z and y

(0zh) (0xz) + (Owh) (Oxw) = Oxf
(8zh) (ayz) + (Gwh) ((’9yw) = Of

Since
Oxz =1 ; ayZ:i Oxw =1 ; 0Owz = —i

the above relation becomes

Ozh + Owh = Oxf ; Oh = 5 (0x—1i0y)f
—
10,h — i0wh =0yf = 0,h—0wh = —idyf Owh = L(0x+i0y)f
We use and to go back to the CR-derivatives of g. O
As a corollary, if g and thus f is real-valued then
axf = W 5 ayf = ayifa
and we obtain
20SRg = Oxf —10yf = Oxf +i0,f = 205Rg . (54)

Proposition 4 (Chain Rule). 1. Consider the following real-valued functions, h, g and
f related by

hp) = g(z(p)) = f(x.y)
Suppose
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h is Fréchet differentiable in p,

f is Fréchet differentiable in x and y,

x and 'y Fréchet differentiable with respect to p.

g is Fréchet differentiable in z with z kept constant, and in z with z kept constant.

Then
(Oph) = 2Re (05" g 0pz) = 2Re (05" g 0,2) . (55)

2. For the complez-valued functions, h, g related by

h(p) = g(z(p))

with the same assumption for h and g as above. Then

(Oph) = R Oz + 05Rg Opz = Ry Opz + 5Ny OpZ . (56)

If the definition of g does not involve z, then

(Oph) = O5Rg Opz

Proof. We have the following identities,

() o=3 (0 @) @)= ) G
()= 2)aG) « a(

Part 1 Use the above identities to calculate Oph,

W
S~
Il
N —
7 N
Lo
.
S~
,EQD
TN
NI N
~

(Oph) = (Oxf) Opx  + (Oyf) Opy

(8ZCR g+ R 9) 3 (0pz+ 0,7) — (6ZCRg - 5§Rg) 3 (— Opz+ 0,2)
= 0Rgdpz + ONgoz

=2Re (0Rg 0,2) = 2Re(05Rg 9,2)

The last equality comes from identity when g is real-valued, and p is a real variable, i.e

ORg = 0Rg 5 0,2=10,2

Part 2 Applying the above result to the real and imaginary part of a complex-valued function
h

h(z,y) = hi(z,y) +1ih2(2,y) = 9(z) = g1(2) +192(2)
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then we obtain
8ph = 8p hl + 16ph2
= 2 Re (GZCRgl 8pz) + i2 Re (8§Rg2 8pz)

oRg, Oz + ORg1 Opz + i(@ngg 0pz + OSRgs 0pz
ORg1 0,z + 195Rgy Opz + OSRgy Dpz — 10Rgs O,z
= 0;%g dpz + ORG Oz

If g is independent of Z and thus g of z, ISR g = 9SRg = 0. In this case, for h (Fréchet)-
differential in p such that g is independent of z (whose definition includes only z and not z)
then

dph = Rg 0,z

Application Consider the real-valued function ,

1 2 A 1 2
J(u) = iHRu_dobs ; J(p) = §HRu(p)—dobs

Here, R is a linear operator evaluation function to give column row vector of size Ny, see (|16).
Using the fact that Ru = Ru, we can write J as

J = %(Ru—dob5>*<72u—dobs) - %(Rﬂ*@)t(']{u*dobs) ,

By Definition [1] we have

ORI = L (Ru—dos)* R
By (55) in Prop |4} we have
9, J = 2Re (aijJ dpu ) = 2Re ((Ru —dops)” R Bpu ) . (57)
~—~ ——
1><Npar NrecXNpar

B Explicit computation of derivatives

Inverse Problem 1 : for Dirichlet scattering, known number of obstacles with known radius.
Goal : retrieve the position of the obstacles. Thus, in this case, the parameters are the positions
of the obstacles, i.e.

P=(X1,. ., XNop,) ERM o xp = (x71,X72), Npar = 2Nobs

Notation For a scalar-valued function f, we write

Vxlf = (8X1,1fv 8X1.2f)t ; 8X1f = (8X1,1fa 8X1,2f)
Vx,
VP = ) 8? = (6X1,1 83(1,2 aXNObD,,l BXNObS.z)
\Y%

XNobs
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B.1 Derivatives of the multiple-scattering matrix
Here we calculate 0, A and matrix W . Recall W(p) is matrix of size N X Np,,, with components

given by,

Nobs m

Z Z (ap Alj;lm) Sjm

J=1 m=—m

the (I,1)-th row of W 1<I<Nobs
—m<I/<m

Decomposition of multiple-scattering matrix A We decompose the coefficient matrix as
A = D;Dy; + D;TD3 . (58)

The definitions of the diagonal matrices are given as follows. The diagonal matrices do not
depend on the position of the obstacles. The diagonal matrix D; depends on the radius of the
obstacles r; and the external wavenumber .

(Dl)l,ll =i ry Jm(K FJ)

The diagonal matrix Dy depends on the type of boundary conditions (and hence the parameters
associated with these boundary conditions), the radius of the obstacles r; and the external
wavenumber .

Hl(l) (krr) , soft-scattering
(Dz)”l =4k Hl(l)/(/-e rr) , hard-scattering
iA Hl(l) (krr) + K Hl(l)/(n rr) , Impedance scattering

Ji(krr) , soft-scattering
(Dg)”l = kJ/(krr) , hard-scattering
iXJi(krr) + £ J[(krr) , Impedance scattering

The matrix T has zero diagonal blocks, and its off-diagonal blocks being Toeplitz, given by
T17=Opminyxemsy) L =J 5 (Trj)im = Hfi),l (kdpg) e’ m=D0r 1 £ g

This matrix depends on the relative positions of the obstacles among themselves.
In short, in the decomposition of A, the matrices D; do not depend on the position of the
obstacles x1,...,XnNg,., i-¢ on p. Thus,

9%, A =D (dx,,T) D3

Equivalently,
Ip Alj;lm(p> = (D3)n (8PTI.f;lm) (D1) 7,

Returning to W,

ROWU(W) = ( Z ZV(D3)H <axJTIj;l7n) (Dl)jm Sjm )

row vector of size 2

1<J<Nows
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(J=TorJ=1J)

~ , the term in the paren-
and J # I P

J,i

Since Ox,, T 7, with ¢ = 1,2, is all zero except for {

theses can be simplified to

m Nobs
Emzfm igll) (8XITIj;lm) (Dl)fm Sim ’ J=1
[Rown (W)] (2J —1:2J) = (D) x 41

Zzzfm <8XJTIJ;Z7TL> (Dl)Jm SJm ) J 7& I

We recall from and that

VXI (T]j)lm = ei (m_l) e.iI

kHY (kd, ;) (COS9J1> G DH,L, (rdpy) (—Sinaﬁ)}

e sinfy; d,; cosfj,
; (1) .
— i (m=1)0rs (1) cosfry i(m—0H,", (kd1s) (—sind;;
Voo (Tr)m = ¢ wHizm (5drs) (Sin 91J> * drs cos B '

For J =1

m Nobs t

i(m— 7 07
[ROWU(W)} (2I—1:21)=Dgy »_ > &m0 {“Hfi)_/z (rd; ) <E?§0ﬁ>
m=-m j=1

JH#I
i(m_l)Hirll),l(KJd[j) —sin@il k D
+ d - COS@' :| 1;jm5jm
1J JI

For J # I then

m t
2 : i(m— 0
|:ROWH(W>:| (2J —1: 2J) = Dg;” € (m=1) 01,y |:I<J Hl(i):n (K d[J) <§?§9j5>

m=—m

i(m—=1) Hl(i)m (kdry) <— sinfry
+
cosfry

t
D Jm me
i ) } LJm Sy

For V € C¥, consider V! W, which is a row vector of size Ny, the I-th block of VI W is

Inria



55

Quantitative localization of small obstacles with single-layer potential fast solvers

given by
Nobs m
(Vt W)21—1;21 = Z Z Vit Wiiar_1.01
I=1l=—m
Nops m
Z Vi Wrior—1.2r + Z Z Vit Wiiar_1.01
l=—m ]::1 l=—m
[
LIS 1 cosf
1 ! 7
Z ViDan >, Y e Orr [fﬁHEn),l (kdy5) (sin9{1>
I=— m=—m JI
m J=1
J£I
i(m—OH), (kdyy) (—sing;,\’
+ = ( JI> :|D1'jm Sj’rn
d;j costj; ’
o & - (1) cosf-\"
i(m—1)0; 1)/ i
+ Z Vi D3;fl Z eltm=10n |:K’Hl—m (kdjy) <sin9;>
=1 l=—m m=—m
T£1

i(m—l)Hz(i)m (kdgy) <_ Sin9f1>t}D11 Ss

cos O,

+
dil

We next change the notation of J to J in the first two sums, and I to J in the last sum

m  Nobs
(cos 9J1>

= Z Vi Dap Y, Y etmhon {KH() (kdrs)

m=—m J=1

f=-m JAI
i(m—)HY, (kd ;
l(m ) m—1 (K IJ) 751110‘][
d 0 :|D1;Jm SJm
1J CosUgr
Noge - 1) cosOrr\"
#3335 o e (250
J=1l=—m m=—m JI
J#I
( _Z)Hl( )m,('%dJI) —sin@H t
d cosf }Dum Stm-
JI JI
Next switch [ and m in the second term
m o cos Oy
i(m—1)0
= 3 v 3 3 el o) (o)
=—m m=—m J;é}
i(m—l)ngll)_l (HdIJ) —sinf g
:|D1;J'rn SJm
drgy cosf
Noge X 2 1 cosfr\"
£ 3 Vaw Do Y. @O R H (rdn) (sin9ﬂ>
J=1l=—m m=—m JI
I
: (1) . t
i(l—m)H,,”, (kds1) (—sinb,;
+ ) }Duz Sn
dyr cosf
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As a conclusion, for general column vector W of size N and independent of p.

W W(p) = (9, [Wam)V]) | (59)

V=s(p)

where for general column vector W,V of size N and independent of p, the quantity 9, W*A(p) V'
is a row vector of size N,ar and is given by,

(0, W'A(p)V ) (21 —1:2I)

Nobs m t
cos 6
= Z Z Wn an Mgl),lm Bim Vim + Wim Qm Mf]);lm Bn Vi (Sin0J1>
J=1 |l;m=—m JI

Rox: - 3 4 —sin@ !
+ Z Wn an ng),lm Bim Vim + Wim agm ng),lm Bn Vn ( JI)

J=1 |l,;m=—m COSGJ]
(60)
Here, we have defined block matrix M(I%,), M?J), Mg’]), M%,), and matrix o and 3
1 2 3 4
I=J ME,J) = ng) = Mg} = /\/ng) = 0@m+1)x(2m+1)
I1#J /\/lglJ)lm = imry (MO0 HHSL)_IZ (kdry) Jm(kry)
MgQJ)lm = irry e =m0 Iin,,ll)_/l (kdry) Jm(kry)
_ W (61)
Mg?})lm = —rrymD0r (m—0H, ", (kdrs) :
’ drs
_ (1)
M%})lm = —qry e =m)on (l—m)H,,"; (kd1s) '
’ dry
and
Ji(krr)  Dirichlet BC
an = ; Jm = Jm Kry). 62
" {H J/(krr) Neumann BC P (kr) (62)

Remark 15. FExpression s coded in subroutine GradCostTerm3_v2. The matrices o and
B correspond to templa, templdb, temp2a,temp2b. Component (8p WEA(p) V) (21 — 1) is given
by TempX and (8, W'A(p)V)(2I) by TempY.

Technical preparations for derivatives of multiple scattering matrix We recall the
definitions of T,

T = O@minxemty)
(Tr))im = HY (kdpy) =000 = (—1ym=IHD) (d; ) eilm=D0rs
(Tyr)mi = Hl(i)m (kdpy) =m0 = (_1)l_mHl(£)m (kdpy) etlt=mbur

— Hgll (Ii d[J) ei(l_m)e‘”

with m denoting the order of the method 1 < I,J < Nops ; m < I,m < m. We have also used
the identity

imGIJ — (_1)77’7. imGJI

e €
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From in [C] substitute R for x;, with notation
Or; =0r(xs) ; drg=|xr—xs,
we have _
et IR () S = (Cnge)

Using the second expression for (T;s)imn, we obtain

Vo (Trs)im = (—1)™ e HD (idy,) e mD0rs (— coseu)

m—1 —sin 0[]
m—l(1) i(m—1)em=D01s 7 sing;,
+ (-1)™'H,.), (kdrs) dr, —cosfry
_ im0 | g e,y (T80 i(m—H,), (kd1s) ( sin6;, (09
= m—1 177\ —sin6;, drs —cosfry
= 001 | Y (odpy) (©0° 051\ i(m—DHL, (vdr) (—sinb,;
m—1 sinfyy drs cosOyr

Using the first expression for (T j;).n;, we obtain

Vi (Tr1)mi

— =M by

—cosHU) N i(l—m) Hgi)m (kdry) ( sin ;s )]

—sinfOry dry —cosOry

ani)T/n (kd1g) (

— (_1)m—lei (l—m) 0y g

7Sin91J drs *COSGIJ

—cos@IJ> n i(1—m)HY (kdry) ( sinfr, )] (64)

RHD) (kdrg) (

=t =m)byr

(1)
wH,~y (Rdrg) (sin&H drs cosOyr

cos9J1> L i(l—m) Hi,ll),l (kdry) <— sin@;;)}

B.2 Derivatives of single-layer potential

Since we take the evaluation at receivers and then take the derivative with respect to p, we can
just focus on

i7rr1

(S1Wm)(Rk) = (St wim)(r1(Re), 0r(Re)) = —= Jml(krr) HO) (kr(Ry)) € ™ 0r(Re)
(65)

Here r; and 6; are the polar coordinates relative to x;. In particular, for receiver Ry,

1/2
r71(Ri) = ||Rx — x1]| = ((Rk,l - X1,1)2 + (Re2 — X1,2)2> ;
Rk — X7

(cos 6:(Re), sin 0r(Re) = 12—

From |C] c.f. , we have calculated

3 1m91(Rk) .
imor(Ry) _  Lm e sinfr(Ry) , _ [—cosO;(Ry)
Ve B IRk — x| (— cosfr(Re)) ' Varri(Re) = —sin67(Rg)
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As a result,

Vxl SI Wm(Rk)

i’/TF[

= =5 Imlsrr) Ve HY) (571 (Re)) € ™0 4

i7rr1

Jm(rrr) HY) (k71(Rk)) Vi, € mOr(Rp)

- ﬂ (1) imor(Rg) [ — COS al(Rk)
=5 Jm(/frl) HHm (KTI(RI")) € —Sinej(Rk)

im e ™R/ ging (R
It B2 s S ()

. i7rr1 imér(Re)| _ (1)r COSGI(Rk)
= 9 Jm(mrI)e [ KeHm (KTI(R/C)) Sinej(Rk)

i mH%)(H r1(Rk)) [ sinf;(Ry)
t IR — x| ( cos GI(Rk)> ] '

The matrix d, (?ﬁ(p) V) with V' independent of p is of size Nyec X Npar. Its component at
k-th row and between 2/-th and 21 + 1 column is the row vector of length 2,

[ap (m(p) v)} (k, 2l —1:11)

=0p Z Z Vi (Sswi)(Ry) = Z Z Vi1 Op (Sswi)(Re)

1<J<Nope —m<m<m 1<J<Nobs —m<m<m
) t
B imry i mOr(Ry) {_ (1) cos 07 (Ri)
= > 5 Im(rrr)e Vim | = ke H (k71 (Re)) sin 07 (Ry,)
—m<m<m
L imH (kri(Ry) < sin 67 (Re) )t}
IR —xr|  \—costr(Re)) -

Remark 16. In the code, the matriz 0pR i S(p) is calculated by routine

Grad_ SLMatriz (BesselJ_RadObs , NObs , NRec , PolarCoMat , radiusObs , wavenumber
OrdApp , Exp RecMat , DerHankel Rec , Hankel Rec , sol , sizeSol , Grad_SLMat )

B.3 Derivatives of the source term associated with planewave
For the incident planewave defined as
Upw(X) = €l (c05 aiesinine)
the RHS of is given by
F(p,upw) =  F(p,upw) = D3 Fpw

where Fpy, is a vector of size N = (2m + 1) Nops with components,

(Fou)ri =  —2upy(xy) il e 1< T < Nops, m<I<m
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Since D3 is independent of the position of the obstacles, we have
811 F(p, Upw) = D3 6p pr .

We next calculate the components of matrix 0, Fyw, the latter is of size N X Npay.

t
. COS Qline
Gestipnls) = intpw(x1) <sin Oéinc) ors
we have t
= _9;l+1 —ildinc COS Qlinc 3
Ox; (Fow)nn = —2i""e K Upw (X1) <sin ainc) : (67
aXJ (pr)ll = 01x2 , I#J.

These are also the components at row (I,!) and columns between 2J — 1 : 2J of matrix Op Fpy.
For row vector W of length N, the quantity W0, F(p,uinc) is a column vector of length
Npar = 2Nops, with components at levels 21 — 1 : 21 given by

(Wt aPF(pvupw))(2I—].2I) = Wt D3 axIpr
Nobs m

=0 D Wi (9 Fon) (J1,2) (D)
J=1l=—m

t -
,- o J Dirichlet
- _9p Z Wi i e fome . (xp) (cos ozmc> " { W(krr) irichle

SIN Qine k Jj(krr) ,Neumann

After some rearrangement, we arrive at: for row vector W of length N

(Wt 817 F(p7upw))(2l —1: 2[)

t m ..
- COS Qlinc 4l il Ji(krr) , Dirichlet (68)
= —2KUpw(X . Wi i e inc x
pw (X7) <s1nainc) Z n {n Ji(krr) ,Neumann

C Derivatives of Polar coordinates
‘We write
Rr = (Re,1,Re2) 5 X1 = (x1,1,Xr12)
‘We recall e
2 2
r7(Rk) = [IRx — xs]| = ((Rm —x71)" + (Ri2 —xJ2) )

Re,1 — X1 . Re2 — X2
coslj(Ry) = ——+ ; sin0;(Rg) = 7o
7R = R = 7R = TR, x|
Also note that
(Rk,l - XJ,l) + i(RkQ — X.]72) = HRk — XJH el 0. (Ri) . (69)
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We assume Ry # x;. For J # I,
8X1~,,'TJ(R/€) = 8X1~,i9J(Rk) = O ) v:l S k S Nrec 7 7’ = 1?2

It remains to calculate for J = I. We first consider the polar radius

(Rk,l_xll) (Rk2_X12) .
O, rr(Ry) = — Rl TXLY 60 (Ry) Oy, i (Ry) = — k2T X2 G (R,) .
ra71(Re) TRe = x| cos 01 (Rg) 3 0x; ,71(Ry) TRe = x| sin 07 (Ry)
(70)
Next, we consider the polar angles,
. 1 (RkJ — X]’1)2
(Re) = etk R O 1R = R T R P
cos Vr(Rg) = w5
IRx — x1]| sing (R 0.(R.) — (Re,p —x1,1)(Rr2 — X712
sin 07(Ri) Ox, ,01(Ri) IR — 1
(Ri2 —xr,2)(Ri1 —%1,1)
Rig — X1o cos 07(Ry) Ox, ,01(Ry) = Re = x/|° ;
sin al(Rk) = ||R’k XI7H k I(RI€2 — X 2)2
- cos 07(Ry) Ox, ,071(Rg) = — ’ d
1R O 01 R = R Sl TR P

Using the above expressions, we calculate

6101(Rk)8xl119[(Rk) = (COS@](R;C) +1 sint‘)I(Rk)) 8xly191(Rk)

1 . '
= m((Rm —xr2)(Re,1 —x71) — (Rt —x71)” +1i|[Ry — xIH2>

1 : i .
m( —i(Re —xr) € |Rk — x| + iRy — X1||2>

In the second equality, we have used . After dividing by €'?7(R%) on both sides, we obtain

—i(Rkl — X7 1) ie_iGI(R"’)
. 071 (Ri) = : ’
Ox, .01 (Ry) IRe — x7|2 IRk — x1|| )
_ —icosOr(Ry) + i(cosOr(Ry) —isinf(Ry)) _ sinfr(Ry)
Rk — x1ll R —xrl| -

Similarly, we obtain

eigI(R’“)axLz@](Rk) = (COSGI(Rk) +1i sinG;(Rk)> Ox, ,01(Rk)

1 .

m( —i(Re2 — x72)(Re,t — xr1) + (Re2 — x72)° — ||Re — x1\|2>
1 . ;

m( ~i(Ru2 = x12) €% R = x11| = [Re = 2]

After dividing by €'?7(Rx) on both sides, we obtain

_ —i(Rez —xr) (R
Ox, .01 (Ry) = IRy — x7]2 IRk — x|
—isin0r(Ry) — (COS@I(R’“) - iSiHQI(R’“D — 005 01(Re)

IRk — x| IR =x4]] Inria

(72)




Quantitative localization of small obstacles with single-layer potential fast solvers 61

As a result
10r(R) s i 67(Ry) (8x,191(Rk)) i (R <sin01(Rk) )
Vi, e "1tk = ie'”! ' = —
o w2 01(Rk) IRk — x| \—cosfr(Rg) (73)
v R o Rk—X[ . —COSQ[(Rk)
arif) = el = (T

D More on Wolfe Linesearch Algorithm

Recall that we have defined R
¢(a) :=J(p +as).
Assumption ¢'(0) < 0 ( p is a descent direction). Define
p(ar) < ¢(0) + o pu ¢’ (0)
T,,:={a>0 . T
¢ ()] < 1’ (0)]
In the Wolfe line search algorithm, we look for « that satisfies the strong Wolfe conditions ,
which is equivalent to requiring o € T, ;.
We use the following two theorems from [39].

=T

3 AT

Theorem 5 (Theorem 2.1 in [39]). Define the auziliary function by
¥(a) = ¢(a) — ¢(0) — pag'(0). (74)

Assume oy # «y, but not ordered, and let I be a closed interval with endpoints oy and cv,. If
the endpoints satisfy

(o) <v(aw), Plo) <0, ¥(ag)(aw —o) <0 (75)
then there is an oy in I with
V() <Y(ar) , ¥'(a) =0.
In particular, o, € T(p) N 1.

Theorem 6 (Theorem 3.2 in [39]). Consider closed interval I with endpoints o and o, (not
ordered). If the endpoints satisfy

¢(n) < plew)  and  ¢'(u)(aw — 1) <0
then there is an oy € I with ¢(aw) < d(ay) and ¢’ (o) = 0.

Remark 17. The first assumption gives that «; is the point with lower value of ¢. The meaning

of the second assumption is that (oy, ) is a descent direction for ¢ at oy. Thus ¢ can be
decreased by searching near «; in this direction.

Proposition 7. Assumption n > pu . Consider an interval (Qmin, Qmax) With Qmin satisfying:
¢’ (Otmin) (Otmax — Gtmin) < 0. (76)
and
Qmin Satisfies the sufficient decrease condition but fails the curvature condition. (77)

This interval (Qmin, max) contains step lengths satisfying the strong Wolfe condition if one
of the conditions is satisfied:
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(i) amax violates the sufficient decrease condition ( and ¢'(amax) < 0),

(”) ¢(amax) > ¢(amin);

(11i) ¢'(Omax) > 0.
Proof. Define

Pla) = d(a) —pag(0) = ¢'(a)=¢(a)—ne(0).
The current assumption is that auy,i, satisfies the sufficient decrease condition, i.e.
o) < pad (0) = P(amm) >0,
but fails the curvature condition i.e.
¢'(min) < n¢'(0) or  —n¢'(0) < ¢ (min)- (78)

o If max > Qumin, then assumption implies @' (min) < 0, and inequalities thus
reduces to ¢'(amin) < 1¢'(0). Since n > > 0 and ¢'(0) < 0,

¢/(amin) < 77¢/(O) S .UJQS/(O) = 1/’/(04min) < O

o If apax < Quin, then assumption implies ¢'(amin) > 0, and inequalities thus
reduce to —1¢'(0) < ¢'(min). With n > > 0 and ¢'(0) <0

—ud)’(O) < —77¢,(0) < Qsl(amin) = d)/(amin) + ,LLQS/(O) > 0
At the same time, since ¢’(0) < 0,
¢’ (amin) — 19 (0) > ¢'(min) + 1 ¢'(0) .

This means

V' (amin) = ¢'(Qmin) —n¢'(0) > 0.
As a result, in both cases, we have
w/(amin) (amax - amin) < 0. (79)

Condition (i): If aynax violates the sufficient decrease condition, ¥(@max) > 0. The endpoints
Qmin and .y satisfy

w(amin) <0< w(amax) ) w/(amin) (amax - amin) <0.

This together with means that the interval with endpoints api, and auayx satisfies the
condition of Theorem 2.1 in [39] with oy = amin and @, = amax. Hence there exits ay €
(Qmin, max) that satisfies the strong Wolfe condition.

Condition (ii) : Can assume here 3 does not violate the sufficient decrease condition otherwise
we use the proof for condition (i). Use Theorem 3.2 in [39] to give that the global minimum o,
in the interior of (min, ®max) such that ¢(ay) < ¢(amin) and ¢'(ax) = 0. For any z € («, 8)
such that ¢(z) < ¢(5) we have

p(x) < ¢(B) < ¢(0)+ uBe'(0) < ¢+ pxg’(0)

thus the global minimum on («, 3) satisfies ¢’(c,) = 0 and the sufficient decrease condition.
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Condition (iii) : Can assume here 3 does not violate the sufficient decrease condition otherwise

we use the proof for condition (i). If ¢'(amax) = 0 then amax is the point that satisfies the strong
Wolfe condition.

If ¢'(amax) > 0, the global minimum is in the interior since apmin < ay (due to ¢ (amin < 0)
and o, < Omax (due to ¢ (amax > 0). Next, for any x € («, 8) such that ¢(z) < ¢(5) we have

d(z) < ¢(B) < ¢(0) + pBe'(0) < ¢ + pxd(0)

thus the global minimum on («, ) satisfies ¢’(a) = 0 and the sufficient decrease condition.
O

E Detail of parameters for the experiments

In this appendix we detail the precise set of parameters used for all eight experiments that has
been shown.

E.1 Six obstacles reconstruction: noise free — 1G2

Common parameters: Order FSSL = 3, Nacq = 1, = 1.0 x 10~* (for LS2 and LS3), n = 0.9
(for LS 3).
NIterMaX =60 3 NLS IterMax 1 — 30 NLS IterMax 2 — 30 (fOI‘ LS 3) .

Parameters for SD1 - LS1

5x 1072, run 1-9

€] =€yJ =€ :10_5,6 =0.1, € =
J vJ Stag LS Stag J Stag Pos {5 % 1073 . run 10-12

Run K Reference step length
1,2 0.08,0.09 10
3,4 0.1,0.2 8
5 0.3 6
6,7,8 1 0.4,0.5,0.8 5
9 0.9 4
10 1.0 3
11,12 1.1,1.2 2

Parameters for SD1-LS2

0.01 ,run 1
€J = €vJ = €Stag LS — 10_5 ; €Stag J — 0.1, €Stag Pos — 0.05 , TUIl 2-9 ;
5x 1073, run 10-12

Run ‘ K ‘ Reference step length
1,2 0.08,0.09 8
3-8 0.1:0.1:0.6 5
9 0.7 2
10,11,12 | 0.8,0.9,1.0 1
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Parameters for SD1-LS3

105 01 0.01 , run 1-10
€] =€ = €Sta, = ; €Stag J = U.l, €Stag Pos = . ;
J vJ Stag LS Stag J Stag P 1% 1073 run 10-12

Run K Reference step length
1,2 0.08,0.09 8
3,4 0.1,0.2 5
9,6 0,3,0.4 4
7,8,9 0.5,0.6,0.7 3
10,11,12 | 0.8,0.9,1.0 1

Parameters for SD2-LS1

-6 . _ _
€] = €vJ = €Stag Ls = 107" ; €stag 3 = 0.1, €stag Pos =

0.5, run 1-6
0.05,run 7
1x1073,run 8,9

Run ‘ K ‘ Reference step length
1,2 0.08,0.09 10

3,4 0.1,0.2 8

5,6,710,3,0.4,0.5 6

8,9 0.8,0.9 5

Parameters for SD2-LS2
0.5, run 1-7
€7 =€vy = €stag LS = 1070} €stag s = 0.1, €Stag Pos = § 1.0 x 1073 | run 8-12  ;

1x1073 , run 8,9

Run K Reference step length
1,2,3 | 0.08,0.09,0.1 10

4,5 0.2,0.3 8

6,7 00.4,0.5 5
8—-12]0.6:0.1:1.0 2

Parameters for SD2-LS3

0.1 run 1
107 run 1-8 _ _
€] = €vJ = €Stag LS — {10—6 run 9-12 ; €Stag J = 0.1 ; €Stag Pos — 0.5 , run 2-6
5.0 x 1073 , run 7-12
Run K Reference step length
1,2 0.08,0.09 8
3,4 0.1,0.2 )
5,6 0.3,0.4 4
7,8,9 1 0.5,0.6,0.7 3
10 0.8 2
11,12 0.9,1.0 1
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E.2 Six obstacles reconstruction: noisy data — IG1
Common parameters: Order FSSL = 3, Nacq = 3, p = 1.0 x 107* (for LS2 and LS3).
NIterMaX =90 3 NLS IterMax 1 — 30 NLS IterMax 2 — 30 (fOI‘ LS 3) .

Parameters for SD1-LS1
0.5 run 1-5

€] = €vJ = €Stag LS — ]-0_5 ; €Stag J — 0.1, €Stag Pos — 0.05 , run 6
5.0 x 1073 |, run 7-9

Run K Reference step length
1 0.08 1
2 0.09 8
3,4 0.1,0.2 5
5 0.3 4
6 0.4 2
7,8,9 | 0.5,0.6,0.7 1

Parameters for SD1-LS2

0.05, run 1- 6
— — — =5 . — — ’ .
€] = €vj = €stag Ls = 1077 ; €stag g = 0.1, €Stag Pos = {5.0 <103 run 7.8
Run ‘ K ‘ Reference step length
1 0.08 2
2—610.09,01:01:04 3
7,8 0.5,0.6 2

Parameters for SD1-LS3 7 =10.9

_ 0.05, run 1- 7
€] =€v) = €stag 18 = 107° 5 €stag 1 = 0.1, €Stag Pos = {5 0x10-% run 89
Run K Reference step length
1 0.08 1
2,3 0.09,0,1 12
4-9102:01:0.7 6

Parameters for SD2-LS1

€J = €vJ = €Stag LS — ]-0_5 ; €Stag J — 0.1 ; €Stag Pos — {8257 ’HIJ:En198 ;
Run K Reference step length
1 0.08 12
2 0.09 8
3,4 0.1,0.2 5
5 0.3 4
6 0.4 2
7,8,9 1 0.5,0.6,0.7 1

RR n°® 9137



66 Barucq € Faucher € Pham

Parameters for SD2-LS2

0.05, run 1- 3
5.0 x 1073, run 4- 9

)

-5 . _ _
€] = €vy = €stag LS = 1077 ; €stag 3 = 0.1, €Stag Pos = {

Run ‘ K ‘ Reference step length
1 0.08 6
2 0.09 5
3,4,51 0.1,0.2,0.3 3
6—9104:0.1:07 2

Parameters for SD2-LS3 7 =104

0.05,run 1- 7
50x 1073 ,run 8, 9

)

-5 . _ —
€] = €vJ = €Stag LS — 10 ; €Stag J — 0.1, €Stag Pos — {

Run ‘ K ‘ Reference step length
1 0.08 1

2,3 0.09,0.1 12

4—-9102:01:0.7 6

E.3 Six obstacles reconstruction: noisy data — I1G2

Common parameters: Order FSSL = 3, Nacq = 3, = 1.0 x 107* (for LS2 and LS3).

NIterMax =60 5 NLS IterMax 1 — 30 NLS IterMax 2 — 30 (fOl" LS 3) .

Parameters for SD1-LS1

KB
€] = €vJ = €Stag LS — 107 ; €Stag J — 0.1, €Stag Pos — 0.05

Run | K Reference step length
1 0.08 10

2.3.4 | 0.09,0.1,0.2 4

5—9103:0.1:0.7 3

Parameters for SD1-LS2

0.05, run 1- 4

-5, _ _
€] = €vj = €stag Ls = 1077 ; €stag 3 = 0.1, €Stag Pos = {5 0x10-3 . run 5.8
. ) =

Run ‘ K ‘ Reference step length
1 0.08 6
2 0.09 5
3,4,510.1,0.2,0.3 4
6,7,8 | 0.4,0.5,0.6 2
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Parameters for SD1-LS3

_5 _3
€] = €vJ = €Stag LS — 107° ; €Stag J = 0.1 , €Stag Pos — 5.0 x 10

Run K Reference step length
1 0.08 1
2 0.09 12
3,4 0.1,0.2 4
5—-8103:0.1:0.6 2

Parameters for SD2-LS1

0.05, run 1- 4
_ _ — 105 . _ _ )
€] = €vJ = €stag LS = 107° ; €stag 3 = 0.1, €stag Pos = {5.0 103 , run 5-9

Run K Reference step length
1,2 0.08,0.09 5
3—910.1:01:0.7 4

10 0.8 3

Parameters for SD2-LS2

-5 . _ _ -3
€] = €vJ = €Stag LS — 10 ; €Stag J — 0.1, €Stag Pos — 1.0 x 10

Run ‘ K ‘ Reference step length
1 0.08 6
2 0.09 5
3,4,5| 0.1,0.2,0.3 4
6—9104:01:0.7 2

Parameters for SD2-LS3

5.0x 1072, run 1- 4
_ _ _ -5 . _ o 5
€] = €VJ = €Stag LS = 10 ; €Stag J — 0.1, €Stag Pos — {5.0 % 10—4 . run 5.8

Run ‘ K ‘ Reference step length
1 0.08 1
2 0.09 12
3,4 0.1,0.2 4
5—-8103:01:0.6 2

E.4 Twelve obstacles reconstruction: noise free
Parameters for method SD1-LS3

e 10 frequencies with one recycle for a total 11 runs: x = 0.09,0.1:0.1:0.5, 0.4 (recycled), 0.6,
0.7.

e Common to all runs: NygerMax = 70, VLS IterMax 1 = 30, VLS TterMax 2 = 30.
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e Regarding the error tolerances and stagnation parameters,
5.0x 1073 Run 1-5

€7 =€vy = €stag LS = L.OX 107" ; €stag g = 0.1, €Stag Pos = 4 5.0 x 107* Run 6,7
5.0x 107° Run 8,9

Run ‘ K ‘ Order FSSL ‘ Reference step length ‘
1 0.09 3 1
2 0.1 3 20
3-5 0.2,0.3,0.4 3 16
6—910.5,04,0.6,0.7 4 16

Parameters for method SD2-LS1

e 10 frequencies with one recycle for a total 11 runs: x = 0.09,0.1:0.1:0.5, 0.4 (recycled), 0.6,
0.7.

e Common to all runs: NigerMax = 607 NLS TterMax 1 = 307 NLS TterMax 2 = 30.
e Regarding the error tolerances and stagnation parameters,

=5 . _ _ -3
€] = €VJ = €Stag LS = 1.0 x 10 ; €Stag J = 0.1 , €Stag Pos = 1.0 x 10 .

Run K Order FSSL | Reference step length
1 0.09 3 24
2 0.1 3 20
3,4 0.2,0.3 3 18
5 0.4 4 16
6—-910.5,04,0.6,0.7 4 10

Remark 18. These are parameters regarding Remark‘. To obtain scaled error position 0.08%,
we can use two more frequencies: 0.8, 0.9, with corresponding parameters.

-5, _ —4
€] = €VJ = €Stag LS = 1.0 x 10 ; €Stag J = 0.1 ; €Stag Pos5'0 x 10 .

Run | x| Order FSSL | Reference step length |
10,11 [ 0.8,0.9 | 4 | 10 |

E.5 Twelve obstacles reconstruction: noisy data — IG1
Parameters for method SD1-LS3

e 8 frequencies with one recycle for a total 9 runs: x = 0.09, 0.1 : 0.1 : 0.5, 0.4, 0.4 (recycled),
0.6, 0.7.

e Common to all runs: NIterMax = 707 NLS TterMax 1 — 307 NLS TterMax 2 = 30.

e Regarding the error tolerances and stagnation parameters,

€] = €vJ = €Stag LS = €Stag Pos — 1.0 x 10_5 ; €StagJ = 0.1
Run ‘ K ‘ Order FSSL ‘ Reference step length ‘
1 0.09 3 1
2 0.1 3 24
3,4,5(0.2,0.3,0.4 3 18
6,7 0.5,0.4 4 16
8,9 0.6,0.7 4 10
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Parameters for method SD2-LS3

e 8 frequencies with one recycle for a total 9 runs: k = 0.09, 0.1 : 0.1 : 0.5, 0.4, 0.4 (recycled),
0.6, 0.7.

60 Run1l -8

o NN erMax — >N erMax :307N erMax 2 = 30.
IterM {150 Run 9 LS IterM 1 LS IterMax 2

e Regarding the error tolerances and stagnation parameters,

50x107% Run1,2,3
€] = €vJ = €Stag LS — 1.0 x ]-0_5 y €Stag J = 0.1, €Stag Pos — {50 %« 10-® Run 4.9

Run K Order FSSL | Reference step length

1 0.09 3 24

2 0.1 3 20

3 0.2 3 18
4,5 0.3,0.4 3 16

6 0.5 4 16
7—910.4,0.6,0.7 4 12

E.6 Twelve obstacles reconstruction: noisy data — 1G2

Parameters for method SD1-LS3

e 8 frequencies with one recycle for a total 9 runs: k = 0.09, 0.1 : 0.1 : 0.5, 0.4, 0.4 (recycled),
0.6, 0.7.

e Common to all runs: NigerMax = 70, NLS 1terMax 1 = 30, NLs IterMax 2 = 30.

e Regarding the error tolerances and stagnation parameters,

€] = €vJ = €Stag LS — 1.0 x 10_5 ;  €Stag Pos — 5.0 x 10_5 y  €Stag J — 0.1
Run K Order FSSL | Reference step length
1 0.09 3 1
2—-5 0.1:04 3 24
6 0.5 4 24
7,8,910.4,0.6,0.7 4 18

Parameters for method SD2-LS3

e 8 frequencies with one recycle for a total 9 runs: k£ = 0.09, 0.1 : 0.1 : 0.5, 0.4, 0.4 (recycled),
0.6, 0.7.

60 Run 1-8
e Common to all runs: NierMax = i , VLS tterMax 1 = 30, VLS rterMax 2 = 30.
150 Run 9

e Regarding the error tolerances and stagnation parameters,

50x 1073 Runl-5
€] = €vJ = €Stag LS = 1.0 X 107° ,  €stag J = 0.1, €Sag Pos = § 5.0 X 10=* Run 6
50x 107 Run7-9
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Run K Order FSSL | Reference step length
1 0.09 3 24
2 0.1 3 20
3 0.2 3 18
4,5 0.3,0.4 3 16
6 0.5 4 16
7—910.4,0.6,0.7 4 10

E.7 Random twelve obstacles reconstruction: noise free

Parameters for method SD1-LS3
o 1=10x10"% n=04.
e Seven frequencies: £k = 0.08, 0.1:0.1: 0.5,

e Common to all runs: NigerMax = 150, NLS 1terMax 1 = 30, NLS terMax 2 = 30.

Regarding the error tolerances and stagnation parameters,

-6 . —01-
€] = €vJ = €stag,Ls = 1.0 X 1077 ; €stag,7 = 0.1;

Run K €Stag Pos | Reference step length
1 0.08 3 1.0 x 1076 30
2 |0.09 3 1.0 x 1076 24
3 0.1 3 1.0 x 1077 20
4 0.2 3 1.0 x 1077 18
5 0.3 3 1.0 x 1077 18
6 0.4 3 1.0 x 1077 16
7 0.5 4 1.0 x 1077 16

E.8 Random twelve obstacles reconstruction: noisy data

Parameters for method SD1-LS3
e 41=10x10"% n=04.

Ten frequencies: k = 0.08, 0.1 :0.1: 0.8,

e Common to all runs: NIterMax = 3007 NLS TterMax 1 — 307 NLS IterMax 2 — 30.

Regarding the error tolerances and stagnation parameters,

€] = €Stag = 5.0 x 1072 ; eyg = 5.0 x 1074 ; €Stag J = 0.1; €Stag Pos = 1.0x 1078,

Run K | Order FSSL | Reference step length
1 0.08 3 50
2 0.09 3 30
3—6 [0.1:0.1:04 3 10
7—1010.5:0.1:0.8 4 10
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