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A new McKean-Vlasov stochastic interpretation of the
parabolic-parabolic Keller-Segel model: The one-dimensional case.

Denis Talay*and Milica Tomagevié *f

Abstract: In this paper we analyze a stochastic interpretation of the one-dimensional parabolic-parabolic
Keller-Segel system without cut-off. It involves an original type of McKean-Vlasov interaction kernel. At the
particle level, each particle interacts with all the past of each other particle by means of a time integrated
functional involving a singular kernel. At the mean-field level studied here, the McKean-Vlasov limit process
interacts with all the past time marginals of its probability distribution in a similarly singular way. We
prove that the parabolic-parabolic Keller-Segel system in the whole Euclidean space and the corresponding
McKean-Vlasov stochastic differential equation are well-posed for any values of the parameters of the model.
Key words: Chemotaxis model; Keller—Segel system; Singular McKean-Vlasov non-linear stochastic differ-
ential equation.

Classification: 60H30 60H10 60K35.

1 Introduction

The standard d-dimensional parabolic-parabolic Keller—Segel model for chemotaxis describes the time evo-
lution of the density p; of a cell population and of the concentration ¢; of a chemical attractant:

Op(t,x) =V - (3Vp—xpVe)(t,x), t>0, zcR%,
a Oie(t, ) = L Ac(t, z) — Ae(t, ) + p(t,z), t>0, € R (1)
p(O,x) = pO(x)7 C(Oa ‘T) - CO(x)v

See e.g. Corrias [4], Perthame [13] and references therein for theoretical results on this system of PDEs and
applications to Biology.

Recently, stochastic interpretations have been proposed for a simplified version of the model, that is, the
parabolic-elliptic model which corresponds to the value o = 0. They all rely on the fact that, in the parabolic-
elliptic case, the equations for p; and ¢; can be decoupled and ¢; can be explicited as the convolution of the
initial condition ¢y and the kernel k(z) = —ﬁ. Consequently, the stochastic process of McKean—Vlasov
type whose p; is the time marginal density involves the singular interaction kernel k. This explains why, so
far, only partial results are obtained and heavy techniques are used to get them. In Jabir et al. [9], one may
find a short review of the works by Haskovec and Schmeiser [6], Fournier and Jourdain [5] and Cattiaux and
Pédeches [3].

Budhiraja and Fan [2] have studied a McKean—Vlasov SDE related to a parabolic—parabolic version of
the model with cut-off and a forcing potential term. Under a suitable convexity assumption, they obtain
uniform in time concentration inequalities for the corresponding particle system and uniform in time error
estimates for a numerical approximation of the exact McKean—Vlasov process.

We here deal with the parabolic—parabolic system (« > 0) without cut-off and study the McKean-Vlasov
stochastic representation of the mild formulation of the equation satisfied by p;. This representation involves
a singular interaction kernel which is different from the one in the above mentioned approaches and does not
seem to have been studied in the McKean-Vlasov non-linear SDE literature. The system reads

{ dX, = bi(t, X )dt + { JhKE, *ps)(Xt)ds}dt FdW,, t>0, 2)

ps(y)dy == L(X,), Xo~ po(z)d,
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where K} (z) := Xe_MV(We_%) and b (t, x) := xe *VEco(z+ W,). Here, (W;)¢>0 is a d-dimensional
Brownian motion on a filtered probability space (€2, F,P,(F;)) and X, is an R-valued Fy—measurable
random variable. Notice that the formulation requires that the one dimensional time marginals of the law of
the solution are absolutely continuous with respect to Lebesgue’s measure and that the process interacts with
all the past time marginals of its probability distribution through a functional involving a singular kernel.

The analysis of the well-posedness of this non-linear equation and the proof that ps = p(s, -) for any s are
delicate, particularly in the multi-dimensional case when x is large enough to induce solutions with blow-ups
in finite time. This theoretical work is still in progress [15]. As numerical simulations of the related particle
system appear to be effective, it seems interesting to validate our approach in the one-dimensional case.

The objective of this paper is to prove general existence and uniqueness results for both the deterministic
system (1) and the stochastic dynamics (2) in d = 1. In our companion paper [9] we show the well-posedness
and propagation of chaos property of the corresponding particle system where each particle interacts with
all the past of the other ones by means of a time integrated singular kernel.

In this one-dimensional framework the PDE (1) was previously studied by [12, 8] in bounded intervals T
with periodic boundary conditions while we here deal with the problem posed on the whole space R. In [12]
one assumes py € L2(I) N LY(I) and ¢ € H(I). In [8] one assumes pg € L°°(I) N L*(I) and ¢y € WP(I),
where p and o belong to a particular set of parameters. Here, we only suppose that po is in L!(R).

We emphasize that we do not limit ourselves to the specific kernel Ktti (x) related to the Keller—Segel
model. We below show that the mean—field PDE and stochastic differential equation of Keller-Segel type are
well-posed for a whole class of time integrated singular kernels. The mean-field SDE cannot be analyzed by
means of standard coupling methods or Wasserstein distance contractions. Both to construct local solutions
and to go from local to global solutions, an important issue consists in properly defining the set of weak
solutions without any assumption on the initial density pg, which led us to introduce constraints on the
time marginal densities. To prove that these constraints are satisfied in the limit of an iterative procedure
(where the kernel is not cut off), the norms of the successive time marginal densities cannot be allowed to
exponentially depend on the L*°-norm of the successive corresponding drifts. They neither can be allowed
to depend on Holder-norms of the drifts. Therefore, we use an accurate estimate (with explicit constants)
on densities of one-dimensional diffusions with bounded measurable drifts which is obtained by a stochastic
technique rather than the PDE techniques. This strategy allows us to get uniform bounds on the sequence
of drifts, which is essential to get existence and uniqueness of the local solution to the non-linear martingale
problem solved by any limit of the Picard procedure, and to suitably paste local solutions when constructing
the global solution.

The paper is organized as follows. In Section 2 we state our main results. In Section 3 we prove a
preliminary estimate on the probability density of diffusions whose drift is only supposed Borel measurable
and bounded. In Section 4 we study a non-linear McKean-Vlasov-Fokker-Planck equation. In Section 5 we
prove the local existence and uniqueness of a solution to a non-linear stochastic differential equation more
general than (2) (for d = 1). In Section 6 we get the global well-posedness of this equation. In Section 7 we
apply the preceding result to the specific case of the one-dimensional parabolic—parabolic Keller-Segel model.
The appendix section 8 concerns an explicit formula for the transition density of a particular diffusion.

Notation. In all the paper we denote by Cr, Cr(bg,po), etc., any constant which depends on T and the
other specified parameters, but is uniform w.r.t. ¢t € [0,7] and may change from line.

2 Owur main results

Our first main result concerns the well-posedness of a non-linear one-dimensional stochastic differential equa-
tion (SDE) with a non standard McKean—Vlasov interaction kernel which at each time ¢ involves in a singular
way all the time marginals up to time ¢ of the probability distribution of the solution. As our technique of
analysis is not limited to the above kernel K*, we consider the following McKean-Vlasov stochastic equation:

{ dX, = b(t, X,)dt + {fot(KH *ps)(Xt)ds}dt +dW,, t<T, ®

ps(y)dy = L(Xs)a Xo ~ po,
and in all the sequel we assume the following conditions on the interaction kernel.

Hypothesis (H). The function K defined on RT x R is such that for any T > 0:



1. K € LY((0,T]; L} (R)) N LY((0, T]; L3 (R)).
2. For any t > 0 the function Ki(z) is a bounded continuous function on R.

3. The set of points x € R such that lim;_,g K¢ () < 0o has full Lebesgue measure.

4. For any t > 0, the functions fi(t) := fg Md and fo(t) := f(;f [l j‘)jzﬂ@ ds are well defined
and bounded on [0,T].

5. For any T > 0 there exists Cp such that, for any probability density ¢ on R,

sup /¢ VK. (2 — )20y dy < Cr.
(t,z)e(0, T]xR

6. Finally,

T
1
Sup/ Krii_sllp — ds < Cr.
o<t<t Jo H +t ||L (R) \/g

As emphasized in the introduction, the well-posedness of the system (3) cannot be obtained by applying
known results in the literature.

Given (t,x) € R x R and a family of densities (p;):<r we set

Bt.aip) = [ (Koo xp)(a)ds. (1)

We now define the notion of a weak solution to (3).

Definition 2.1. The family (Q, F, P, (F), X, W) is said to be a weak solution to the equation (3) up to time
T >0 if

1. (Q,F,P,(F:)) is a filtered probability space.

2. The process X := (X¢)iejo,r) i real-valued, continuous, and (F;)-adapted. In addition, the probability
distribution of Xo has density po.

8. The process W := (Wy)iepo,1] is a one-dimensional (F)-Brownian motion.

4. The probability distribution Po X1 has time marginal densities (p;, t € [0,T)) with respect to Lebesgue
measure which satisfy

Cr
VO<t<T, pilleze < o1 )

5. For allt € 0,T] and x € R, one has that fot |b(s, z)| ds < oo.
6. P-a.s. the pair (X, W) satisfies (3).
Remark 2.2. For any T > 0 Inequality (5) and Hypothesis (H-4) lead to

sup sup |B(t,z,p)| < Cr.
0<t<T zcR

The following theorem provides existence and uniqueness of the weak solution to (3).

Theorem 2.3. Let T > 0. Suppose that po € L*(R) is a probability density function and b € L>([0,T] x R)
is continuous w.r.t. the space variable. Under the hypothesis (H), Eq. (3) admits a weak solution up to T.
This solution is unique under the constraint that the one dimensional marginal densities (p;)i<r satisfy the
following additional estimate:
Cr
VO<t<T, oy < 2L 6
< 1Pell oo () N (6)



Our next result concerns the well-posedness of the the one-dimensional parabolic-parabolic Keller-Segel
model

ap 0 10p dc
E(tw)—%-(ia—x—xpa—z)(t,x), t>0, zeR, (7a)
oc ~10%

a(t,x) = 5@(1&, z) — Ac(t,z) + p(t,z), t>0, zeR, (7b)

p(0,2) = po(x), ¢(0,2) = co.

The parameters y and A are strictly positive. As this system preserves the total mass, that is,

vt > 0, / p(t,x)dx = / po(z)dx =: M,
Q Q

the new functions p(t, x) := % and é(t, z) = C(;V—f) satisfy the system (7) with the new parameter Y := x M.

Therefore, w.l.o.g. we may and do thereafter assume that M = 1.
Denote by g; the density of W;. We define the notion of solution for the system (7):

Definition 2.4. Given the functions pg and co, and the constants x > 0, A >0, T > 0, the pair (p,c) is said
to be a solution to (7) if p(t,-) is a probability density function for every 0 <t < T, c is in L°°([0,T]; C}(R)),
one has ||p(t,-)||L2®) < f% and || p(t,-)|| oo m) < C—\/TE for any t € (0,T), and the following equality

L4

¢ agt—s 86
plts) =g+ pola) x| 2= (505, plov)la) s 0
1s satisfied in the sense of the distributions with
t
c(t,x) = e M(g(t,- ) * co)(x) +/ e (gs x p(t = s,-)) () ds. (9)
0

Notice that the function c(¢,x) defined by (9) is a mild solution to (7b). These solutions are known as
integral solutions and they have already been studied in PDE literature for the two-dimensional Keller-Segel
model for which sub-critical and critical regimes exist depending on the parameters of the model (see [4] and
references therein). In the one-dimensional case there is no critical regime as shown by the following theorem.

Corollary 2.5. Assume that po € L'(R) and ¢y € C}(R). Given any x > 0, X > 0 and T > 0, the time
marginals p(t,x) = p(x) of the probability distribution of the unique solution to Eq. (2) with d = 1 and
the corresponding function c(t,x) provide a global solution to (7) in the sense of Definition 2.4. Any other
solution (p*,c') with the same initial condition (po,co) satisfies ||p*(t,-) — p(t, )| L1y = 0 and | %—i(t, -
2¢(t, M zrmy =0 for every 0 <t < T.

Remark 2.6. From estimates below we could deduce some additional reqularity results which we do not need
here: See Remark 3.3. In particular, if po € L®(R), then p € L>([0,T]; L* N L>=(R)). If po € L*(R), then
p € L=([0,T); L* N L*(R)) and tY/*||p;|| p~r) < C; in addition, one can then easily find modifications of the
hypotheses on the kernel K allowing to get unique weak solutions with constraints on ||p¢||L2mwy. We prefer
to only suppose that py € L'(R).

3 Preliminary: A density estimate

In the sequel, we will get local solutions to (3) and extend them to global solutions by means of an iterative
procedure. The L*>-norms of the successive drifts are needed to be bounded from above uniformly w.r.t. the
iteration step. Standard density estimates obtained by using Girsanov theorem or PDE analysis do not help
to this purpose. The reason is that they involve constants which exponentially depend on the L>-norm (or
even Holder-norm) of the drifts. We therefore proceed by using an accurate pointwise estimate (with explicit
constants) on densities of one-dimensional diffusions with bounded measurable drifts. Estimate (11) below
is obtained by using a stochastic technique. Its drawback is that the map y — pg (t,x,y) is not a probability
density function. However, it suffices to nicely bound the successive drifts of the Picard iterations as shown
by Proposition 5.3.



Let X®) be a process defined by
t
x® = x, +/ b(s, X)) ds + W,, te[0,T). (10)
0

To obtain L>°(R) estimates for the transition probability density p(® (¢, z,y) of X *) under the only assumption
that the drift b(¢, x) is measurable and uniformly bounded we slightly extend the estimate proved in Qian and
Zheng [14] for time homogeneous drift coefficients b(x). We here propose a proof different from the original
one. It avoids the use of densities of pinned diffusions and the claim that p(® (¢, z,y) is continuous w.r.t.
all the variables which does not seem obvious to us. In our proof we adapt the method in [11], the main
difference being that instead of the Wiener measure our reference measure is the probability distribution of
the particular diffusion process X? considered in [14] and defined by

t
XE:Xo—i—ﬁ/ sgn(y — X2 ds + W;.
0

Theorem 3.1. Let X be the process defined in (10) with Xo = x. Let pg(t, x, z) be the transition density
of XP. Assume B := supe(o 7y [[b(t,-)|lco < 00. Then for all y € R and t € (0,T] it holds that

V2t

Proof. Let f € C32(R) and fix ¢t € (0,T]. Consider the parabolic PDE driven by the infinitesimal generator
of X5:

1 oo 2—BVE)2
POty <pltag) = o= [ s TF e (11)
it JIlz—ul
Vit

2
{ %(s,z)+%%(S,I)Jrﬂsgn(yfx)%(s,x):O, 0<s<t, xz€eR, (12)

u(t,z) = f(z), zeR.

In view of Veretennikov [16, Thm.1] there exists a solution u(s, z) € W,-*([0,t] x R). Applying the It6-Krylov
formula to u(s, X?) we obtain that

u(s,x) = /f(z)pg(t —s,x,z) dz.
The formula (33) from our appendix allows us to differentiate under the integral sign:

ou 6105
— = —_— - < < .
ax(s,az) /f(z) D (t—s,z,2)dz, Y0<s<t<T

Fix 0 < e < t. Now apply the It6-Krylov formula to u(s,Xs(b)) for 0 < s <t — ¢ and use the PDE (12).
It comes:

t—e
E(u(t — & X,")) = u(0,2) + E / (b(s, X{) ~ Bsmly — X)) 2% (s, X{P) ds.

S S

In view of Corollary 8.2 in the appendix there exists a function h € L'([0,¢] x R) such that

B

0
VO<s<t<T, Vy,zeR, E %(t — 5, XY )| < Crpayh(s,2). (13)
x

Consequently,

E(u(t — E,Xt@a)) = /f(z)pg(t,x,z) dz

t—e
0

P
ECTAR- {(b(s,xg“) ~ psgnly = XP) 2Lt — s, X, z>} ds d-.
Let now € tend to 0. By Lebesgue’s dominated convergence theorem we obtain
[ 1w s = [ 1w e

it

- / f(2) /0 E {(b(s,Xé% — Bsgn(y — X)L (t - s,XS’),z)} ds dz.



Therefore the density p(® satisfies:

apg

t
p(b)(t,.’L‘,Z) :pg(tamvz) +/ E {(b(s,ng)) - Bsgn(y - ng))) o
0

(t— S,Xs(b),z)} ds.

As noticed in [14], in view of Formula (34) from our appendix we have for any x € R

(b(5,2) — fsgnly —2)) 2ot — 5,2.9) < 0.

This leads us to choose z = y in the preceding equality, which gives us
Bpg

t
p(b)(tvxay) :Pg(t,x,y)"‘/o E{(b(&ng)) _ﬁsgn(y_ng))) B

(t - Sngb)v Z)} d87
X

from which
ve<T, pO(t,x,y) <pi(t.zy).
We finally use Qian and Zheng’s explicit representation (see [14] and our appendix section 8).
O

Corollary 3.2. Assume Xéb) 18 distributed according to the probability density function pg on R. Denote by

p(t,-) the probability density of Xt(b). One has

1
£ )| oo (my < s 14
Io(t. M=oy < = +5 (1)
Proof. In view of (11) we have
© _esvw?
~ze 7

p(t,y) < \/%/Po(ff) /f

< [ [ ravie T
x z e Tdzdx

T V2wt bo %—B\/f

1 w—y|—pt)2 ) i
_ 7(/]?0(96)6_(\—; 8 de + ﬁ\/g/po(gj)/ e_Tzdzd:I:)

1 Uy—z|-B1)2
< —— [ polx)e” 260 dx+ 0.

V2t /

Remark 3.3. If pg € L*(R), the above calculation shows that

[p(t, Moo < 2l[polloc + B-
If po € LP(R),p > 1, Hélder’s inequality leads to

,uy—zQ\t—m?dx < Hpo||LP(R) (/6,quy-m;t-m>2dz)1/q < Cyt2a &

1
ﬁ/pO(x)e = \/% =

Nt
4 A non-linear McKean—Vlasov—Fokker—Planck equation

Proposition 4.1. Let T > 0. Assumepy € L*(R), b € L>((0,T)xR) and Hypothesis (H). Let (Q, F,P, (F), X, W)
be a weak solution to (3) until T. Then,

1. The marginals (pt)ie(o,1) Satisfy in the sense of the distributions the mild equation

K agtfs
ox

wG@prfwwm+A # (pa(b(s, ) + B(s, p))ds. (15)

2. Equation (15) admits at most one solution (p;)icpo,r) which for any t € (0,T] belongs to L*(R) and
satisfies (5) and (6).

Proof. We successively prove (15) and the uniqueness of its solution in L!(R).



1. Now, for f € CZ(R) consider the Cauchy problem

o9G 19%G — <
S ri5E =0 0<s<t zER (16)
hms—>t G(S,LIZ’) = f(l’)
The function
Gry(s0) = [ £@)gi—ula = )y
is a smooth solution to (16). Applying Itd’s formula we get
t oG t oG
Gt X0) = Gy (0.X0) = [ Z58 (s, Xopds [ L (5, X)(bs, X.) + B, Xuip)ds
0 88 0 8.’E
ey L 02Gy ¢
: d X,)ds.
+/0 833( )W+2082(s,)3
Using (16) we obtain
L [0Gy;
Ef(X:) =EG, (0, Xo) + E 8:57 (s, Xs)(b(s, Xs)+ B(s, Xs;p))| ds =: T+ II. (17)
0

On the one hand one has

I= //f(y)gt(y—w)dy po(z)dr = /f(y)(gt * o) (y)dy-

On the second hand one has

L 1o
I :/0 /aj[/f(x)gt—s(y—x)dy] (b(s,7) + B(s, x5 p))ps(z)dads

:1///#@W””@—@@@@@+B@mmmmwmw
- [ 1w /éms*wwa+m,m»>mey
0

Thus (17) can be written as

/f Y)pe(y dm—/f (g¢ * po)( dy+/f /0 agt =5 ((b(s, ) + B(s, - p))ps)](y)dsdy,

which is the mild equation (15).

2. Assume p} and p? are two mild solutions in the sense of the distributions to (15) which satisfy

Cr
3C > 0,9t € (0,7, |pelleee) + P2z < 77

Then,
1 2 69t s AN L2y, 2
lpy —pilloiwy < | lI—5— o [B(s, 5 )ps — B(s, - ;07)ps )| o1 (m)ds
0
09¢—s
/n 2 b(s, )0 — P2l ey
09t s
/|| =% 5 [(B(s,5p") — B(s,50%)pi)l| 12wy ds

0gi—s
3/n% « [0} — p)B(s,- 1)l sy ds

0gt—s
/ngt* @ — )l ds
= I+ 1T +1III.



As

||agt S” CT
or MBS

the convolution inequality || f * hllz1 ) < || fllzr@®) /2]l L1 (r) and Remark 2.2 lead to

OGi—s 2
II</ |29 — |l ® (Pt = P2)B(s,p%)|| L1 (®)ds < Cr / wd&

As b is bounded, we also have

“lips — P2l ()
11| < op [ s ZBIL®) 4
[ < T/O Vi-s

We now turn to I. Notice that
IB(s,p") — B(s,0*) L) S/O I Ks—rllor @ llpr — P2l L2y d,

from which, since by hypothesis (p;) satisfies (6),

t s
Cr / 1 2
I < — S—T T T d d
_A VE—sv/s Jo K sl @) llpr — 7l ) drds

t t
C
< L p? / T K., dsdr.
>~ /0 ||p‘r pTHLI(R) i \/m\/g” HLl(R)
In addition, using Hypothesis (H.4),

K ”Ll(]R)d < Cr

1
KS T d s—T ds = B e
1K —rll 1 ryds < f/ \/tf” e @ds = \ﬁ/o Vier—s" S

¢ 1
=
It comes:

t gl 2
I< CT/ oy — p7llLr my dr.
0 VT

Gathering the preceding estimates we obtain

P! = P2l ey < C /t Ips — P2l ® g6 1 O /t ||p§—P§HL1(]R)dS
by ptL(R)_TO—m —\/g .

Applying a Singular Gronwall’s Lemma (see Lemma 4.2 below), we conclude
vt € (0,T], |p; —pillLrr) =0,
which ends the proof. O
In the above proof we have used the following result:

Lemma 4.2. Let (u(t))i>0 be a non-negative bounded function such that for a given T > 0, there exists a
positive constant Cp such that for any t € (0,T]:

u(t) gcT/O “\(/?dercT/o ;t(isds. (18)

Then, u(t) = 0 for any t € (0,T).
Proof. Set uj := sup,<, u(s). The inequality (18) implies that

Set T* := 3202 T <T*, then for t < T, we have uf < % Thus, uf = 0 for every ¢t <T and the lemma

is proved. 7T >T* for T* <t <T,

u(t) < Cr /OT* (w% + ;g) u(s)ds + /Ti (\/% + \}5) u(s)ds.




The first integral is null, since u(T*) = 0. Thus,

u(t)S/OtT* (\/t_;*_e-i-\/T3+9>U(T*+9)d9§/otT* (\/t_;i_f\/%) W(T* + 6)d6.

For 0 < s <T —T*, define v(s) := u(s + T*). The previous inequality becomes:
t—T* t—T*
1 1 VT* + VT =T G
o(t—T%) < CT/ ( + > v(0)do < + V()
0 V=T =0 T+ VT* Vi—=T* -0
Setting t — T* =: 7, we thus have
VT + VT T*
],

Now we are in a position to apply a standard singular Gronwall’s lemma (see [7, Lem. 7.1.1]) and conclude
that v(7) =0 for 0 <7 < T —T*. Thus, u(t) =0 for T* <t <T. O

——=df.

v(1) < VO<7<T-T"

5 A local existence and uniqueness result for Equation (3)

Set .
D(T) ::/ / | K¢ (2)|dxdt < 0. (19)
o JR
The main result in this section is the following theorem.

Theorem 5.1. Let Ty > 0 be such that D(Tp) < 1. Assume pg € L*(R) and b € L*°((0,Tp) x R) continuous
w.r.t. space variable. Under Hypothesis (H), Equation (3) admits a unique weak solution up to Ty such that
the probability distributions P o X, admit densities which satisfy (6).

Iterative procedure. Consider the following sequence of SDE’s. For k =1

{ AX} = b(t, XF) di -+ { Jg (Kos  po) (XE)ds }at + dW,, (20)

X(% ~ Do-

Denote the drift of this equation by b'(¢,z). Supposing that, in the step k& — 1, the one dimensional time
marginals of the law of the solution have densities p*~!(s, %), we define the drift in the step k as

b (t, 2, p* ") = b(t, 2) + B(t,x;p"1).
The corresponding SDE is

(21)

dXF = bk (t, XF, pF=1)dt + aWy,
)((I)C ~ Po-

In order to prove the desired local existence and uniqueness result we set up the non-linear martingale
problem related to (3).

Definition 5.2. A probability measure Q on the canonical space C([0,Ty];R) equipped with its canonical
filtration and a canonical process (wy) is a solution to the non-linear martingale problem (M P(po, To, b)) if:

(i) Qo = po

(ii) For any t € (0,To], the one dimensional time marginals of Q, denoted by Q;, have densities q; w.r.t.
Lebesgue measure on R. In addition, they satisfy ¢z € L*(R) and

C
VO <t <Ty |gilozm < tl% (22)



(iii) For any f € C%(R) the process (My)i<T,, defined as

My = flw) = f(uwo) -~ [ 194

of b

is a Q-martingale.

Notice that the arguments in Remark 2.2 justify that all the integrals in the definition of M; are well
defined.
We start with the analysis of Equations (20)-(21).

Proposition 5.3. Same assumptions as in Theorem (5.1). Then, for any k > 1, Equations (20)-(21) have a
unique weak solution (X,P¥) up to Ty. Moreover, for t € (0,Ty), the time marginals P¥ of PX have densities
pf w.r.t. Lebesque measure on R. Setting B* = sup,<q, [|b°(t, )| L) and by := [|b]| L (r), one has

C(bo, Tp)

\/E and /Bk < C(b07TO)'

VO<t<Ty, |[Ipfllrem <
Proof. We proceed by induction.

Case k = 1. In view of (H.5), one has 3! < by + Cr,. This implies that the equation (20) has a unique
weak solution in [0, 7p] with time marginal densities (p; (y)dy)t<1, which in view of (14) satisfy

vt € (0, Ty, + BL.

1
1
oo < —
IpHlzecs) < <

Case k > 1. Assume now that the equation for X* has a unique weak solution and assume 8* is finite. In
addition, suppose that the one dimensional time marginals satisfy

1
Vt € (07T0L prHLOC(]R) < \/ﬁ + ﬁk.

In view of (H.4), the new drift satisfies

t t
1
654 (8, )| < b+ / 108 2o i | sl 1 gy s < Bot / (2 4 )1 s—all s s < bo-+Cry +B°D(T).
0 0o V27s

Thus, we conclude that B5*1 < by + Cp, + B¥D(Tp). Therefore, there exists a unique weak solution to the
equation for X**1. Furthermore, by (14):

Cr,
vt e (0,T0), Pyt o) < \/g + prtL,
Notice that
VE>1, ¥ <by+Cp +B°D(Ty) and B! < b+ Crp,.

Thus, as by hypothesis D(Tp) < 1, we have

VE>1, BF< bo + Oy

=~ m + bo + CTO (23)

and
CTO CTO bo + CTO

+bo + Cr,. (24)

Proposition 5.4. Same assumptions as in Theorem (5.1). Then,
1) The family of probabilities (P¥)y~1 is tight.

2) Any weak limit P> of a convergent subsequence of (P*)>1 solves (M P(po, Ty, b)).

10



Proof. In view of (23), we obviously have

3Cr, >0, sup|XF—XF*<Cplt—s?, VO<s<t<T.
k

This is a sufficient condition for tightness (see e.g. [10, Chap.2, Pb.4.11]). Therefore, there exists a weakly
convergent subsequence of (P¥);>1 that we will still denote by (P*);>1. Denote its limit by P>. Let us check
that P solves the martingale problem (M P(pg, T, b)).

i) Each P} has density pg, and therefore P also has density po.
ii) From (24) for any k¥ > 1 and 0 < t < Tp, we have that

C(bo, Tp)

pt € L*(R) and [|pf |2 < /i

(25)

Define the functional T;(g) by

Ty(g) = / J)PE(dy), g€ Cx(R).

By weak convergence we have

Ti(g) = lim | g(y)pf(y)dy,

k—o0

and thus Clbo. Th)
0, 10
ITi(g)| < THQHH(Rr

Therefore, for each 0 < t < Ty, Ty is a bounded linear functional on a dense subset of L?(R). Thus,

T; can be extended to a linear functional on L?(R). By Riesz-representation theorem, there exists a

unique pf° € L?(R) such that Pl 2 (r) < C(fl"/’fo) and pg° is the probability density of Pg°(dy).

iii) Set

t 132f

My = f(w;) = f(wo) - /0 3522 =

()b w) + [ (K 29 ),

We have to prove
Epoe [(My — M) p(wy,, ..., wiy)] =0, Vo€ C,RY)and 0<t; <--- <ty <s<t<Ty,N>1.
The process

t 2 u
M= () = a0) = [ 5w+ GHw)00m ) + [ (k) w)dn)ldu

is a martingale under P*. Therefore, it follows that

0= Ep[(M} — MF)p(wy,, ... ,wiy)] =
= Baug(...)(f(w) = f(w )] + Bnlo(...) [ 55 (wa)du

+ Epr[o(...) %(wu)b(u, Wy )du] + Epr[é(...) g—i(wu) /Ou(Ku_T * pP 1) (wy, ) drdul.

11



Since (P*) weakly converges to P>, the first two terms on the r.h.s. converge. Now, observe that
Beciot) [ L) [ st it
~Eemlo(..) | ) | e s )t
= Elote-) [ ) [ ur ek ntra
~EnloC) [ U [ e s ) i)
+Enfot) [ ) [ K s )i

— Epeo [¢(. .. )/ %(wu) /Ou(Ku_T # p2°) (wy, ) drdul)

Now,

t u o )
< lolme [ [ [ 1@ 057 = ) @)l ) dndr

<lollico [ i [ \/ JEE @R[ Kurto = 005 0) — p0) g 2dsdra

Then, fix u € [s,t] and 7 < u. By (H), the function fi(y) = 1{7 < u}K,_,(z — y) is a bounded and
continuous function of y. By weak convergence

Vr<u, lim [ Ky (z—y)p*(y)dy = /Kufr(x —y)p>° (y)dy.

k—o0

In view of (25), ii) and (H), one has

<:c>>2||KuT||;’zz<R>$§. (26)

2
L@ ([ Kurto- 0@ 0 - p20an) < (5L

As f € C%(R), we apply Lebesgue’s dominated convergence to obtain

\/ JEE @R[ Kamrto = )65 ) — ()2 2250

Estimate (26) and (H) enable us to apply again Lebesgue’s dominated convergence to deduce that
I —0ask— oo

Now, to prove that IT — 0, it suffices to prove that the functional F : C([0, Tp]; R) — R defined by

t u
w, = oWy, ..., Wey) gi(wu)/o /KU_T(wu — y)p>X (y)dydrdu

S

is continuous. Let (w™) a sequence converging in C([0, Tp]; R) to w. Since ¢ is a continuous function, it
suffices to show that

n— oo

i | Ny | [ #omctwt = o i (27)

t 0 u
. aii(w“) /0 / Ky—r(wu = y)p7 (y)dydrdu.

For (u,7) € [s,t] x [0, ], set

£ ) =t < ub gl wl) [ Kol - 9)p )y

12



Since w™ converges pointwise to w and K satisfies (H-2), by Lebesgue’s dominated convergence theorem,

nlgr;of?) (u,7)=1{r < u}f Wy /Ku (wy — y)p7° (y)dy.

Furthermore,

n o0 C
|f3'(u, 7)| < CU{r < u}|lpZ 2 | Ku—rll22®) < 77_1/41{7 < U Ku—r|lL2®)-

In view of (H-4),
t ot
1
/S /0 m]l{r < U Ku—r|l2@dr du < occ.

Thus, by Lebesgue’s dominated convergence theorem, we get
lim / / 1{r < u}— /Ku - —y)p°(y)dydrdu
n—oo

- / /0 17 <u} o () / Kor (w0, — y)p(y)dydrdu,

which ends the proof.

Proof of Theorem 5.1
Proposition 5.4 implies the existence of a weak solution (Q, F, P, (F;), X, W) to (3) up to time Ty. Thus,
the marginals P o X; ' =: p, satisfy el L2 m) < tl%, t € (0,Tp]. In view of Remark 2.2, one has

|B(t,z;p)| < C(To).
Therefore the drift coefficient of X is bounded, so that Corollary 3.2 implies that for any ¢ € (0, Tp]

C(Ty, bo)
oo < —7
”pt”L R) = \/7?

In addition, (2, F,P, (F), X, W) is the unique weak solution of the linear SDE
dX; = b(t, X;)dt + B(t, X; p)dt + dW;, t < Ty. (28)

Now suppose that there exists another weak solution (Q]:', P, (f}),X,W) to (3) up to Tp such that
Po X{l admits a density p; satisfying (6). By Proposition 4.1 we have p; = p;, for t < Ty. Therefore,
(Q, F,P,(F,), X, W) is a weak solution to (28), from which Po X~! =Po X1,

6 Proof of Theorem 2.3: A global existence and uniqueness result
for Equation (3)

We now construct a solution for an arbitrary time horizon T' > 0. We will do it by restarting the equation
after the already fixed T. We start with T' = 2T,. Then, we will see how to generalize this procedure for an
arbitrary 7' > 0.

Throughout this section, we denote by € the canonical space C([0,Tp]; R) and by By its Borel o- field.
We denote by Q! the probability distribution of the unique weak solution to (3) up to T constructed in the
previous section.

6.1 Solution on [0, 27|

Proposition 6.1. Let Ty > 0 be such that D(Ty) < 1. Assume pg € L*(R) and let b € L*°([0,2Tp] x R) be
continuous w.r.t. the space variable. Under the hypothesis (H), Equation (3) admits a weak solution up to
2Ty which is unique in the sense of Theorem 2.3.

13



We start with analyzing the dynamics of (3) after T and informally explaining the construction of a solution
between Ty and 27p. Assume, for a while, that Proposition 6.1 holds true. Denote the density of X; by p},
for t < Ty and by p?, for t € (Ty,2Tp]. Let t > 0. In view of Equation (3), we would have

To+t To+t

XTo+t = XTO —+ / b(S,XS)dS + / (Ks_g *pg)(Xs)dedS =+ WTo+t — WTO~
TO To 0

Observe that

To+t To+t

To To+t s
/ (Ks_g *pé)(Xs)des Jr/ / (Ks_g *pg)(Xs)dsdt
0

/ (Ks—o *pp)(Xs)dOds =
To 0 T T

=: Bl + Bg.

To

In addition,
t To
By =/ / (Kryts—6 % py) (X1 45 )dOds,
0 0

and

t T0+s' t s’

Bom [ [ o s i) dbds' = [ (Km0 )01
o J1, 0o Jo

Now set Y; := X4+ and pi(y) := p2T0+t(y). Consider the new Brownian motion W, := Wy, — Wy, It

comes:

t t To t s o
Y=Yy + / b(S + T, Y;)ds + / / (KTOJFS/,(; *pé)(Ys)dﬂds + / / (Ks/,g/ * ﬁg)(}/s)dgds + Wy,
0 0 JO 0 JO

for t € [0, Tp]. Setting

To _
bi(t,x, Tp) := / (Krytt—s *pi)(x)ds and  b(t,z) :=b(TpH +t,x),
0

we have

{ AY, = b(t, Ya)dt + by (8, Vs, To)dt + { f (Ko + 5,)(Yi)ds }dt + dW,, ¢t < T, (29)

Yo ~ ph, (y)dy, Ys ~ ps(y)dy.

To prove Proposition 6.1 we construct a weak solution to (29) on [0, Ty] and suitably paste its probability
distribution with Q!. We then prove that the so defined measure solves the desired non-linear martingale
problem. Notice that the SDE (29) is of the same type as (3).

Lemma 6.2. Same assumptions as in Proposition 6.1. Denote by p} the time marginals of Q'. Set
by (t,x, Ty) = fOTO(KTOH,S « pl)(x)ds and b(t,x) = b(Ty + t,x). Then, Equation (29) admits a unique
weak solution up to Ty which is unique in the sense of Theorem 2.3.

Proof. Let us check that we may apply Theorem 5.1 to (29).
Firstly, by construction the initial law plTO of Y satisfies the assumption of Theorem 5.1. Secondly, the

role of the additional drift b is now played by the sum of the two linear drifts, b and b;. By hypothesis, b
is bounded in [0, Tp] x R and continuous in the space variable. Using (6) and (H-6) we conclude that b; is
bounded uniformly in ¢ and x since

To | Kpype—sllz

|b1(t,z, Tp)| < CTo/ ®) g5 < Cr,-

0 Vs

To show that bi(t,z,Tp) is continuous w.r.t. z we use (H-2) and proceed as at the end of the proof of
Proposition 5.4.
We now are in a position to apply Theorem 5.1: There exists a unique weak solution to (29) up to Tp
which is unique in the sense of Theorem 2.3.
O

Denote by Q? the probability distribution of the process (Y;,¢ < Tp). Notice that Q2 is the solution to
the martingale problem (M P(py, ,To, b+ by)).

14



A new measure on C([0,27,];R). Let Q!, Q* and (p}) be as above. Let (p?) denote the time marginal
densities of Q®. In particular, Qf = Q7 , i.e. pj(z)dz = pf, (z)dz. Define the mapping X from Q to R as
X%w) := wp. Using [10, Thm.3.19, Chap.5] to justify the introduction of regular conditional probabilities,
for each y € R we define the probability measure Qi on (Qo, By) by

VA € By, @3(,4) =P*(A|X° =y).

In particular,
(@i(w € Qo,wo=y) = 1.

We now set 2 := C([0,2Tp]; R). For w!, w? € Qy we define the concatenation w = w! @7, w? € Q of these
two paths as the function in € defined by

wezwéa OSHST(L
wotT, = Wi, +wi —wg, 0<0<t—Tp.

On the other hand, for a given path w € Q, the two paths w!, w? € Qg such that w = w! @7, w? are

wy = w, 0<6<T,
wg =wr,+0, 0<60<T.

We define the probability distribution Q on € equipped with its Borel o—field as follows. For any continuous
and bounded functional ¢ on 2,

Balel = | e@n) = [ [ [ ot o, w0 (an ok, @ (). (30)
Notice that if ¢ acts only on the part of the path up to t < Ty of any w. € €2, then
Eqle((wo)o<t)] :/Q ¢ ((wo)o<t)Q" (dz) = Equ [p((wp)o<t)]- (31)

Proof of Proposition 6.1. Let us prove that the probability measure Q solves the non-linear martingale
problem (M P(pg,2Tp,b)) on the canonical space C([0, 27p]; R).

i) By (31), it is obvious that Qp = Q}. By construction, Q} has density po.

ii) Next, let us characterize the one dimensional time marginals of Q. For f € Cy(R) and t € [0,2Ty],
consider the functional p(w) = f(w;), for any = € C([0, 2T5]; R). For ¢t < Tp, by (31),

Eglp(w)] = [ f(w)Q(dz) = /R F()p (2)d.

Qo

Therefore, Q;(dz) = p}(z)dz.
For Ty < t < 2Ty, by (30),

Eglé(w)] = / / / o(w? g, )Q2 (du?)p3, () dyQ* (du') = / / P(2)Q2 1, (d2)p}, (4)dy.
By Fubini’s theorem:
Eqlé(w)] = / £(2) / @2, 1, (d2)pk, (v)dy.
Since Qf = pf, we deduce
Bgl6(w)] = / )PPy (2)d2,

which shows that Q;(dz) = p;_q, (2)dz.

Therefore, the one dimensional marginals of Q have densities ¢; which, by construction, belong to LQ(R)
and satisfy [|q¢||z2m) < tl%
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iii) It remains to show that M; defined as

My = f(w) — f(wp) _/0 [%%(wu) + gi (wy) (b, wy,) / /Ku (wy - (y)dydr)]du

is a Q-martingale, i.e. Eq(M;|Bs) = M;.

(a) Let s<t<Tp:
For any n € N, any continuous bounded functional ¢ on R™, and any t; < --- <t, < s <t <Ty,
by (31):
EQ(¢(wt17 s ’wtn)(Mt - MS)) = EQl ((b(wtu - 7wtr,L)(Mt - MS))
As Q! solves the (M P(po, Tp, b)) up to Tp,

E@(¢(wt1)' - awtn)(Mt - MS)) =0.
(b) For s < TO <t< 2To,
Eq(Mi|Bs) = Eq[Eq(M:|Br,)|Bs].

Let us prove that Eq(M;|Br,) = Mr,. Notice that

t 2 t
My — My, = f(wd) = fwr,) - / %%wu)du— | S wpu )

/TO o (wy / /Ku - — v9)q-(y)dydrdu.

Write the last integral as

To
(wWey Ky (wy, — dydrdu = (Wey / /Ku A(wy, — dydrdu
To ax / / 4-(¥) T ax pr(y)

(wy, Ky (wy pT (y)dydrdu
/TO el [ [ wly

=To g T
= / 5’7£(w“+TO)/ /K“+T0*T(wu+To — y)py (y)dydrdu.
0 0

For w € Q identify w!, w? € Qg such that w = w' ®7, w?. Then,

t—To 8f To t=To 8f
Il = / 7(“%)/ (KU"FTD—T *p_}_)(wi)deu :/ 7( )bl(u w To)d
0 Ox 0 0 Ox

Proceeding as above,

T, u
° 9
Iy :/ aii(wu-‘rTo)/ /Ku—T(wu+To - y)pi(y)dydeu
0

:/Ot b af / /Ku - (w; = y)p?(y)dydrdu.

Similarly

Lo =T g
ot wddu= [ G o b+ T,
To 0

t—To a t—To 8 -
:/o 8£( 2Yo(u + To, w )du:/O a—f(wg)b(u,wi)du

T
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It comes:

t=Th 1 52 t=To 5 ~
My =My, = fwt ) = 1)~ [ G o= [ S @i ud

t=To g u
_/0 ai( o) [br (s, To) + /O /Ku—T(WZ—y)pf(y)dydT]du =: F(w?).

By definition of the measure Q,

E((w,, . we, )My — M) = [ dwl,,...,w / / w?)Q2 (dw?)pk, (y)dyQ (duw').
Qo Qo
By the definition of Q?:
EQ(p(wy,, ... wy, )(My — M7,)) = i qﬁ(wtll,...,wtln)/g F(w?)Q?(dw®)Q! (dw™).

As Q? solves (M P(p%,, Ty, b+ b)), one has

Ege(p) = /Q F(w?)Q%(dw?) = 0.

Finally, we conclude that Eq(M;|Br,) = My, and therefore Eq(M;|B;s) = M, for all s < T <t <
27T,

For Ty < s <t < 2Ty : we may rewrite the difference M; — M in the same manner:

t= T0182f

2 922 —= (w?)du

M, — M, = f(u? ) — fw g) — /

=Ty
_/S_TU gi( )[b(u,wi))+b1(u,w3,To)+/o /Ku,T(wHTO — y)p2(y)dydr]du

=: F(w?).

Now, take t; < --- <t, < s. Let us suppose that the first m are before Ty and others after. We
have that

U}tl, . wtn)(Mt M )) =

/Q / [Pl o)A@ (A0, (1)ayQ) ('),
(0] (0]

Since Q? solves the (MP(p%FO,TO,B—i— b1)), one has that ]EQz(qﬁ’(wf,l, ...wj )F) = 0 for any con-

tinuous bounded functional ¢’ on R™, any n € N and any | < --- < t/ < s — Ty. Taking
<Z)’(wt2,1 bowd ) =o(wi, . w%TIL,w2m+17TO, .. ,wi _q) for a fixed 2!, we conclude that

/]R d)(w%l P 7wtlm ’ wt2m+1—Toa e 7wt2n—T0)90(w2)Q32/ (dw2)p%~0 (y)dy = 0‘

Therefore,
EQ(¢(Wf1 ge e wtn)(Mt - Mg)) = 0

Thus, IEQ(Mt|BS) = M, for Ty < s <t <2T.

To summarize the preceding, we have just shown the well-posedness of (M P(pg, 2T0,b)). Finally, we proceed
as in the proof of Theorem 5.1 to deduce the existence and uniqueness of a weak solution to (3) up to 2Ty
with the desired property on its time marginals.
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6.2 End of the proof of Theorem 2.3: construction of the global solution

Given any finite time horizon T' > 0, split the interval [0,7] into n = [Tlo] + 1 intervals of length Ty and
repeat n times the procedure used in the preceding subsection. By construction, the time marginals of this
solution to (M P(pg,T,b)) has probability densities which satisfy (5).

Remark 6.3. Using similar arguments as above one can construct a solution to (3) when the initial condition
po is in L°(R) N LY(R) or, respectively, L?*(R) N LY (R). In these cases we use Remark 3.3 in the iterative
procedure. Consequently, the weak solution is unique under the constraint that the one dimensional marginal
densities (pt)i<T belong to L>((0,T); L>(R) N LY(R)) or, respectively, satisfy

Cr
pellL2m) < A/

7 Application to the one-dimensional Keller—Segel model
In this section we prove Corollary 2.5. We start with checking that K* satisfies Hypothesis (H). The condition
(H.1) is satisfied since

! Cr -5 # Cr
IKH e < & [l e and Kl < i

From the definition of K* it is clear that for ¢ > 0, Kf is a bounded and continuous function on R. The
condition (H.3) is also obviously satisfied. As already noticed,

C
t—s

1K}l r) =

b

from which, by definition of the S-function,

! IKE o w) B ¢ 1 B
X0, ._/0 s = C’/O = 0B0/2,1/2)

where C is a universal constant. With similar arguments one easily checks that the function f; is bounded
on any compact time interval. Now let ¢ be a probability density on R. For (¢,z) € (0,T] x R, one has

S P
[olE e = plon dr <€ [ ol -yl [ e dsay
0
oo 3

22 - 2
:/¢(y>|$,y| GRS i T WP
==yl |z — y| z

- /qb(y) /'f e~ Tdz dy.

This shows that (H.5) is satisfied. Finally, to prove (H.6) we notice that for every ¢ € [0, T]

T T
1 C
Kt 1 —d </ —ds < Cp(1/2,1/2).
/0” T+t—s||L(JR)\/§ S o VTii-s t—s\/ES_ B(1/2,1/2)

Therefore, in view of Theorem 2.3, Equation (2) with d = 1 is well-posed. Denote by p(¢, ) = p;(x) the time
marginals of the constructed probability distribution.

Now, define the function c as in (8). In view of Inequality (5), for any ¢ € (0, 7] the function c(¢,-) is well
defined and bounded continuous. Let us show that ¢ € L>([0,T]; C}(R)).

We have
Jdc 0

o t
a—z(tx) = (e ME(co(z + Wy)) + p <E/ e Mp(t — s, o+ Ws)ds> .
0
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Then observe that

o [ 1 g2
—E [ e p(t— W) e dyd
9z / ple = s o+ ax/ / TS ry) pe dyds
1 —(y==2)?
—A(t— 3)/ ¥ ¢y s) dud
e s, e s
833 ; p(s,y) ) Yy
o t
=: 87:5/0 f(s,z)ds
Asforany 0 < s <t
|2 ! e 2(t S) |< |y_ | 672((71::))2 < ¢
0r\/t —s 2(t — s)3/2 “t—s’

we have

3]” —A(t—s) / y—x —(y—x)2
—(s,xz) =e s $,Y) ————€ 26=5) dy.
5 (5% p( 11)2\/%(%5)5/2 y

Now, we repeat the same argument for % fot f(s,z)ds. In order to justify the differentiation under the
integral sign we notice that
of

|%(3a$)| < m

Gathering the preceding calculations we have obtained

oc / b s
Golt) = B+ W+ [ o)

S Al = S
T?T(t — 5)3/2 € =2 ay as.

Using the assumption on ¢ and Inequality (5), for any ¢ € (0,77] one has

dc
||%(t, Mre® < llcollne ) + Cr

In addition, the preceding calculation and Lebesgue’s Dominated Convergence Theorem show that %(t, -) is
continuous on R. We thus have obtained the desired property.

The above discussion shows that we are in a position to apply Proposition 4.1 with b(t,z) = ye Ec)(z+
W;) and B(t,x;p) defined as in (4) with K = K% the function p(¢,z) satisfies (8) in the sense of the
distributions. Therefore, it is a solution to the Keller Segel system (7) in the sense of Definition 2.4. We now
check the uniqueness of this solution.

Assume there exists another solution p' satisfying Definition 2.4 with the same initial condition as p.
For notation convenience, in the calculation below we set c;(z) := c(t, ), cf (x) := c'(t,z), pi(z) == p(t, v),
and p; (1) := pt(t, z).

Using Definition 2.4,

0¢—s cl Ocg
ot = pellLrry < /H 9 a: ps — %ps)”Ll(R)dS

6gt s ! agtfs acl aCs
< [0 e o —ps)>||L1<R>ds+/0 122 (a0 — %0 ey
=1+1I.
Using standard convolution inequalities and || 12 \/7 we deduce:
||ps Ps ‘LI(R 605 |L1
I<cC Ld d ) ds.
[Uspteme s [/,
Therefore . 0! |
dc Jcs ® 1 ags—u ® Pu — PullL1(R)
5 — < — pu) K ——— du < C | ———=—du, 32
152 = Gl < [ ok = pu) + = uaquydu < / L (32)
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from which

- puHL1

* lpu
Ir<c
- /Oﬁ\/ts/o Vs—u
t

®) du ds

a1 )
ds duSCT/ Mdu.
0

t
1
<C L | /
> /OHPu P||L(R)u\/§mm Nz

Gathering the preceding bounds for I and I we get

“lps = psllLie vt = psllore
- <C/S—()d+C/L()d.
(|3 pt”Ll(R) s Or ) Vs NG s

Lemma 4.2 implies that ||pf — p¢ | 11®) = 0 for every ¢ < T. In view of (32) we also have ||8i — @HLl(R) =0.

This completes the proof of Corollary 2.5.

8 Appendix

We here propose a light simplification of the calculations in [14].

Proposition 8.1. Let y € R and let 8 be a constant. Denote by pg(t,x, z) the transition probability density
(with respect to the Lebesque measure) of the unique weak solution to

t
Xt=x+ﬁ/ sgn(y — Xs) ds + Wi.
0

Then

oo
Pyt @, 2) = ﬁlts/z/ PUy=a Tl t (5 y |5y 4 |y — e PR
(33)
T D T B
V2t
In particular,
_z-8vD?
pﬁ(t x,y) \/ﬁ e y‘ 2 dz. (34)

Proof. Let f be a bounded continuous function. The Girsanov transform leads to

E(f(X,)) = E(f(z + Wy)eP Ji senly—a—Wa)aWs—5e)

Let L¢ be the Brownian local time. By Tanaka’s formula ([10], p. 205):
t
W, — a] = |a] + / sen(W, — a)dW, + L.
0

Therefore .
[ sty =0 = WodW = |y~ + L~ Wi - g o),
0

from which
B2

E(f(X;)) = E(f(z + W,)ePly—al+ L =IWi=(y=2)l)= 5ty
recall that (W, L%) has the following joint distribution (see [1, p.200,Eq.(1.3.8)]:

(F+]z—al+|a])?

§>0: P(W,€dz Lf €dj) = mmpm(+]z—al+al)e™ = dydz.

z—a al)?
P(W; € dz, Ly =0) = 21m€ QtdZ*\/ﬁe (zaltleD?
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It comes:

: h —z|+y—|z—(y—z _B8%y
E(f(X:)) = W/R/o 4 )P W=l le=@=)D= 5t 5 4 12— (y — 2)| + |y — 2)
_(?7+Iz—(y7;)‘+|y,m‘)2 dg &
i L/ f(x+Z)eﬁ(ly_m‘_‘Z_(y_m)l)_gt(e_% - e—w) dz.
V2rt Jr

The change of variables x 4+ z = 2’ leads to

1 > z 2= _ @t —yltly==D?
[ [ P =S gy — af)e PEEEE ggay
\/ﬂtg/z R 0

1 ' 82 (2! —z)2 Uz —yl+ly—=z)?
+ f(zl)eﬂ("‘lleflz 7y|)77t(67 2t — e 2t )d217
V27t /R

from which the desired result follows.

E(f(X:)) =

In the next Corollary we use the same notation as in the proof of Theorem 3.1.

Corollary 8.2. Let 0 < s <t <T.Then for any z,y € R, there exists Cr g q.y such that
Bl [ Zp8) (t— 5, X,2)| < Crpayh
| %py ( -5 )| T,8,x,y (sz),

where h belongs to L'([0,t] x R).

Proof. By Girsanov’s theorem, for some constant Cr g we have

P 0 i
. ’ (8:1:‘”5) (t—s, X 2)| < CT,B\/E ‘ <8xp5> (t—s,W2, 2)
Observe that
) _ B 0Blsn| —Uzzultly=3l=p1=s))" _
%Pf(t — 8,1, 2) = NN 2Bl=vle ) sgn(z — y)
2 2
I e A ey
& —Bla— yl—f(t 8) Aly—2|— %
T = 2

The sum of the absolute values of the first two terms in the right-hand side is bounded from above by

__ B —2slyltsly-al
27 (t — s)
Thus,
0 C Cr o (2= WE)2
E B X(b) T8 E 28|ly—Wz| B E Wz2 2B|ly—Wg|— == - B+A.
’(axpy) (=, 2| < 27(t — s) N + 3/2\/ ) =: B+

Notice that

Crp 4 g lmWDR g Cr.s
A<7’E Ww E Bly—W7| 1/4::7’1414 1/4.
>~ (t*S)‘S/Z( H | ] [6 ]) (t78)3/2( 1 2)
Firstly, as there exists an « > 0 such that \a|4e_“2 < C@‘O“IQ, one has

(—w)2 (t _ 8)2+1/2 (s—2)2

e 2GF(E—s)/@a)) |

A1§C(t—8)2/67a = gs(u—z)du < s+ (l—s)/20)
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Secondly,

Ay = /64B\y—UIgS(u — 2)du = e Y /Oo eMULe—(“gfﬁ du + By /y €—4Buie—7(u§f)2 du
v Vs oo Vs

2 > 1 (u—az—4Bs)> 2 L | (u—ax+48s)? 2
= *P@Y) 88 5/ —e T = du+ P88 S/ —e = du<éedi0s,,.
y

\/g 700\/5

Therefore,

1
AL CT,B,z,ymger(tfs)/(Za)(z — ).

The term B is treated in the similar way as As.
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