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A new McKean-Vlasov stochastic interpretation of the
parabolic-parabolic Keller-Segel model: The one-dimensional case.

Denis Talay*and Milica Tomagevié *f

December 29, 2017

Abstract: In this paper we propose a new type of stochastic interpretation of the parabolic-parabolic Keller-
Segel systems. It involves an original type of McKean-Vlasov interaction kernel. At the particle level, each
particle interacts with all the past of each other particle. At the mean-field level studied here, the McKean-
Vlasov limit process interacts with all the past time marginals of its probability distribution. We here prove
that the one-dimensional parabolic-parabolic Keller-Segel system in the whole Euclidean space and the cor-
responding McKean-Vlasov stochastic differential equation are well-posed for any values of the parameters
of the model.

Key words: Chemotaxis model; Parabolic system; Keller—Segel system; Global solutions; Singular McKean-
Vlasov dynamic.

1 Introduction

The standard d-dimensional parabolic—parabolic Keller—Segel model for chemotaxis describes the time evo-
lution of the density p; of a cell population and of the concentration c¢; of a chemical attractant:

Op(t,x) =V - (3Vp—xpVe), >0, zcRY,
adic(t,x) = %Ac —Xe+p, t>0, xR (1)
p(O,l‘) = po(), 0(0733) = Co(fL‘),

See e.g. Corrias [3], Perthame [12] and references therein for theoretical results on this system of PDEs and
applications to Biology.

Recently, stochastic interpretations have been proposed for a simplified version of the model, that is, the
parabolic-elliptic model which corresponds to the value o = 0. They all rely on the fact that, in the parabolic-
elliptic case, the equations for p; and ¢; can be decoupled and c¢; can be explicited as the convolution of the
initial condition ¢y and the kernel k(z) = —ﬁ. Consequently, the stochastic process of McKean—Vlasov
type whose p; is the time marginal density involves the singular interaction kernel k. This explains why, so
far, only partial results are obtained and heavy techniques are used to get them. Hagkovec and Schmeiser [5]
introduce a kernel with a cut-off parameter and obtain the tightness of the particle probability distributions
w.r.t. the cut-off parameter and the number of particles. They also obtain partial results in the direction
of the propagation of chaos. In the subcritical case, that is, when the parameter y of the parabolic-elliptc
model is small enough, Fournier and Jourdain [4] obtain well-posedness of a particle system without cut-
off. In addition, they obtain a consistency property which is weaker than the propagation of chaos. They
also describe complex behaviours of the particle system in the sub and super critical cases. Cattiaux and
Pédeches [2] revisit the well-posedness of the particle system by using Dirichlet forms.

We here propose a new type of stochastic interpretation which can be seen as the McKean-Vlasov rep-
resentation of the mild formulation of the equation satisfied by p,. This representation has the advantage
to concern the parabolic-parabolic model (o > 0). It involves a quite different interaction kernel than the
above mentioned approaches, and actually such an interaction does not seem to have been studied in the
literature. At the particle level, each particle interacts with all the past of each other particle by means of
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a time integrated singular kernel (for the well-posedness and propagation of chaos property of the partice
system, see our companion paper Jabir et al. [8]). At the mean-field level studied here, the McKean-Vlasov
limit process interacts with all the past time marginals of its probability distribution. The system reads

{ AX, = B (t, Xt + { Jy (KE % po) (Xo)ds bt + dWi, >0, @)

ps(y)dy == L(Xs), Xo ~ po(x)dz,

2
where K!(z) := Xe*MV(We"IT‘t) and b (t, ) := xe *VEco(z+ W,). Here, (W;)¢>0 is a d-dimensional
Brownian motion on a filtered probability space (Q, F, P, (F;)) and Xj is an Fo—measurable random variable.
Notice that the formulation requires that the one dimensional time marginals of the law of the solution are
absolutely continuous with respect to Lebesgue’s measure.

The analysis of the well-posedness of this non-linear equation and the proof that ps = ps for any s are
delicate, particularly in the multi-dimensional case when x is large enough to induce solutions with blow-ups
in finite time. This theoretical work is still in progress [14]. However, as numerical simulations of the related
particle system appear to be effective, it seems interesting to validate our approach in the one-dimensional
case where we are able to obtain quite general existence and uniqueness results for both the deterministic
system (1) and the stochastic dynamics (2).

The one-dimensional deterministic model was previously studied by [11, 7] in bounded intervals I with
periodic boundary conditions while we here deal with the problem posed on the whole space R. In [11] one
assumes po € L?(I) N LY(I) and ¢ € H(I). In [7] one assumes pg € L>®(I) N L*(I) and ¢g € WP(I),
where p and ¢ belong to a particular set of parameters. Our hypotheses below on py do not include, either
L?-norms, or Sobolev norms.

We also emphasize that we do not limit ourselves to the specific kernel K f (z) related to the Keller—Segel
model. We below show that the mean—field PDE and stochastic differential equation of Keller-Segel type are
well-posed for a whole class of suitable kernels.

The paper is organized as follows. In Section 2 we state our main results. In Section 3 we prove a
preliminary estimate on the probability density of diffusions whose drift is only supposed Borel measurable
and bounded. In Section 4 we study a non-linear McKean-Vlasov-Fokker-Planck equation. In Section 5 we
prove the local existence and uniqueness of a solution to a non-linear stochastic differential equation more
general than (2) (for d = 1). In Section 6 we get the global well-posedness of this equation. In Section 7
we apply the preceding result to the specific case of the one-dimensional Keller-Segel model. The appendix
section 8 concerns an explicit formula for the transition density of a particular diffusion.

Notation. In all the paper we denote by Cp any constant which may change from line to line but only
depends on the time horizon T'. In particular, it does not depend on the functions b, K, py introduced below.

2  Our main results

Our first main result concerns the well-posedness of a non-linear one-dimensional stochastic differential equa-
tion (SDE) with a non standard McKean—Vlasov interaction kernel which at each time ¢ involves in a singular
way all the time marginals up to time ¢ of the probability distribution of the solution. As our technique of
analysis is not limited to the above kernel K* we consider the following McKean-Vlasov stochastic equation:

{ dX, = b(t, X, )dt + { i, *ps)(Xt)ds}dt +dW,, t<T, -

ps(y)dy = L(X),  Xo ~ po,
and in all the sequel we assume the following conditions on the interaction kernel.
Hypothesis (H). The function K defined on RT x R is such that for any T > 0:
1. K € LY((0,T); L*(R)) n L((0, T]; L3(R)).
2. For any t > 0 the function K¢(x) is a continuous function on R.

3. The set of points x € R such that lim;_,q K¢ () < 0o has Lebesque measure zero.



t ”Kt—s”Ll

Eds and fo(t) := 0 e

t HKt—sHLz

4. For any t > 0, the functions fi(t) := ® ds are well defined

=/ =
and bounded on [0,T].

5. For any T > 0 there exists Cr such that, for any probability density ¢ on R,

sup / SW)IK.(z — )1 0.0y dy < Cr-
(t,2)€(0,T] xR

6. Finally,

T
1
sup / Krii ollpim — ds < Cr.
0 H +t ” (R) \/g

0<t<T

As emphasized in the introduction, the well-posedness of the system (3) cannot be obtained by applying
known results in the literature.
Given (t,x) € R x R and a family of densities (p;):<r we set

B(t, z;p) ::/O (Ki—s *ps)(z)ds. (4)

We now define the notion of a weak solution to (3).

Definition 2.1. The family (Q, F, P, (F), X, W) is said to be a weak solution to the equation (3) up to time
T>0if

1. (, F,P,(F)) is a filtered probability space.

2. The process X := (X¢)icjo,1) is real-valued, continuous, and (F;)-adapted. In addition, the probability
distribution of Xy has density pg.

3. The process W := (Wy).epo,1) is a one-dimensional (F)-Brownian motion.

4. The probability distribution Po X1 has time marginal densities (p;, t € [0,T]) with respect to Lebesgue
measure which satisfy

Cr
Vo<t<T, lpelliae < 57 ®)

5. For allt € [0,T] and x € R, one has that fot |b(s,x)| ds < oo.
6. P-a.s. the pair (X, W) satisfies (3).
Remark 2.2. Let T > 0 and (s,z) € (0,T] x R. Setting

e = [ [ Kerto = vati)avar

one has .
1(e)| < / gl 2y | K ar | 2y

Inequality (5) allows one to let e — 0 and get

t
sup / |B(s,x,p)| ds < 0.
o<t<T Jo

The following theorem provides existence and uniqueness of the weak solution to (3).

Theorem 2.3. Let T > 0. Suppose that pg € L*(R) is a probability density function and b € L>([0,T] x R)
is continuous w.r.t. the space variable. Under the hypothesis (H), Eq. (3) admits a unique weak solution up
to T in the class of probability measures on C([0,T],R) whose one dimensional marginal densities (pi)i<r
satisfy the following estimate:
C
VO<t<T, [ptllrew) < = (6)

Vit



Our next result concerns the well-posedness of the the one-dimensional parabolic-parabolic Keller-Segel
model

ap 0 10p Jdc
E(t’x)_% (5% Xpa*x% t>0,zeR, (7a)
dc 1 0%¢

p(0,2) = po(z), ¢(0,2) = cp.

The parameters y and A are strictly positive. As this system preserves the total mass, that is,
vt > 0, / p(t,x)dx = / po(z)dx =: M,
Q Q

the new functions p(t, x) := % and é(t, z) = C(;V—f) satisfy the system (7) with the new parameter Y := x M.
Therefore, w.l.o.g. we may and do thereafter assume that M = 1.

Denote by g(t, z) the density of W;. We define the notion of solution for the system (7):

Definition 2.4. Given x > 0 and T > 0, the pair (p,c) is said to be a solution to K-S model if p €
L>=([0,T); LY (R)), c € L>=([0,T]; CL(R)), and for any t € (0,T) we have

|Q

Cr
) ||p%HL°°(R) < 7,

pell 22wy < ;

1
1

~

and (py) satisfies the following equation in the sense of the distributions:

oc

t ag
p=alt ) [ GHE= ) (G Jpds.

with .
= e_’\tg(t7 \) * co —|—/ e_’\spt,s * g(s,-)ds.
0

These solutions are known as integral solutions and they have already been studied in PDE literature
for the two-dimensional Keller-Segel model for which sub-critical and critical regimes exist depending on the
parameters of the model (see [3] and references therein).

In the one-dimensional case there is no critical regime.

Theorem 2.5. Assume that po € L'(R) and ¢y € C}(R). Given any x > 0 and X > 0, there exists a unique
global solution (p,c) to (7) in the sense of Definition 2.4.

The condition on ¢y can be replaced by any other condition that ensures that %e*”E(co(a: + W) is
bounded by a deterministic constant.

Below we will also get some regularity results: If pg € L>®(R), then p € L*([0,7]; L' N L>*(R)). If
po € L*(R), then p € L>([0, T]; L' (R)) and t"/4||p¢ || L ) < C.

Our last main result shows the relationship between the non-linear SDE (3) and the Keller-Segel sys-
tem (7).

Corollary 2.6. Let the functions co and po be in C}(R) and L'(R), respectively. The kernel Ki(z) =

m2
Xe’)‘tﬁ;”me*? and the function b(t, z) := xe MEch(z + W,) satisfy the hypothesis of Theorem 2.3. Denote
by pr = p¢ the time marginals of the probability distribution of the corresponding solution to Eq. (2) with
d=1. Set

¢
cp = e_/\tg(t, )k eo + / e_Asptfs *g(s,-)ds.
0

Then the pair (pg, ct) is the unique global solution to the Keller-Segel system (7) in the sense of Definition
2.4,



3 Preliminary: A density estimate

Let X(®) be a process defined by
t
x® =Xy + / b(s, X)) ds + W, tel0,T). (8)
0

To obtain L>°(R) estimates for the transition probability density p® (¢, z,%) of X® under the only
assumption that the drift b(¢, z) is measurable and uniformly bounded we slightly extend the estimate proven
in [13] for time homogeneous drift coefficents b(z). We here propose a proof different from the original one
in [13]. Tt avoids the use of densities of pinned diffusions and the claim that p®) (¢, z,) is continuous w.r.t. all
the variables which does not seem obvious to us. We here adapt Makhlouf’s method [10], the main difference
between [10] and our calculation being that instead of the Wiener measure our reference measure is the
probability distribution of the particular diffusion process X? introduced in [13] and defined by

t
X7 :x—l—ﬁ/ sgn(y — X2 ds + W;.
0
In the sequel we denote by pg (t,x,z) the transition density of X? and use Qian and Zheng’s explicit repre-

sentation for it (see [13] and our appendix section 8).

Theorem 3.1. Let X be the process defined in (8). Assume [ := supyepo, 7] [10(t; )|loo < 00. Then for all
z,y € R and t € (0,T)] it holds that

1 (o]

V2rt L=yl

Proof. Let f € C32(R) and fix ¢t € (0,T]. Consider the parabolic PDE driven by the infinitesimal generator
of X5:

(z=BvDH?

pO(t, z,y) < ze~ 2z dz. (9)

{ 8f(s :v)+%g—(s x) + Bsgn(y — )a—g(s,x):O, 0<s<t, z€eR, (10)
f(z

u(t,z) = f(z), zeR.

In view of Veretennikov [15, Thm.1] there exists a solution u(s, z) € W,-2([0,] x R). Applying the It6-Krylov
formula to u(s, X?) we obtain that

u(s,z) = /f(z)pg(t —s,x,2) dz.

In view of (34) from our appendix for some constant C' depending on §, T and y only we thus have,
apy

L (t —s,x,2)| < ;=. This allows us to differentiate under the integral sign:
ou op,)
— = —(t — < <T.
ax(s,ar;) /f(z) P (t—s,z,2)dz, Y0<s<t<

Fix 0 < € < t. Now apply the It6-Krylov formula to u(s,Xﬁb)) for 0 < s <t — ¢ and use the PDE (10).
It comes:

ou

X))y ds.
ax( ) ds

t—e
E(u(t — &, X;",)) = u(0,) + ]E/ (b(s, X{V) = psgn(y — X))
0
In view of Corollary 8.2 in the appendix there exists a function h € L'([0,¢] x R) such that

0
VO<s<t<T, Vy,z € R, }E‘

Pt =5 X1, 2)| < Cr gy yh(s, 2). (11)

Consequently,
E(u(t —e, X)) = [ f(2)pl(t d
(u(t— &, X0 = [ FEpita,2) dz

+/f(z) /OtalE{(b(s X®) — Bsen(y X§b>))§xp§(t—s,xgb>,z)} ds dz.



Let now € tend to 0. By Lebesgue’s dominated convergence theorem we obtain

/ Fp®(t, 2, 2) = / FPE (17, )d>

+/f(z) /OtE{(b(s,Xs(b)) —BSgn(y—Xs(b)))aa po(t— s, X )} ds dz.

Therefore the density p(® satisfies:

t
p®) (t,z,2) = pg(t,x,z) —|—/ E {(b(s X b)) Bsgn(y Xs(b)))%pg(t — S,ng)7z)} ds.
0

As noticed in [13], in view of Formula (35) from our appendix we have

0
(b(s,2) — Bsgnly — o)) 5 p(t — 5,0,) 0.

This leads us to choose z = y in the preceding equality, which leads us to

! 0
POt w,y) = py(tw) + / E {(b(s, X") — sy — X)) z-p(t =5, X, y)} ds,
0

from which
ve<T, pO(t,x,y) <pl(tz,y).
O
Corollary 3.2. Assume Xéb) 1s distributed according to the probability density function py on R. Denote by
p(t,y)dy the probability density of Xt(b)
1. If pg € L>®(R), then for any t € (0,T] we have
1p(t, )l < 2[lPolloc + B- (12)

2. If pp € LP(R) for some p > 1, then for any t € (0,T] we have

Clipollr
Ip(t, Yoo < = P55 4 5. (13)

2p

Proof. In view of (9) we have

(t,y / / s~ ES s dzdx
p V2 \wfy\
< p / (2 + BVi)e~ 7 dzda
\/ / 0 \I\[y\_ﬁ\/{
1 ~Uz=yl=pt)? 812 22
_ R Py
/—%t(/po(x) x+ po(x > zdx)
(y—z|—5t)2

S\/;—mj/po(x T dr B

If pp € L*°(R), we then use that

_ly=s |02
dz < 2|pol|sc-

\/%ﬂt/po(x

If po € LP(R),p > 1, we apply Holder’s inequality and get

1
! /po(x)efwclx S pO”Lp(R)(/eq(y_Tz:ﬁ”zdI)l/q S thQq — C’I‘Z )
2t ot




4 A non-linear McKean—Vlasov—Fokker—Planck equation

Proposition 4.1. LetT > 0. Assumepy € L'(R), b € L*°((0,T)xR) and Hypothesis (H). Let (Q,F,P, (F), X, W)
be a weak solution to (3) until T. Then,

1. The marginals (pt)ie(o,1) Satisfy in the sense of the distributions the mild equation

t
59

0 9y

vt e (OvT]v Pt :g(t,')*p0+ (t_57')*(ps(b(8")+B(Sa' ;p))ds' (14)

2. Equation (14) admits at most one solution p = (py)sejo,r) which for any t € (0,T] belongs to L'(R) and
satisfies (5) and (6).

Proof. We successively prove (14) and the uniqueness of its solution in L!(R).

1. Notice that, in view of Hypothesis (H), for all ¢ € (0,7] and = € R one has |B(t, z;p)| < Cr.
Now, for f € CZ(R) consider the Cauchy problem

%G—&—%%EG:O, 0<s<t, yeR, (15)
hms—)t* G(S7y) = f(y)
The function
Gt,f(s7y) = /f(l')g(t —5Y—= .Z‘)dl’
is a smooth solution to (15). Applying Itd’s formula we get
t t
oG oG
Gu(t.X0) = Gy 0.X0) = [ F5E (s Xopds [ P50 (5, X)b(s, X.) + Bls. Xaip))ds
0 0
Lo 1 [t o2
—G X)dWs+ = | —=G , X,)ds.
+/O Ay t,7(s, Xs) s+ 9 /0 (0y)2 tr(s )ds
Using (15) we obtain
b0
Ef(X:) =EG: £(0, Xo) Jr/ E[%Gt,f(S,Xs)(b(Sst) + B(s, Xg;p))|ds = T +11I. (16)
0

On the one hand one has
1= [ [ f@gtt.o - pdemuy = [ f@)o(t.) * p)@de

On the second hand one has
7= / / a% [ / F(@)g(t — 5, — y)dz] (b(s,y) + B(s, y: p))ps(v)dyds
= [ [ [ 1@ 5ot = 50— p)is(bis.) + Bls. i pl)dyds
0 Y
- [ 1@ / [é%g(t 5,05 ((b(s, ) + B(s, - p)ps)|(2)dsd.

Thus (16) can be written as

/ f(@)pe()da = / F(@)(g(t, ) * po) (z)dz + / f() / [a%g@ —5,) % ((b(s,) + Bs, -+ p))ps)|(x)dsdl,

which is the mild equation (14).



2. Assume p} and p? are two mild solutions in the sense of the distributions to (14) which satisfy

C
3C >0Vt € (0,7, lp;llzeey + 1Pl 22y < 7t1/T4
In view of Hypothesis (H.4) we have

sup || B(t,z;p")|lze® + sup ||B(t,z;p°)|| &) < Cr.
te[0,T) t€[0,To)

Now,
1 2 K Jg 1.1 2\, 2
t — PrIILY(R) = a 795, P s [ s)IILT(R)
lp; — i || < ; Hay(t s,-) % [B(s,p )ps — B(s,;0°)p3)|l ds
t ag
-+/|rfu—ao*w@fxm—m@mymws
/’wft—s « [(B(s,:9") — B(s, 590! sy ds
# [ 120 5, 162 = 2Bl s s
0 Y

t
0
+/H4m@—ao*Waxm—pmmum@
0 5’19
=T+ 1T +1II.
As
Cr
tf

9

V)

0
”é)iyg(t =5, Moiw <

the convolution inequality ||f * hllz1®) < [[fllz1®) |2l 21 (®) leads to

1< [12 gt = Mo}~ BB 51 sguds < o [ o Pl
=/, ayg ) LY(R)[[\Ps — Ps Iy Y L1(R) > Lr 0 m

As b is bounded, we also have

Ellps — P2 1wy
I < C s 8z A Y s,
1) < TA e
We now turn to I. Notice that
|W@%ﬁ—M&mWU®SAH&Jhmmﬁﬂﬂumm

from which

t s
Cr / 1 2
r< [ [ It~ 2l ydrds
AV =y A () =)

t t
Cr
< L —p? / —— || K dsdr.
P v L e
In addition, using Hypothesis (H.4),

ds.

b 17 Kl o w Cr
K, . d K, ., ds = — ———ds < —.
[_ m\[H ||L1(R) s < f/ \/tf” HLl(R s = \/F/O m S \/F

It comes:

t,l 2
I< CT/ lpr — Pl my dr.
0 VT



Gathering the preceding estimates we obtain

o} = 22l e I} - péuLlR
o} = Pl ey <c/ e g, +c/ Ip: =Pl

Applying a Singular Gronwall’s Lemma (see Lemma 4.2 below), we conclude
vt € (0,71, |pt —pillLie =0
This implies that p} and p? are equal almost everywhere for every ¢ € (0, 7. O
In the above proof we have used the following result:

Lemma 4.2. Let (u(t))i>0 be a non-negative bounded function such that for a given T > 0, there exists a
positive constant Ct such that for any t € (0,T):

<c/

Proof. Set uj := sup,<; u(s). The inequality (17) implies that

(17)

Then, u(t) =0 for any t € (0,T].

uf < 4CrV'tul.

Set T := 3202. If T <T*, then for ¢t <T, we have uj
is proved. IfT>T* for T <t <T,

u(t) < Cr /OT* (\/tl_;s + ;5) u(s)ds + /Tt* (w% + \}5) u(s)ds

The first integral is null, since u(7T*) = 0. Thus,

u(t)</075 " (\/t_;*_e-i-\/T*1+0>U(T*+0)d9</ot_T* (\/t_;i*_e—i—\/%)u(T*—i-G)dO.

For 0 < s <T —T*, define v(s) := u(s + T*). The previous inequality becomes:
t—T*
1 1 VT \/T T* v(0
ot —T*) < OT/ ( ) v(6)do < + / () b,
0 \/t—T*—O VT VE—=T* —
Setting t — T =: 7, we thus have
VT + VT—T*
|,

Now we are in a position to apply the singular Gronwall’s lemma (see [6, Lemma 7.1.1]) and conclude that
v(r)=0for 0 <7 <T —T* Thus, u(t) =0for T* <t <T. O

= ?/% Thus, uy = 0 for every ¢ <T and the lemma

YVO<7T<T-T"

u(r) <

5 A local existence and uniqueness result for Equation (3)

:/()T/R|Kt(x)|dxdt<oo. (18)

The main result in this section is the following theorem.

Set

Theorem 5.1. Let Ty > 0 be such that D(Ty) < 1. Assume pg € LY(R) and b € L>((0,Ty) x R) continuous
w.r.t. space variable. Under Hypothesis (H), Equation (3) admits a unique weak solution up to Ty in the
class of probability measures on C([0,To],R) whose one dimensional marginal densities satisfy (6).



Iterative procedure We will work with the following sequence of SDE’s. For k =1

{ dX} = b(t, X)) dt + { JHR s *po)(th)ds}dt + AW, )

X& ~ Do-

Denote the drift of this equation by b!(¢,z). Supposing that, in the step k& — 1, the one dimensional time
marginals of the law of the solution have densities p*~!(s,y), we define the drift in the step k as

Vet z, ptt) = b(t, z) + B(t, z; pF1).
The corresponding SDE is

{ dXF = bk (t, XF, pF=1)dt + dW, 20)

Xéc ~ Do-

In order to prove the desired local existence and uniqueness result we set up the non-linear martingale
problem related to (3).

Definition 5.2. A probability measure Q on the canonical space C([0,To];R) equipped with its canonical
filtartion is a solution to the non-linear martingale problem (M P(po,To,b)) if:

(i) Qo = po.

(ii) For any t € (0,To], the one dimensional time marginals of Q, denoted by Q:, have densities q; w.r.t.
Lebesgue measure on R. In addition, they satisfy q; € L*(R) and

Cr,
sup ||g¢ll2r) < —- 21
t€(0,To] el e /4 @)

(iii) For any f € C%(R) the process (M;)i<T,, defined as

My = f(0)~£@0)- [ [5 550+ 5 ) 0@t [ [ Koo dydr) du

is a Q-martingale.

Notice that the arguments in Remark 2.2 justify that all the integrals in the definition of M; are well
defined.
We start with the analysis of Equations (19)-(20).

Proposition 5.3. Same assumptions as in Theorem (5.1). Then, for any k > 1, Equations (19)-(20) have a
unique weak solution (X,P¥) up to Ty. Moreover, for t € (0,Tp), the time marginals P¥ of PX have densities
pf w.r.t. Lebesgue measure on R. Setting B¥ = sup,<q, [[b¥(t, )| Lo (r), one has

C
sup [|p*|| < () < } and  B* < C(bo, To).
t<Tp t

Proof. In all the sequel we set by := ||b]| < ®). We proceed by induction.

Case k = 1 In view of (H.5), one has 3! < by + Cr,. This implies that the equation (19) has a unique
weak solution in [0, Tp] with time marginal densities (p'(¢,y)dy);<7, which in view of (13) satisfy

Cr,
Yt € (0, Tp), LYt ) poory < —== + BL.
0, 7o), lp" (£, )l ® <7 B

10



Case k > 1. Assume now that the equation for X* has a unique weak solution and assume (¥ is finite. In
addition, suppose that the one dimensional time marginals satisfy

Cr,
vt € (0, Ty, Rt ) poomy < —= + 85,
(0, To], [Ip"(t, )l ® =5 B

In view of (H.4), the new drift satisfies
k+1 k Lk fo1 k k
(6" (2 p7)| < bot [ (197 (85 ) pee @) 1 Kt —sll L wyds < bo+ [ ( +B)N Ki—sll 1 (myds < bo+Cr,+B"D(Tp).
0 0 V2ms

Thus, we conclude that 851 < by + Cp, + B¥D(Ty). Therefore, there exists a unique weak solution to the
equation for X**1. Furthermore, by (13):

C
vt e (0,To], |1t ) rew) < e

Vit

Notice that
VEk>1, B*1<by+Crp +B°D(Ty) and B! < b+ Crp,.

Thus, by hypothesis D(T) < 1, we have
bo + Cr,

>1 ko 20T 720
Vk>1, pB"< = D(To) +bo + Cr, (22)
and C C bo + C:
kiy . - < To k ~ To 0 To
[p"(t, M Lo ®) < N + 8" < N T ) +bo + O (23)
O

Proposition 5.4. Same assumptions as in Theorem (5.1). Then,
1) The family of probabilities (P*)y~1 is tight.
2) Any weak limit P> of a convergent subsequence of (P*)g~1 solves (M P(pg, Ty, b)).

Proof. In view of (22), we obviously have

3Cr, >0, sup|XF—-XFM*<Cplt—s?, VO<s<t<Ty.
k

This is a sufficient condition for tightness (see e.g. [9, Chap.2,Pb.4.11]). Therefore, there exists a weakly
convergent subsequence of (P*);>1 that we will still denote by (P*);>1. Denote its limit by P>°. Let us check
that P solves the martingale problem (M P(po,T,b)).

i) Each P& has density pg, and therefore PS° also has density po.
ii) From (23) for any & > 1 and 0 < ¢ < T, we have that

C(bo, Tp)

pf € L*(R) and []pf]|Low) < /i

Define the functional T;(g) by

Ty(g) == / oW)EE(dy), g € Ck(R).

By weak convergence we have

Ti(g) = lim [ g(w)pi (y)dy,
— 00
and thus Clbo. Th)
0,410
ITi(g)| < —aa gl L2 (®)-

Therefore, for each 0 < t < Tp, Ty is a bounded linear functional on a dense subset of L?(R). Thus,
T; can be extended to a linear functional on L?(R). By Riesz-representation theorem, there exists a

unique pf° € L*(R) such that ||p°||p2r) < C(tbf/’fo) and pge is the probability density of P (dy).

11



iii) Set

Epoe [(M; — My)g(z(t1), ..., z(ty))] =0, VopeCpRY)and 0<t; < <ty <s<t<Ty, N> 1.
The process

t 2 u
M= 1(al) = F@() = [ [5553@0) + G ) buat) + [ ur et ()il

is a martingale under P*. Therefore, it follows that
0= Epe[(Mf — MI)p(x(tr), ..., x(tn))] =
= Barlo( ) a0) — Fa(s))] + Bnfo.) | ;(§§ ()]

+Enlot.o) [ S Gt sty + Bt [ 2 ) [k )i

S

S

Since (P*) weakly converges to P>, the first two terms on the r.h.s. converge. Now, observe that

Baxlof.) [ G () [ (s ek atw)dra

St [ alw)aral

0

— Ep[o(...)

- (E@k[(ﬁ(---)/ ) [ sk o))

Eelol) [ 2 o) [ ) ot
+ Enlot) [ o) [ ) et
Eelo() [ Zatw) | s atwdra)
= T+1I.

Now,

t u 8
1] < 116l 2= @) / / / D MK 0~ p220) ) P ()

< [|#ll e R)/ 1/4/ \// /Ku r PR (y) — pe°(y))dy)2dzdrdu.

Then, fix u € [s,t] and 7 < u. By (H), the function fi(y) = 1{7 < u}K,_,(z —y) is a bounded and
continuous function of y. By weak convergence

Vr<u, lim [ K, (z—y)p* " (y)dy = /Kufr(:t —y)p>° (y)dy.

k—o0

In view of (24), ii) and (H), one has

72 (/ Koo = )05 (0) — 0 0))dn)? < (2 (s >) 1K TiLzoR)iT; (25)

12



As f € C%(R), we apply Lebesgue’s dominated convergence to obtain

\// /K“ (@ =) (E T (y) — p(y))dy)?de 27 0,

Estimate (25) and (H) enable us to apply again Lebesgue’s dominated convergence to deduce that
I —0ask— oo

Now, to prove that IT — 0, it suffices to prove that the functional F' : C([0,Tp]; R) — R defined by

o) ottt [ G [ [ Kucrtatw) - ) dudr

is continuous. Let (z,) a sequence converging in C(]0,Tp]; R) to . Since ¢ is a continuous function, it

suffices to show that
lim / f (2n(u / /Ku r(zn(u) — y)p°(y)dydrdu (26)

n—oo

:/S / /Ku (@ (u) — y)p> (y)dydrdu.

For (u,7) € [s,t] x [0, ], set

) = 1 < ub gl (o) [ K rlonw) - o)y,

Since z,, converges pointwise to x and K satisfies (H), by dominated convergence,

Jim 3 () = 1{r < w} L (W) [ Kueral) = )5 ()

Furthermore,

C
|f5'(w, )| < OU7T < udllp [l 2| Ku-rllz2@) < g3 HT < w}llKu-rlz2@)

In view of (H),

U < Kl ) € L1 (15, 1] x [0,)),

so, by Lebesgue’s dominated convergence theorem, we get
t t af
in [ [ 1 <) 5@ 0) [ Ko (oao) = 9 ) dyird

/ / ]1{7<u}7 /Ku (1) — y)p= () dydrdu,

which ends the proof.

Proof of Theorem 5.1
Proposition 5.4 implies the existence of a weak solution (Q, F,P, (F;), X, W) to (3) up to time Tp. As the
time marginals pg° satisfy ||pg°|z2r) < t1/4, t € (0,Tp] and (H) holds,

|B(t, z;p™)| < C(To).
Therefore the drift coefficient of X is bounded, so that Corollary 3.2 implies that for any ¢ € (0, Tp]
C(To, bo)
N poo(r) < ————=. 27
||pt HL R) > \/i ( )

13



Now, Proposition 4.1 characterizes these marginals as unique solutions to the Equation (14). Let B(t,w) =
b(t, ) + fot(Kt_S * p°)(z)ds and consider the SDE

dX; = b(t, Xy)dt + dW,, t < Tp. (28)

Any weak solution has probability distribution P. Now, assume that there exists another weak solution P
to (3) up to Tp, such that P;(dy) = p:(y)dy and p, satisfies (5) for any ¢ < Ty. Then, by Proposition 4.1,
pt(y)dy = pg°(y)dy. Therefore, P is another weak solution to (28). We conclude that P = P>°. The Theorem
5.1 is proved.

6 Proof of Theorem 2.3: A global existence and uniqueness result
for Equation (3)

We now construct a solution for an arbitrary time horizon 7" > 0. We will do it by restarting the equation
after the already fixed Ty. We start with T' = 27y. Then, we will see how to generalize this procedure for an
arbitrary 7' > 0. Throughout this section, we denote by P! the measure on C([0,Tp];R) constructed to be
the law of the local unique weak solution to (3) in the previous section.

6.1 Solution on [0, 27]

Proposition 6.1. Let Ty > 0 be such that D(Tp) < 1. Assume pg € L*(R) and let b € L>([0,2T,] x R) be
continuous w.r.t. the space variable. Under the hypothesis (H), Equation (3) admits a unique weak solution
up to 2Ty in the class of probability measures on C([0,2T5]; R) whose one dimensional marginals are densities
that satisfy (6).

We start with analyzing the dynamics of (3) after Tj and informally explaining the construction of a solution
between Ty and 27p. Assume, for a while, that Proposition 6.1 holds true. Denote the density of X; by p},
for t < Ty and by p?, for t € (Ty,2Tp]. Let t > 0. In view of Equation (3), we would have

To+t To+t

XTo+t = XTO =+ / b(S,XS)dS + / (Ks_g *pg)(XS)dadS -+ WTo+t - WTO.
TO To 0

Observe that

To+t To+t To+t

S TQ
/ (Ks_g *po)(X,)d0ds = / (Ks—g x pb)(X,)dods +
To 0 0

= Bl + BQ.

/ (Ks_g *pg)(Xs)dsdt
To

To To

In addition,
t o
Bl = / / (KTo+s/_0 *pé)(XTO-‘rS')deS/’
0 Jo

and

t pTo+s’ t ps’
By = / / (KTO+3/_9 *pg)(XT0+s’)d9d5/ = / / (Ks/_g/ *p2T0+a/)(XTo+s/)d9/d5/-
0o JT1, 0o Jo

Now set Y; := Xq 4+ and p(y) = p2T0+t(y). Consider the new Brownian motion B; := Wrp 4y — Wr,. It
comes:

t t To t s
Y=Yy + / b(S + 1o, Yq)dS + / / (KT0+3/—0 *pé)(Ys)deS + / / (Ksl_gl *f)g)(Yg)des + By,
0 o Jo 0o Jo
for t € [0, Tp]. Setting
To B
by(t,x,Tp) := / (Kryrt—sxpt)(x)ds and  b(t,z) := b(Tp + t, ),
0

we have

{ dY, = b(t, Y,)dt + by (t, Yy, To)dt + { JhE, *ﬁs)(m)ds}dt +dB,, t < Ty
Yo ~ pp, (W)dy, Ys ~ ps(y)dy.
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To prove Proposition 6.1 we therefore construct a weak solution to (29) on [0,7p] and paste its probability
distribution with the measure P!. We then prove that the so defined measure is a solution to (3) on [0, 27p).
Notice that the process in (29) is of the same type as (3). Therefore,

Lemma 6.2. Same assumptions as in Proposition 6.1. Let P! the measure on C([0,Ty];R) constructed
to be the law of the unique weak solution to (3) up to Ty. Denote by p} its time marginals and define

b (t,x,Tp) = fOTO (Krysi—sxpl)(x)ds and  b(t,z) :=b(Ty + t,x). Then, Equation (29) admits a unique
weak solution up to Ty in the class of probability measures on C([0,Tp]; R) whose one dimensional marginals
are densities that satisfy (6).

Proof. Let us check that we may apply Theorem 5.1 to (29). Firstly, the initial law plTO of Y satisfies by
construction the assumption of Theorem 5.1. Then, the role of the additional drift b is here played by the
sum of the two linear drifts, b and b;. Let us show it is bounded and continuous w.r.t. space variable. By
hypothesis, b is bounded in [0,Tp] x R and continuous in the space variable. Using the bounds on p' and
(H), we conclude that b; is bounded uniformly in ¢ and

b T | Ky sl 11wy
| 1(t,.%‘,T0)| S C(To,b()) ds S C(2T0,b0).

0 Vs

The continuity in the space variable comes from the fact that, by (H), K; is bounded and continuous func-
tion on R if ¢ > 0. Then we apply the dominated convergence to show that for x, — x, we have that
bl(t, .’L’n,TQ) — bl(t,l‘,To) for all t € [O,To].

Then, by Theorem 5.1, there exists a unique weak solution to (29) up to Ty in the class of probability
measures on C|[0, Ty] whose one dimensional marginals are densities that satisfy (6). O

Notice that the law of Y is the solution to the martingale problem (M P(p1, , To, b+by)).

A new measure on C([0,27y];R) Denote by P! the probability measure on g := C([0, Tp]; R) constructed
in Section 5 and by P? the probability measure on Qy constructed above. Then, denote their one dimensional
densities by p; and p?, respectively. The Borel o- field on € is denoted by BC. P! and P2, respectively, solve
the non linear martingale problems (M P(po, To, b)) and (M P(pf,, To, b+ b1)).

Remember that P§ = P}, , i.e. p§(z)dz = p}, (z)dz. Define the mapping X° from Qg to R as X°(w) := w.
By the means of Theorem 3.19 from Chapter 5 in [9] about regular conditional probabilities , we conclude
that for each y € R, there exists a probability measure PZ on (9, B°) such that, for any A € B°,

P2(A) = P*(AIX" = y).

In particular,
P2 (w € Qo,wo = y) = 1.

For w!, w? € )y we define the concatenation w = w! @7, w? € Q of these two paths as

wtg:wéa OSQSTO;
wosr, = wh +wi —wg, 0<60<t—Tp.

On the other hand, for a given path w € Q, the two paths w!, w? € Qg such that w = w! @7, w? are

wy = wy, 0<6<T,
wi = wry+e, 0<6<Ty.

We define the probability distribution Q on C([0, 275]; R) equipped with its Borel o—field as follows. For any
continuous and bounded functional ¢ on €2,

Balel = [ eu) = [ [ [ o’ on, B ok )y (du), (30)
Notice that if ¢ acts only on the part of the path up to ¢ < Ty of any z. € Q, then
Balel(wnlozo] = | @l(wo)o<t)P! (@) = Bes (oo (31)
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In addition, in view of (31) for any Ty <t < 2Ty it holds that

Eq[Eqle((we)o<e)|Br,]] = E¥[®((wg)o<r, )] =/Q O (w')dP' (dw').

On the other hand, by (30),

E2[p((wp)o<s)] = / / / (! @, w?)B2(dw?)p, (v)dyP* (du").

By [9, Section 5, Thm 5.3.18] there exists a unique regular conditional probability for Q given Br,. Therefore,
for any w' € Qy:

Bpl(wnlo<olBr) = [ [ o’ o, uPdut)oh, () (32)
0
Proof of Proposition 6.1 Let us prove that the probability measure Q solves the non linear martingale
problem (M P(pg,2T0,b)) on the canonical space C([0,2Tp];R).
i) By (31), it is obvious that Qp = P}. By construction, P = py.
ii) Next, let us characterize the one dimensional time marginals of Q. For f € Cy(R) and ¢ € [0,2Tp],

consider the functional p(x) = f(x), for any x € C([0,2Tp];R). For ¢t < Ty, by (31),

Egle(x)] = | f(z)P!(dz) = /Rf(z)ptl(z)dz.

Qo

Therefore, Q;(dz) = pi(2)dz.
For TO <t< 2T0, by (30),

Eolp(z)] = / / / o(w?_ gy P2 (du?)p3, (y) dyP* (du) = / / ()2, (d2)pk, (v)dy.

By Fubini’s theorem:
Bolel@)] = [ 1) [ Phum,(@2)oh o)
Since P§ = py, we deduce
Bale(@)] = [ F(0 n, ()

which shows that Q.(dz) = pi_, (2)dz.

Therefore, the one dimensional marginals of Q have densities ¢; which, by construction, belong to LQ(R)
and satisfy [|g¢||r2r) < tl%

ili) It remains to show that M; defined as

My = f(0)-£@0)- [ [5G )0t [ [ Koo dydr) du

0

is a Q-martingale, i.e. Eq(M;|Bs) = M.

(a) Let s<t<Tp:
For any n € N, any continuous bounded functional ¢ on R”, and any ¢t; < --- <t, < s <t <Tp,
by (31):
Eg(¢(zyy, ... 2, ) (My — M) = Ep1 (¢p(myy, - . -, ) (My — My)).

As P! solves the (M P(po, Ty, b)) up to Ty,

Eo(d(at,, ... x0, ) (M — M,)) = 0.
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(b) For s < Ty <t < 2Ty,

Eq(M:|Bs) = Eq[Eq(M:|Br,)|Bs)-
Let us prove that Eq(M;|Br,) = Mr,. Notice that

t 2 t
M, — Mz, = f(z2) — flam,) - /T L O o)) du — / OF (o) (ot ()

2 (0x)? 1, O
K, ( — dydrd
- 333 / / - (y)dydrdu.
Write the last integral as
To
Ky ( — dydrdu = / / Ky ( — dydrdu
To &v / / 4-(y) 7 8w pr(y)
K, ( — dydrd
/7106:1; \/710/ ypTTg()yTu
=5+ 1.
Now

t— T() f To
I = / z(u+ Tp) / /Ku-',-To u+ Ty) — y)pt(y)dydrdu.
0

For z € Q2 identify z', 22 € Qg such that x = 2! ®7, 2. Then,

t—To 8f To 1 9 _ t=To af 2
n= [ e [ Een s ran = [ 2 @ ) 0% ). T

Proceeding as above,

Ig:/o x(u+ Tp) / /Ku H(x(u+Ty) — y)p2(y)dydrdu
_ t—To af 2 -
- /O / [t P2 (y)dydrd
Similarly
t—To
/TO gi( (u))b(u,x(u))du:/o gi:( (u+Tp))b(u + Ty, z(u + Tp))du
= Thof U 2% (u))du = hos w))b(u, 2% (u))du
- [ e Tt = [ )b )
It comes:

t—To 2 t—To N
My = M, = f(a*(t - ) - £ ) - [ i(gx{m?(u))du— | i ey

_/(:Togi( 2(u)) [by (u, 22 (), To) //KuT — )2 (y)dydr] du.

By definition of the measure Q,

EQ(p(xy,, ... x0,)(My — Mp,)) = ¢> Tl //Q P2 (da®)pr, (y)dyP* (dz').  (33)
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On the other hand, since P? solves (M P(pf, , To, b+ b1)) one has

Eps (i) = /Q o (2)P2(dr?) = 0

By the definition of P2:

0=Ene) = [ By = [ [ olea)P3de? ok, )
R R J Qo
Coming back to (33):
E%(p(2y,, - .. w1, ) (M; — Mr,)) = 0.
Finally, we conclude that Eq(M;|Br,) = My, and therefore, Eq(M;|B,) = M;.
(¢c) For Ty < s <t < 2T : we may rewrite the difference M; — My in the same manner:

) ) t—To 1 82f )
My = M, = [t~ To) ~ Fs - To) - [ e )
S*Tg 2 (ax)
t—To af u
- [ S @b @) 0. T+ [ [ Kol To) - ) dydrd
SfTo 0

=: o(x?).
Now, take t; < --- <t, < s. Let us suppose that the first m are before Ty and others after. We
have that

Itl,... )(Mt M)):

/Q / [ty @B Aok, ()P ().
0 0

Since P? solves the (M P(p, , To, b+b1)), one has that Eps (¢’(xf,l, .. .mf,n)go) = 0 for any continuous
bounded functional ¢’ on R, any n € N and any t} < --- <t/ < s—T,. Taking (b’(xf,l e T ) =

1 1.2 2 1
O(@yyse @y, TF e T, ) for afixed z*, we conclude that

/ Ol 2 elea) ), (0)dy = 0.
0

Therefore,
EQ(¢(If1 ge e xtn)(Mt — Mg)) = 0

Thus, EQ(M,|Bs) = M,

Now, we conclude the existence of a weak solution to (3) up to 27y. As the one dimensional marginals of this
solution are densities that satisfy (5), in view of Corrolary 13, Estimate 6 is satisfied as soon as one concludes
that the drift of X is bounded.

As for weak uniqueness, Section 4 holds true for any 7' > 0, so the discussion in Theorem 5.1 is to be
repeated here. This concludes the proof of Proposition 6.1.

6.2 End of the proof of Theorem 2.3: construction of the global solution

Given any finite time horizon T' > 0, split the interval [0,7T] into n = [Tlo] + 1 intervals of length 7; and
repeat n times the procedure applied for the case T = 2T,. By construction, the time marginals of the thus
constructed solution has probability densities which satisfy (5).

Remark 6.3. Repeating all the previous arguments we can, as well, construct a solution to (3) with the
initial condition py € L®(R) N L' (R). In that case, we use Inequality (12) in the iterative procedure. The
solution is unique in the space of measures whose one dimensional marginals are densities that belong to
L%((0,T); L (R) 1 L} (R)).

If po € L3(R) N LY (R) we use Inequality (13) in the iterative procedure. The solution is unique in the
space of probability measures whose time marginals have densities (pt)i>o which satisfy Inequality (5).
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7 Application to the Keller—Segel model

In this section we prove Corollary 2.6. We start with checking that K* satisfies Hypothesis (H).

1. Notice that

and

The condition (H.1) is thus satisfied.
2. From the definition of K* it is clear that for ¢ > 0, Kf is a bounded and continuous function on R.
3. The condition (H.3) is obviously satisfied.

4. As already noticed,
C

K ==,
L P r

from which, by definition of the S-function,

_ Kl 0L _
fl(t)—/o Tds_c/o et = C81/2,1/2),

where C is a universal constant. With similar arguments one easily checks that the function fo is
bounded on any compact time interval.

5. Let ¢ be a probability density on R. For (¢,z) € (0,7] x R, one has

_le—y?

t
1
/¢(y)||K.ﬁ(x—y)||L1(0,t> dy < C/aﬁ(y)lx—yl/ Spe 7 dsdy
0

e <] 23 _ﬁx—yQ
= [owie-ol [ e T
Vit

r—y[3

- [ o) /zﬁy. % dz dy.

This shows that (H.5) is satisfied.
Now, since ¢g € C}(R), we have
[xe  MEcy (@ + W)l < xlcpll oo -

In addition, it is continuous w.r.t. the space variable. Thus, in view of Theorem 2.3, Equation (2) with d =1
is well-posed. Denote by p; = p; the time marginals of the constructed probability distribution. Set

t
cr = e_’\tg(t, )k eo + / e Mg ¥ g(s,-)ds.
0
For any ¢ € (0,T), by Inequality (5), ¢; is well defined, continuous, and
el Lo vy < llcoll Lo m) + Cr-

In addition,

Ox ox
Then observe that

o [ o [ 1 -y
E —As s § —_ —)\s/ s a5
oz /oe pu=s(@ + Wy)ds 836/0 ¢ | preslaty) et dyds

9 [t \ / 1 —(y—=)2 a [t
_ —A(t—s) e At dyds =: —/ d
e . e 5 =: s, x)ds.
633/0 ps(y) 2t — 5) vis =y Jy 157)

19
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As

0 1 —(y—x)? |y - :Z?| —(y==)2 Cqu(y)
—_ e 2(t—s) < p. ———e 2= < ————~

we have

0 —A(t—s) / Yy—x —(y—=x)%
- S, r)=¢€ $ s - e 2(t—s) s) d
5 (5:2) ps(v)3 (i — ) y.

Now, we repeat the same argument for 6% fot f(s,x)ds. In order to justify the differentiation under the
integral sign we notice that

0
|%f(svff)\ < ﬂ

Gathering the preceding calculations we have obtained
6 At t “A(t— y—x —(y—=)?
(t—s) / s C e 2(t-s) .
xc(t z) = e ME(cy(z + W) + /0 e ps(Y) Vol 8)3/26 dy ds

Using the assumption on ¢y and Inequality (5), for any ¢ € (0,7 one has

0
||%c(t, WNire® < lleollem) + Cr.

In addition, by Lebesgue’s Dominated Convergence Theorem, %C(t, ) is continuous on R. Thus ¢; € C} (R)
for all ¢ € [0,T].
As Xa%c(t, x) is the drift coefficient in the SDE (3), in view of Proposition 4.1 the function p; satisfies

=g * po + /ta *(éc(s )ps)ds
Pt =gt * po T X . 8ygt—s Oz \5 7 )Ps

in the sense of the distributions. Therefore, we the pair (p,¢) is a solution to the Keller Segel system (7) in
the sense of Definition 2.4. We now check the uniqueness of this solution.

Assume there exists another pair (p!,c!) satisfying Definition (2.4) with the same initial condition as
(p,c). Let us prove (p',ct) = (p,c) a.e

Using Definition 2.4,

1 oo 0 ;0
oy = pellr) < ; \I@gt—s *(goe (5,0 )ps = 5ocls, - )ps)llawyds
Lo 0 Lo 0 0
< [ e G 5o ok = oD lacards + [ IS (pul et (s10) = s, D s eyds
=141l

Using standard convolution inequalities and ”8% Gt—sllLim) < \/% we deduce:

t 9 pl(e .y O .
I<C/ oy — Ps||L1(1R)d and IISC/ [ 5z¢ (85 ) — gzc(s, )HLI(R)ds.
0

Vizs Vi—sys
Therefore
s 1 _
||6%c1(s,- )* Sl w) </ (o gs u||L1(R)du<c/ ”pusp\/ibl(ﬂ@)du’

from which

- pu||L1

*
I11<C
- /O\/§\/t—s/0 Vs—u
t

(R) du ds

tal
ds duscT/ low = pulloree 4,
0

t
1
<C 17u 1 /
= /OHPu p”L(R)u\/gmm Nz

Gatgering the preceding bounds forl and I we get
" llps “llps — sl
L pille < C / Ipe = polle® 4, g, / s DB g,
Hpt pt”L (R) = &7 o \/m \/g
In view of Lemma 4.2, for all t < T
ot = pell ey = 0.
We deduce that ¢} and ¢; are equal almost everywhere for all t < T. This completes the proof of Corollary 2.6.
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8 Appendix

We here propose a light simplification of the calculations in [13].

Proposition 8.1. Let y € R and let B be a constant. Denote by pg(t,x, z) the transition probability density
(with respect to the Lebesgue measure) of the unique weak solution to

t
Xt:m—i—/a’/ sgn(y — Xs) ds + W
0

Then
S _ 2 g+|z— y—x|)2
Pt ) = S [Ty e SR g
(34)
b L Blyal-fomy) G- G5 - Gzmalglamal®
V2nt
In particular,
1 o0 2= BVE)2
P el (35)

py(t.a,y) = Vot Jieu

Proof. Let f be a bounded continuous function. The Girsanov transform leads to

E(f(X0)) = E(f(x + Wy)el i ssnlvmaWodWs—5t)

Let L¢ be the Brownian local time. By Tanaka’s formula ([9], p. 205):
¢
Wy — a| = |a] +/ sgn(Wy — a)dW, + Lf.
0

Therefore .

| sty =2 = WY, = Jy ol + L = Wi = (=)
from which

E(f(X,)) =E(f(z + Wt)eﬁ(ly—lerLi’_”—IWa—(y—w)\)—gt)
recall that (W, L) has the following joint distribution (see [1, p.200,Eq.(1.3.8)]:

(g+lz—al+|a)?

g>0: PW,edz L{ €dy) = \/ﬁtw (+ |z —a|+]a))em" == dyd.

z—a a 2
P(W; € dz, L¢ =0) = il dy — L p—Uz=afHlel”

e
27Tt V2t

It comes:

BUK) = <= [ [ @ 2)ed e o ()] 4y —a)

_ @Gtlz=(y=2)|+ly—=D?
2t

dgj dz

(z=(y=o)|+|y—x])?

flz+ 2)e Bly—=|—|z—(y—=))— ( -5 —e 2 )de.

\/ﬁ

The change of variables x 4+ z = 2’ leads to

1

E(f(X¢)) = N

- @+l —yl+ly—=z)?
/f(z/)/ Pl T U5 (g o )] Jy = af)e HTE T dde
R 0
1 | —|2" 82 G =2)? =" —yl+ly—z)?
+ f(z/)eﬁ(\y—wl—lz —yl)—Tt(e— 7 - + )z,
Vﬁ/m

from which the desired result follows.
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Corollary 8.2. Let 0 < s <t <T.Then for any z,y € R, there exists Cr g 4.y such that

9 s

E( aipy (t - Sngb)7 Z)D < CT7[3737711h(57 Z)a

where h belongs to L*([0,] x R).
Proof. Observe that

9 = /8 _ o _Uz—yltly—z|—B(t—s))? _
O Ry e L G
2 z
241‘@fﬂbmj““”ﬁym'ﬂfv%Mm—w
z—x (z—
427 ehle- yl-4 (t-s) Alv—2=5a=% b)
27 (t — 5)3/2

The sum of the absolute values of the first two terms in the right-hand side is bounded from above by

__ B —osl—ylslv-al
27(t — s)

Now, by Girsanov’s theorem, for some constant C' depending on T and 8 only we have

0]
S C\/]E ‘%pg(t -5, ngz)

9 2
b
E'al‘pg(t $7X§ ),Z)

Let us treat the following term:

A= 7(]5 573 \/E (lz — W"F\zezﬁly erfw
Notice that,
A< Bl — Wt PRI s (44
As there exists an a > 0, such that |a[*¢~*" < Ce=**", one has
o zmm? (t — s5)2t1/2 E_W%.

A1 SC(t—S)Q/e t—s gé(u—x)duﬁ s—}—(t—s)/(Qa)

On the other hand,

Ay = /645\y—u|gs(u_x)du — 4By /OO 64'Bui6 (u— z)2 du+e46y/ —45Ui6_(u;;)2 "
v Vs oo Vs

Completing the squares in the exponents,

o'e) Yy
Ay = ew(w—y)ewzs/ A e L ABa) 857 / e
y \/g —oo \/g

we conclude that ,
Ay < e *Ca,y-

Therefore,
1
A< Cﬂ,%ymgﬁ(hs)/(m)(z — ).

The other term that stays is treated as As. Thus, we can bound the expression in the lemma with a function
integrable in time and space. O
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