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Mean—field limit of a particle approximation of the one-dimensional
parabolic—parabolic Keller-Segel model without smoothing

Jean-Francois Jabir* Denis Talay'and Milica Tomagevi¢ T+

Abstract: In this work, we prove the well-posedness of a singularly interacting stochastic particle system
and we establish propagation of chaos result towards the one-dimensional parabolic-parabolic Keller-Segel
model.

Key words: Chemotaxis model; Interacting particle system; Singular McKean-Vlasov dynamic.
Classification: 60K35, 60H30, 60H10.

1 Introduction

The standard d-dimensional parabolic—parabolic Keller—Segel model for chemotaxis describes the time evo-
lution of the density p; of a cell population and of the concentration ¢; of a chemical attractant:

dp(t,x) =V - (5Vp—xpVe), t>0, xR
adie(t,z) = Ac— Ae+p, t>0, z€RY (1)
p(0,z) = po(x), (0, ) = co(x).

See e.g. Corrias et al. [1], Perthame [9] and references therein for theoretical results on this system of PDEs
and applications to Biology.

For the parabolic—elliptic version of the model, that is, when o = 0, the first stochastic interpretation of
this system is due to Haskovec and Schmeiser [6] who analyzed a particle system with McKean—Vlasov inter-
actions and Brownian noise. More precisely, as the ideal interaction kernel should be strongly singular, they
introduce a kernel with a cut-off parameter and obtain the tightness of the particle probability distributions
w.r.t. the cut-off parameter and the number of particles. They also obtain partial results in the direction
of the propagation of chaos. More recently, in the subcritical case, that is, when the parameter x of the
parabolic—elliptic model is small enough, Fournier and Jourdain [5] obtained the well-posedness of a particle
system without cut-off. In addition, they obtain a consistency property which is weaker than the propagation
of chaos. They also describe complex behaviors of the particle system in the sub and super critical cases.
Cattiaux and Pédeches [3] also obtain the well-posedness of this particle system without cut-off by using
Dirichlet forms rather than pathwise approximation techniques.

For another version of the parabolic-parabolic model, which is obtained by replacing the singular inter-
action kernel with a smooth one, Budhiraja and Fan [2] analyze the related particle system. They obtain
uniform in time concentration inequalities. They also obtain uniform in time error estimates for its numerical
approximation.

For the pure parabolic-parabolic model (1) without any cut-off, in the one-dimensional case Talay and
Tomasevi¢ [12] have proved the well-posedness of the model in the whole space and of the following non-linear
SDE:

{ A, = b(t, Xp)dt + {x fy Kooy % p) (Xo)ds fdt + Wi, ¢ >0, )

ps(y)dy == L(X),  Xo ~ po(x)dz,
22
where K;(x) := e”‘t%(me*?) and b(t,z) = e M ZE[co(z + V2W,)]. Notice that this system is non
classical in the sense that it involves all the past time marginals of the probability distribution of the solution.
In addition, it is shown that, without any other condition than the absolute continuity w.r.t. Lebesgue’s

*Higher School of Economics, National Research University, Shabolovka 26, Moscow, Russian Federation (jjabir@hse.ru).

TTOSCA, Inria Sophia Antipolis-Méditerranée, 2004 Route des Lucioles, 06902 Valbonne, France (denis.talay@inria.fr, mil-
ica.tomasevic@inria.fr).

fUniversité Cote d’Azur, Campus Valrose, Batiment M, 28 Avenue de Valrose, 06108 Nice CEDEX 2, France.



measure of the initial distribution of Xy, £(X) uniquely solves a non-linear martingale problem and its
time marginals have densities. These densities coupled with a suitable transformation of them uniquely
solve the one—dimensional parabolic-parabolic Keller—Segel system without cut-off. In the work in progress
Tomasevié [13], additional techniques are developed to handle the two-dimensional system.

The objective of this note is to analyze the particle system related to (2). It inherits from the limit equation
that at each time ¢ each particle interacts in a singular way with the past of all the other particles. We prove
that the particle system is well-posed and propagates chaos to the unique weak solution of (2). Compared
to the stochastic particle systems introduced for the parabolic—elliptic model, an interesting phenomenon
occurs: the difficulties arising from the interaction with the past of the other particles can be resolved by
purely Brownian techniques (thanks to Girsanov transforms) rather than using Bessel processes. Due to the
singular nature of the kernel K, we need to introduce a partial Girsanov transform of the particle system
in order to obtain uniform in N bounds for moments of the corresponding exponential martingale. Our
calculation is based on the fact that the kernel K is in L'(0,T; L?>(R)). We aim to address in the close future
the multi-dimensional Keller-Segel situation where the L'(0,7; L?(R%))-norm of the kernel is infinite.

The paper is organized as follows. In Section 2 we state our two main results and comment our techniques
to prove them. In Section 3 we prove some technical lemmas. In Section 4 we prove that the particle system
is well-posed and propagates chaos to the solution of (2).

2 Main results

Our main results concern the well-posedness and propagation of chaos of the following system of one—
dimensional particles:

dXPN = b(t, XN dt + {% Sy Ko (XN — XN )ds1
Xi, ii.d. independent of (W% 1<i < N),

where T is an arbitrary time horizon, and the (W/; 0 < ¢t < T') are N independent standard Brownian

motions. For simplicity, we here assume that A = 0,x = 1 and b = 0. Under the hypothesis in [12], the

dynamics (5) for the Keller—Segel equation involves a bounded and Lipschitz drift b(¢, z). It is easy to extend

the methodology below to this case. We thus consider

N _ N t iN i, _ v i

axpt = {% SN Kis(XN = X N)dﬂ{x;’“;éxg*”}} dt+dwi, t<T, )

X{, ii.d. independent of (W*,1 <4 < N),

12 .
where K is now Ky (z) ~2t. Throughout the rest of the paper, for each N > 1, a weak solution to

_ —x
- \/ﬂt3/2 €
the N-interacting particle system (3) will be understood in the standard sense (see e.g. Karatzas and Shreve
[7]). The existence of a weak solution to (3) is given by the following theorem:

Theorem 1. Given 0 <T < oo and N € N, for any initial distribution of (X},i < N), there exists a weak
solution (0, F, (F; 0 <t <T),QN, W, X) to the N-interacting particle system (3) that satisfies

2

T N t
1 . .
V1<i<N, QN /0 N E /0 Kt,S(XZ’N—Xg’N)ds]l{X#th} dt <o | =1. (4)
Jj=1,j#i

In view of [7, Chapter 5, Proposition 3.10], one has the following uniqueness result:
Corollary 1. Weak uniqueness holds in the class of weak solutions satisfying (4).

The construction of a weak solution to (3) involves arguments used by Krylov and Réckner [3, Section
3] to construct a weak solution to SDEs with singular drifts. It relies on the Girsanov transformation which
removes all the drifts of (3).

Remark 1. In (3), the indicator of {XZ’N + ngN} makes it clear that the drift coefficient is well defined.
Our construction shows that the law of the particle system is equivalent to the Wiener measure. Consequently,
almost surely the set {t < T, X} = X]} has Lebesgue measure zero.



Our second main theorem concerns the propagation of chaos of the system (3).

Theorem 2. Assume that the initial distribution of X¢ has a density po for alli < N. The empirical measure
N =% ZZJ\LI dxin of (3) converges, when N — oo, in distribution to the unique weak solution of

{ dX, = { o (Ko—s *ps)(Xt)dS}dt +dWy, t<T, (5)

ps(y)dy = ‘C(Xs)u Xo ~ Po(l’)dx'
To prove the tightness and weak convergence of ', we do not use the Girsanov transformation which
removes all the drifts of (3). Actually, it seems difficult to get uniform bounds w.r.t. N for the exponential
moment appearing in the Novikov criterion. We thus work with a new probability measure under which only

a fixed number of particles are independent Brownian motions. This trick might be useful when dealing with
other particle systems with singular interaction.

3 Preliminaries

Let F; be a functional on the path space,

2

Fi(w, ) (/ Ki—s(wy — ws)dS]l{w#wt}) ’ (6)

where (w,w) € C([0,T];R) x C(]0,T);R). The objective of this section is to show that fOT F,(W, X)dt has
finite exponential moments under some conditions on W and X. The following key property of the kernel

K; will be used
2 1/2 0o 2 1/2
B x° B z° _s2 c
il = ([ hwan) = (2] fmete) < @

We will proceed as in the proof of the local Novikov Condition (see Karatzas and Shreve [7, Chapter 3,
Corollary 5.14]) by localizing on small intervals of time. Thus, we start with the following lemmas. In all the
sequel C' > 0 denotes any universal constant that may change from line to line.

Lemma 1. Let T > 0. Let (2, F,(Fs; 0 <t <T),P) be a filtered probability space equipped with a Brownian
motion W.There exists Co > 0 such that for any path x € C([0,T];R) and any 0 < t; <ty < T one has

w
B, " (
Proof. By Fubini-Tonelli theorem and the definition of F',

Eflv <

/ ’ F,(W, :c)dt) < CoVTVts — 1.

t1

ts
/ F,(W,x dt) / / / i |Ki—s(Wy — 26) Ky oy ( Wy — ) |dsdudt. (8)
1 ty

t

Notice that

7 OllKi—sll 12 C
\/Eu» (Kf—s(Wt —xg)) = \// Ktz—s(y + Wi, —25))gi—t, (y)dy < (t— tl)l/i ) < (t— 5)3/4(t _ t1)1/4'

Here we used that the density of W; — W}, is bounded by
inequality leads to

FW ta to 1 t t 1
E, F(W,x)dt | <C dsdudt = C'
i (/t1 t( ’:I:) ) a x/t1 \% t—1t /0 /0 (t - 8)3/4(t - U)3/4 s /1 Vv t— tl

which ends the proof. O

\/tclitl. Coming back to (8), Cauchy-Schwarz

dt,

Lemma 2. Same assumptions as in Lemma 1. Let Cy be as in Lemma 1. For any k > 0, there exists a

constant C(T, k) such that for any 0 < Ty < Ty < T, satisfying To — T1 < ﬁ, one has
0
FW T2
Ep™ |exp{ & E,(W,z)dt » | <C(T, k).
T




Proof. We adapt the proof of Khasminskii’s lemma in Simon [10]. Admit for a while we have shown that
there exists a constant C(x,T') such that for any M € N

M Iﬂ;k FW T k
> rE < /T Ft(W17W2)dt> < C(k,T), )
k=1 1

provided that Tb — T < ﬁ To obtain the desired result, it remains to apply Fatou’s lemma.
0
We now prove (9). Start with the equality

T2 k T2 T2 T2 T2 T2
( Ft(W,a:)dt> — &l / FWa) [ F,W.2) / / Fi  (W,2) / Fo (W, 2) by dty1 - dts dts.
ta tk—2

T T t1 tp—1

By the tower property of conditional expectation,

Fw T2 F zwr (T2 Ty Tz
E, ™ / F(W,z)dt | | = KE,"™ {/ F, (W, :17)/ F, (W, 9:)/
T Ty ty ta

T> FW T>
e / Ftk—l (VV7 .’17) EPtk—1 / Ftk (VV’ 1‘) dtk dtk;71 s dtQ dt1:| .

tr—2 th—1

In view of Lemma 1,

FW Ts

B, [ By (Wz)dty < CoVT\/Ts — tr_y < CoVT\/Ts — T1.

tr—

Therefore,

T T t1 t2

FW T> k FW T> T> T>
Ep "™ (/ Ft(W,x)dt> §k!CO\/fs/T2—T1]EPT1[/ Ftl(W,x)/ Ft2(W,;U)/

T
o / Ftk-—l (Wa x)dtk—l s dtQ dt1:| .

tr—2

Now we condition with respect to F3, , and use Lemma 1. Repeating this procedure k£ — 1 times,

T>

k
w T> w
joskel (/ Ft(W,x)dt> gk!(C’O\/T\/TQ—Tl)k‘lEEle/ Fy, (W, 2)dt,.

T T

Again, by Lemma 1,

k
W T

T

Thus, (9) is satisfied provided that Tp — Th < O

_1
C2Tk2"

Proposition 1. Let T > 0. Let (O, F,(F;; 0 <t <T),P) be a filtered probability space on which are defined
two independent one dimensional stochastic processes, a Brownian motion W and a process X. For any

a >0,
T
Ep |f:xp {a/ Ft(VV,X)dt}
0

where the constant C(T, «) depends only on T and «, but does not depend of the law of the process X .

<C(T,a),

Proof of Proposition 1. Observe that

T
Ep |exp a/ F, (W, X)dt :/ Ep
0 C([0,T}iR)

exp {a/T F.(W, z)dt}] PX (dx). (10)
0



Set § := m AT, where Cj is fixed in Lemma 1. Set n := [%] Then,

T—md
exp a/ F, (W, z)dt H exp / Fy(W,x)dt p .
0 T—(m+1)5)V0

Condition the quantity of interest by f(Tf 5V

T n T—ms w T
exp {a/ Ft(ch)dtH < Ep lH exp {a/ F,(W, ) dt}E]{:T‘S (exp{a/ Ft(VV,:r)dt}>1 :
0 i (T—(m+1)8)Vv0 (T—-38)VO0

m=1

Ep

As ¢ is small enough, we are in the setting of Lemma 2. Thus,

T n T—md
exp {a/ EF (W, x)dt} H exp {HX2N F,(W,x) dt}] .
0 m=1 )d)

(T'—(m+1)8)VO0
Successively, conditioning by ]-' —(m+1))v0 for m=1,2,...n —1 and using Lemma 2,

T (T—né)VO
exp{a/o Ft(W,x)dt} exp{/O Ft(W,m)dt}l .

As the length of the last integral is less than d, apply one more time Lemma 2,

Ep lexp {a /O " ror x)dt}

Finally, plugging the preceding estimate in (10), the proof is complete. O

Ep <c" (Ta a)EQ

< C(T, ).

4 Existence of the particle system and propagation of chaos

4.1 Existence: Proof of Theorem 1

We start from the probability space (Q,F,(F; 0 < t < T),W) on which is defined a N - dimensional
Brownian motion W = (W1, ... W), Define the drift-less system

(11)

XN =XE+ Wi, t<T,
X§ii.d. and independent of (W).

Denote the drift terms in (3) by b" (), € C([0,T);R)N, and the vector of all the drifts as BN (z) =
(N (z),... 6NN (2)). For a fixed N € N, consider

quy:exp{/o BN(X)- thfl/ BN )|2dt}.

To prove Theorem 1, it suffices to prove the following Novikov condition holds true (see e.g. [7, Chapter 3,
Proposition 5.13])

Proposition 2. For anyT >0, N > 1, kK > 0, there exists C(T, N, k) such that

T —
Ew (exp{/@/o B,fV(X)|2dt}> < C(T, N, k).

Proof. We drop the index N for notation convenience. By the definition of (B;),

Ewlexp{ / |BY (X |dt}

2

=Ew |exp HZ/ Z/ K (X} — XJ)ds]l{XliXJ} dt

2

N T N t
1 1 .
=Bw |exp NZ/O NZ/ Ki-o(Xi = XD dsLixizxyy| | dt
=1 j=1




By Jensen’s inequality and the definition of Fy,

Ewy [exp{m/o ‘B{V(X)|2 dt}

from which we deduce

ol o i

By exchangeability of the particle system,

exp{m/o |BtN(X)‘2 dt}} < Ew [exp{m]\//o Ft(Xl,X2)dt}] . (12)

Now we are in the position to use Proposition 1 which ends the proof. O

N

N T
1 1 _ .o
S ]EW exp N E N E ‘/0 /iNFt(X17X])dt s
i=1 7j=1

exp{mv/ F(X', X7)dt H .

Ew

Ew

4.2 Girsanov transformation with 1 < k < N particles

In the proof of Theorem 1, we used Property (7) of kernel K and a Girsanov transform reducing the particle
system to (11). However, the estimate for the exponential martingale in (12) goes to infinity as N — oo.
Thus, one could not use that Girsanov transform to prove the tightness and propagation of chaos for the
particle system.

Using Novikov’s condition as in Proposition 1, one gets that there exists a weak solution to

dXIN =dwl, 1<i<k, t<T,
dxN = {% SN i e Ko (RPN - )?g,N)dsn{gf,Nﬁg,N}} dt+dWi, k+1<i<N, t<T,
X§ii.d. and independent of (W).
(13)
Denote the constructed probability measure by Q*~. Notice that (XN ,1 < I < k) is independent of

()A( “N k41 < i< N). We now study the exponential local martingale associated to the change of drift
between (3) and (13). For x € C([0,T];R)Y define the vector,

k o
By = (V@) b e NZ/ Kool = 2N)dsh vy,

k t
1 NN
— E 1/0 Kt—s(&ﬂt AV xS»N)ds]l{xiv,N¢mi,N}).

VAR —exp{ / gk dW—f/ 1B%(X )th}.

We prove the following proposition,

Consider

Proposition 3. For anyT >0, v > 0 and k > 1 there exists No > k and C(T,~, k) such that

T
YN > No, EQk,Nexp{w / 18X >|2dt}<c< 7, k).
0

Proof. For x € C([0,T];R)Y, one has

2

k 1Kt ) ) 1 ‘ 2
\5(19( )| Z NZ/ K, s(z; —al)ds + 7 < / Ko y(ait — é)de?)
i=1 j=170



By Jensen’s inequality,

kN N—k k
1B < ;ZIZIF z' 27) Z Z AR
i=1 j= j=1 i=1

For notation convenience, we drop the index N. Applying Cauchy-Schwarz inequality and after applying
Holder’s inequality,

T
Egi.v exp {7 / |5§’“><X>|2dt}
0

1/2 1/2
k 27 N T o 2’}/]6 N—-k k T . o
< | Ege.v exp ZWZ/ Fy (X', X7)dt Equ.~ exp§ oy > / Fy (XM, X dt
; =170 j=1 i=1"0
k o9k S (T F (v (N — k) &~ [T i
< | T[] Eqe~ exp % Z/ Fu(XT, X7)dt x| T Egrx exp {71\72 S R(XM, Xi)dt}
i=1 j=1"0 j=1 i=170

Again by Jensen’s inequality,

T
Egu.n exp {7 / |/3§’”<X>|2dt}
0

LI T R 279k [T s o
HNZEQk,N {27/6/ Ft(X’,XJ)dt} < 1] %ZEQ,C,N exp{ 3\1 / Ft(Xkﬂ,X’)dt}
i=1" j=1 0 0

j=1 i=1

1
2(N—F)

In view of Proposition 1, it now remains to prove that there exists Ny € N such that

2 T
sup Egr.v [exp{2?\]f / Ft(Xk"'j,Wi)dt}] < C(T,k,7).

N>No 0
We postpone the proof of this inequality to the Appendix A. Finally, for N > Ny

Egin < C(T, k,y)* 25 C(T, k,7) NP5 = C(T, k, ).

4.3 Propagation of chaos : Proof of Theorem 2

In all the sequel, for any measurable space E we denote by P(E) the set of probability measures on E.
The following theorem comes from [12].

Theorem 3. For any initial density po there exists a unique solution Q € P(C[0,T];R) to the following
non-linear martingale problem (MPKS):

(i) Qo(dz) = po(z) dx;

(ii) For any t € (0,T], the one dimensional time marginals Q; of Q have densities p; w.r.t. Lebesgue
measure on R which belong to L?>(R) for any 0 <t < T and satisfy

Cr
VO<t<T, Nedeew < 77

for some Cr > 0 depending only on T;

(iii) Denoting by (x(t); t < T) the canonical process of C([0,T]; R), we have: For any f € CZ(R), the process
defined by:

o= 0) = 1) ~ [ ([ [ Keertots) — i) Lty + 352 w1 s

is a Q-martingale w.r.t. the canonical filtration.



Let us start with showing that the sequence {u¥} is tight. We apply [11, Proposition 2.2-ii] and show
that the family {law(X 1)} is tight. As the (X})’s share the same probability law it suffices to show

Proposition 4. Let T > 0 and let No be as in Proposition 3.
3C > 0,YN > Ny, sup Egn [ XN — XIV < Crlt — 52, 0<s,t<T. (14)
N>1

Proof. Let Zél) and Q%Y be as in the previous section. One has,
Eon[1X; ™ = X3N] = Equv[(27)) 11X} - X1,
where X1 is a one dimensional Brownian motion under QUY. Applying Cauchy-Schwarz inequality,
Egv [|X1N = X2V|Y < (Bqun [(Z0)) )2 (Bgun [|XF — X1FDY? < (Bqun [(207)) 72201 - 52,
Observe that

Eqiv[(25) 7] = E@wexp{ / Bt - aw, — / [E's |dt}]

Adding and subtracting 8 fOT | 5t1)|2dt and applying again the Cauchy-Schwarz inequality,

T
Egu [(Z5))7%) < (Eguv[exp {14 / /3§”|2dt}]>1/2.

Applying Proposition 3 with £k = 1 and v = 14, we obtain the desired result. O

We now proceed to the proof of Theorem 2.
Let ¢ € Cy(R¥), f € CE(R),0<t; <--- <ty <s<t<Tandmée P(C[0,T];R). We define

G(m) ::/ o(xf,, ..., xf)x
(C[0,T];R)?

(f( /f” )du — /f ﬂ{z#xz}/ Kyg(z, —xe)d9dU> dm(z') ® dm(a?).

Consider a subsequence of {yn}, still denoted by {pn}, which converges in law to some probability distri-
bution II. Let us show that the support of II is the set of solutions to (MPKS). As (MPKS) has a unique
solution this will imply that py converges in law towards Q.
We start with showing that
lim E[G(p™))* = 0. (15)

N —oc0

Observe that
N

1 i i
Gu) = 5 Do PN X )
i=1

FXPNY = f(XBNY) — /f” (XENYdu, — /f (XENY— Zn{wﬂm}/ Ky (XN — X2MVd6 du
JFi

By It0’s formula,

BIG(:M)P < (Z/ & X“VdeZ> < 32 LBV W) < 3,

which implies (15). Our next goal is the following equality:
lim_ E[G(uM)]? =
N—o00

P(C([0,TR)*) (Y C([0,TT;R)*

X(Z)(x%l,...,xtlk)dv(xl,x27x3,x4)} dI1*(v). (16)



Since the particles do not interact through a bounded kernel, but through an unbounded singular functional
defined on the path space, we need to adapt arguments in Bossy and Talay [I, Theorem 3.2]. Define

N

1
VN = m Z (5X:i,N’X_j,N7X_k,N1X'l,N.
64,k l=1
As shown in Sznitman [11], the tightness of {vV} results from the tightness of the intensity measures <

IV, f >:=FE < vV, f >. By symmetry, the later reduces to the tightness of the laws of X 1'¥’s which is implied
by Proposition 4. Let us still denote by {v"V} a convergent subsequence, and by 1™ € P(P(C([0,T];R)*))
its limit. We take a non relabeled convergent subsequence of {law(v")}. Denote it’s limit by I €

P(P(C([0, T R)Y)).

For some functionals ¢ and ® which we do not explicit here, we have

N N

1 i . 1 i '
EGGMP = 35 D o(XN, XN 4 =5 37 a(xN, XN, XBN) 4 O, (17)
i,j=1 i,7,k=1
where
Eju// / / / (@b )P (@20t ool O )
ij ke l=1"5 C([0,T;R
X Ku1 91( xel)Kuz 92( 3592)]1{:1: ¢x2 }]l{mQ 73954 }d]P)X'L X3, Xk Xz(a? $2 .’L‘ , L )d91d92duldu2

Let us study Cy. Define the function F on R?*+6 as
Flah, . a?0) = ) )T, . a0 )
X Ku1—01 (171 — IZ)KW_(;Q (:E3 — -774)]1{z17éz5}]l{x27ézﬁ}1{91<u1}]1{02<u2}-

Set

up ? up ? u ? t1 tk ’

N
Z E(FXEN, XPN, XEN xpN XPN XEN XPN XN XEN L XE)L (18)
k,l=1

i,k 0=

To study the convergence of Cy we aim to apply the Dominated Convergence Theorem and thus (Step 1)
show that Ay converges pointwise and (Step 2) that Ay is bounded from above by an integrable function
w.r.t. d91d92duldU2.

Step 1. Fix uj,us € [s,t] and 6; € [0,u1) and 5 € [0,uz). Define 7V as

XzNXkN XkN

N
N 1
T 2:7 E 51N 3, N k,N I,N i, N I,N i, N
N X Xgl 7XU,2 aX Xul aXuQ 7Xf11
i,7,k,l=1

Define the measure QY on R?k+6 a5

u1,01,u2,02,t1,...,tg

QuNl,Ghug,Gg,tl,...,tk (A) = E(TN (A))'

The convergence of {law(v")} implies the weak convergence of QY
defined by

Qu17917u2>‘92;t17'~;tk (A)
1 2 3 4 2 4 1 1 3

o 3 1.2 .3 4\ q7700
.—/( o /([ . TA(Zy, > Th1s Thuys Tys Ty s Tupys Ty s -+ o5 Tty s Tpy s oo T3, )dV (27, 27, 27, 27)dIT™ (v).
P(C([0,T):R 0,T);R

3} 2k+6
01200 b1t to a measure on R



Let us show that this probability measure has a density on R2*+6. Let h € C2°(R?**0). By weak convergence,

|< @u17917u2792,t17~--7tk h >|

N

1 o , A ,

_ : i, N 7,N k,N IL,N 3, N I,N i, N i, N k,N k,N

= | im0 BACGN XY XN, XN XN XN XN XY XY x|
ij k=1

When i # j # k # [, use the Girsanov transformation from Section 4.2 for £ = 4. By Proposition 3 and
Cauchy-Schwarz inequality,

4 , , 1/2
2 I{f’i’N H;r],N IIrk,N I{rl,N 197 i, N IVZ7N I;[rz,N IT”’N I{rk,N IV}C,N
|< Qul,el,uz,ez,tl,...,tk7h >| S (Eh ( 01 > wy 0y J t1 o Wt o t1 st YV ))

uyp ? uyp ? u2

< Cu17u2,017927t17-~»7tk ”hHLz(]RZ’““")'

Thus

1 1 1

‘< @U1,917u2,92,t1,-~,tk7h >| < A}i_r)noo(cul¢u2,91,927t1w-7tk ”h”Lz(Rz’“*ﬁ) + ”hHOO(N + ﬁ + ﬁ))

It follows that Qu, 6, ,us.00,t1,....t, 15 absolutely continuous with respect to Lebesgue’s measure. Therefore,

the functional F' is continuous Qy, g, us,0,,t1,....t, - &-€. This implies that, for ui,us € [s,t] and 6; € [0,u1),

92 S [0711,2)7
1 N
dmo [ PE e o)
iyg k=1 T

1 2 3 4 1 2 .3 .4
X Ky, (T, = %, ) Koy -0, (T, = 9,) Lt 22 1wz, 2ot ydPxi xs xn x0 (27, 2%, 27, 27)

=< Qu1,91,u2,927t1,m7tk’F >

Step 2. By definition of F' we may and do restrict to the case i # j and k # [. Use the Girsanov
transformations from Section 4.2 with the number of particles m € {2,3,4}. It comes:

N N
1 m 1 m)o\ /2 1/2
Av = |57 > Egom (ZSWF(---)) < > (E@<m,)(Z(T ))2) (B (F2(-- ) /2.
i,5,k,l=1 i,5,k,l=1

By Proposition 3, Egm) (Zj(fn))2 can be bounded uniformly w.r.t. N. As the functions f and ¢ are bounded
we deduce

_ . 1/2
(Bgom (F2(-+- )" < C1{: < w1 }1{62 < wa} (Bgom (K2, o, (Wi, = WI)KZ, o, (Wh, —W5)) ",

u1—61 u2
fori# j and k # 1. For any 0 < 6 < u < T we have

4 i NS
(Bqum (Ki_s(Wi =W))<~z Kuolliage <

C
ul/3(u— 6)7/8"
Therefore,

Lio, <ury L{0s<us}

<C .
ui/B(u1 _ 91)7/8u;/8(u2 _ 92)7/8

(Eqem (F2(-++)))

‘We thus have obtained:
110, <ury Lgos<us}
uy”* (ug — 00)7/3uy® (up — 62)7/3

We remark that the r.h.s. belongs to L'(0,T)*.
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Conclusion. Steps 1 and 2 allow us to conclude that

s [ > /C B A0 TR R A T R AL

j,k, =1

X Ku1 91 u1 JJ@I)KU2 e2( .%'92)]1{95 ;,gmz }]l{mz ;614 }dIP)@ N XN XkN XL, N(S,Cl $2 .%' , L )d91d92du1du2

ug

/ / / / < Qus s bt otns F' > A0y dfscluy duis.

By definition of Qu, .0, us,05,t1,....tx

t t
i C = / | / TR YU RTINS A S
o P(C([0,TR)Y) C([0,T};R)*

/ 1 / Ky, (¥, = 25,) Koy 0, (0, — 23, La), a2, ) a3, 40t}
dv(zt, 22, 2%,z )d91d92du1du2dH°°( ).
For any measure v € P(C([0,T];R)%), denote its first marginal by v!. It is easy to get that
o ae, v=viovreov v

(see [1, Lemma 3.3]). Therefore

Jim CN:/ [/ /X fae(t . ak)
o P(C([0,TR)*) -JC([0,TR)? Js

u 2
X / Ku—o(zy — 25) L1 o2y dfdu dv' (z') @ dv' (2?)| dII®(v).
0

The two first terms in the r.h.s. of (17) can be treated similarly and thus (16) holds true. Combining
this with (15) we have that II* a.e.,

t
Lo otadab)[fah) — ) - [ £
C([0,T;R)? s
t u
—/ f’(:cqlt)/ Ko o(x) — xg)]l{x;#ggi}dﬂdu] dv'(z') @ dvt(z?) = 0.
s 0

In addition, notice that 1! = limyx_,o pV. Take h € L2(R). Using similar arguments as in the above Step 1,
for any 0 < ¢t < T one has

<vi,h>= lim <pf h>= lim Egn (h(X} ) = lim Egun (ZOh(WHY)) <

N—co N—oco t )) = t1/4||h||L2

Thus, v! solves (MPKS). As (MPKS) admits a unique solution, Theorem 2 is proved.

Appendix A

Proposition 5. Same assumptions as in Proposition 1. Then, there exists Nog € N depending only on T and

«, such that
2
exp{ / (/ Kt s Xt s)dS]]-{Wt;éXt}) dt}

The only difficulty to overcome is the fact that now the Brownian motion and X changed places. Thus,
it is not obvious how to use the Brownian increments. However, the presence of the factor % enables us to
skip the localization part (see Lemmas 1 and 2).

sup Ep < C(T, ).

N>No

11



k
2
Proof of Proposition 5. Fix N € N. Set I} := (fo (f Ky (X — S)ds) dt) . By Cauchy-Schwarz

inequality,

T t t k
ds (Xf - W ) (Xt Ws krmk /4 (Xt
H"é(/o R ds‘”) swrn (7 [ G e S

By Fubini-Tonneli’s theorem,

k
[T, < 4bTH/4 ( / / e /4 e dtds)
75

For 0 < s < T and for (w,®) € C([0,T];R) x C([0, T];R), define the functional Hy,

T = )2 _
~ (wp — Ws)* _ (we—we)?
Hy(w,@) = /5 me i—s  dt.

As the processes X and W are independent,

T k T k
S = X S X X).
Ep ( /O HS<X,W>d> /C . ( /0 H,( ,W>d> PX (dz)

As above we observe that

(/ Hy(x,W)d ) —k'/ Hsle/ / H,, (x,W)dsy, ...ds1,

from which

T k T T FW T
P (/ Hs(a:,W)ds> = k!]E]p/ Hsl(m,W)/ ce BT (/ Hsk(x,W)dsk> ...dsy.
0 0 S1 Sk—1

Therefore,

E H Wd (w0 —2 =W, _,)? —7(IFZZ_V:S.I€_1)2 dzdtd
Sk I Sk t—Sk 9/4 € k QSk—skfl(Z) zdtdsy,
1
<. — [ AL / 226_22d3dtd8’“ < CTVT = 90 < CTV
Sk—1 v - Sk

Finally,

T k T T T
Ep (/ HS(I,W)ds> < KICT3*Ep (/ Hsl(;z:,W)/ / H,, (z, W)dsk_l...dsl>.
0 0 s1 Sk—2

Repeat the previous procedure k — 2 times. It comes:

T k T
Ep </ Hs(m,W)ds> < kloRr3t-D /AR, (/ H,, (z, W)dsl> :
0 0

Using that the density of W, is bounded by \/% we deduce that
E /TH (z,W)d </ / / I Grda /T ! /T s, < ords
P , Z, S1 | = ) \F (t— 1) 9/4 rdtdsy < o VoL s, (E—s1)3/8 S1 S )

12




k
and thus Ep (fOT Hy (X, W)ds) < KICKT*. This implies that for any M > 1,

. o~ oF I _ - akCETE
P L NRED S NF
k=1 k=1
Choose Ny large enough to have N%]CT < 1. We end the proof by applying Fatou’s lemma to 22/[:1 %
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