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Adaptive inexact semismooth Newton methods

for the contact problem between two membranes*

Jad Dabaghi Vincent Martin ¥ Martin Vohralik'
December 18, 2017

Abstract

We propose an adaptive inexact version of a class of semismooth Newton methods. As a model
problem, we study the system of variational inequalities describing the contact between two membranes.
This problem is written using a complementary formulation and discretized with conforming finite ele-
ments, yielding a nonlinear, semismooth (non-differentiable) algebraic system. We consider any iterative
linearization algorithm like the Newton-min or the Newton Fischer—-Burmeister which we complement
by any iterative linear algebraic solver. We then derive an a posteriori estimate on the error between the
exact solution and the approximate solution which is valid on any step of the linearization and algebraic
resolutions. Our estimate is based on flux reconstructions in discrete subspaces of H(div,) and on
potential reconstructions in discrete subspaces of H* (Q) satisfying the constraints. It distinguishes the
discretization, linearization, and algebraic components of the error. Consequently, we can formulate
adaptive stopping criteria for both solvers, giving rise to an adaptive version of the considered inexact
semismooth Newton algorithm. Under these criteria, the efficiency of our estimates is also established,
meaning that we prove them equivalent with the error up to a generic constant. Numerical experiments
for the Newton-min algorithm in combination with the GMRES algebraic solver confirm the efficiency
of the developed adaptive method.

1 Introduction
Consider a system of algebraic inequalities written in the following form: find a vector X} € R", such that

EX;, =F, (1)
K(Xn) >0, G(X,)>0, K(X;)LlG(Xp),

where, for some integers n > 1 and 0 < m < n, E € R*"" is a matrix, K : R” - R™ and G :
R"™ — IR™ are affine operators, and F € R"™™ is a given vector. The first line of (1) typically represents
the discretization of a linear partial differential equation (the model example for this study is described
further in (5)). The second line of (1) represents linear complementarity constraints (called linear even if
the Euclidean scalar product K (X}p)-G(X}) is not linear) and states that the vectors K(X},) and G(X})
have non-negative components and are orthogonal, i.e. G(X3)-K(Xp) = 0. Numerous algorithms have
been developed in the past for approximate solution of (1), see for example the overview of Facchinei and
Pang [24, 25], the book of Bonnans et al. [9], and the survey of Aganagi¢ [1]. In particular, we mention the
approach by interior point method of Wright [44], the active set strategy by Kanzow [30], and the primal-
dual active set strategy by Hintermiiler et al. [27]. Another approach that will be used here is to rewrite
the complementarity conditions as a system of nonsmooth nonlinear equations by the means of C-functions,
see for instance [24, 25, 16, 23]; for a diphasic application, see [8]. The C-functions are not smooth in the
classical sense (Fréchet-differentiable), but admit a weaker smoothness called the Clarke derivative, see [15].
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The goal of the present study is to perform a posteriori analysis of problem (1) where the complemen-
tarity constraints are treated using semismooth C-functions and to derive an inexact semismooth Newton
algorithm with adaptive stopping criteria. Assume that any C-function is applied to (1). This yields an
equivalent formulation of (1) that requests to find a vector X5 € R™ such that

S(Xn) =0, (2)

where § : R® — R" is a nonlinear semismooth functional. Let next any semismooth nonlinear solver be
applied to system (2), yielding at a linearization step k > 1 a linear system

e (3)

where A*~1 € R™" is a matrix and B*~! € R" is a vector. Let finally any 1terat1ve algebraic solver be
applied to (3), yielding on step ¢ > 1 an approximation X,” kb0 X n- Note that X * does not solve (3) but
only

Ak*lX;:,i _ Bk*l _ Rk,i

where R¥% € R™ is the algebraic residual vector of (3). Similarly, X * does not solve (2) as S (X;fl) # 0
in general.

An important amount of work has been performed in the last years on a posteriori analysis of partial
differential equations (see for instance the books of Verfiirth [43], Ainsworth [2], and Repin [40] for a general
introduction). Concerning a posteriori error estimates for variational inequalities discretized as in (1) or (2),
let us mention Repin [41], Kornhuber [33], and [7] for exact solvers. Not to solve (3) exactly or with a high
precision leads to the concept of an inexact semismooth Newton method. Such approaches are heavily used
in practice and theoretical foundations can be found in [19, 32, 26] for the case of inexact Newton methods
and in [31, 22, 35] for inexact semismooth Newton methods. In this work, we focus on inexact semismooth
solutions of (3) and (2). We follow the approach by equilibrated flux reconstructions, solving auxiliary local
problems (see Destuynder and Métivet [17] and Braess and Schoberl [11]). A reconstruction of the primal
variable satisfying the constraints on the given step k > 1, ¢ > 1, will also be performed. More precisely,
following the concepts from Jirdnek et al. [29], Ern and Vohralik [20], and Papez et al. [37], our estimate
takes the form

k,i iy _ ki ki | ki
e(X},") < n(Xy") = Ngige + Min + Nalg> (4)

where e(X ,’1”) stands for the error between the approximation corresponding to the algebraic vector X }]fz
and the unknown exact solution of the continuous problem. The a posteriori error estimate 7(X ;j’i), fully
computable from X ;f’i, enables to distinguish the components of the error because of discretization, lin-
earization, and algebraic solution. The proposed crlterla then request to stop the algebraic (respectlvely
linearization) solver whenever the algebraic estimator 77a1 (respectively the linearization estimator n) does

not contribute significantly to the overall estimator n(X hl) Local criteria are derived as well. We thus
conceive an adaptive inexact version of an important class of semismooth Newton methods and answer the
practical questions: 1) to which precision should (3) and (2) be solved? 2) what is the error in X,]f’“?

Let © C R? be a polygonal domain. We exemplify the above approach for the following model problem:
find uq, us, and X such that

—pAuy — A= fi in

—poAug + A = fo in Q,

(ug —u)A =0, w3 —uz>0, A>0 in Q (5)
Uy =g on 01,

us =0 on 01,

where w1 and us represent the displacements of two membranes and A is a Lagrange multiplier characterizing
the action of the second membrane on the first one. The constant parameters u1, o > 0 correspond to the
tension of the membranes, and fi, fo € L(f2) are given external forces. The boundary condition prescribed
by a constant g > 0 ensures that the first membrane is above the second one on Q. In (5), the two
first equations represent the kinematic behavior of the membranes, and the third one represents the linear
complementarity conditions saying that either the membranes are separated (u; > ug, A = 0), or they are



in contact (u; = us, A > 0). This kind of variational inequalities, and the closely related simpler obstacle
problems where the goal is to find the equilibrium position of single elastic membrane constrained to lie below
or above some given obstacle, is well understood today, see, e.g., Hlavicek et al. [28] and Rodrigues [42]. In
particular, the existence and uniqueness of a weak solution of (5) follows by Lions and Stampacchia [34], a
priori analysis was performed in [5, 6], and a posteriori analysis was undertaken in [7], where, however, it
was supposed that the discrete system (1) is solved exactly.

This contribution is organized as follows. In Section 2, we give details on the model problem (5), its finite
element discretization, and its linearization via any inexact semismooth Newton method. The description
of the various flux reconstructions, in particular employing a multilevel mesh hierarchy for the algebraic
error components following Papez et al. [37], forms the content of Section 3. The first main result is given
in Section 4, where the estimate (4) is derived. In Section 5 we present the adaptive inexact semismooth
algorithm. The second main result is provided in Section 6, where we prove the converse inequality to (4), up
to a generic constant, assessing thus the quality of our estimates. Finally, Section 7 is devoted to numerical
experiments that confirm the theoretical results and Section 8 summarizes our conclusions.

2 Model problem, its finite element discretization, and semis-
mooth Newton methods

In this section, we set up the notation, describe the model problem (5), introduce its finite element dis-
cretization, characterize the considered class of semismooth Newton methods using an inexact algebraic
solver.

First we recall the definition of some Sobolev spaces. Let H'(Q) be the space of L? functions on the
domain Q which admit a weak gradient in [L?(Q2)]? and H{ () its zero-trace subspace. Similarly, H(div, ()
stands for the space of [L?(2)]? functions having a weak divergence in L?(2). Moreover, we define the
sets H}(Q) = {v € H'(Q), v=g on 9Q} and A = {x € L*(Q), x > 0 a.e. in Q}. The standard notations
V and V- are used respectively for the weak gradient and divergence operators. For a nonempty set O
of R?, we denote its Lebesgue measure by |O| and the L?*(0O) scalar product by (u,v), = [, uv dx for
u,v € L2(0). We also use the following notations: ||v||?9 = (v,v)p, and ||Vv||?9 = (Vv, V). Besides, the
Poincaré-Friedrichs and the Poincaré-Wirtinger inequalities, see [4, 38], state that if Tp denotes the mean
value of v and he the diameter of O, then

lollo < Corho [ Vulp Vo € HY(O), (62)
lv—Tollo < Cowho [Volly Vv € HY(O). (6b)

The constants Cpr and Cpw can be precisely estimated in many cases. In particular, if O is convex, Cpw
can be taken as 1, see [4, 38]. Then we define the energy norm:

2 3
Yo = (vi,v2) € [Hy (O), vllo = {Z fia Vvallé} ~
a=1

When O = 2, we use the shorthand notation [||v|| = [|v|||,. We also define the following rescaling of the
H~1(O) norm:
we HNO), Il o) = sup (0.1). @
YEH(O)max(ui ,u3) || VY] o=1

2.1 Continuous problem

For (f1, f2) € [L*(R)]? and g a positive constant, the weak formulation corresponding to (5) consists in:
find (u1,u2,\) € Hy(Q) x Hy(Q) x A such that ¥ (v1,v2, x) € Hy(Q) x Hj(Q) x A

2

2
D e (Ve Vva)g = (A 01 = v2)g = D (far Va)q » (8)

a=1 a=1

(X — A ur —u2)g > 0.



Following [6, Proposition 1], problems (5) and (8) are equivalent and the latter admits a unique weak
solution. Settlng u = (ula ’LLQ), v = (U17U2)’ G/('U/,’U) = Zi:l Mo (VU'OM VUQ)Q7 b('U, X) = (Xavl - U?)Q? and
l(v) = Zi:l (fasVa)gq, problem (8) rewrites: find u € H,(2) x Hj(Q) and X € A such that

a(uav) - b(vv )‘) = l(’U) Vo € [H(%(Q)]Qv (9)
b(u,x —A) > 0 Vx € A.
2.2 Reduced problem
Let KCY be the convex set defined by

K9 = {(v1,v2) € Hgl(Q) x Hy(Q), v —v2 > 0 ae. in Q}.
We consider the reduced variational problem: find u = (u1, uz) € K9 such that
alu,v —u) > (v —u) Yo = (v1,v2) € KY. (10)

In [6], problems (10) and (9) are shown to be equivalent, in the sense that both of them admit the same
unique solution u.

2.3 Discretization by finite elements

Let Tp be a conforming simplicial mesh of €2, i.e. Tj, is a set of triangles verifying Uz K = Q, where
the intersection of the closure of two elements of 7}, is either an empty set, a vertex, or an edge. The set of
vertices of T}, is denoted by V}, and is partitionned into the interior vertices V”“t and the boundary vertices
Ve"t We denote by Nj, the number of interior vertices. The vertices of an element K € T, are collected in
the set V. Furthermore, for a € V4, let the patch wf? C Q be the domain made up of the elements of 7},
that share a. The vector n,e stands for its outward unit normal. Denote by hx the diameter of a triangle
K and h = maxgeT;, hi. In the sequel, we use the discrete conforming space of piecewise affine functions

Xy, ={v, €C°(Q); w|x €P1(K) VK €T} C H'(Q),

where IP; (K) stands for the set of polynomials of total degree less than or equal to 1 on the element K € 7j,.

The Lagrange “hat” basis functions of X, are denoted by ¥, 4, @ € V. We recall that 1y, o(a) =1 for all

a €V, and ¢y, q(a’) = 0 for all @’ € Vy,, a’ # a. We denote Mg = (Yp.q,1) o = |wft|/3. We also introduce
h

the affine and vector spaces
X ={vn € Xp, vp =gon 90} C H)(Q) and X} = X, N H(Q),

and the convex sets

Kf = {(vlh,vzh) € Xy x X vip —vap >0 on Q} c K9, (11a)
Ap ={v, € XJ); vp(a) >0 Vae W™} C A. (11b)

Similarly as in Section 2.2, one has a discrete problem corresponding to (10) consisting in: find w), =
(u1p, ugp) € ICY such that

a(uh, Uy — uh) Z l(’l)h — uh) V’Uh = (Ulh,vgh) S K:Z (12)
Moreover, following [6, equation (4.5)], we define functions Ai, and Agp, in XD by

{Alh(a)Ma = 1 (Vuip, Vibpa ) = (f1,%n,a ) Va € it (13)
it

>\2h (a)Ma = —M2 (VUZha Vfll)h ) + (f27 wh a)

As shown in [6, Proposition 12], the functions A1, and Mg, constructed above coincide, so that we in the
sequel use the simplified notation A,. Furthermore, this construction of A\ ensures its non-negativity, i.e.,



Ap € Ap, see [6, Lemma 13]. Finally, following [6, Lemma 13 and Remark 14], the discrete problem (12) is
equivalent to: find (w1, usn, \p) € X7 x X x Ay, such that V(vip, van, xn) € Xp X X)) x Ap,

Z He (Vualu VUOJL)Q - Z )\h(a)(vlh - UZh)(a)Ma = Z (fom Uozh)Q 5

a=1 aEV,iL“t a=1

uth —uzn)(a) 20, An(a) 20, An(a)(uip —uzn)(@) =0, Va eV

(14)

Note that due to the fact that X} is made up of linear combination of affine functions, the constraints
up, € Ki and A, € Ay can be expressed directly on their components in the Lagrange basis. Thus, the
second line of (14) is the discrete analogue of the complementarity inequalities given by the third line of (5).

2.4 Discrete complementarity problem

We now express the discrete problem (14) under an algebraic form using the basis (¢5,.q) acyint of XJ. Note

that the functions of Aj can also be expressed in the same basis. The affine space X is decomposed
into Xg = X,? + g, where we recall that g > 0 is constant. Therefore, ui, = @1n + g, where 4y € X,[Z.
The components of the solution (@1, uan, Ap) in the basis (wh,a)aev;;‘“ are gathered by blocks as Xy, =

(@1n(@)) 1=,y s Xon = (Wan(@))=y x> Xon = (An(@))i—y, _y,» such that X = (X1, Xon, Xan)".
Taking successively v1p, = ¥p.a/, Von = 0 and vip, = 0, vo, = Pp o for all @’ € ViRt (14) reads

EX; = F,
where the rectangular matrix E € R2V»3Nr is defined by

E— MIS 0 —DT
a 0 /,LQS DT ’

with the stiffness matrix S € R¥»"» and the diagonal mass lumped matrix D € RN+ respectively defined

by
St;m = (V¥nan: Vina)g YV1<ILm< Ny, Dyy=M, V1I<I<N.

The right-hand side F is defined by blocks (FT = (Fy, F»)T) by
(Fl)l = (fl,wh,al)g and (FZ)I = (f27wh,al)9 5 V1 < l < Nh~
Problem (14) can then be written under the compact form

EX) =F,

15
Xin+9—Xon 20, X3,>0, (Xin+g—Xon) L X3, (15)

Consequently, denoting K(X;) = X5 + g — Xop and G(X) = Xsp which are respectively affine and
linear, (15) fits the abstract class of problems (1) of the introduction.

2.5 (C-functions

We now express the complementarity constraints in (15) via non differentiable equations. Let us recall that:
Definition 2.1. A function f : (]R’”)2 — R™ is a C-function if
V(@.y) e (™) fl@y)=0 <= =220, y=0, zy=0
Examples of C-functions are the min function
(min{x, y}), = min {x;, y; } I=1,...,m, (16)

the Fischer-Burmeister function (frp(x,y)), = i +y7 — (1 + ), and the Mangasarian function
(fm(z,y)), = &2 —yi|) — &) — &(=), for I = 1,...,m, where £ : R — R is an increasing function



satisfying £(0) = 0. For more details on C-functions see [24, 25]. Let C be any C-function, i.e., satisfying

(fOI‘ m = Nh) C(thﬁ#g*XQh, Xgh) =0 < Xip+9—Xop >0, X3, >0, and (th +9— X2h) Xap = 0.

Then, introducing the function C defined as C(X}) = C(X1p + g — Xon, X3n), the problem (15) can be
equivalently rewritten as

EX}, =F,

{ C(X,) =0.

It is a nonlinear semismooth system because of the function C. We propose to solve it by an inexact
semismooth Newton method.

(17)

2.6 Inexact semismooth Newton method

For Xg € R3*M given, the semismooth Newton method to solve (17) searches, on step k > 1, X}’f € R3Nn
such that
AMIXE = BF (18)

where the Clarke Jacobian matrix A¥~1 (¢f. [24, 25]) and the right-hand-side vector are respectively defined
by

Akl{ ]Ek 1 ] Bkl[ k-1 kFl k-1

Jo(X,77) |7 Jo(X, )X, —C(X, )

Here, J¢ refers to the Clarke Jacobian matrix of the semismooth function C. For example, if we consider
the semismooth function min of (16),

(19)

urp (@) — ugp(ar) An(ar)
min { X1, + g — Xop, X3p} = min ) )

uin(an,) — uan(an,) An(an,)
and if we define the block matrices K and G in R™V»3Nr respectively by

K= [IthXNh,V _Ith,XNm ONh,XNh,] ) G= [ONh,XNh? ONh,XNh,7Ith><Nh,] )

the I'" row of the matrix Jo(X 1) is either given by the I'" line of K if u¥, (a;) —uk, (a;) < A\f~*(ay), or by
the I*" line of G if A\F ™! (a;) < u¥; *(ar) —ub; ' (a;). Tt is of course reasonable to consider a semismooth solver
that converges although we would like to stress that it is not necessary for the validity of the a posteriori
estimate we derive. Then some iterative algebraic solver is applied to the linear system (18). Given an
initial vector X,]j’o € R3Vr_ often taken as X,lf’o = X}’f*l, this yields on step ¢ > 1 an approximation X,]f’z
to X} satisfying . .
k— i k— i
A 1Xh7,:B l_RhZ’ (20)
where Ri’i € R3*Mr is the algebraic residual vector. Note that Ri’i has a block structure of the form
\T , , \T , ,
(RZ’Z) = (R]f,f , Rghz , nghb ) . Following [37], we associate respectively with R]fhz and R’;}f discontinuous
elementwise polynomials r]fhz and r§ hZ of degree one that vanish on the boundary of €2. These can be easily
computed solving mass problems elementwise as follows. For a € V", denote by Nj 4 the number of mesh
elements forming the support of the basis function ¢, . Then, VK € Ty, Yo € {1, 2}, define TZ}HK e Py(K)
by
ki
(R,
Nh,a
for the three hat functions 4y, q, nonzero on K. It is easily seen that the first 2V}, lines of (20) read, cf. (13),

ki ki
(royVha) K = and 1) oxnao =0

i (Vi Vina) = (42 @) = 1l Yna) | VE=1,0 N

M2 (VUS}Li,V?/Jh,a,)Q = (f2*Al}€Lyi(al) 77’5}7:;711)11,(”)9 Vil = ].,...,Nh.

(21)

Using the representations ri; of the algebraic vectors and (21) will be useful to formulate our a posteriori
estimators in Section 4.



3 Flux reconstructions

This section introduces flux reconstructions that will be central in our a posteriori error analysis, following
some general concepts in [17, 11, 20], see also the references therein. Let k& > 1 be a semismooth Newton
step and i > 1 be a linear solver step. Denote by ITp, the L2-orthogonal projection onto the space P1(73)
of piecewise discontinuous first-order polynomials. Our first goal will be to fulfill:

Assumption 3.1. There exist 0'2’,2' € H(div,Q), « € {1,2}, such that
Voo =Hp, (fa) = ()N € Pi(Th). (22)
Recall that by definition, the strong form (22) implies

(Veoki+ (DA @) = Fas@i)ic Van € PAK), VK € T

Second, following [20], in order to distinguish the algebraic and discretization error components, we make:

Assumption 3.2. There exist (o a,; alg? o’i’hi,disc) € [H(div,Q)]?, such that

ki ki kg ki ki
aah,alg + Uah,disc =0Oun and V- Uozh ,alg = Tah Va € {]‘7 2} .

Remark 3.3. The construction of the fluzes is based on the first two diffusion equations in (5) that are
linear. Thus we do not need to construct any linearization fluxes as in [20/ These reconstructed fluxes 0'2,2

are an approzimation in H(div, Q) to the opposite of the gradient of ua,i multiplied by pe, and are supposed

to be separated into two contributions: one essentially lifts the algebraic residual, while the other is assumed
to deal with the discretization error.

3.1 Discretization flux reconstruction

We now provide a way to obtain the discretization flux reconstructions (‘71 o dises aghl dise) € [H(div, Q)]
This is done via solution of local mixed systems, on the patches wj around the mesh vertices a € V, of the
mesh 7. The first-order Raviart—Thomas space [12, 14, 39] is defined by

RT1(Q) = {m, € H(div,Q), 7|k € RT1(K) VK € Tp,},
where RTy(K) = [P1(K)]* + @P1(K), with & = [21,22]" . For a € Vy, let
RT, (wf) = {7, € H(div,w}), 7|k € RT1(K),VK € T, such that K C wy '},

and let IP1(7}L|W§) stand for piecewise discontinuous first-order polynomials in the patch wjl. Define conse-
quently the spaces V& and Q¢ when a € Vi by

= {7 € RT1(w}}), T nge =0 on owpt, Qr ={qn e P 1(Thlwe)s (ghs Dwp = =0}
and when a € VfLXt by
Vi = {mn € RT(wf}), Th'nge =0 on dwi\dQ}, Qf = P1(Thlue).

Definition 3.4. Let (ulfhl, u% , /\Z Z) be the approzimate solution given by (20), verifying in particular (21).

For each vertex a € Vy, define a’i,z & €VEand 50 € Q% by solving:
k, K, ki
(o-af: glsc7 Th) a (704}: “® V'Th) a = - (uawh,avua}ia Th) o VTh € Vg,
. s “h N Wh (23)
(V O e th) = (gai’ 7Qh) ) Yan € QF,
Wi Wh
where the right-hand sides are defined by
~k, ki ki ki
G = (o= (CUN (@) = h) Yna — 10 VU T e Ya € V. (24)
Then set
ki _ ki, ki _ ki,
o-lhl,disc - Z a-lhl,(;]isc and Uthdisc - Z 0-2’;,(%80' (25)
acVy, acVy



Since Va € Vi using (21), there holds (g’f;j’“, 1) = 0, we conclude that the Neumann compatibility
wiy
condition is satisfied for problems (23). Consequently, the second line of (23) holds true for all ¢, €
P1(Tnlwe) (and not only on Qf). Since the functions vy, o form a partition of unity and since r’;’,ﬂ;{ and
/\fb’i\K belong to Py (K) for all K € T, we immediately have from [21, Lemma 3.5] that, for a € {1,2},
ol e € H(div, Q) with Veolkyl . =TIp, (fo) — (—1)*A}" —rky. (26)

ah,disc

Furthermore, (26) implies that Definition 3.4 combined with Assumption 3.2 satisfies Assumption 3.1.

3.2 Algebraic flux reconstruction via a multilevel approach

In this section, we describe the algebraic flux reconstructions 0'2,1 alg following [37]. Unlike the reconstruction

of the discretization flux, which works on the given mesh 7, only, we need to suppose here the existence of
a multilevel hierarchy of meshes 7; that are nested in the sense that 7T; is a refinement of 7;_1,1 < j < J,
Tn = T, see Figure 3.2. The set of vertices of 7; is denoted by V; and it is partitioned into interior vertices
V]i»nt and boundary vertices V;’Xt. For each vertex a € V;, there is one hat basis function denoted by 1 a,
with support w$ (s0 ¥j,a = Yn,e and wG = wy).

Figure 1: Example of nested meshes with J = 2. Coarsest mesh 7y with a € Vy and w§ constituted by 5
elements (black, thick), first refined mesh 7; (blue, thin), and second refined mesh T3 = T, (red, dashed).
V¢, consists of RT; functions associated with blue (thin) elements and edges that lie inside wg.

Let X{ be the space of continuous piecewise affine polynomials on 75. Therein, we construct two Riesz

k.1
representers p .

. . ki
of the algebraic residuals ), a = 1,2, by
ki _ ki 0 ki _ | ki 0
(Wl Vo) = (hi w0 ) oo € X8, (Vb W) = (rfil o) Voo € X,

Next, fora € V;_1,1 <5 < J, let

RT,(w§ ;) = {7 € H(div,w},), 7|k € RT1(K),VK € T; such that K C w} ,},
11)1(7}\%{1) = {g € L2(w;-’71), ¢ilk € P1(K), VK € T; such that K C w;-zfl}.
We then define
4 = {mERTIWE,), vymes , =0on ol },
S = {w e PiTly ). @0y, =0}
when a € V™, and
Vi1 = {7 € RTIW) ), mymeg =000 9 N0}, Qfy 1 = Pa(Tilug )

when a € V]‘?ftl. Denote also by IT;_; the L?(Q)-orthogonal projection onto the broken space P1(7;_1).
With an abuse of notation, we set Iy = 0. Following [37], the reconstructions Uffalg and o‘§ }ialg is obtained

as follows:



Definition 3.5. Let (ulfhz,uzh,/\k ") be the apprommate solution given by (20), verifying in particular (21).

Let1<j < J. Foranya € V‘“tl, we prescribe Ua] dlg € V%, and 'yk’l’a € QF;_1 by solving
k,i,a ) k,i,a V ) - 0 v Ve
O aj,alg> Ti e ’VOL] T . - Tj € ,i—10
i—1 -1
ki, ki,
(V U'a;;gatb we = (ga; a;qj)wa VQJ S Q;‘I)jflv

“Wi-1 j—1

where the right-hand sides are defined by

G = (=T ) (P50 10 — VoG Vi 1a)  Vae Vi,

Then set
k,i,a d k,i,a
lh alg Ul],alg an 02h alg 2j,alg'
Jj=lacV; 1 Jj=lacV; 1
In this definition, each flux O'Z’J A1z 18 computed on a “coarse” patch wf_; (level j—1) using RT; functions

defined on the “fine” mesh 7; (level j). The source term gfj; s de&gned to pass the residual error from

one level to the next. Once the coarsest Riesz representers pad are computed, the flux reconstructions are
computed starting from level 7 = 1 up to level J. Crucially, the flux reconstructions Definitions 3.4 and 3.5
satisfy Assumption 3.2.

4 A posteriori error estimates

We derive in this section an a posteriori estimate on the error between the exact solution w and the
approximate solution ulfb’l valid on each iteration k > 1 of the semismooth Newton solver and each iteration
1> 1 of the 1terat1ve algebraic solver. The main difficulty is to treat the complementarity constraints: the
conditions ulfh — u2h > 0 and )\k * >0 do not necessarily hold before convergence of both solvers. In this

respect, it will be useful to introduce positive and negative parts of /\Z Z,
APt = APPPOS AP AREPOS — max (A, 0}, )PP = min{A), 0}

In what follows, we introduce elementwise estimators in the form T),k’;(, K € Ty, and global estimators by
1

. 2] 72
7].}“ = { Z (nk;() } . The first main result of this article is:
KeTy,

Theorem 4.1. Let u = (ug,uz) € K be the solution of the continuous reduced problem (10). Let uZz =

(ulfff,u;c}f) € X x X} and )\]Z’i € X)) be the approzimation given by (20), verifying in particular (21).

Let af}f and a];;f be equilibrated flux reconstructions satisfying Assumptions 3.1 and 3.2. Let sﬁ’i € KXY be

arbitrary. For a € {1,2}, define the estimators

ki i ki -1 ki hx
e K,a = ’NévuathﬂazUah K’ Nosc, K, = l‘oz ”fa Ip, (fo)ll
1
2 9 2
k,i,pos __ k,i,pos ki k,i ki ki
ek =2 ()‘h ULy — u2h)K = E (nF,K,a + 77osc7K70z) )
KeT;, a=1
_ k,i,neg
771m1K H’ *uh ) 771m2K hoCpr ( i > HA ‘
1 1\?
2
ki _ k,i,pos ki ki
Min,3, K = 2haCpr ( + ) H)‘h msh —uy .
H1 o M2 Q K



Then, the following a posteriori error estimate holds:

1
2
ki ki ki k,
Ml = {(771 L+ nlinz,l + nlinz,2) + 771m 3+ Z y pos} (27)

KeTy

Remark 4.2. The estimate (27) gives a practical way to bound the energy error between the exact solution
u and the approximation uﬁ” on each semismooth step k > 1 and on each linear solver step i > 1. The
estzmators of Theorem 4.1 reflect various violations of physical properties of the appmmmate solution uy”
nF .o ANd Nose, K o TEPTESENL the nonconformity of the fluz, i.e., the fact that uaVu ¢ H(div, Q); né Zl‘(pos
reflects inconsistencies in the contact condztzons at the dzscrete level, i.e., the fact that (ulh - th)/\k £ 0;
the semismooth linearization estimators nlin,l’ nhn,g, and 7711;1,3 are nonzero whenever uh " E K or )\Z ot € Ay,
(recall the respective definitions (11a) and (11b)). Here SZ’Z is designed to be an approm'mation of ui’z that

lies inside ICY, see the possible Definition 4.4 below. In Corollary 4.7, the estimators nF K o will be divided
in two parts to exhibit the errors contributions that come from from the discretization and linear algebra.

Remark 4.3. In [7], an a posteriori error estimate between the exact solution w and the discrete solution
uyp, giwen by (12) not taking into account inexact nonlinear and linear solvers was derived. The estimate
of [7, Lemma 3.3] has the form

1
2 2
llw = wnlll < { > {Z(nﬁ‘f}?f; + Tosc, K,a)” + N34 p}} , (28)

KeTn (a=1

where the variables at convergence are denoted with indices (k,i) = (00, 00). Supposing convergence uzo‘oo =

uy, € K (so that one can take s;°°° = up), A\, = A\, € Ay (so that \;7°0"% = 0), o077 e = 0,
_ k,i 00,00 00,00 _ 00,00 00,00
and o™ = Oohdisc: LTPUS i1k = Mina.x = Minarx = 0 and 0 i, does not contain the algebraic

flux contribution. Therefore estimate (27) takes the same form as (28) at convergence, which proves the
consistency of our approach.

Proof of Theorem 4.1. First, as u’;z does not belong to kY in general, we define the a—orthogonal projection
ki . . g
s of u;’" in the nonempty closed convex set K¢ by

a(s,v —s) >a(up’,v—s) Yoe K, (29)

where we recall that the bilinear symmetric form o was defined in Section 2.1. Problem (29) is well-posed
thanks to the Lions—Stampacchia theorem [34], because a defines a scalar product on [Hg(2)]?. Developing
the sum, the projection s satisfies for each v € K?

2

2 2 ki
= [|lv — s[|” +2a(v — 5,8 —u,") + H‘s (30)

ki
v 'u,h

Since a(v—s,s— uh ") > 0 from (29), taking successively in (30) v = u and v = sh " for any sh’ e KY c K7,
we obtain

llw—sll < fu =g (31)
flo =il < flet = (2

Second, the energy norm of the error is decomposed as
H w—ul |l =a(u—ul u—ult) = a(u—ult u—s) +alu—ubt s —ulh). (33)

We estimate both terms in (33) separately. The second one is bounded by the Cauchy—Schwarz inequality

and (32),

kz
s—u

77111[1 1 (34)

ki
a(u — uh,sfuh <H’u u

10



The rest of the proof is dedicated to bounding the first one.
The reduced problem (10) for v = s € K9 yields

a(u,u—s) <l(u—s). (35)

Setting w = u — s, we estimate the first term in (33) using (35) and adding and substracting b(w, /\Z’i) and
employing the definitions of b and [

alu —up’, ><Z< )+ b(w, A)") — a(up’, w) — b(w, A},

Z (fa 1N g Q)Q - 22: (uavuiﬁ,Vwa)Q — blw, AE). (36)

a=1 a=1

Besides, as ai’,f € H(div, Q) by Assumption 3.1 and since w, € Hg(£2), the Green formula gives
(Vﬂ(li’ff,wa)g =— (0'2’}:, Vwa)Q Va € {1,2}. (37)

Then, using (37) in (36), one has

alu — uh ,w) < i Z {(fa— )\’” V.a-fé’}i,wa>K
1K

1 —1 1 )
( aV ah + Mo ” ah’ ,Uc?v Vwa)K} — b(w, /\]}?l)

It remains to bound each of the three terms in (38). Using the divergence property (22) of Assumption 3.1,
the Cauchy-Schwarz and Poincaré-Wirtinger (6b) inequalities, since w, € H'(K), and denoting by Wa, x
the mean of w, over K, we have for a = 1,2

(fa - V'U(lzi - (71)a/\}l?iawa)K = (fa - HIPl(fa)awa - @a,K)K,

(38)

- (39)
< 0SsC « (i (03
S Nose, Ko ||[Ha VW X
Furthermore, by the Cauchy—-Schwarz inequality
- (ug Vuz,i + ,ugfa'i’hi,ug Vwa)K < nffKQ 12 Vwe . (40)
Next, as u € K9, w = u — s, and —b(u, /\:’i’pos) < 0 we have
—b(w, AP < —b(w, A E) 4 b(s — ult APTPOS) o p(uh APO%)
= (= )+ (7 )~ - ),
1 k,i,pos ki k,i
T3 2 <>‘h Py — u2h)
KeTn
Thus, the Cauchy—Schwarz and Poincaré—Friedrichs (6a) inequalities used to infer
2 1
IV (1 = walll < 3 id v < (- + )l
w, —w «@ a VW =~ - - wi,
P Q_a:1u HaVtello =\ "
noting that both we, and (s, — u}) belong to H} (Q)7 and (32) give
— b(w, AP < neRes. (41)
K€7—h
Therefore, combining (33), (34), (38), (39), (40), (41) and (31), we get
7 7 7 1 7 z, os
o= o[ < (s + 4 ) o — e[| + g + 5 IR
To conclude, the inequality AB < 1(A%+ B?) gives the result (27). O

11



Any reasonable definition of SZZ should lead to vanishing nﬁr’il and nﬁ;f)?) when the constraint uﬁ’ e Ky
is satisfied. A possibility that we will use below in Section 7 for numerical experiments is:

Definition 4.4. Define sZ’i € KCY such that for each a € V,

up'(a) = (ufi(a), ufji (@) if il (@) > oy (@),

' @) = (1 (ki (@) + (@) 1(u’“<a>+u’“(a>)> ifuli (@) < ulj (a)
5 \Y1h 2h 5 \Uih 2h 1h 2

Concerning )\’;’i, an estimate is provided in (recall definition given in (7)):
Theorem 4.5. Assume the hypotheses and notations of Theorem 4.1 and let X € A be the solution of
problem (9). Then the following a posteriori estimate holds:

‘HA AR < o, (43)

HINQ)

Proof. The proof follows the one in [7, Corollary 3.5]. We only give the essential elements. Let p, =
max (1, t2). Employing (7) and extending appropriately b,

H‘/\_Aﬁ)i @ ws}glpm) =) = ¢ [?ﬁ?n)]“’ b =)
* €H, E€lH,
NmHVTZ’H?z:l #mZi:1”V¢a”2:1

Fix ¢ € [H}(2)]? such that pu, Zi:l Vol = 1. Invoking (9), we have

7b(¢7 A— AIZ,Z) = l(¢) + b((b? A]’i’l) - a(’u’i’iv (b) - a(u - uZ»i7 ¢)

k,i

The last term is estimated as —a(u — uh L) < H’u u,’ H’, since ||@]|| < 1. The first three terms are

identical to the first three terms of (36) but with ¢ € [HE()]? instead of w. Thus, using the estimates (39)
and (40), one gets

(A = A < i |

which combined with (27) gives the result. O

Remark 4.6. At convergence, estimate (43) reduces to (3.30) in [7] with a slightly sharper treatment of
the oscillation in f,.

So far, we have established a posteriori estimates between the exact and approximate solution. We now
provide an estimate distinguishing the different error components.

Corollary 4.7. Consider the assumptions and notations of Theorem 4.1. Define for a € {1,2} and for
KeT,

lk'L

k,i k,i
Ha Uozh algHK ’ ndisc,K,a - ‘

1
'ua Vuah + /’La Uah disc ’ (44)

K
1
2 2
kg k,i k,i pos
Mdise = {Z Z (ndisc,K,a + nosc,K,a) } { Z ‘ }
a=1KeT, KeTn

1

2
) nalg {Z Z nangoc } .

a=1KeT,

ki
nalg,K [eY

N

ki ki ki ki
Min = Min,1 T Min,2 T (771111,3)

Then,

+ nhn + nalg

12



Proof. As for (A,B) € Ry x R, (A+ B)z < A2 + B2, we have

N

1
D ki ki ki ki )2 ki, pos
< g g (771inZ,3> + (Z |770,21?0g|> : (45)
K

Next, the definition of n]f " combined with the triangle inequality to separate the algebraic estimators nsl’é K o

. . . . k.,i .
from the discretization estimators 74, , , give

1 1
2 2 2 2
b < (z z()) +(z Z(nz:f;,K,af) | )

KeTy a=1 KeTp a=1

which concludes the proof. O

5 Adaptive inexact semismooth Newton method using adaptive
stopping criteria

We propose in this section an adaptive inexact semismooth Newton method. In the spirit of [20, 18, 3, 36], it
is designed to only perform the linearization and algebraic resolution with minimal necessary precision and
thus to avoid unnecessary iterations. We rely on Corollary 4.7 that estimates the different error components
and design adaptive stopping criteria for both linearization and algebraic solvers.

5.1 Stopping criteria

Let us recall that we employ the semismooth Newton method for the nonlinear problem (17), yielding on
each step k > 1 and each step ¢ > 1 the linear system (20). Let v, and 7. be two positive parameters,
typically of order 0.1, representing the desired relative size of the algebraic and linearization errors. We
propose the following stopping criteria, balancing globally the algebraic, linearization, and discretization
error components:

ki ki ki k,i ki
(a) nalg S ’Yalg max {ndisc’ nlin } ’ (b) nlin S ’ylinndisc' (47)

Remark 5.1. For K € Tp, let Min Kk, Yalg,k be two fized parameters, typically of order 0.1, representing
the desired local relative sizes of the linearization and algebraic errors components. Following [29, 20]
and the references therein, one can aim at the balance of all error components in each mesh cell in place
of (47), while simultaneously guaranteeing the global criteria (47). These local criteria read, with nﬁr’iK =

1 1 % ||>\k,i,posH % ki ki
Iz I3 5T
1+ (QhQCpF (I + 172) W) Min,1,K T Min,2, ks
Q

ki . ki ki

nalg,wg,a < KI:I%IQI}IQ {’Yalg,K max {ndisc,K,a’ nlin,K}} Va € {17 2} ’ (48&)

h
bl < mi in, KT, 48D
Thin, Kk = aé?lffz} MNin, K Ndisc, Ko [ (48b)

3
2
ki _ ki -3 ki ) ki
where Malgws o = Z (nalg7K7a> - ‘Na2o-ah7algHwa The (complicated) form of the term | 4
KCuw® h

h
ensures that local criteria (48) imply the global criteria (47), and stems from the different scalings of 77{?5,1,1{

and 77{?}?2 x with respect to nﬁ}fg.}( in Theorem 4.1. In particular, local efficiency will be proven below based
on (48). /
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5.2 Adaptive inexact semismooth Newton algorithm

The adaptive inexact algorithm that we propose is as follows:

Algorithm 1 Adaptive inexact semismooth Newton algorithm

0. Choose an initial vector X,? € R3M» and set k = 1.
1. From X! define A*~1 € R?N»3Nn and B*~1 € R*M» by (19).
2. Consider the linear system

AFIXF = BFL (49)

3. Set X,}f’o = X;f*l as initial guess for the iterative linear solver, set i = 0.
4a. Perform v > 1 steps of a chosen linear solver for (49), starting from

X,ll” This yields on step ¢ + v an approximation Xf’”” to X}’f satisfying
Ak_lX:7i+y — Bk’—l _ R}k;,i-’rV.

4b. Compute the estimators of Corollary 4.7 and check the stopping criterion for the linear solver
in the form (47)(a). If satisfied, set X} = X,/f”. If not, set ¢ =i+ v and go back to 4a.
5. Check the stopping criterion for the nonlinear solver in the form (47)(b). If satisfied, return
X, = X7 If not, set k =k + 1 and go back to 1.

6 Efficiency

We prove in this section local efficiency of the a posteriori error estimators of Corollary 4.7, i.e., we establish
that the derived estimators form a local lower bound for the error, up to a generic constant, also with inexact
linearization and algebraic solvers. As a particular consequence, the overall estimate is proven equivalent to
the overall error. We proceed in several steps, following [10, 20, 21, 37] and the references therein. First, we
introduce primal continuous problems on patches of mesh elements which are such that the energy norms
of their solutions represent lower bounds of the error in the patches. Next we exploit the stability of the
local mixed finite element problems in Definition 3.4. We finally bound all the estimators by the local
discretization estimator up to a constant, relying on the imposed local stopping criteria of Remark 5.1.
We assume in the sequel for simplicity that f; and f; are piecewise IP; polynomials. This obviously yields
Nose.ic,a = 0, Yoo € {1,2}. We do not treat here the “complementarity” estimators né’%pos that are typically
numerically very small. Their local efficiency could be proven along the lines of [7, Proposition 3.9].

6.1 Continuous-level problems with hat functions on patches

For each vertex a € Vy,, define the spaces
Hiwg) = {ve H'@) (1), =0} ac v,
Hl(wy) ={veH (w); v=0on dwf NN} a € Vet

Then there exists a constant Ceone,pr > 0 only depending on the shape regularity of the mesh 7} such
that
IV (¥n.a0)llye < Ceont,pr [Vl o Vo€ Hi(wh), (50)

see Carstensen and Funken [13], Braess et al. [10], or Ern and Vohralik [21]. Then,

Lemma 6.1. Let (uq,ug, \) be the solution of (8) and let (u]fhz, ughz, )\21) be the approzimation given by (20),
verifying in particular (21). Let a € Vi, and for a € {1,2} let Co.q € H(wf) be the solution of

(e Vna V0)o = (~tatnaVuli, Vo) + (35 0) Vo B, (51)
“h Wi

14



where g’;;j’“ is defined in (24). Let piyy = max(u1, u2). Then, for a € {1,2}

1 1 i
‘ ,uozz Vga,a e < C’cont,PF (‘ ,LL&V <ua - u];h) ’ "
h h (52)
—I—u%;f% ‘)\—)\k’i(a)m +‘/f%ak’i
mpro h H;l(wg o ah,alg w .
Proof. Let e € {1,2}. There holds
1 1 1
|1aVaa| , = sup (4dVCaarna Vo).

“n vEHN(wf), ué Vv =1

“h

Consider v € H} (w?) with ‘

,ué VUH = 1. As (q4,q is the solution of (51), using the definition (24) and
wiy

considering the test function ¢y, qv € H} (w®) C H}(Q) in (8), we obtain
1 1 1 N
(13 VCuanavo) = (4 (w0 —uliy) HE3V (nav) |
“h “h
+ (0 (A=A @) = i nar)

h

(53)

Moreover, as iy qv € HE (w), o € H(div,w?), and V.o = ri,i by Assumption 3.2, the Green

ah ,alg ah,alg
formula and the Cauchy—Schwarz 1nequahty give
ki -1 ki
Taho ¢h,av we = Ha Uah ,alg? ,U,a ('(/)h,av) we
! ) ; ' (54)
2 —35 ki
S ‘ 2 v (¢h7av)’ wa Ha o-ozh,alg we

h

Multiplying and dividing ()\ — )\:’i(a),wh,ao ., by Huév (wh,av)‘
Wh

which allows us to employ the definition (7), we get

and using that ¢y qv € Hg(wf)

Wy

1

PV (nav)| . (55)

W,

(e ). < [ A b
wi H (wf)

where we have also used (50). Finally, the Cauchy—Schwarz inequality leads to

1 1 1
(139 (va—utii) W2V (Wnav)) <[k z
wit wi

3 ki
v (ua—uah>

The result now follows by combining (54), (55), and (56) with (50) while passing to the supremum
n (53). O

(56)

Y (¢n,av)|

Wh,

6.2 Local efficiency of the estimators
Our second main result is:

Theorem 6.2. Let the flux reconstructions akh alg and aah disc be given respectively by Definitions 3.4
and 8.5. Let the local stopping criteria (48) be satzsﬁed with in particular the algebraic parameters Yaig, i
such that

1
VYalg, K S 60 (57)

sthont,PF max {]—v ’ylin,K}

Setting 6 = 2CstCeont,PF (1 + Yiin, K + Valg, k Max {1, Yin,x }), we have for o € {1,2}

— k(g ’H )
w (@) H (wf)

ki ki k,i
Naise,ik,0 T Min, kT Nalg, k,0 =

5KZ(‘

acVk

1 ki 1 _1
IEAY (ua - ua’h) Hm + finfla ?
h

15



Proof. Let o € {1,2}. First, the local criteria (48a) and (48b) and the definition of dx yield

. , , 5 ,
k, k, k, K k,

T}di:'c,K,a + nliriK + nal;,K,a < 2Ostccont,PF ndi;QKﬂl' (58)

Next, recall the definition of {4 q from (51) in Lemma 6.1. Following [10, 21], there exists a constant Cg, > 0

only depending on the shape regularity of the mesh 7; such that the discretization flux reconstructions

o i}f’gisc of Definition 3.4 satisfy

By the partition of unity ), ¢y, ¥n.alx = 1|k, definition (44), (25) which implies Uah disel K = D aevi Ui;f:gisc|;<

stability (59), and energy lower bound (52), we have

ki 1 ki
ndiéc,K,a < Cstccont,PF Z ( na'V (ua - uaiﬁ)‘ o
W
acEVk (60)

-, o)

—35 ki
Using successively the local criteria (48), and since any triangle has three vertices

Ho Uoch,alg
l
E : ‘ ,LLa ah ,alg ‘ = E : na,lg wi,a = 37&155 K max {ndlbc K, a’nlm K}
acVk acVk

ki
< 3’731&[( max {17 ’Ylian} T]disc7K7a'

1 .
3  kji.a

1 .
2 ki -
Moﬂph,avuah + Ha Uah,disc

(59)

1
2

a S Cst ﬂaVCa,a a

W wj

+,Um,ua

l(w +’

Employing now crucially assumption (57), it follows that

ki
ndisc,K,a

-1
MO‘ ah ,alg (61)

CatCeont PF Y _ ‘

a€Vk

Finally, combine (61) with (60) to bound Ug{:c, K.o Without the term containing o-’o‘;’;’a]g, and conclude
using (58). O

7 Numerical experiments

This section illustrates numerically our theoretical developments. We consider the unit disk Q = {(r, ) € [0,1] x [0, 2]}
using the polar coordinates, and an analytical solution given in [7] by, for all (r,0) € Q,

up(r,0) = g(2r* — 1),

9(27371) if r < 1/\57 (r.0) {2g if r < 1/\/§a

g(l—r)(2r2_1)\/§\/fl if r > 1/V2, 0 ifr>1/V2

This triple is the solution of the system (5) for the data f; and f2 given by

us(r,0) =

fa(r,0) = 1488 — 182 2
—8g ifr>1/v?2, — if r>1/v2.
g >1/ g . g iz /V2
The parameters 1 and ps are set to 1 and the boundary condition for the first membrane g is equal to 0.05.
We use the semismooth Newton Algorithm 1 with the min function (16) combined with the GMRES linear
solver for the system (18). For the computation of ok a = 1,2, following Section 3.2, we consider three

ah,alg?
levels of uniform mesh refinement (J = 3). We also define the hneamzatlon and algebralc residuals by

fa(r,6) = {109 ifr <1/v2, 0 r<1/vz

ki F—-EX}" ki 1k
Rlin :< 7C(X;:7};) ) and Ralg_Bk ! Ak 1Xh . (62)
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Figure 2: Solution at convergence for approximately 8000 elements. Left: position of the membranes
(u1p,u2r). Right: discrete action (\p).

10
0.06
i .
L :
0.02 _
L .
0 L 5%5.;1%‘%(:35'!’,',‘{!rry,u»,m
0.02 .

1 ~

Figure 3: Left: u’fhl - uslf at the second semismooth Newton step (k = 2, ¢ = 20). Right: discrete action

Ay for k=3, i = 20.

Three different approaches are tested: 1) The ezact semismooth Newton-min method. Here both the
linear and nonlinear solvers are iterated to “almost” convergence. More precisely, we take g, = 2-10712
and e, = 10710 and replace respectively the stopping criteria 4b and 5 of Algorithm 1 by criteria on the

relative residuals,
/H( )H < Elin- (63)

2) The inexact semismooth Newton-min method. Here we consider o, =1 and ey, = 10719 in

AN ol |5 )

3) The adaptive inexact semismooth Newton-min method (see Algorithm 1) that relies on the stopping
criteria (47)(a) and (47)(b) with va; = 0.3 and 711, = 0.3. In the cases of inexact and adaptive inexact
methods, the criteria are computed every v = 10 linear iterations. An ILU preconditionner is used to speed
up the GMRES solver. The initial linearization guess X,? € R3M» has its first N}, components equal to g
and its next components equal to zero.

Figure 2 displays the behavior of the solution when the Newton-min and the GMRES solvers have
converged. We observe a contact zone in the area r < 1/4/2, where ), is positive. In the sequel, when the
stopping criterion of the nonlinear solver is satisfied , the index k will be denoted by k, and similarly the
index i at the various stopping criteria will be denoted by 4. Figure 3 then shows the possible violation of
the physical constramts durlng the iterations, before convergence is reached, see Remark 4.2. The figure on
the left shows that u1 V< u2h can appear and the one on the right shows that )\ * can be negative.

Figure 4 displays the curves of the different estimators as a function of the number of mesh elements when
the nonlinear and algebraic stopping criteria are satisfied. We observe that the total estimators n** (27) are
almost identical for the three methods (exact, inexact, and adaptive inexact). Moreover, they have values
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Figure 4: A posteriori estimators at convergence (77%57 ngi’zc, nﬁn; , n:é) as a function of the number of mesh
elements. Exact (left), inexact (middle), and adaptive inexact (right) semismooth Newton methods. The
log scales are different in each graph.
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Figure 5: Estimators as a function of the algebraic iterations for k = 1. Exact (left), inexact (middle), and
adaptive inexact (right) semismooth Newton methods.

close to ngi’zc, which is consistent with the fact that the error components from Newton-min and GMRES are
relatively small. Next, n:f; takes values below 101! for the exact semismooth Newton and below 10~8 for

the inexact semismooth Newton, whereas nllfn’ takes similar values in both cases (below 107¢). The adaptive
inexact Newton proposed here shows a different behavior: both W:fé and nﬁnl take larger values that are
just sufficiently small not to influence the overall error estimator. It is also interesting to note the following
fact. Although the norm of the linearization residual vector Rﬁn’ is requested to lie below ey, = 10710 in
both (63)(b) and (64)(b), the value of the present linearization estimator nﬁnl still remains quite large, with
values around 1076 (see Figure 4, left and middle). Clearly, there is a huge difference between the I size

and the size of its lifting back to the physical space expressed

of the residual vector as expressed by HRﬁnz

kyi
by min’ . ) .
Figure 5 shows the evolution of the various estimators and the behavior of HlemZ || and ||R:1;|| given

by (62) during the algebraic iterations of the first Newton-min step (approximately 8000 elements, k = 1,
i varies). In the exact resolution, we observe that aproximately 220 GMRES iterations are needed to
achieve the criterion (63)(a), whereas in the inexact and adaptive inexact cases only 10 GMRES iterations
are required to satisfy the stopping criteria (respectively (64)(a) and (47)(a)). In the inexact and adaptive
inexact cases, the estimators are computed only once (every v = 10 iterations) and the total and linearization
estimators are approximately equal.

Figure 6 represents the evolution of the various estimators as a function of the semismooth Newton
iterations when the algebraic solver stopping criteria have been satisfied (approximately 8000 elements,
k varies, i = i). For the three methods, the linearization estimator dominates and is close to the total
estimator until approximately the 14" iteration. Next, one can observe that during the Newton-min itera-
tions, the linearization estimator steadily decreases, whereas the discretization one roughly stagnates. The
linearization iterations are then stopped in the adaptive inexact Newton-min case when the discretization
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Figure 7: Number of semismooth Newton iterations per number of elements (left), number of algebraic
solver iterations per semismooth Newton step for 8000 elements (middle), and total number of linear solver
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error becomes dominant, whereas the inexact Newton-min performs many unnecessary additional iterations.
This can in general also be the case for the exact Newton-min algorithm but one actually does not see many
unnecessary additional iterations here since the convergence gets extremely fast at the end. In terms of
numbers, the inexact Newton-min requires 46 iterations to satisfy the stopping criterion (64)(b), whereas
the exact Newton-min and the adaptive inexact Newton-min methods require 15 and 14 iterations to achieve
respectively the criteria (63)(b) and (47)(b).

Figure 7 illustrates the overall performance of the three approaches. In the first graph, the behavior
of the three methods is represented when the number of mesh elements is increased. In particular, the
inexact Newton-min method requires many more semismooth iterations to converge in comparison with the
other methods. The exact and the adaptive inexact Newton-min methods lead to approximately the same
number of nonlinear iterations. The second graph of Figure 7 focuses on the required number of algebraic
steps to satisfy the linear stopping criterion for each method at each Newton-min step for a mesh containing
approximately 8000 elements. Many algebraic iterations are necessary in the exact Newton-min case, while
in the inexact and adaptive inexact cases, the algebraic solver converges almost all the times in 10 iterations.
The total number of algebraic iterations is displayed as a function of the number of elements in the right
part of Figure 7. We observe that exact Newton-min is the most expensive method (3000 iterations for
approximately 35000 elements), whereas inexact and adaptive inexact require respectively 1660 and 670
iterations. Thus, globally our approach yields an economy by a factor of roughly 2 with respect to inexact

Newton-min and roughly 5 with respect to exact Newton-min in terms of total algebraic solver iterations.
ki
h

The effectivity indices, defined as the ratio of the total estimator 77’“’g over the energy norm H‘u —u

are displayed in Figure 8 as a function of the Newton-min iterations for the three methods (approximately
8000 elements, k varies, i = i.) We observe that they always decrease to the optimal value 1, when the
computational effort grows. In the right part of Figure 8, we zoom on the last five semismooth Newton
iterations for all the methods.
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Figure 9: Error in energy norm (left) and total estimator (right), adaptive inexact semismooth Newton-min
method.

Figure 9 shows the local distribution of the total error estimator n’“’; and of the error in the energy norm

in the case of the adaptive inexact semismooth Newton method (approximately 8000 elements,

o = i
k =3 ,i=1). We observe a very close agreement, even in the presence of algebraic and linearization
errors. Finally, Table 1 tests the dependency of our adaptive inexact methodology on the coefficients Y,
and 7,1z in the algebraic and linearization stopping criteria (47)(a) and (47)(b) (on the finest mesh with
35000 elements). We represent on the first line the number of Newton-min iterations required to satisfy
the stopping criterion (47)(b) and on the second one the number of algebraic iterations required to obtain
the stopping criterion (47)(a), averaged over all Newton iterations. As the linearization convergence is fast,
the choice of i, has a very small impact on the number of linearization iterations, but choosing 7.i; small
adds many additional iterations. In any case, however, the overall number of algebraic iterations remains
(much) smaller than for the exact and inexact semismooth Newton methods.

8 Conclusions

In this work, we have designed an adaptive inexact semismooth Newton method with adaptive stopping
criteria for the problem of contact between two membranes. We proved an optimal a posteriori error

(Valg, Min) (0.3,0.3) | (0.03,0.3) | (0.3,0.03) | (0.03,0.03)
Newton-min iterations 26 26 27 27
Average algebraic iterations 26 43 25 42
Total iterations 670 1130 680 1140

Table 1: Number of iterations for the adaptive inexact Newton-min method for several parameters 7,1, and
Min-

20



estimate between the exact and approximate solution on each semismooth Newton step £ > 1 and on
each algebraic solver step ¢ > 1. This estimate enables to distinguish the different error components. Our
numerical experiments confirm that the adaptive inexact semismooth Newton-min method is much faster in
comparison with the exact and inexact Newton-min ones. Moreover, in contrast to these standard methods,
the adaptive inexact method presented here provides an accurate estimation of the error between the exact
solution and its approximation.
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