Quantum error correcting codes

qubit: α |0 + β |1 where α, β ∈ C and |α| 2 + |β| 2 = 1. two types of errors: X = 0 1 1 0 and Z = 1 0 0 -1 .

n, k, d error correcting code: k logical qubits but n physical qubits (n > k)

minimal distance d of the code proportional to the maximal number of errors which can be corrected.

Families of codes

stabilizer codes: the codespace is the 1-eigenspace of a set of commuting operators.

CSS codes: can be specified by two orthogonal linear classical codes C X and C Z .

LDPC codes: lines and columns of parity check matrices have bounded weights.

homological codes: The two orthogonal classical codes are defined from a cellulation of a manifold.

Example of homological code: Toric code [Kitaev 2002]

cellulation of the torus by squares.

To each edge corresponds a physical bit.

To each face corresponds a line of H Z .

To each vertex corresponds a line of H X .

A torus is obtained by identifying left and right sides and identifying up and down sides of the square.

C X and C Z are orthogonal because each (face,vertex) pair shares an even number of edges.

Example of homological code: Toric code [Kitaev 2002]

The line of H Z corresponding to the red face checks the parity of the bits 1, 10, 4 and 11.

The line of H X corresponding to the blue vertex checks the parity of the bits 8, 18, 9 and 15.

C X and C Z are orthogonal because each (face,vertex) pair shares an even number of edges.
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Geometric interpretation of k

The code dimension is the rank of the first homology group H 1 of the manifold.

Informally, it is the number of different loops of the manifold.

k = 4 = rank(H 1 ) k = 2 = rank(H 1 ) k = 8 = rank(H 1 )
Vivien 2 dimensional toric code:

d = √ n strictly LDPC.
The high dimensional projective code is better than the high dimensional toric code but not as good as the two dimensional toric code.

High dimensional projective code: 2 dimensional toric code:

d = √ n strictly LDPC.
The high dimensional projective code is better than the high dimensional toric code but not as good as the two dimensional toric code. 

Conclusions

Positive curvature leads to greater minimal distances.

High dimensional manifolds lead to smaller minimal distances.

Homological quantum error correcting codes can be understood geometrically. 
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Geometric interpretation of n and d

the code length n is proportional to the area of the manifold. 

Conjecture for the (2m+1)-hypercube: