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Adaptive inexact semismooth Newton methods for the contact
problem between two membranes®

Jad Dabaghi Vincent Martin 3 Martin Vohralik'

October 19, 2018

Abstract

We propose an adaptive inexact version of a class of semismooth Newton methods. As a model
problem, we study the system of variational inequalities describing the contact between two membranes.
This problem is discretized with conforming finite elements of order p > 1, yielding a nonlinear algebraic
system of variational inequalities. We consider any iterative semismooth linearization algorithm like the
Newton-min or the Newton—Fischer—-Burmeister which we complement by any iterative linear algebraic
solver. We then derive an a posteriori estimate on the error between the exact solution and the approx-
imate solution which is valid at any step of the linearization and algebraic resolutions. Our estimate
is based on flux reconstructions in discrete subspaces of H(div,{2) and on potential reconstructions in
discrete subspaces of H* (2) satisfying the constraints. It distinguishes the discretization, linearization,
and algebraic components of the error. Consequently, we can formulate adaptive stopping criteria for
both solvers, giving rise to an adaptive version of the considered inexact semismooth Newton algorithm.
Under these criteria, the efficiency of our estimates is also established, meaning that we prove them
equivalent with the error up to a generic constant, except for a typically small contact term. Numerical
experiments for the Newton-min algorithm in combination with the GMRES algebraic solver confirm
the efficiency of the developed adaptive method.

Keywords: variational inequality, complementarity condition, contact problem, semismooth Newton method,
a posteriori error estimate, adaptivity, stopping criterion

1 Introduction
Consider a system of algebraic inequalities written in the following form: find a vector X; € R™, such that

EX, =F, 0
K(X,) >0, G(X,)>0, K(X,)lGX),

where, for some integers n > 1 and 0 < m < n, E € R""™" is a matrix, K : R” - R™ and G : R" —
R™ are affine operators, and F' € R™" ™™ is a given vector. The first line of (1) typically represents the
discretization of a linear partial differential equation (PDE) (the model example for this study is described
further in (5)). The second line of (1) represents linear complementarity constraints (called linear even if
the Euclidean scalar product K (X}p)-G(X}) is not linear) and states that the vectors K(X},) and G(X}4)
have non-negative components and are orthogonal, i.e. G(X},)-K(X}) = 0. Numerous algorithms have
been developed in the past for approximate solution of (1), see for example the overview of Facchinei and
Pang [38, 39], the book of Bonnans et al. [16], and the survey of Aganagié¢ [1]. In particular, we mention
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the approach by interior point method of Wright [61], the active set strategy by Kanzow [44], and the
primal-dual active set strategy by Hintermiiler et al. [41]. Another approach that will be used here is
to rewrite the complementarity conditions as a system of nonsmooth nonlinear equations by the means
of C-functions, see for instance [30, 37, 38, 39]. The C-functions are not smooth in the classical sense
(Fréchet-differentiable), but admit a weaker smoothness called the Clarke derivative, see [28]. Semismooth
Newton algorithms like the Newton-min are often used in practice as they show local quadratic convergence
properties, see [14, 15, 13, 38, 39].
The goal of the present study is to perform an a posteriori analysis of problem (1), where E is given by
a discretization of a PDE and the complementarity constraints are treated using semismooth C-functions,
and to derive an inexact semismooth Newton algorithm with adaptive stopping criteria. Assume that any
C-function is applied to (1). This yields an equivalent formulation of (1) that requests to find a vector
X}, € R™ such that
(X)) =0, (2)

where S : R — R"™ is a nonlinear non-differentiable functional. Next, let any semismooth nonlinear solver
be applied to system (2), yielding at a semismooth step k > 1 a linear system

AMIXG =B, (3)

where A*~1 € R™" is a matrix and B*~! € R" is a vector. Finally, let any iterative algebraic solver be
applied to (3), yielding at step ¢ > 1 an approximation Xﬁ’z to X. Note that Xﬁ’l does not solve (3) but
only
Ak—le?,i _ Bk—l _ Rk,i
h )

where R = BF-1 — AF-1XF" ¢ R" is the algebraic residual vector of (3). Similarly, X} does not
solve (2) as S(Xﬁl) # 0 in general.

An important amount of work has been performed in the last years on a posteriori analysis of partial
differential equations (see for instance the books of Verfiirth [60], Ainsworth [2] and Repin [55] for a general
introduction). Concerning a posteriori error estimates for variational inequalities discretized as in (1) or (2),
let us mention the pioneering work of Brezzi, Hager, and Raviart [21, 22|, next Ainsworth, Oden, and
Lee [3], Kornhuber [47], Repin [56] and Biirg and Schroder [24]. For the elliptic obstacle problem we can
more precisely mention the papers of Chen and Nochetto [27], see also the references therein, Veeser [59],
Bartels and Carstensen [6], and Braess [17]. Not to solve (3) exactly or with a high precision leads to
the concept of an inexact semismooth Newton method. Such approaches are heavily used in practice
and theoretical foundations can be found in [23, 31, 33, 40, 46] for the case of inexact Newton methods
and in [36, 38, 39, 45, 50] for inexact semismooth Newton methods. All these approaches do not take into
account the discretization error of the PDE by the given numerical scheme. In this work, we focus on inexact
semismooth solutions of (3) and (2). We follow the approach by equilibrated flux reconstructions, solving
auxiliary local problems (see Destuynder and Métivet [32] and Braess and Schoberl [19]). A reconstruction
of the primal variable satisfying the constraints on the given step k£ > 1, ¢ > 1, will also be performed. More
precisely, following the concepts from Becker, Johnson, Rannacher [8], Coorevits, Hild, Pelle [29], Louf,
Combe, Pelle [49], Jiranek et al. [43], Ern and Vohralik [34], Arioli, Georgoulis, Loghin [4], and Papez et al.
[52], our estimate takes the form

e(X,") < (X)) = Ngice + M + Mol (4)

where e(X ;fl) stands for the error between the approximation corresponding to the algebraic vector X ,ll“
and the unknown exact solution of the continuous problem. The a posteriori error estimate 7(X ,’fl), fully
computable from X ,’f ’i, enables to distinguish the components of the error, caused by the discretization, the
linearization, and the algebraic resolution. The proposed criteria then request to stop the algebraic (respec-
tively linearization) solver whenever the algebraic estimator nsl’; (respectively the linearization estimator
nﬁ;f ) does not contribute significantly to the overall estimator n(X’,fl) Local stopping criteria are derived
as well. We thus conceive an adaptive inexact version of an important class of semismooth Newton methods
and answer the practical questions: 1) to which precision should (3) and (2) be solved? 2) what is the error
in X ,lf’z?



Let Q C R? be a polygonal domain. We exemplify the above approach with the following problem that
models the contact between two membranes: find u;, ug, and A such that

—p1Au; — A= fi in €,

—poAus + A = fo in Q,

(u1 - UQ))\ = O, Up — U2 Z 0, A Z 0 in Q, (5)
uy =g on 01,

us =0 on 0,

where w1 and us represent vertical displacements of the two membranes and A is a Lagrange multiplier
characterizing the action of the second membrane on the first one. The constant parameters i, pus > 0
correspond to the tension of the membranes, and fi, fo € L?(f2) are given external forces. The boundary
condition prescribed by a constant g > 0 ensures that the first membrane is above the second one on
0. In (5), the two first equations represent the kinematic behavior of the membranes, and the third one
represents the linear complementarity conditions saying that either the membranes are separated (u1 > ug,
A = 0), or they are in contact (u; = ug, A > 0). This kind of variational inequalities, and the closely
related but simpler elliptic obstacle problems where the goal is to find the equilibrium position of a single
elastic membrane constrained to lie below or above some given obstacle, is well understood today, see, e.g.,
Hlavadek et al. [42] and Rodrigues [58] for general concepts. For the quadratic finite element approximation
of the Signorini problem refer to [9, 5|. The existence and uniqueness of a weak solution of (5) follows by
Lions and Stampacchia [48], an a priori analysis for linear finite elements was performed in [10, 11], and an a
posteriori analysis was undertaken in [12]. Therein, however, it was supposed that the discrete system (1) is
solved exactly for continuous and piecewise linear elements (polynomial degree p = 1). In the present paper,
two new difficulties are treated: first, the inexact solve leads to approximate solutions that do not fulfill
the constraints even when p = 1. The second difficulty is caused by the nonconformity of the method when
p > 1. Indeed, the approximate solution is sought in a convex set which is not a subset of the continuous
convex set. For this reason, the analysis in the literature is often performed for linear finite elements only
which skirts this difficulty.

This contribution is organized as follows. In Section 2, we give details on the model problem (5) and
its finite element discretization for all polynomial degrees p > 1, which is new to the best of our knowledge
when p > 1. This leads to algebraic systems of the form (1). In Section 3, we present the concept of
the inexact semismooth Newton method giving rise to systems (2)—(3). The various flux reconstructions,
in particular employing a multilevel mesh hierarchy for the algebraic error components following Papez et
al. [52], are described in Section 4. Next, Section 5 is dedicated to the construction of the a posteriori
error estimate of the form (4). In Section 6, we present the adaptive inexact semismooth algorithm and
in Section 7, we prove the converse inequality to (4) up to a generic constant and up to a typically small
contact term, assessing the quality of our estimates. Finally, Section 8 is devoted, for p = 1, to numerical
experiments that confirm the theoretical results and Section 9 summarizes our conclusions.

2 Model problem and its finite element discretization

In this section, we set up the notation, describe in details the model problem (5), and introduce its finite
element discretization for all polynomial degrees p > 1.

First we recall the definition of some Sobolev spaces. Let H!(Q) be the space of L? functions on the
domain Q which admit a weak gradient in [L?(Q2)]? and H{ () its zero-trace subspace. Similarly, H(div, ()
stands for the space of [L?(£2)]? functions having a weak divergence in L?(2). Moreover, we define the sets
Hy(Q) := {ve HY(Q), v=gon 80} and A := {x € L*(), x > 0 a.e. in Q}. The standard notations
V and V- are used respectively for the weak gradient and divergence operators. For a nonempty set O
of R?, we denote its Lebesgue measure by |O| and the L*(O) scalar product by (u,v)n := [, uv dx for
u,v € L*(0). We also use the following notations: Hv||?9 = (v,v)p, and ||Vv|\?9 = (Vv,Vv),. Besides,
the Poincaré-Friedrichs and the Poincaré-Wirtinger inequalities, see [7, 53|, state that if o denotes the
mean value of v and hp the diameter of O, then

[v]lo < Cprho [V Vv € HY(O), (6a)
lv=Tollo < Crwho [Vullp  Wve HY(O). (6b)



The constants Cpr and Cpw can be precisely estimated in many cases. In particular, if O is convex, Cpw
can be taken as 1, see [7, 53] whereas Cpy is at most 1. Then, we define the energy norm:

T

Vo = (u1,00) € [HIO)2, ol := {Zualleal?g} . (7)

a=1
When O = Q, we use the shorthand notation |||v[|| := [|v||,. We also define the following rescaling of the
H~Y(O) norm:
voe H1(0), [ollg-1(0) = sup (v, ). (®)

11
YeH(0), max(u ,ud) |V o=1

2.1 Continuous and reduced problem
For (f1, f2) € [L?(Q)]? and g a positive constant, the weak formulation corresponding to (5) consists in:
find (u1,u2, ) € Hj(Q) x Hj(Q) x A such that

2 2
D o (Vta, Ty~ (s =) = D (ol V(01 02) € [H(Q), o)

a=1 a=1

(X*A7U1*U2)Q >0 VxeA

Following [11, Proposition 1], problems (5) and (9) are equivalent and the latter admits a unique weak
solution. Setting w := (u1,us2), v := (v1,v2), and defining

a(u,v) = Z,ua (Vua, Vog)g, bv,x) = (x,v1 —v2)q, (v):= Z (fasva)g (10)

a=1 a=1

problem (9) rewrites: find u € H}(Q) x Hj(Q) and A € A such that

{ a(u,v) —b(v,\) = I(v) Vo € [H(Q))?,
b(u,x —A) > 0 Vx € A
Next, we define the convex set K, by
ICq = {(v1,v2) € H(Q) x Hy(Q2), v1 —v2 >0 ae. in Q}.
The reduced variational problem reads: find uw = (uy,uz2) € ICy such that
a(u,v —u) > (v —u) Yo = (v1,v2) € K. (11)

In [11], problems (11) and (9) are shown to be equivalent, in the sense that both of them admit the same
unique solution u.

2.2 Discretization by finite elements

Let 75, be a conforming simplicial mesh of 2, i.e. T}, is a set of triangles verifying

U k=0

KeTy

where the intersection of the closure of two elements of 7, is either an empty set, a vertex, or an edge. The
set of vertices of 7}, is denoted by V), and is partitionned into the interior vertices V,ilnt and the boundary
vertices Vi**. We denote by N}Lnt the number of interior vertices. The vertices of an element K € 7T} are
collected in the set V. Denote by hx the diameter of a triangle K and h := maxge7, hx. Furthermore,

for a € Vp, let the patch wi? C Q be the domain made up of the elements of 7; that share a. The vector



n,e stands for its outward unit normal. In the sequel, we use the discrete conforming space of piecewise
polynomial functions

XV = {vy €C°(Q); vn|lk € PH(K) VK € T} C H'(Q),

where IP,,(K') stands for the set of polynomials of total degree less than or equal to p > 1 on the element
K € T;,. We also denote by V¥ the set of the Lagrange degrees of freedom (values in the points @;) of the
space X7 and by N} its cardinality. The internal degrees of freedom are collected in the set VY mt (with

NY g cardinality) and the external ones are collected in the set Vg’eXt. The Lagrange basis functions

of X} are denoted by (¥n,z);<;<n» for & € V§. We recall that 9y, o, (%) = 1 and 9y, o, (21) = 0 for all
SISNg
(ml’)1gl'¢zgj\/§ € V. In the particular case p = 1, the set V! coincides with the mesh vertices V), and the

Lagrange basis functions are the “hat” basis functions and are denoted by . 4, @ € V. Still in this case,

we denote "
|wi|

Mg = (wh,aa l)wg = T

We also introduce the boundary aware set and space
XY, = {vn € X}, vp = g on 092} C H,(Q), and X[, := X} N H;(Q),
as well as the convex set

K:Zh = {(vlh,vgh) S X!Z;h X Xghv vip () — vap(x;) >0 V(wl)lngNg,int S Vg’int} . (12)

Observe that Kl;h C K, holds but K}, ¢ K; when p > 1, see [10, 27, 59]. The discrete counterpart to (11)
consists in: find up, = (uyp, usp) € ICgh such that
a(uh,vh — uh) Z l('vh — uh) V'vh = (”Ulh,UQh) S th (13)

As a result of the Lions—Stampacchia theorem, problem (13) admits a unique solution that is nonconforming
(up, ¢ KCg) when p > 1. Moreover, following the methodology of [11, equation (4.5)] or [24] we define the
functions A1, and Agp, in X} by

(Muszin), = 1 (Vun, Vi) — (fi.210)q V2 € X3,
(A2ns zon), = —p2 (Vuap, Vf%)g + (f2,22n)q V2o € X{),, (14)
(MhsYhz)n = 0 Ve Vﬁ’e"t,
<)‘2h7’l/)h,:ltl>h = 0 vwl S V(Z;’CX 9
where for all (wy,vp,) € X7 x X}
Z wp(a)vp(a) M, it p=1, (15)
(Whyvh)p, = § acVy
(wh,vh)Q if p>2. (16)

Note that (15) corresponds to the use of a mass lumping and will lead to particular properties in the case
p = 1. Extending [10, Proposition 12] to the case p > 1 we have:

Lemma 2.1. Let (uip, uap) € K:Sh be the solution of the reduced discrete problem (13). Then, the functions
Ain and Ngp, defined by (14) coincide and we set A, == Aij, = Aap, € X .

Proof. We substract the first two equations of (14) taking z1, = 225, = ¥n 2, With @; any internal Lagrange
node to get

<)\1h - )\Qha 1/)h.,ml>h = (MVulh + MQVUQ]«L, thﬂl)g — (fl + f2’ ﬂjh,mz)ﬂ Vi=1.. .Ng,int.

Taking vip, 1= u1p + Yne, and vep, 1= Ugp + Yhq, in (13) and noting that (vip,ven) € Klg)h where 9p, o, is
the Lagrange basis function associated to the internal node x;, we get

<)\1h - )\2h7wh,wl>h Z 0 vi=1.. -Ndp’int- (17)



In the same way, considering v1, := u1p — Yn 2, and vap, := Usp — Vi, We get
Ah = Aoy Ynadn <0 Vi=1.. NDP™ (18)
Finally, combining (17) and (18) with the last two equations of (14) provides
(Mh = Aop Vha ) =0 V1 <1< NE.

For p > 2, A\ — Xop, € X,]j is L?-orthogonal to all test functions in the space X,’l’, which implies Ay;, = Aop.
For p =1, A1j, = Ao, holds true because M, > 0. O

Furthermore, A, € X} satisfies the following property:

Lemma 2.2. Let (uyp, ugp) € th be the solution of the reduced problem (13) and let Ap, be defined by (14).
Then, there holds _
s ¥nm ), >0 Vo, € V™ (19)

Proof. Let x; € Vg’int be an internal node. First observe that (vip,van) = (U1h + Yna,, U2n) € Klgh. The
conclusion follows from the reduced problem (13), the characterization (14), and Lemma 2.1 giving

M1 (Vulhavq;bh,ml)ﬂ - (flawh,ml)ﬂ - <>\1h;¢h,ml>h - <)\h,wh,ml>h Z 0 vVi=1.. ~N§1)’int~

U
Following Lemma 2.2 we suggest to define the discrete convex set for A\, by
AP = {Uh € XP; (vn, Yna)y, >0 Va, € VE™ (vh, ¥na,), =0 Vay € vg’e“}. (20)
Observe that A} ¢ A for p > 2 and in the case p = 1, A} reduces to
A}, = {vn € X3y vn(a) >0 Vace V}Lnt} C A, (21)
which is the same as in [10, Section 4]. Note that when x), € A} and v, € K},
(Xnovin = van) = > (vin = van) (T1) (Xns Yz, )y = 0, (22)

mlev'g,lnt

A discrete formulation, built by the Galerkin method corresponding to problem (9) consists in: find
(u1p, uan, An) € Xgh x X, x A} such that

2 2
Z Mo (Vuozha VZah)Q - </\h7 Z1h — 22h>h = Z:l (fom Zah)g v(zlfu ZZh) € [Xgh]27 (23)

a=1

(Xh — Ansuip —ugn), >0 Vx, € AV,

Lemma 2.3. For any solution (uip,usn, An) of problem (23), the pair (uip,usp) is a solution of problem
(13). Conwversely, for any solution (uip,usp) of problem (13), defining the function A\, = Aan, @« = 1,2 by
(14), the triple (uip,uan, Ap) s a solution to problem (23).

Proof. For the case p = 1, the proof is given in [11, Lemma 13]. Let p > 2 and let (uip,uap, An) be the
solution of problem (23). Decomposing u1j, — ugp in the Lagrange basis we obtain

uh = tgn = Y (urn — uzn) (@) Vn -

mlEVfl’
Next, note that for x5, A, € A, xn + Ap € AL Take xp = x5 + s as a test function in (23), we get

(Xh>u1n — ugn), >0 Yxp € A},



and then
Z (u1h — uzn) (1) (Xn, Yhoz)y, =0 Yxn € A}, (24)

mLEVS

We construct the basis (On,a, ), <;<p» Of X}, dual to (¥n,a,); ;e pe» satisfying
UV —="=7Yd

<@h,m“wh7wl>h =1 Vg, € Vg,int,

(Ohzys Vha), =0 VY, € VéJ,ext7

<@h,:cla'l/}h,:cl*>h =0 VI<I* £1< Ngl)
Note that each vector of the dual basis Oz, can be determined by inverting the finite element mass matrix;
importantly, all O, 5,, 1 <1 < N7 belong to A}. Finally, taking in (24) x = ©p 4, for all x} € YRt e
obtain

Z (urn — uan) (@0) (On,ap s Ynw )y, = (win — uzp) (®7) >0 Vaj € vt

mlGVg
Therefore, u;, € K:Sh- Now, we prove (13). Let (vip,ven) € Kl'g’h. Taking z1, 1= vip — w1p € Xj, and
Zop, 1= Vo, — Ugp, € X}, as test functions in (23) provides
(A, Ui — Van)y, — (A, uih — U2n)), = a(un, vy, —up) — vy — up). (25)
Using (22) with \j, € A}, and vj, € K7, and taking x, = 0 in (23) gives
(An,v1in —van)y >0, (=An,u1p — uzn), > 0. (26)

Combining (25), and (26) provides (13).

Conversely, let (u1p, uap) € th be the solution of the reduced problem (13) and let (21, z25) € X{), x X5,
be arbitrary. The characterization (14) combined with Lemma 2.1 and Lemma 2.2 yields A, € A}. Next,
subtracting the two equations of (14) gives the first line of (23). It remains to prove the second line of (23).
Let now (vip,v2n) € ICY),. The first line in (23) now implies (25) and the reduced problem (13) yields

= (Ans i = uzn)y, + Ansvin —van), >0V (vin, van) € Ky (27)

For vy, := uip — Z uih () Vh,a, € X;’h and vop, 1= 0 € X0, (vin,von) € Klgh, and using the definition
wlevé;,int

of A}, we have (A, v1p — vap), = 0 and the inequality (27) yields
— (An, uip — uan), > 0.
To conclude the proof, we use (22) with uy € th and for any xp € AZ. O
Remark 2.4. Taking xn, = 0 and then x, = 2\, € A} in the second line of (23) yields
(Ansu1p — u2n),, = 0. (28)

Combining (28) with the definition of A} and the fact that the solution wj, € th give the complementarity
conditions

(urn —uz2n) (1) >0,  (An,Yna), >0, Vo, € Vb s V), =0 Va, € VO,

(29)
(An,uip — uzn)), = 0.
Note that when linear finite elements are employed (p = 1), (29) reduces to
(ulh — UQh) (a) >0, )\h(a) >0, /\h(a) (ulh — U2h) (a) =0 Vac€ V}ilnt. (30)

Section 2.3-2.4 are dedicated, when p = 1, to formulate matricially problem (23) as a prelude for
implementation. From the previous analysis, we deduce

Lemma 2.5. The formulation (23) is well posed for any polynomial degree p > 1.

Remark 2.6. Problems (13) and (23) are equivalent in the sense of Lemma 2.3. To our knowledge it is
the first time that a formulation for the membranes problem is proposed for p > 2, although no proof of
convergence is provided. Moreover, when p > 2, the solution is nonconforming: the constraints uyp > usp
and Ap, > 0 do not hold in general. However, the following a posteriori analysis remains valid.



2.3 Discrete complementarity problem for linear finite elements, p =1

We now focus on the case p = 1 and express the discrete problem (23)-(30) under an algebraic form using
the basis (wh’a)aev,‘;“ of X, Note that the functions of A} can also be expressed in the same basis. The
affine space X;h is decomposed into X glh = X, + g, where we recall that g > 0 is constant. Therefore,
uyp = U1p + g, where 4y, € X&h. The components of the solution (&1, uap, Ap) in the basis (wh,a)aev;;” are
gathered by blocks as Xy = (ﬂlh(al))lzl,...,N;;w Xop, = (th(al))l:17___7N;lm, Xy = (Ah(al))lzl,..i,z\/gyta

such that X7 := (X1, Xon, X31)"; Taking successively vip, = tp.a7, von = 0, and vij = 0, vap = Vp,ar for
all @’ € Vin*| the first line of (23) reads
EX, = F,

where the rectangular matrix E € R2V:™3Ni™ is defined by

,Lng 0 7]D)T

E=1" s b7

int

with the stiffness matrix S € RV V™ and the diagonal mass lumped matrix D € RY. N respectively
defined by

Stm = (V¥nan: Vbna)g VI<ILm <N, Dypi= Mg, V1I<I< N
The right-hand side F is defined by blocks (FT := (Fy, F»)T) by
(F), = (f1.%ha)q and (Fo):= (f2,%na)q, V1IN
Problem (23), taking into account that (23) implies (30), can then be written under the compact form

EX), —F,

31
Xin+9—Xon 20, X3,>20, (Xip+g—Xon) L Xap. (31)

Consequently, denoting K (X3) := Xy, + g — Xop and G(X},) := X3p, which are respectively affine and
linear, (31) fits the abstract class of problems (1) of the introduction.

2.4 (C-functions

We now express the complementarity constraints in (31) via non-differentiable equations. Let us recall that
a function f : (Rm)2 — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R")?  flz,y)=0 <= x>0, y>0, ay=0
Examples of C-functions are the min function
(min{z,y}), := min {x;, y; } l=1,...,m, (32)

the Fischer—Burmeister function

(fFB(w»y))l = \/ wl2+yl2_(ml+yl) l:1,...,m,
or the Mangasarian function
(S, y)), =&z —wl) = &(y) = &(=) 1=1,...,m,

where ¢ : R — R is an increasing function satisfying £(0) = 0. For more details on C-functions see [38, 39].
Let C be any C-function, i.e., satisfying (for m = Ni"*) C(X1,+9— Xon, Xan) =0 <= Xip+9—Xop > 0,

X3p > 0, and (X1n + g — Xop) -X3p = 0. Then, introducing the function C : R3V™ 5 RV defined as
C(Xy) = C(X1p + g — Xop, X3p), the problem (31) can be equivalently rewritten as
EX, =F,
{ C(X4) =0 (33)

The C-functions that are commonly used are locally Lipschitz and continuous, thus differentiable almost
everywhere as a result of the Rademacher Theorem (see [28, 38]). Thus, it is possible to weaken the
C' assumption that would be necessary for the Newton algorithm by constructing a semismooth Newton
scheme (see [16, 38, 39]). For instance we can employ the Newton-min, the Newton—Fischer-Burmeister or
the Newton-Mangasarian algorithms.



3 Inexact semismooth Newton methods

We address in this section the numerical solution of the system of nonlinear algebraic inequalities corre-
sponding to (23). We assume that an iterative linearization procedure is applied such that for a given initial

vector X € IRzNg’im“‘Nf, on step k > 1 one looks for X}’f € RAVE™+NY such that
AMIXE = BM, (34)

where the square matrix A¥~! and the right-hand side vector are given. Let us now give details and examples
in the case p = 1.

3.1 Example of the semismooth method: case p =1

For X? € R®™" given, a semismooth Newton method to solve (33) searches, on step k > 1, X} € R3M"
such that
Ak*lelf — Bk71

where the Jacobian matrix A*~! and the right-hand-side vector are respectively defined by

E F

AR .= { k1 ] , B"l.= [ k—1y yh—1 k—1
JC(Xh ) JC(Xh )Xh _C(Xh )

(35)

Note that since the first line of (33) is linear, the corresponding Jacobian is constant and equal to E. The
semismooth nonlinearity occurs in the second line of (33). The Clarke subdifferential of the semismooth

C-function C at X}~ ' is a set composed of 2V i Jacobians (cf. [38, 39]). For example, if we consider the
semismooth function min (32),

up (@) — uzp(ar) An(ar)
min { X1, + g — Xop, X3} = min ,

ulh(aN}ix]t) - 'U/Qh(a/N}inc) )\h (a/N}int)
v 3 v
. . . int o print .
and if we define the block matrices K and G in R™» 3Ni" respectively by
K = IdN;Lnt X N;Lnt, —IdN}iLnt XN;Lr't 5 ON}ilnt ><J\[}i7’nt::| 5 G = |:0N}iznt XN}iLnt 5 ON}ilnt XN;Lnt 5 IdN}ilnt XN;Lnt:| 5

the I row of the Jacobian matrix in the sense of Clarke Jo(XF ™) is either given by the I row of K if
u’f}jl(al) — uggl(al) < /\Z_l(al), or by the I*" row of G if u’f,:l(al) — ug}:l(al) > /\Z_l(al).

3.2 Algebraic resolution (general case p > 1)

It is reasonable to consider a semismooth solver that converges, although we would like to stress that it
is not necessary for the validity of the a posteriori estimate we derive. Suppose now that some iterative
algebraic solver is applied to the linear system (34). Given an initial vector X ;j 0 e RN NG , often taken
as X;f’o = X,lf_l, this yields on step 7 > 1 an approximation X,]fl to X,’f satisfying

AMIX =B - Ry, (36)

where RZ?i = BF-1 A’f—lX;f’i € R2VE™HNT s the algebraic residual vector. Note that RZ’i has a
\T . 4 \T , .
block structure of the form (RZ’Z) = (Rf}Z,RSZ,R];;Z) , with R’fh’ € NP'™ corresponds to the test

functions vy in the first line of (23) (with vy, = 0), Rghl corresponds to the test functions vy, in the first
line of (23) (with vy, = 0), and issues from the second line of (23) the complementarity constraints (29).
Following [52], we associate respectively with R’f,f and Rghl discontinuous elementwise polynomials r’f hl and
rghz of degree p > 1 that vanish on the boundary of 2. These can be easily computed solving on each

element K € 7} a small problem with mass matrix given as follows. For x; € Vd’int, denote by Nj, gz, the



number of mesh elements forming the support of the basis function ¥y, ,. Then, VK € T, Va € {1, 2},
define 7| x € P,(K) by

ki
and 7)) |orxnoo =0

() i =

for all basis functions ¥y, z,,®; € V(’{’int nonzero on K. It is easily seen that the first QNf’int lines of (36)
read, cf.(23) and (14),

M1 (V’U/]f]’z, V’(/}h,ml)ﬂ = (fl + j\ﬁ,j - Tlf}f7 wh,wl)ﬂ Vi = 13 v 7N§7int7 (37)
M2 (Vugifvvwh,m)&] = <f2 _5\21; _Tgifawh,wz)ﬂ vl = 17"'7N§7inta
where
ki _ /\ZZ(:BZ) (real number given by the vertex value of AR if p =1 and NP = pint (38)
ok AP (function Ay’ the index [ is discarded) if p > 2
In the sequel, we also use the shorthand notation
o NG o]
Ma =137l i(a) Lr : (39)
’ Ay if p>2

Using the representations 7’2; of the algebraic vectors and (37) will be useful to formulate our a posteriori
estimators in Section 5.
4 Flux reconstructions

This section introduces flux reconstructions that will be central in our a posteriori error analysis, following
some general concepts in [19, 32, 34], see also the references therein. Let k£ > 1 be a semismooth linearization
step and ¢ > 1 be a linear solver step. Denote by Ilp, the L?-orthogonal projection onto the space P,(7h)
of piecewise discontinuous polynomials of order p > 1. Our first goal will be to fulfill:

Assumption 4.1. There exist aloi’,f € H(div,Q), a € {1,2}, such that
Voo =Tp,(fa) = (1N €Py(Th). (10)
Recall that by definition, the strong form (40) implies
(Veoki+ (0N ) = Fasa)ic Van € Py(K), VK €T

Second, following [34], in order to distinguish the algebraic and discretization error components, we make:

Assumption 4.2. There exist (o%) o™ . ) e [H(div,Q)]?, such that

ah,alg’ ™ ah,disc
ki ki _ ks ki _ ki
Uoch,alg + Uozh,disc =0un and V.o-ah,alg =Tah Vo e {17 2} .

Remark 4.3. The construction of the fluzes is based on the first two diffusion equations in (5) that are

linear. Thus we do not need to construct any linearization fluzes as in [34]. These reconstructed fluzes o’Z’,f

are an approximation in H(div, Q) to the opposite of the gradient of uZ,ﬁ multiplied by pe, and are supposed
to be separated into two contributions: one essentially lifts the algebraic residual, while the other is assumed

to deal with the discretization error.

10



4.1 Discretization flux reconstruction

We now provide a way to obtain the discretization flux reconstructions (o']f ;fdisc,a];,f gise) € [H(div, Q)]2

This is done via solution of local mixed systems, on the patches wj’ around the mesh vertices a € V}, of the
mesh 7,. The Raviart—Thomas spaces of order p > 1 [57, 20, 26, 54] are defined by

RT,(Q) := {r, € H(div,Q), 7|k € RT,(K) VK € T},
where RT,(K) := [P,(K)])* + ZP,(K), with & = [x1, 2] . For a € V), let
RT,(wy) := {7 € H(div,w}), 1|k € RT,(K), VK € T}, such that K C wy},

and let P,(7n|we) stand for piecewise discontinuous polynomials of order p > 1 in the patch wj’. Define
consequently the spaces Vi and Qf when a € V“‘t

Vi = {m, € RT,(w}}), T nge =0 on (%Jh} Qr:={qeP p(Thlws)s (qns Dws = =0}
and when a € Vi** by

poi= {Th € RT,(wp), ThNe =0 on awg\aﬁ}, Qi = Pp(Tulwg)-

Definition 4.4. Let (ulh , u2h , AR z) be the approzimate solution given by (36), verifying in particular (37).

For each vertex a € Vy, define o'z,: Giec € VI and ’Yi}: * € Q%, by solving:
k,i,a k,i,a V _ v k,i v Ve
Uah ,disc? Th wa /yah “Th W - :U’Oéwh,ll Unnys Th we Th € h>
V o_kza Wi h - hia h v c Qa (41)
ah,disc? dn W - gah »qh we dh h
Wy h
where the right-hand sides are defined by
~k Lwa | —(—1 a;\k,i Lk _ \v4 ki \v/ W VY% 42
Jan - fa ( ) h,a Tah wh,a Ho VUyp T/Jh@ ac Vp. ( )
where we recall the notation (38). Then set
k, k, k, k,
Uth disc "= o-lhl ;sc and UZhZ disc *=— 0-21; dalsc (43)
acVy acVy

When Va € V™, using (37), there holds (gfhl e 1) = 0, and we conclude that the Neumann com-
wit

patibility condition is satisfied for problems (41). ConsecLluently, the second line of (41) holds true for all
qn € Pp(Thlwe) (and not only on Q7). Since the functions ¢y, o form a partition of unity and since T‘Z’élK
and )\’Z’ih{ belong to P,,(K) for all K € Ty, we immediately have from [35, Lemma 3.5] that, for o € {1,2},

Uah disc € H(le Q) with V- 0'2;2 disc 7 HIPp(fa) - (_1)(1)‘2’1- - 7"2}: (44)

Note that we use in particular Z ()‘Z’%h,a> |k = )\ﬁ’i for p > 2 by the partition of unity by Z Yhalx =

a€Vk a€Vy,
1, whereas Z )\h awha = Z )\]“ Yha = )xl,i’i by the definition of the Lagrange basis for p = 1.
acVy, acVy

Furthermore, (44) implies that Definition 4.4 combined with Assumption 4.2 satisfies Assumption 4.1.

4.2 Algebraic flux reconstruction via a multilevel approach

In this section, we describe the algebraic flux reconstructions 0'2 h alg f0llowing [52]. Unlike the reconstruction
of the discretization flux, which works on the given mesh 7y only, we need to suppose here the existence of

a multilevel hierarchy of meshes 7; that are nested in the sense that 7; is a refinement of 7;_1,1 < j < J,

11



Figure 1: Example of nested meshes with J = 2. Coarsest mesh 7y with a € Vy and w§ constituted by 5
elements (black, thick), first refined mesh 7; (blue, thin), and second refined mesh 73 = T, (red, dashed).
£ o consists of RT), functions associated with blue (thin) elements and edges that lie inside wg'.

Tn = T, see Figure 1. The set of vertices of 7T; is denoted by V; and it is partitioned into interior vertices V]i»nt
and boundary vertices V;Xt. For each vertex a € Vj, there is one hat basis function denoted by v; o, with
support w§' (80 16 = Pna and we = w?). Let X{ be the space of continuous piecewise affine polynomials

on 7o. Therein, we construct two Riesz representers p’oi’g of the algebraic residuals r(’i}i, a=1,2 by
<Vp’f6i,Vvo) = (r’fl’f,vo) Yug € Xg, (Vpg(’)i,Vvo) = (T’;;:,UQ) Yy € Xg.

Next, fora € V;_1, 1 <j < J, let

RT,(w§ ;) := {7 € H(div,w] ), 7j|x € RT,(K), VK € T; such that K C w$ ,},
IP,,(7}|W3_171) = {qg; € Lz(w;l_l), gjlxk € Pp(K), VK € T; such that K C W?—1}~
We then define
S = {Tj € RT)(w} 1), vjnye  =0on &u;‘_l} ,
;'l,j—l = {Qj € IPp(E’lwf_l)v (45, 1)(»3’_1 = O} )

when a € V™", and

Ve, o= {n € RT (), Tmee =0 0n 0w \00}, Q2 == Py(Tyle,),

1 Jig—1

when a € V¢*. Denote also by IT;_; the L?(Q2)-orthogonal projection onto the broken space P,(7;_1).

j . .
With an abuse of notation, we set Il := 0. Following [52], the reconstructions o"f i 1; Sl

alg is obtained
as follows:

and o

Definition 4.5. Let (ulf,’;,ug}f, )\ﬁ’i) be the approzimate solution given by (36), verifying in particular (37).

Let 1 <j <J. For any a € Vi";, we prescribe ghia ¢ V¢, | and ARba o Q% ;_1 by solving

aj,alg aj
k,i,a ) _ k,i,a AV = 0 V7 € Vo
Tajalg Ti) , Yoj 2 VTi) W T Ti < Vii-v
ws_y wi_y
k,i,a ) _ ~kji,a ) a
(V'Uaj7a1g7QJ e = (ga_j ’q])wa Vg; € Qj,j—l?

j—1 ji—1

where the right-hand sides are defined by
G = (=T ) (rliy e = VARV 1a)  Va € i,

oj
Then set
J J
ki o k,i,a d ki L k,i,a
Ulh,alg T o-lj,alg an 0-2h,a1g T O-Qj,alg'
j=laeV;_, j=lacV;_,
. ey k,i,a - « 9 a ; 3 1
In this definition, each flux o, ialg 1S computed on a “coarse” patch wj_; (level j—1) using RT,, functions

defined on the “fine” mesh 7; (level j). The source term g’gj"“ is designed to pass the residual error from
one level to the next. Once the coarsest Riesz representers p];"oi are computed, the flux reconstructions are
computed starting from level j = 1 up to level J. Crucially, following [52], V - GZZ’alg = r’;}i Consequently,
it is immediate to check that the flux reconstructions Definitions 4.4 and 4.5 satisfy Assumption 4.2.
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5 A posteriori error estimates

We derive in this section, for any polynomial degree p > 1, an a posteriori estimate on the error between
the exact solution w and the approximate solution uz” valid at each iteration k& > 1 of a linearization
solver and each iteration ¢ > 1 of the iterative algebraic solver satisfying (36), (37). The main difficulty
is located in the treatment of the constraints: the conditions u’fh — u’;hl > 0, and A, > 0 as well as
(An, Vha)n =0 VY € Vé”eXt for p > 2 do not necessarily hold before convergence of both solvers. For
p > 2, moreover, the constraints uy, — ugp > 0 and A, > 0 are not even satisfied at convergence. In this
respect, it will be useful to introduce positive and negative parts of )\Z’l,

Mgt = ApPOs AR L AREPOS  — ax AR 0}, AP = min{ A}, 0},

)

and the convex set fc;’h defined by

il 2}

]Cgh = {(’Ulh,UZh) S Xgh X Xgh’ V1p — Vop > O} C K:g. (45)
~1 ~
Note that IC ), = KJ;h but only Klzh - K?h for p > 2 only. In what follows, we introduce local elementwise

. _ o)
estimators in the form 7™, K € T;, and global estimators by ™ := { Z (nk;() } . The first main
KeTh
result of this article is:

Theorem 5.1. Let u = (u1,uq) € K4 be the solution of the continuous reduced problem (11). Let uil =
(u’fh’,u’;h’) € Xph x Xb, and )\IZ’i € X7 be the approzimation given by (36) for any p > 1, verifying in
ki

and aghl be equilibrated flux reconstructions satisfying Assumptions 4.1 and 4.2.
Let s],j’i € Klih be arbitrary. For o € {1,2}, define the estimators

particular (37). Let o7}

k,i A V 1 k,i L hK —% I
MF Ko Noc uah + pa oy, P Nosc,K,a = 7#@ Hfa - ]Pp(fa)HKa
2 N
k.i, ki, ki k, ki
i () ( 5 3 (i ) ) ,
€Tn a=1
1 1)\?
k, ki ki k, . k,ineg
nnoznc,l,K - H‘Shl - uhl K’ ﬁnoZnC 2,K " hQCPF <,U1 + ,U2> H)‘hl e ‘K7
1
g 1 1)\2 ;
ki k,i,pos k,i ki
o mamcre ()" o kot
nnonc,S,K QVPF </1’1 M2) h Q h h K
Then, the following a posteriori error estimate holds:
1
2k k, ’
ki ki ._ ki ki ki 4
mu - ,u’hZ L= (771 ‘ + nnoZnC,l + nnoznc,2) + nnolnc 3 + Z 77 ' pOb . (46>
KeTy,

Remark 5.2. The estimate (46) gives a practical way to bound the energy error between the exact solution
w and the approximation uil on each linearization step k > 1 and on each linear solver step i > 1. The
estimators of Theorem 5.1 reflect various violations of physical properties of the approximate solution ulfbl
771]211(04 and Nose, i,o TEPTESENE the nonconformity of the flux, i.e., the fact that uaVuk’i ¢ H(div, Q); né ya
reflects inconsistencies in the contact conditions at the discrete level, i.e., the fact that (ulh ghl))\];; & #0;
the estimators nﬁ(’;c}l’m nﬁc’fnc’z,K, and nﬁc’fnc’S’K stem from the possible departure of the discrete solution
uﬁ’i from the convex set I~C§h and the possible negativity of the discrete Lagrange multiplier )\Z’i because of
the inexact semismooth linearization (p > 1) and high-order nonconformity (p > 2). More precisely, in the
case p = 1 these three local estimators are nonzero whenever uh LK) gh OT )\k ‘e A} (recall the respective
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definitions (12) and (21)). Here sﬁ’i 15 designed to be an approximation ofu ' that lies inside Klgh, see the
possible definition 61 below. In Corollary 5.6, the estimators néizK o will be divided in three parts to exhibit
the errors contributions that come from from the discretization, semismooth linearization, and linear algebra
for the case p = 1.

Remark 5.3. In [12], an a posteriori error estimate between the exact solution uw and the discrete Py finite
element solution wuy, given by (13) for p = 1 not taking into account inexact nonlinear and linear solvers
was derived. The estimate of [12, Lemma 3.3/ has the form

2 2
lle — ] < { > {Z(nﬁ‘?ﬁfa 1 Tose 1) +n°°°0p°“}} , (47)

KeTn \a=1

where the variables at convergence are denoted with indices (k,i) = (00, 00). Supposing convergence uy
up, € Klgh (so that one can take s;,7°°° = up), A7 = A, € A}, (so that \;7™"% =0), o337, =0, and

00,00 ki ,00 00,00 0,
O,1 =04 disc- Lhus nnonc 1K= nnonc’z’K Thone.3,x = 0 and 1} K ., does not contain the algebraic flux

contribution. Therefore, estimate (46) forp=1 takes the same form as (47) at convergence, which shows
the consistency of our approach.

Proof of Theorem 5.1. First, as ulfbl does not belong to 7~C§h in general, we define the a—orthogonal projec-

tion s of u, " to the nonempty closed convex set IC; by
a(s,v—s)> a(u’;’i,v —-s) Yvek,, (48)

where we recall that the bilinear symmetric form a was defined in (10). Problem (48) is well-posed thanks
to the Lions-Stampacchia theorem [48], because a defines a scalar product on [Hj(£2)]?>. Developing the
square, the projection s satisfies for each v € K,

2
(49)

kil 2 ki
‘Hv —uy" ||| = [lv—s||"+2a(v—s,8—u,’)+ H’s—uh

Since a(v—s, s— uh ) > 0 from (48), taking successively in (49) v = w and v = sy "7 for any sh s ICgh C Ky,
we obtain

llu—sil < f|u—u|]: (50)
fls =il < Jlon = i = e 61

Second, the energy norm of the error is decomposed as
mu—quZ =a(u—up u—ul’) = alu —up' u—s) +a(u—upt, s —upth). (52)

We estimate both terms in (52) separately. The second one is bounded by the Cauchy—Schwarz inequality
and (51),

(’U, u: Z’ s — u’h < ‘Hu ’LL s — uh v T’rlfolnc 1 (53)
The rest of the proof is dedicated to bounding the first one.
The reduced problem (11) for v = s € IC, yields
alu,u —s) < l(u — 38). (54)

Setting w = u — s, we estimate the first term in (52) using (54) and adding and substracting b(w, )\]flz) and
employing the definitions of b and { of (10)

a(u —up' w) < U(w) + b(w, \y") — a(ul’, w) — blw, \FH),

= Z ( )\Zz,wa) i (Mavuahv V'wa)ﬂ - b(wa )‘Zﬂl)' (55>

a=1
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Besides, as o-f;}f € H(div, Q) by Assumption 4.1 and since w, € Hg(£2), the Green formula gives

(V-Ui’,f,wa)g =— (o{i’;, Vwa)Q Vo € {1,2}. (56)
Then, using (56) in (55), one has
2
a ki ki
a(u — uh , W Z Z {( Ay V-aah,wQ)K
a=1KeT, (57)
1 .
(ué Vuah + pa Uah, Vwa)K} — b(w, /\i’l).
It remains to bound each of the three terms in (57). Using the divergence property (40) of Assumption 4.1,

the Cauchy—Schwarz and Poincaré-Wirtinger (6b) inequalities, since w, € H'(K), and denoting by W, x
the mean of w, over K, we have for « = 1,2

(fo= Vool = (FD°N wa) = (fa = T, (fa): W = Tasc) 0+ < Mosctia |14 V| o (58)
Furthermore, by the Cauchy—Schwarz inequality
S ki, T8 ki 3 < ki 3
— (& Vuyy + a2 0y, p1éd Ve « SFKa 1é Vwg, . (59)

Next, as u € Iy, w = u — s, and —b(u, )\Z’i’pos) < 0 we have

—b(w, A\ < —b(w, Ay ) 4 b(s — )t ARTPOS) - b(uft ARPO%)
< - (Ak’“"eg, wy — wz) + (/\k PP (1 — ) — (52 — ulzc;f))Q
1 ki, k, k,
+ ()‘ ' e, 1hl - “2111)

K€7—h

Using (7), we see

2 1
_1 1 1 11\2
V(w; —w < 2} 2Vw §<+) wl| .
IV (= un)lg < 3 pa i vual| < (54 2) lhwll

Thus, the Cauchy—Schwarz and Poincaré-Friedrichs (6a) inequalities noting that both w, and (s, — ufxé)

belong to H{ (), and also employing (51) give

— b(w, A" < e (60)
K€7-h
Therefore, combining (52), (53), (57), (58), (59), (60), and (50), we get
H u— uh (nr]:’oinc,l + nllc’i + n]rf)oinc,Q) H u— uh & 1’1305'
To conclude, the inequality AB < 1(A%+ B?) gives the result (46). O

The construction of sh Y K4 when the polynomial degree p > 2 is not easy for implementation.

gh . .
When the polynomial degree p = 1, any reasonable definition of SZ’Z should lead to vanishing nﬁ(’fn 1, and

nﬁc’fnc 3,5 When the constraint uZ’i € K',1 is satisfied. A possibility that we will use below in Section 8 for

~1 .
numerical experiments is to define s’; i th = Klgh C IC,4 such that for each a € V™

> k, k, ce ki ki
uy'(a) = (ulhl(a) umf(a)) if uy; (a) > uy;, (a),

(5 (i@ + @) 5 (i@ + @) ) it < i@

syi(a) = (61)

Concerning /\ﬁ’i, an estimate is provided in (recall the definition given in (8)):
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Theorem 5.4. Assume the hypotheses and notations of Theorem 5.1 and let X € A be the solution of
problem (9). Then the following a posteriori estimate holds:

[ =2 <t (62)

HIN Q)

Proof. The proof follows the one in [12, Corollary 3.5]. We only give the essential elements. Let py, :=
max (1, u2). Employing (8) and extending appropriately b,

ki o ki _ ki
H‘)‘_)‘h H@ T e A = AY) = ¢e[zg1(3m]2 (e, A" = A).-
0] 0
o [ V| §=1 tm 2 [V all?=1

Fix ¢ € [H{(2)]? such that pu, 2121:1 Vol = 1. Invoking (9), we have

b, A = AP = 1) + b(p, A) — aluy’, @) — a(u — up’, ).

The last term is estimated as —a(u — uh L) < H’u uﬁl , since [||@]|] < 1. The first three terms are

identical to the first three terms of (55) but with ¢ € [H3(Q)]? instead of w. Thus, using the estimates (58)
and (59), one gets

b A=A < o+ u—

which combined with (46) gives the result. O

Remark 5.5. At convergence, for Py finite elements, estimate (62) reduces to (3.30) in [12] with a slightly
sharper treatment of the oscillation in f,.

So far, we have established a posteriori estimates between the exact and approximate solution. When
p = 1, the nonconformity estimators can be interpreted as semismooth linearization estimators so that we
set

ki ki (63)

771m,1,K nnonc 1,K> 771m 2,K - 77nonc 2,K>  "in,3,K *= "hone,3,K -
We now provide an estimate distinguishing the different error components, namely the finite element dis-
cretization error, the semismooth linearization error and the hnear algebra error for the case p = 1. This

distinction is heuristic, based on the property that 771 *— 0 and na e 0 when k — 0 and ¢ — 0. A similar
distinction for the several case p > 2 is possible but a little longer to write down.

Corollary 5.6. Consider the assumptions and notations of Theorem 5.1 in the case p = 1. Define for
a € {1,2} and for K € T,

1 .
—3 ki

ki o ki .39, ki —3 ki
nalg,K a T ‘ Ha o'ah,algHK ’ ndisc,K,a T ’ Ha Vuah + Ha Uah disc K ’ (64&)
1
2
ki ki ki pos
Ndisc = {Z Z (ndisc,K,a + WOSC,K,Q) } { § ‘ } (64b)
a=1KeT KeTn

’ nalg : {Z Z nanga } . (64C>

a=1KcTy,

N

ki . kg ki ki
Min *= Min,1 T Min,2 T (nlin,3>

Then,
ki ki ki
s T Thin + nalg'

[fow =

Proof. As for (A,B) e Ry x Ry, (A+ B)z < A% + B2, we have

nk)i S 771 + 7711n 1 + 7711n 2 + (nlm 3)

[N
—+
g
=3
as=
=T
]
_°
N——
V]
=)
=
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Next, the definition of nlf " combined with the triangle inequality to separate the algebraic estimators 77:1’; Ko

from the discretization estimators ndi’;c K. 8lve

1
2

1
2 2
< (23 Ol me)’) (23 0)) 6)
€Th a=

KeT;, a=1

which concludes the proof. O

6 Adaptive inexact semismooth Newton method using a posteriori
stopping criteria

We propose in this section an adaptive inexact semismooth Newton method. In the spirit of [4, 34, 43, 51], it
is designed to only perform the linearization and algebraic resolution with minimal necessary precision and
thus to avoid unnecessary iterations. We rely on Corollary 5.6 that estimates the different error components
and design adaptive stopping criteria for both linearization and algebraic solvers. The results of this section
are for simplicity presented for p = 1; extension to p > 2 is merely technical.

6.1 Stopping criteria

Recall that we employ a semismooth Newton method for the nonlinear problem (33), yielding on each
step k > 1 and each step ¢ > 1 the linear system (36). Let vin and 7.z be two positive parameters
typically of order 0.1, representing the desired relative size of the algebraic and linearization errors. We
propose the following stopping criteria, balancing globally the algebraic, linearization, and discretization
error components:

( ) nalg < YValg MaX {ndléc’ nlljnl} ’ (b) 771";;11 < Wlinngi’;C' (67)

Remark 6.1. For K € T, let Vi, k, Valg,k be two fived parameters, typically of order 0.1, representing the
desired local relative sizes of the linearization and algebraic errors components. Following [34, 43] and the
references therein, one can aim at the balance of all error components in each mesh cell in place of (67),
while simultaneously guaranteeing the global criteria (67). These local criteria read, with

N|=

1 1 1 HAk,i,pos
2
ki Q ki ki
Ming = |1+ 2hoCpr ( + ) P P Min, 1,5 1 Min,2, K>
M1 125 H‘Sh’l _ uhﬂ
"y ' y y
Nalg ws o = TN\ Yalg, K MAX  N3ile 1 0 Min i Va € {1,2}, (68a)
g,Wy chg PR 5
Min, e S W0 {vnnyxndisc,x,a} ) (68b)

where

[N

(69)

ki o ki 20
nalg,wg,a T nalg,K « -

KCwy

—%o_k,i
Ha ah,alg we

The (complicated) form of the term 171 in, ' ;¢ ensures that local criteria (68) imply the global criteria (67), and

stems from the different scalings of 771m 1K and 771m 2K with respect to 771m 3.k 1N Theorem 5.1. In particular,
local efficiency will be proven below based on (68).
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Remark 6.2. When p > 2, we will prove below the local efficiency of the leading estimators from Theo-
rem 5.1 directly (recall that we have only introduced Corollary 5.6 for p = 1). Then, the analogue of the
local stopping criterion (68a) will be

k,i : k,i
nalZ w® S min ’yalg’Kndi;c K, Vo € {1’ 2}7 (70)
g,Wy chg [Ea %

where n:f; Ko and nﬁi’zC’K’a are given by (64a) and n:f;’wg’a is given by (69).

6.2 Adaptive inexact semismooth Newton algorithm

The adaptive inexact algorithm that we propose is as follows:

Algorithm 1 Adaptive inexact semismooth Newton algorithm

0. Choose an initial vector X} 0 c R3V™ and set k = 1.
1. From X! define A*! € R3V 3N and BR=1 € R3MY by (35).
2. Consider the linear system
AFTIXE = BRTl (71)

3. Set X,;” r0 =X, F=1 as initial guess for the iterative linear solver, set i := 0.
4a. Perform v 2 1 steps of a chosen linear solver for (71), starting from
X,lf’l. This yields on step i 4+ v an approximation X,lf’H'” to X} satisfying

k—1ykitv _ pk—1 k,itv
ARTLX Y — ghel R

4b. Compute the estimators of Corollary 5.6 and check the stopping criterion for the linear solver
in the form (67)(a). Set i := i + v. If satisfied, set X} = X . If not go back to 4a.
5. Check the stopping criterion for the nonlinear solver in the form (67)(b). If satisfied, return
X, = X 7. If not, set k =k + 1 and go back to 1.

7 Efficiency

We prove in this section local efficiency of the a posteriori error estimators of Corollary 5.6 for p=1, i.e.,
we establish that the derived estimators form a local lower bound for the error, up to a generic constant,
and up to data oscillation and a typically small contact term also with inexact linearization and algebraic
solvers. As a particular consequence, the overall estimate is proven equivalent to the overall error. We
proceed in several steps, following [18, 34, 35, 52] and the references therein. First, we introduce primal
continuous problems on patches of mesh elements which are such that the energy norms of their solutions
represent lower bounds of the error in the patches. Next, we exploit the stability of the local mixed finite
element problems in Definition 4.4. We finally bound all the estimators by the local discretization estimator
up to a constant, relying on the imposed local stopping criteria of (68). In the generic case p > 2, we
do not address the inexact linearization solver and show that the leading term in Theorem 5.1 is locally
efficient. We assume in the sequel for simplicity that f; and f; are piecewise IP,, polynomials. T his obviously
yields Nose, k.o = 0, Yoo € {1,2}. We do not treat here the “complementarity” estimators 770 bPOS that are
typically numerically very small. Their local efficiency could be proven, when p = 1, along the lines of [12,
Proposition 3.9].

7.1 Continuous-level problems with hat functions on patches

For each vertex a € V,, define the spaces

H'w) = {ve H'(w); (v, )a_o} ac Vi,
Hl(wg) ={ve H" (wy); v=0on dwi NN} a € Vi,
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Then there exists a constant Ceons pr > 0 only depending on the shape regularity of the mesh 7 such that
IV (¥h.av)ll,e < Ceont,pr [Vll e Vv € Hi(wh), (72)

see Carstensen and Funken [25], Braess et al. [18], or Ern and Vohralik [35]. Then, for any p > 1 we have

Lemma 7.1. Let (uq, us, A) be the solution of (9) and let (ulhz, u2h , )\k Z) be the approzimation given by (36),
verifying in particular (37). Let a € Vi, and for a € {1,2} let Co.q € H (W) be the solution of

(HaVaa V0)0 = (~HatnaVuls, Vo) + (3k%0) Vo HIw)), (73)
(.Uh w

h

where g’;;j’“ is defined in (42). Let piy, := max(u1, u2). Then, for a € {1,2},

1 1 . 1 _1 ~ki 1 i
‘ ,U/(2X VCoc,a < Ccont,PF (‘ uéV (ua - uZZ) H + Hr2r1Ma 2 H‘/\ - )‘Z:a . + ‘ Mo QUg}z,alg ) :
w w H,  (w§) w
(74)
Proof. Let o € {1,2}. There holds
1 1 1
‘ e VCWI’ = sup (u,i Via,as 43 V’U) . (75)
v vEHY (W), uéVv =1 “n

h

Consider v € H} (w®)

1
e VUH = 1. As (y.q is the solution of (73), using the definition (42) and
wi

considering the test functions (15,qv,0) and (0,¢p,qv) € (H} (cu,‘f))2 C (H&(Q))2 in (9), we obtain

(Vo i Vo) = (39 (o —ul) pdV (nar) o+ (0" (A= 5) — i vnar) - (76

W W W

€ H(div,w?), and V-0

ahalg = rg,z by Assumption 4.2, the Green

Moreover, as p,,qv € H} (W), aah alg
formula and the Cauchy—Schwarz 1nequahty give

1 .
ki

Ha o-ah,alg

V (¢, av)‘

(Tg’ff>¢h,av)wg’ = ’ (/‘wl Toh alg»ﬂa (djh,av)) ‘wg' (77)

W

- 1

Multiplying and dividing ()\ — )\Z:;, wh,au) by HMI%V (ql)h’av)H and using that ¢y, qv € H} (wf) which
wiy wiy

allows us to employ the definition (8), we get

o 11
’(A Niatnav) [ <||A=%| - e P WV (nav)| - (78)
“h Wy “h
Finally, the Cauchy—Schwarz inequality leads to
3 K, 3 3 E.i 3

(139 (va —uli) 13V (Wnav)) <39 (w0 —uli) | |13 9 Wrav)| - (79)

h Wh Wh
The result now follows by combining (77), (78), and (79) with (72) together with (75). O

7.2 Local efficiency of the estimators

Recall the definition of (4, q from (73) in Lemma 7.1. Following [18, 35|, there exists a constant Cy > 0 only

depending on the shape regularity of the mesh 7; such that the discretization flux reconstructions a‘a h Gsc
of Definition 4.4 satisfy

1 . 1 .

3 k,i -5 _kii,a
Mgquh,avuah + pa O oh,disc e < Cy (80>
h

1
ta Via,a

wa.

h

Our second main result is:
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Theorem 7.2. Let the flux reconstructions a’i’,ﬁ alg and Ui’i,disc be given respectively by Definitions 4.4
and 4.5 for p > 1. Let the local stopping criteria (68) be satisfied for the estimators of Corollary 5.6 for

= 1. Let also (70) holds for p > 2 for the estimators of Theorem 5.1. Let finally the algebraic parameters
Walg’ K be such that

1
’yalg,K N 6Cvstcjcont,PF max{l, ’Ylin,K} Zf P= 1’ (81)
1 )
VYalg, K < m if p>2.
Setting
Ok = 2CsCeont,pr (1 + Min, k + Yalg, xk max {1, minx}) if p=1,
and

6K = 2C’stcvcont,PF (1 + 'Yalg,K) Zf p > 27
we have for a € {1,2}

} » } o)
A (Ua - uah) e + pmfho
h

’)\75\]61

h,a

i ki i L
Ndise, i, T Min k¢ T Malg, K0 < OK E : <’ Hl(w“)> if p=1,
* h

acVk

3 ki -5 ki
2 ’ 2 ’
:u“avuah + Ha Uah K

ki _
e K,a =
ki ki
< ndisc,K,a + nalg,K,a
<K Z ‘ o if p>2.
Hy  (wg)
acVk 3

Proof. We first treat the case p = 1. Let o € {1,2}. First, the local criteria (68a) and (68b) and the
definition of dx yield

Nk,
A=

1 . 1 1

= k),Z = —_=

Mév (uoc - uah) H a + ;U'I%/J'a 2
Wh

k, ki ki 5% ki
ndi;c,K,a + nlinZ,K + nalé,K,a < 205 Coomt.PF ndi;c,K,a' (82)
Next, By the partition of unity >,y ¥nalx = 1|k, definition (64a), (43) which implies ol diselK =

Yacvy O 2}1 Giec| &+ stability (80), and energy lower bound (74), we have

ki
ndisc,K,a < Cstccont,PF E (
a€Vk

1 k,i
- )\h,a

—éo_k,i
Ho ah,alg we

uéV (ua —uk’i>H +Mél,u;% ’
ah we Ho N (w®)

(83)
Using successively the local criteria (68), and since any triangle has three vertices

1
2

<3 <3 {1, Yin g }
7’]dlg wi,a = Valg, K 1NaxX ndlsc K,a’ 771111 K [ < 9Yalg, K MaX L, Vin, K ndisc,K,a'

ah alg‘

acVk
(84)
Employing now crucially assumption (81), it follows that
ki
-1 ki Ndisc, K,
CyC 20 e L S (85)

ac€Vk

Finally, combine (85) with (83) to bound ndlSC K. Without the term containing o" and conclude us-
ing (82).

If p > 2 the analogue of equation (82) reads

ah ,alg?

O
ndlSC K, + nalg K, < 20 ndlSC K,a*

st Ccont ,PF

While, inequalities (83) and (85) remain the same, inequality (84) reads

_ 1
Z ‘ He ‘o ah ,alg ’ < 3’7alg,K77dlsc K,a* (86>
a€Vk
The conclusion follows immediately. O
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8 Numerical experiments

This section illustrates numerically our theoretical developments in the case of linear finite elements p = 1.
We consider the unit disk ©Q := {(r,0) € [0,1] x [0,27]} using the polar coordinates, and an analytical
solution given in [12] by, for all (r,0) € Q,

up (r,0) == g(2r* — 1),

g(2r2 — 1) if r <1/V2, 29 ifr<1/v3
(1—7r)(2r*-1) if r >1/v/2 A 0= {O if 7 ; 1/\/57
g o7 rzivE > 1/V2.

This triple is the solution of the system (5) for the data f; and fo given by

ug(r,0) =

S

fa(r,0) = 1+8r— 1812 V2
—8¢g ifr>1/v2, - ifr>1/v2.
g / g . S frz /
The parameters p1 and ps are set to 1 and the boundary condition for the first membrane g is equal to 0.05.
We use the semismooth Newton Algorithm 1 with the min function (32) combined with the GMRES linear
solver for the system (34). For the computation of a’Zh alg =12, following Section 4.2, we consider three
levels of uniform mesh refinement (J = 3). We also define the linearization and algebraic residuals by

o —6g if r <1/v/2,
R, 0) = { 10g if r < 1/\/§7

ki F-EX ki 1~k
Rhn ::< —C(X]]:Z) ) and Ralg = Bk ! Ak th . (87)

Three different approaches are tested: 1) The ezact Newton-min method. Here both the linear and
nonlinear solvers are iterated to “almost” convergence. More precisely, we take a5 := 210712 and ey, =
10719 and replace respectively the stopping criteria 4b and 5 of Algorithm 1 by criteria on the relative

residuals,
()] <o (59

2) The inezact Newton-min method. Here we consider ay), := 1 and ey, 1= 1010 in

AL ol ()]

3) The adaptive inezact Newton-min method (see Algorithm 1) that relies on the stopping criteria (67)(a)

and (67)(b) with Yaig := 0.3 and yiin := 0.3.

In the cases of inexact and adaptive inexact methods, the criteria are computed every v := 10 linear

iterations. An ILU preconditionner is used to speed up the GMRES solver. The initial linearization guess
0 ¢ R3N™ has its first N Int components equal to g and its next components equal to zero.

Figure 2 displays the behavior of the solution when the Newton-min and the GMRES solvers have
converged. We observe a contact zone in the area r < 1/4/2, where ), is positive. In the sequel, when the
stopping criterion of the nonlinear solver is satisfied , the index k will be denoted by k, and similarly the
index 4 at the various stopping criteria will be denoted by 3.

Figure 3 then shows the possible violation of the physical constraints durlng the iterations, before
convergence is reached, see Remark 5.2. The figure on the left shows that u1 < uzhz can appear and the

@ ||

|Bk71|| < Ealg, Hle

alg

ki
alg lin Rhn

a) Hsz

/1B < o | B

one on the right shows that )\h " can be negative.

Figure 4 displays the curves of the different estimators as a function of the number of mesh elements when
the nonlinear and algebraic stopping criteria are satisfied. We observe that the total estimators n*+ (46) are
almost identical for the three methods (exact, inexact, and adaptive inexact). Moreover, they have values

close to nglzc, which is consistent with the fact that the error components from Newton-min and GMRES

are relatively small. Next, 771 ° takes values below 107! for the exact semismooth Newton and below 10~%

for the inexact semismooth Newton, whereas 7711}11 takes similar values in both cases (below 107%). The
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Figure 2: Solution at convergence for approximately 8000 elements. Left: position of the membranes

(u1h, uzp). Right: discrete action (Ap).
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Figure 3: Left: u’f ughz at the second Newton-min step (k = 2, i = 20). Right: discrete action )\IZ’L for
k=3,1i=20.
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Figure 4: A posteriori estimators at convergence (77%;, 77d1qcv nl}frf , 77a1g) as a function of the number of
mesh elements. Exact (left), inexact (middle), and adaptive inexact (right) Newton-min methods with
respectively the stopping criteria (88),(89), and (68). The log scales are different in each graph.
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Figure 5: Estimators as a function of the algebraic iterations for k = 1. Exact (left), inexact (middle), and
adaptive inexact (right) Newton-min methods.
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Figure 6: Estimators as a function of the Newton-min iterates k (i = 7). Exact (left), inexact (middle), and
adaptive inexact (right) Newton-min methods.

adaptive inexact Newton method proposed here shows a different behavior: both 77:{; and nﬁnz take larger
values that are just sufficiently small not to influence the overall error estimator. It is also interesting to
note the following fact. Although the norm of the linearization residual vector Rﬁnl is requested to lie below
e1in = 1071% in both (88)(b) and (89)(b), the value of the present linearization estimator nﬁnz still remains
quite large, with values around 1076 (see Figure 4, left and middle). Clearly, there is a huge difference

and the size of its lifting back to the

between the [? size of the residual vector as expressed by HRﬁn’

physical space expressed by n{fnz .

Figure 5 shows the evolution of the various estimators and the behavior of HRﬁrf || and ||R:1;|| given
by (87) during the algebraic iterations of the first Newton-min step (approximately 8000 elements, k = 1,
i varies). In the exact resolution, we observe that aproximately 220 GMRES iterations are needed to
achieve the criterion (88)(a), whereas in the inexact and adaptive inexact cases only 10 GMRES iterations
are required to satisfy the stopping criteria (respectively (89)(a) and (67)(a)). In the inexact and adaptive
inexact cases, the estimators are computed only once (every v = 10 iterations) and the total and linearization
estimators are approximately equal.

Figure 6 represents the evolution of the various estimators as a function of the semismooth Newton
iterations when the algebraic solver stopping criteria have been satisfied (approximately 8000 elements,
k varies, i = i). For the three methods, the linearization estimator dominates and is close to the total
estimator until approximately the 14" iteration. Next, one can observe that during the Newton-min itera-
tions, the linearization estimator steadily decreases, whereas the discretization one roughly stagnates. The
linearization iterations are then stopped in the adaptive inexact Newton-min case when the discretization
error becomes dominant, whereas the inexact Newton-min performs many unnecessary additional iterations.
This can in general also be the case for the exact Newton-min algorithm but one actually does not see many
unnecessary additional iterations here since the convergence gets extremely fast at the end. In terms of
numbers, the inexact Newton-min requires 46 iterations to satisfy the stopping criterion (89)(b), whereas
the exact Newton-min and the adaptive inexact Newton-min methods require 15 and 14 iterations to achieve
respectively the criteria (88)(b) and (67)(b).
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Figure 7: Number of Newton-min iterations per number of elements (left), number of algebraic solver
iterations per Newton-min step for 8000 elements (middle), and total number of linear solver iterations per
number of elements (right).
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Figure 8: Effectivity index as a function of the Newton-min steps for three methods (left), effectivity indices
for the last five semismooth Newton steps (middle), and effectivity indices as a function of the number
of mesh elements (right); k stands for the last Newton-min step for each method (k = 15, 46, and 14
respectively for exact, inexact and adaptive inexact methods).

Figure 7 illustrates the overall performance of the three approaches. In the first graph, the behavior
of the three methods is represented when the number of mesh elements is increased. In particular, the
inexact Newton-min method requires many more semismooth iterations to converge in comparison with the
other methods. The exact and the adaptive inexact Newton-min methods lead to approximately the same
number of nonlinear iterations. The second graph of Figure 7 focuses on the required number of algebraic
steps to satisfy the linear stopping criterion for each method at each Newton-min step for a mesh containing
approximately 8000 elements. Many algebraic iterations are necessary in the exact Newton-min case, while
in the inexact and adaptive inexact cases, the algebraic solver converges almost all the times in 10 iterations.
The total number of algebraic iterations is displayed as a function of the number of elements in the right
part of Figure 7. We observe that exact Newton-min is the most expensive method (3000 iterations for
approximately 35000 elements), whereas inexact and adaptive inexact require respectively 1660 and 670
iterations. Thus, globally our approach yields an economy by a factor of roughly 2 with respect to inexact
Newton-min and roughly 5 with respect to exact Newton-min in terms of total algebraic solver iterations.
ki

The effectivity indices, defined as the ratio of the total estimator nk’g over the energy norm H’u —u; ||,

are displayed in Figure 8 as a function of the Newton-min iterations for the three methods (approximately
8000 elements, k varies, i = i.) We observe that they always decrease to the optimal value 1, when the
computational effort grows. In the middle part of Figure 8, we zoom on the last five semismooth Newton
iterations for all the methods. In the right part of Figure 8, we displayed the value of the effectivity indices
for each method for several number of mesh elements when the Newton-min solver and the GMRES solver
have converged (k = k, i = i). Note that the curves of inexact and adaptive inexact Newton-min are
superimposed. We observe that increasing the mesh size will not influence the behavior of the effectivity
indices. It is indeed still close to the optimal value of 1.

Figure 9 shows the local distribution of the total error estimator 77’“’z and of the error in the energy norm
ki
h

‘Hu —u in the case of the adaptive inexact semismooth Newton method (approximately 8000 elements,
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Figure 9: Error in energy norm (left) and total estimator (right), adaptive inexact Newton-min method,
p=1

Table 1: Number of iterations for the adaptive inexact Newton-min method for several parameters 7v,, and
MNin-

(Valg, Min) (0.3,0.3) (0.03,0.3) (0.3,0.03) (0.03,0.03)
Newton-min iterations 26 26 27 27
Average algebraic iterations 26 43 25 42
Total iterations 670 1130 680 1140

k=3 ,i=1i). We observe a very close agreement, even in the presence of algebraic and linearization errors.

Finally, Table 1 tests the dependency of our adaptive inexact methodology on the coefficients ~;;, and
Valg 10 the algebraic and linearization stopping criteria (67)(a) and (67)(b) (on the finest mesh with 35000
elements). We represent on the first line the number of Newton-min iterations required to satisfy the
stopping criterion (67)(b) and on the second one the number of algebraic iterations required to obtain the
stopping criterion (67)(a), averaged over all Newton iterations. As the linearization convergence is fast, the
choice of i, has a very small impact on the number of linearization iterations, but choosing v.i, small adds
many additional iterations. In any case, however, the overall number of algebraic iterations remains (much)
smaller than for the exact and inexact semismooth Newton methods.

9 Conclusions

In this work, we have designed an adaptive inexact semismooth Newton method with adaptive stopping
criteria for the problem of contact between two membranes. We proved an optimal a posteriori error estimate
between the exact and approximate solution on each semismooth Newton step £ > 1 and on each algebraic
solver step ¢ > 1. This estimate enables to distinguish the different error components. Our numerical
experiments for p = 1 confirm that the adaptive inexact Newton-min method is much faster in comparison
with the exact and inexact Newton-min ones. Moreover, in contrast to these standard methods, the adaptive
inexact method presented here provides an accurate estimation of the error between the exact solution and
its approximation. Implementation with high order polynomial degree as well as the construction of a
posteriori estimates for parabolic variational inequalities are under investigation.
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