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Pharmacometrics Models with Hidden Markovian Dynamics

he im of this pper is to provide n overview of phrmometri models tht involve some ltent proess with wrkovin dynmisF uh models inlude hidden wrkov models whih my e useful for desriing the dynmis of disese stte tht jumps from one stte to nother t disrete timesF yn the ontrryD di'usion models re ontinuousEtime nd ontinuousEstte wrkov models tht re relevnt for modelling non oserved phenomen tht )utute ontinuously nd rndomly over timeF e show tht n extension of these models to mixed e'ets models is strightforwrd in popultion ontextF e then show how the porwrdEfkwrd lgorithm used for inferene in hidden wrkov models nd the extended ulmn (lter used for inferene in di'usion models n e omined with stndrd inferene lgorithms in mixed e'ets models for estimting the prmeters of the modelF he use of these models is illustrted with two pplitionsX hidden wrkov model for desriing the epilepti tivity of lrge numer of ptients nd stohsti di'erentil eqution sed model for desriing the phrmokinetis of theophyllinF Keywords ridden wrkov wodel • hi'usion model • tohsti hi'erentil iqution • wixed e'ets model • ipilepsy • hrmokinetis

1 Introduction wrkov models re stohsti models used to model hnging systems tht moves sequentilly from one stte to nother nd where eh trnsition to next stte is regrded s rndom nd depends only on its most reent vluesF sn prtiulrD wrkov hin with memory I ssumes tht only the urrent stte is neessry to predit the future stte PVF wrkov models re therefore wellEsuited for diseses for whih multiple sttes my existF sn prE tiulrD wrkov models my desrie the trnsitions etween di'erent sttes in disorders suh s depressionD migrine or epilepsyF he stte is diretly visile to the oserver in wrkov modelF sn hidden wrkov model @rwwAD the stte is not diretly visileD ut some outomeD dependent on the stteD is visile TD QSF rwws n e pplied to mny domins nd hve turned out to e prtiulrly useful in severl iologil ontextsF por exmpleD this model struture hs een pplied for modelling the individul epilepti M. Lavielle Inria & Ecole Polytechnique, Université Paris-Saclay, France E-mail: Marc.Lavielle@inria.fr tivity ID WDPRD QVF sndeedD individul pro(les of epilepti seizures usully show distint periods of low nd high epilepti tivityF henD oserved seizure frequenies would represent the oserved outputD while the unoserved stte would represent the disese tivityF rwws hve shown to e helpful when hrterizing di'erent stges of migrines from hedhe sore @oserved vrileA QD PTF rnsitions etween spei( sleep sttes hve lso een suessfully desried using hidden wrkov model IIF sn the rwws onsidered oveD the stte spe of the hidden vriles is disrete with smll numer of sttesD while the oservtions themselves n either e disrete @typilly generted from tegoril or ount distriutionA or ontinuous @typilly from qussin distriutionAF ridden wrkov models n lso e generlized to llow ontinuous stte spesF sn other wordsD the sequene of ltent vriles is disreteEtime wrkovin proess tht n tkes ny vlue in some ontinuous setF sn prtiulrD qussin utoregressive proess of order I is wrkovin proess with memory I tht n tke ny rel vluesF he utoregressive model of order ID e@IAD spei(es tht the predition of the next vlue depends linerly on the urrent vlue IWF wrkov hins nd utoregressive models re disreteEtime proessesF e vlue of the vrile is de(ned eh hourD dyD weekDF F F F yn the other hndD iologil phenomen re ontinuousEtime pheE nomenF henD the vlue of ny iologil prmeter should e well de(ned t ny timeF hisreteE time proesses impliitly ssume tht this prmeter vlue is pieewise onstnt @during one hourD one dyD one weekDF F F A nd suddenly jumps t the end of eh time intervlF uh n ssumption is eptle if the ltent vrile is hidden stteD suh s low nd high epilepti tivityD for instneD ut proly not if this ltent vrile is u prmeter suh s the sorption rte onstnt or the lerneF sf these u hrteristis re now onsidered s ontinuous time vrying funtionsD thenD ontinuous proesses should e used for properly modelling the )ututions of these prmeters over timeF his nturlly leds us to introdue stohsti di'erentil equtions @hisA sed model s n extension of n ordinry di'erentil equtions @yhisA sed model QHF sn prtiulrD we show tht the ontinuousEtime yrnsein!hlenek di'usion proess is the limit of disreteEtime e@IA proess when the time intervl tends to HF henD di'usion model is ontinuousEtime nd ontinuousEstte spe wrkovin proess wellEsuited for properly desriing iologil phenomenF he use of suh stohsti proess hs therefore een widely used for uh model development SD ITD IUD PPDPSD QQD QTF sn the popultion pprohD mixed e'ets hidden wrkov models for direte time proesses nd mixed e'ets di'usion models for ontinuous time proesses ims to desrie eh individul series of oservtions using either rww or system of his while lso tking into ount vriility etween individuls PD VD IHD IPD IQD PID PSF rmeter estimtion in mixed e'ets models with @hiddenA wrkovin dynmis then require spei( methodologiesF xew inferene proedures for mixed e'ets rwws were proposed in UF hese methods omine the eiw lgorithm with the porwrdGfkwrd lgorithm for mximum likelihood estimtion of the popultion prmeters nd the iteri lgorithm for reovering the individul sequenes of hidden sttes TF xote tht these methods re now ville in xyxwiw RF honnet nd mson propose survey of existing estimtion methods for uh models sed on his ISF e (rst omment is tht most prmetri estimtion methods proposed for his require high frequeny dt nd re often poorly suited for sprse uh dtF sn simple hi modelsD suh s liner dynmil systemD ext inferene is trtle using the ulmn reursive (lter for omputing the ext likelihood ITD IVY howeverD in generlD ext inferE ene in di'usion models is infesileD nd pproximte methods must e usedD suh s the extended ulmn (lterF pei( omintions of the extended ulmn (lter with the pygi method hve een suggested in PID PSD QID QUD nd with the eiw lgorithm in VF epproximtions of the likelihood using the prtile (lter were proposed in IRD RHF yther pproxiE mtions of the likelihood in mixedEe'ets di'usion models n e found in QPD QRF he pper is orgnized s followsF etion P is devoted to hidden wrkov modelsF e use oisson model to illustrte the di'erenes etween mixture modelD where the sequene of sttes over time re independent rndom vrilesD nd oisson rww where the sttes form wrkov hinF en pplition to epilepti seizures ounts illustrtes the extension to mixed e'ets rwwF gontinuous stteEspe wrkovin modelsD inluding utoregressive models nd di'usion models re introdued in etion QF e very simple u model with time vrying lerne illustrtes these di'erent modelsF en pplition to the theophyllin u dt shows tht rndom )ututions of this u prmeter my explin signi(nt prt of the within sujet vriility of the dtF 2 Hidden Markov Models PFI he individul pproh 2.1.1 The model rwws were developed to desrie how given system moves from one stte to nother over time in situtions where the suessive visited sttes re unknown nd set of oservtions is the only ville informtion to desrie the system9s dynmis TF rwws n e seen s vrint of mixture models tht llow for possile memory in the sequene of hidden sttesF en rww is thus de(ned s pir of proesses ((z j , y j ), j = 1, 2, . . .)D where the ltent sequene (z j ) is wrkov hin nd the distriution of oservtion y j t time t j depends on stte z j @see pigure IAF rereD we onsider prmetri frmework with homogeneous wrkov hins on disrete nd (nite stte spe {1, 2, . . . , L}F henD there exists trnsition proilities (p k , 1 ≤ k, ≤ L) suh thtD for ll j = 1, 2, . . . , nD

P(z j = |z j-1 = k) = p k ; 1 ≤ k, ≤ L nd where L =1 p k = 1 for ll k ∈ {1, 2 
, . . . , L}F he joint distriution of (z 1 , . . . z n ) is then de(ned y the trnsition mtrix P = (p k , 1 ≤ k, ≤ L) nd the proility distriution of the initil stte z 0 F here re severl possile options for de(ning the distriution of z 0 X IF (rst option onsists in ssuming tht z 0 is uniformly distriuted on {1, 2, . . . , L}X

P(z 0 = ) = 1/L ; 1 ≤ ≤ L
PF ssuming tht the sequene (z j , j ≥ 0) is sttionry mens tht there exists vetor of proE ilities π = (π 1 , π 2 , . . . , π L ) suh tht P(z j = ) = π for ny ∈ {1, 2, . . . , L} nd ny j ≥ 0F π is therefore the distriution of z 0 nd is solution of π = π P.

QF the simplest option onsists in (xing z 0 to some ritrry vlue in {1, 2, . . . , L}F por instneD we n selet the most likely vlueD iFeF the vlue whih mximizes π = P(z j = )F he hoie of the initil distriution hs usully very limited impt on the results in prtieF e uniform distriution will e used in the numeril exmples presented elow ut ny other hoie would lso e vlid nd led to @lmostA the sme resultsF gonditionlly on z j = the distriution of the oservtion y j is ssumed to e prmetri distriution whose prmeter depends on the stte F oisson distriutions will e used in the exmple elow for modelling dily ounts of epilepti seizuresF sn this modelD the prmeters re therefore the oisson rtes (λ , 1 ≤ ≤ L) where

y j |z j = ∼ Poisson(λ )
rmeters of oisson hidden wrkov model re ψ = (P, λ 1 , . . . , λ L ) where P is the trnsition mtrix of the wrkov hinF

Remark: e mixture model n e seen s n extension of rwwD without ny memoryF sndeedD mixture model ssumes tht the sttes re independentD iFeF P(z j = |z j-1 = k) = P(z j = ) = π F henD the oservtions re lso independent nd

y j ∼ i.i.d. L =1 π Poisson(λ )
rmeters of oisson mixture model re ψ = (π 1 , . . . , π L , λ 1 , . . . , λ L )

Inference in HMM

snfering hidden wrkov models is hllengingD mostly due to the omplex expression of the likeE lihood nd to the non oservle visited sttesF es onsequeneD hidden wrkov models re ssoited with three si prolemsX IF gompute the likelihood funtionD iFeF the proility distriution funtion of the oservtions L(ψ; y) = p(y; ψ)F he Forward-Backward algorithm @pfA is reursive proedure for solving this prolem with limited omplexityF PF istimte the vetor of model prmeters ψF he mximum likelihood estimte ψ mximizes the likelihood L(ψ; y)F he ixpettionEwximiztion @iwA lgorithm for rww is known s the Baum-Welch algorithm nd n e used for omputing ψF QF istimte the unknown sequene of sttes (z j )F he most prole sequene of sttes is the one tht mximizes the onditionl distriution P(z rereD the mximum likelihood estimte of λ is ȳ = 6.12F e lerly see from pigure Q@A tht the estimted oisson distriution doesn9t (t well the empiril distriution of the dtF sndeed the overdispersion in the dt is not tken into ount in this model sine λ is oth the men nd the vrine of the numer of dily seizures in si oisson model QVF sn order to etter tke into ount this overdispersionD the uthors proposed mixture of two oisson distriutions with prmeters λ 1 nd λ 2 F he estimted prmeters of the mixture otined with the iw lgorithm were π1 = 0.84D π2 = 0.16D λ1 = 3.59 nd λ2 = 19.56F pigure Q@A shows tht the (t is improved with this mixture modelF pinllyD we see from pigure Q@A tht the empiril distriution of the dt is very well desried y mixture of three oisson distriutions with the following prmeters otined with the iw lgorithmX π1 = 0.749D π2 = 0.200D π3 = 0.051D λ1 = 3.07D λ2 = 10.99 nd λ3 = 32.11F

yne the vetor of model prmeters ψ hs een estimtedD eh stte z j D 1 ≤ j ≤ nD is estimted y mximizing the onditionl distriution P(z j = |y j , ψ)F he estimted sttes re displyed in pigure RF roweverD ording to helttre et lF WD it is not relisti to ssume tht the sttes re independent if these sttes orrespond to di'erent levels of epilepti tivityF sndeedD epilepti ptients re resonly expeted to sty in the sme stte severl dys rther thn swithing rndomly every dy etween sttesF helttre et lF then propose to desrie the dynmis of the sttes y using disrete wrkov model he fumEelh lgorithm implemented in the mhsmm pkge ws used to (nd the unknown prmeters of the modelD ssuming two nd three sttesX he sttes (z j ) estimted using the mhsmm pkge re displyed in pigure SF st is worth to highlight some interesting di'erenes etween the solutions otined from mixture model nd rwwF sf we onsider the model with Q sttesD mixture model will predit ẑj = 1 if y j ≤ 6D ẑj = 2 if 7 ≤ y j ≤ 20 nd ẑj = 3 if y j ≥ 21F yn the other hndD we n see round t = 50 dys or t = 150 dys tht the lssi(tion rule of rww tkes into ount not only the vlue of the oserved ountD ut lso the estimted sttes the dy efore nd the dy fterF sn prtiulrD even if few seizures hve een oserved during dys RW nd ISID these two dys re lssi(ed in stte P rther thn in stte I euse the neighoring dys re lso lssi(ed in stte PF PFP he popultion pproh

Mixed eects hidden Markov model

e mixed e'ets hidden wrkov model @wirwwA is strightforwrd extension of n rwwF sn popultion ontextD n rww is (rst spei(ed for eh individulF he N individul rwws re supposed independent with the sme strutureD ut their prmeters my vry from one individul to notherF vet ψ i denote the set of prmeters of the i th rwwD i = 1, . . . , N F e hve seen in etion PFIFI tht the vetor of prmeters ψ i of oisson rww is silly omposed of the trnsition proilities

(p k ,i = P(z i,j = |z i,j-1 = k)) nd the oisson intensities (λ ,i )F
he population distribution of the prmeters is the proility distriution of the vetor of indiE

vidul prmeters ψ i X ψ i ∼ p(• ; θ)
where θ is the vetor of population parametersF 2.2.2 Inference in mixed eects HMM sul tsksD methods nd lgorithms for mixed e'ets models inlude IF istimtion of the popultion prmeters θF he mximum likelihood estimte θ mximizes the oserved likelihood L(θ; y)F iwElike lgoE rithms @eiwD wgiwD wgiw PQA s well s pproximtion sed lgorithms @pyD pygiD vple QWA require to e le to omputeD for eh individul iD the complete likelihood

L(θ; y i , ψ i ) = p(y i , ψ i ; θ) = p(y i |ψ i )p(ψ i ; θ)
he popultion pdf p(ψ i ; θ) of the individul prmeters usully hs losedEform expression @when the rndom e'ets re normlly distriuted for instneAF yn the other hndD we hve seen in etion PFIFP tht the porwrdEfkwrd lgorithm n e used for omputing the onditionl pdf p(y i |ψ i )F ell these estimtion methods n therefore e omined with the pf lgorithm for estimting θF PF gomputtion of the likelihood funtion

L( θ; y) = p(y; θ) = N i=1 p(y i |ψ i )p(ψ i ; θ)dψ i
wonte grlo integrtion methods @eFgF smportne mplingA s well s pproximtion sed methods @eFgF lineriztionD vpleA n then e omined with the pf lgorithm for evluting the likelihood funtion L( θ; y)F QF istimtion of the individul prmeters 

(ψ i , 1 ≤ i ≤ N )F por i = 1,
P(z i,j = 1|z i,j-1 = 1) = 1 -P(z i,j = 2|z i,j-1 = 1) = p 11,i P(z i,j = 2|z i,j-1 = 2) = 1 -P(z i,j = 1|z i,j-1 = 2) = p 22,i
henD the distriution of the seizure ounts is mixture of two oisson distriutionsX

y i,j |z i,j = 1 ∼ Poisson(λ 1,i ) y i,j |z i,j = 2 ∼ Poisson(λ 2,i )
eording to this modelD the vetor of individul prmeters for ptient i is 

ψ i = (p
) log(λ 1,i ) ∼ N (log(λ 1,pop ), ω 2 1 ) log(λ 2,i ) ∼ N (log(λ 2,pop ), ω 2 2 )
where logit(x) = log(x/(1 -x)) for 0 < x < 1F rereD the vetor of popultion prmeters is θ

= (p 11,pop , p 22,pop , λ 1,pop , λ 2,pop , ω 2 11 , ω 2 22 , ω 2 1 , ω 2 
2 ) sing the proposed modelD we n estimte wht isD for eh individulD the individul proility of trnsitioning to the highGlow tivity stte s well s the proility of remining in the sme stteF istimtion of the popultion prmeter θD the individul prmeters (ψ i ) nd the individul seE quenes of sttes (z ij ) were performed with the wonolix softwre @version RFQFQA omined with wtl implementtion of the porwrdEfkwrd nd iteri lgorithmsF he wonolix projet nd the wtl odes re ville s supplementry mterilF esults otined with mixture model nd rww re presented in le IF he oserved dt nd the estimted sttes for three representtive ptients re displyed in pigure TF ruge inter individul vriility of the distriution of the seizure ounts n e lerly seen in this pigureF xeverthelessD wrkovin dynmis eetween two sttes of epileti tivity seems to properly desrie the dt for these three ptients @similr results re otined with the other ptients of the studyAF 3 Continuous State-Space Markovian Models QFI he individul pproh 3.1.1 Discrete time model e were ssuming in the previous setion tht there exists some ltent vrile tht tkes (nite numer of vluesF uh n ssumption my e good pproximtion when this ltent vrile ims to desrie the stte of ptient over timeD for instneD ut it my e not pproprited when the phenomen to desrie nnot e redued to (nite numer of sttesF gonsiderD for instneD the phrmokinetis of drug whih hrteristis my hnge over timeF henD it is not relisti to ssume (nite numer of u hrteristis for given ptient @slowGfst sorptionD slowGfst elimintionD F F F AF e widely used pproh onsists of splitting the study into M time periodsD or osions nd ssuming tht some u prmeters n vry from osion to osion ut remin onstnt within osionF sn other wordD the sequene of u prmeters (ψ m , 1 ≤ m ≤ M ) rndomly )ututes round some typil vetor of u prmeters ψ F sn phrmometrisD n osion usully repreE sents n entire dosing yleD iFeF the time intervl etween two suessive dosesD ut this de(nition n esily e extended to ny ritrry sequene of time intervlsF es n illustrtionD onsider one omprtment u model for single olus dministrtionX

A(t) = De -Cl V t
where D is the mount of drug dministered t time t = 0F rereD A(t) is the mount of drug in the entrl omprtment t time tD V the volume of the entrl omprtment nd Cl is the drug lerneF e simple model for inter occasion variability @syA ssumes tht Cl m D the lerne during osion mD is logEnormlly distriuted round some typil vlue Cl

log(Cl m ) = log(Cl ) + ζ m ; m = 1, 2, . . . , M @IA where ζ m ∼ i.i.d. N (0, τ 2 )F
vet δ e the length of n osion nd let t m = mδ for m = 0, 1, . . . , M F henD Cl(t) = Cl m for t m-1 δ ≤ t < t m δ ndD onditionlly to the sequene (Cl m )D the predited mount de(ned y the model is

A(0) = D A(t) = A(t m-1 )e -Clm V (t-tm-1) ; t m-1 ≤ t < t m
en exmple is displyed in pigure UF here re only three osions of length δ = 10 h in this exmpleF wo sequenes (Cl m , 1 ≤ m ≤ 3) were simulted with τ = 0.20 nd τ = 0.50D respetivelyD Cl = 3 L.h -1 D V = 1L nd D = 1 gF sn this modelD the sequene (Cl m ) of lernes is independentF henD the model llows ny jump etween slow nd fst elimintionsF sf we prefer to ssume tht the lerne nnot drstilly hnge from one dy to the nextD wrkovin dynmis n e introdued in order to etter ontrol the )ututions of this prmeter round Cl F vet X m = log(Cl m ) -log(Cl ))

e the devition of the logElerne from its typil vlue t period mF e disreteEtime wrkov proess with memory I my e represented y n autoregressive process of order I @e@IA proessAF

X m+1 = ρX m + ζ m+1 @PA where 0 ≤ ρ < 1 nd where ζ m ∼ i.i.d. N (0, τ 2 )F purthermoreD ζ m+1 is independent of (X , ≤ m) in
this modelF feuse of this propertyD the sequene (ζ m ) is known s the innovation of the proess XF e n esily hek tht ρ is the orreltion etween X m nd X m+1 F wore generllyD ρ is the orreltion etween X m nd X m+ F hen ρ = 0D the X m 9s re independent nd identilly distriuted round HF he model is indeed the one represented in eqution @IAX the Cl m re independent nd logEnormlly distriuted round the typil vlue Cl F yn the other hndD when ρ is lose to ID X m+1 tends to e lose to the previous vlue X m D whih lso mens tht Cl m+1 tends to e lose to Cl m F wore preiselyD (Cl m , m ≥ 1) is wrkov hin with logEqussin trnsition kernel

log(Cl m+1 )|Cl m ∼ N ρ log(Cl m ) + (1 -ρ) log(Cl ) , τ 2
δ = 1 h ws used in the exmple displyed in pigure VF e n see tht when oth the vrine τ 2 nd the orreltion ρ re smll (τ 2 = 0.25 2 , ρ = 0.1) the predited mount pro(le remins very lose to the typil mount pro(le otined with Cl = 3 L.h -1 F yn the other hndD suessive stges of slow nd fst elimintion lerly pper with higher vlues for these prmeters (τ 2 = 0.50 2 , ρ = 0.8)F

Stochastic dierential equation based model

he e model represented in @PA ssumes tht some u prmeter is pieewise onstnt nd suddenly jumps t the end of eh periodF uh n ssumption my not e iologilly relisti nd ontinuous proess should proly e onsidered for modelling the )ututions of this prmeter over timeF yne pproh onsists in letting the period length δ tend to HF ine the limiting proess @when δ = 0A is ontinuous proessD the orreltion ρ of the proess should tend to I nd the vrine τ 2 of the innovtion should tend to H when δ goes to HF hese onstrints re stis(ed settingD for instneD ρ = (1 -αδ) nd τ = γ √ δ where 0 ≤ α < 1 nd γ > 0F ith this new prmeteriztionD the e model now writes

X m+1 = (1 -αδ)X m + γ √ δe m+1 orD equivlentlyD X m+1 -X m = -αX m δ + γ √ δe m+1
where e m+1 = ζ m+1 /τ ∼ N (0, 1)F vetting δ go to H leds to the Ornstein-Uhlenbeck diusion process

dX(t) = -αX(t)dt + γdW (t)
where (W (t), t ≥ 0) is stndrd iener proess in RX where A(0) = DF he numeril exmple displyed in pigure W shows tht when the oe0ient of the iener proess term is smll @γ = 1.5A nd the oe0ient of the drift is lrge @α = 10AD then Cl(t) remins lose to the typil vlue Cl nd the predited mount pro(le remins very lose to the typil mount pro(le otined with Cl = 3 L.h -1 F plututions show more rndomness with γ = 3.5 nd α = 5F u model represented in @QA n esily e extended to more omplex modelsF he sorption rte onstnt of model for orl dministrtionD for instneD ould lso e desried y di'usion model if we suspet tht the rte of sorption my )ututeX

W (t) ∼ N (0, t) E (W (t)(W (t + s) -W (t))) = 0 e n
d log(ka(t)) dt = -α 1 (log(ka(t)) -log(ka )) + γ 1 dW 1 (t) dt d log(Cl(t)) dt = -α 2 (log(Cl(t)) -log(Cl )) + γ 2 dW 2 (t) dt dAd(t) dt = -ka(t)Ad(t) dAc(t) dt = ka(t)Ad(t) - Cl(t) V Ac(t) @RA
where Ad(0) = D nd Ac(0) = 0F rereD Ad nd Ac re the mounts of drug in the depot nd entrl omprtmentsF foth (ka(t), t ≥ 0) nd (Cl(t), t ≥ 0) re wrkov proesses in this modelF st is lso possile to onsider tht some prmeters of the model rndomly vry over time while other prmeters remin onstntF sfD for exmpleD the rte of sorption is onstnt over timeD then the (rst eqution of system @RA should e repled y ka(t) = kaF en yrnsteinEhlenek di'usion proess is very onvenient for esily introduing ontinuous rnE dom )ututions of some prmeters round some typil vluesF here re lso more generl stohsti di'erentil equtions tht ould e onsideredF por instneD the solution of the typil stohsti di'erentil eqution @hiA

dX(t) = µ(X(t), t)dt + ν(X(t), t)dW (t)
is lled diusion process nd is wrkov proess under generl onditions on funtions µ nd ν PHF puntions µ nd ν re knownD respetivelyD s the drift nd the di'usion oe0ient of XF sn phrmologyD X n e time vrying u prmeter for instneF here re lso more generl hi9s where the funtions µ nd ν depend not only on the present vlue of the proess X(t)D ut lso on previous vlues of the proessF sn tht se the de(ning eqution is lled stohsti dely di'erentil equtionF sf µ ndGor ν depend on present or previous vlues of other proessesD the solution proess X(t) is not wrkov proessD nd it is lled n Itô process nd not di'usion proessF 3.1.3 Inference in a diusion model e onsider prmetri di'usion models of the form

dX(t) = µ(X(t), ψ)dt + ν(X(t), ψ)dW (t) @SA
where ψ is vetor of prmetersF sn prtieD X is n hidden process sine it nnot e oserved diretlyF yservtions (y 1 , y 2 , . . . y n )

re some noisy funtions of (X(t 1 ), . . . , X(t n ))D

y j = g(X(t j ), ψ) + ε j where ε j ∼ i.i.d. N (0, σ 2 )F
u model @QA for olus dministrtion n e written in this form with

X(t) = log(Cl(t)) A(t) ; µ(X(t)) = -α(log(Cl(t)) -log(Cl )) -e log(Cl(t)) V A(t) ; ν(X(t)) = γ 0
sn this modelD oservtions re oserved onentrtions nd g(X(t)) = A(t)/V F rmeters of this model re therefore ψ = (Cl , α, γ, V, σ)F wximum likelihood estimtion of ψ requires to ompute the likelihood

L(ψ; y) = p(y; ψ) = p(y 1 ; ψ)p(y 2 |y 1 ; ψ) • • • p(y n |y n-1 , . . . , y 1 ; ψ)
ixept in some very spei( lsses of di'usion modelsD the trnsition density p(y j |y j-1 , . . . , y 1 ; ψ) does not hve losedEform expression sine it involves the trnsition densities of the underlying di'usion proesses XF hen the underlying system is qussin liner dynmil oneD this density is qussin with men nd vrine tht n e omputed using the ulmn (lterF hen the system is not linerD solution omes from pproximting this density y qussin one nd using the extended ulmn (lter @iupA for quikly omputing its men nd vrine VF yne ψ hs een estimtedD it is possile to reover the ltent proess (X(t), t ≥ 0) t the meE surement times (t 1 , . . . , t n )F he (xedEintervl ulmn smoother IV estimtes (X(t 1 ), . . . , X(t n )) s the most likely sequene of hidden vrilesX

( X(t 1 ), . . . , X(t n )) = rgmx X(t1),...,X (tn) 
p(X(t 1 ), . . . , X(t n ))|y 1 , . . . , y n , ψ).

smplementtion of the iup requires to solve system of ordinry di'erentil equtions tht generlly do not hve ny losed form solutionF e simpli(ed version of the numeril resolution method of these yhis nd sed on higherEorder ylor pproximtions hs een proposed y wzzoni PUF e should remrk tht this method only requires the knowledge of the toin funtion of the drift funtion µ of the dynmil proessF st is therefore esily implementle for ny di'usion model suh tht derivtives of µ n e omputedF xote lso tht this pproh n e esily extended to models involving multidimensionl oservtionsF sn omprison to the iupD prtile (lters do not require mking pproximtions of the trnsition densityD ut re quite demnding in terms of simultion requirements nd omputtion time @see RH for n pplition in quntittive iologyAF QFP he popultion pproh

Mixed eects diusion model

hi'usion model introdued ove n e extended in strightforwrd mnner to mixed eects diusion model @wihwA y de(ning system9s prmeters s vetor of individul prmetersF sn other wordsD N individul di'usion models re spei(ed with the sme struture s the one represented in @SAD ut their prmeters ψ i my vry from one individul to notherF por n yrnsteinEhlenek di'usion proessD ψ i is silly omposed of the oe0ients α i nd γ i nd the typil prmeter vlue ψ i F es usulD ψ i is treted s rndom prmeter whose distriution depends on vetor of popultion prmeters θF

Inference in mixed eects diusion models

rere ginD the (rst tsks to perform onsist in estimting the vetor of popultion prmeters θD omputing the likelihood funtion nd estimting the individul prmeters (ψ i )F st ws shown in etion PFPFP tht suitle methods nd lgorithms for performing these tsks require to e le to ompute the onditionl pdf of the oservtions p(y i |ψ i ) for eh individul iF he porwrdEfkwrd lgorithm ws shown to e very e0ient for omputing this onditionl pdf for rww sed modelF sn the se of di'usion sed modelD we hve seen in etion QFIFQ tht the extended ulmn (lter n e used for omputing p(y i |ψ i )F he iup omined with stndrd inferene lgorithms for mixed e'ets model @pygiD eiwD smportne mplingD F F F A n then e used for mixed e'ets di'usion modelsF por omintion of the pygi pproximtion of the popultion likelihood nd the iupD see for exmple PID QID QUD PSF he omintion of the eiw lgorithm nd iup proposed in V is shown to hve very good sttistil propertiesF ee IS for review of prmeter estimtion methods in hi popultion modelsF yne the popultion nd individul prmeters hve een estimtedD eh individul hidden seE quene (X i (t j ), 1 ≤ j ≤ n i ) n e reovered using the (xedEintervl ulmn smoother IV or the prtile (lter IRF 3.2.3 Application to the theophyllin data he proposed pproh ws previously used in V to nlyze the theophyllin u dtF hese dt ome from twelve sujets who reeived single orl dose of DaQPH mg of theophyllinF por eh sujetD the onentrtion of theophyllin in plsm is mesured through ten onseutive lood smples fter the dose dministrtionF hese dt re lssilly desried y one omprtment model with (rst order sorption nd liner elimintionF por i = 1, 2, . . . N D

dAd i (t) dt = -ka i Ad i (t) dAc i (t) dt = ka i Ad i (t) - Cl i V i Ac i (t) Cc i (t) = Ac i (t) V i @TA
where Ad i (0) = D nd Ac i (0) = 0F rereD Cc is the onentrtion in the entrl omprtmentF pollowing helttre nd vvielleD we n ssume tht the lerne Cl i is di'usion proessX

d log(Cl i (t)) dt = -α (log(Cl i (t)) -log(Cl i )) + γ dW i (t) dt dAd i (t) dt = -ka i Ad i (t) dAc i (t) dt = ka i Ad i (t) - Cl i (t) V i Ac i (t)
@UA vogEnorml distriutions desrie the inter individul vriility of the u prmetersX log(ka i ) ∼ N (log(ka pop ), ω 2 ka ) log(V i ) ∼ N (log(V pop ), ω 2 ka ) log(Cl i ) ∼ N (log(Cl pop ), ω 2 Cl ) @VA ka i D V i nd Cl i F yn the other hndD oe0ients α nd γ of the di'usion re the sme for the twelve sujetsF por eh individul iD oserved onentrtions (y ij , 1 ≤ j ≤ n i ) mesured t times (t ij , 1 ≤ j ≤ n i ) re ssumed to e logEnormlly distriuted round the onentrtions predited y the u modelX

y ij = Ac i (t ij ) V i e εij ; 1 ≤ j ≤ n i where ε ij ∼ i.i.d. N (0, σ 2 )
wonolix RFQFQ ws omined with wtl implementtion of the iup for estimting the prmE eters of the modelF hen the solution of system of his is only oserved t few time points with noiseD it eomes di0ult to distinguish stohsti vriility from residul vriility VD IRD QRF ithout ny prior informtion on the prmeter vluesD mximum likelihood estimtion of the model prmeters leds to the solution otined with the yhi sed model @σ = 0.173 with the theophyllin dtAF st is then neessry to introdue some informtive prior in order to enfore the solution to inlude signi(nt stohsti omponent nd not only residul vriilityF wximum likelihood estimtion of the popultion u prmeters ws therefore omined with fyesin estimtion of αD γ nd σ using logEnorml priorsX log(α) ∼ N (log(0.5), 0.05 2 ) ; log(γ) ∼ N (log(0.4), 0.05 2 ) ; log(σ) ∼ N (log(0.04), 0.05 2 ) he wximum posteriori @weA estimte of these prmeters ws omputed y mximizing the posterior distriution of αD γ nd σF istimted prmeters re given in le PF he wonolix projet (les nd the wtl implementtion of the extended ulmn (lter used for this exmple re ville s supplementry mterilF he predited u pro(les for three sujets otined with the two models re displyed in pigure IHF he predited urves otined under oth models re lose to the oserved onentrtions for the three sujetsD ut we see tht the hi sed model leds to muh etter (t sine the model enles to pture smooth rndom vritions of the onentrtion kinetisF e n lso remrk tht these three ptients shre the sme pro(leX lrge vlue of the lerne during the (rst TEU hours indite (rst stge of fst elimintion of the drugD followed y slower elimintionF henD ssuming tht the elimintion rte of theophyllin is not onstnt over time is plusile hypothesisF yther models le to tke into ount this ehvior should therefore e testedD inluding nonliner elimintionD peripherl omprtment@sAD or inter osion vriilityF 4 Conclusions wixed e'ets hidden wrkov models nd mixed e'ets di'usion models hve reently een de(ned s the extensions of rww nd hi sed models to popultion studiesF hey hve shown to e relevnt for modelling iologil phenomen tht involve some non oserved wrkovin dynmisF ound methodologies for these models hve een developed nd pulished during the lst dedeF purthermoreD severl simultion sed studies hve on(rmed their very good sttistil ehviorX estimtors re onsistent nd show smll isesF hese methods onsists in treting the hidden sttes s nuisne prmeters sndeedD oth the porwrdEfkwrd lgorithm for rww nd the @extendedA ulmn (lter for di'usion models llows one to ignore these hidden sttes y integrting the joint distriution of the oservtions nd the hidden proess over the hidden proessF tndrd methods for inferene in mixed e'ets models n then e e0iently omined with these lgorithmsF sn prtiulrD omining these lgorithms with the eiw lgorithm llows for the omputtionl urden to e minimlF epplitions on rel dt exmples hve demonstrted tht these methodologies re lso useful in prtieD provided tht rih dt re villeF yn one hndD the use of mixed e'ets rww o'ers new insight in the nlysis of epilepsy dt where etter desription of the individul epilepti tivity n e tken into ount s well s the vriility etween individulsF yn the other hndD mixed e'ets di'usion models n e used s relisti lterntive to inter osion vriility for properly modelling within nd etween sujet vriility of u prmetersF nfortuntelyD implementtion nd use of wirww nd wihw remin quite limited nd minly E not to sy only E in the relm of demi reserhF sndeedD these models nnot e esily implemented nd used with the stndrd softwre tools ville tody for mixed e'ets modelling for phrmometrisF henD ompringD for instneD lssil sy model with hi sed model represents tremendous hllenge for phrmometriin in term of odingF sndeedD in the sene of relile nd esyEtoEuse toolsD strong sttistil expertise is required for implementing the iupF rving the possiility to esily implement suh models in softwre tool would proly help to populrize their useF purther improvements of the present pplitions of wirww nd wihw deserve to e onsidered for future worksF e question of interest onerns the generl nture of the ltent proessF he min ssumption for the nlysis of seizure ounts is tht the dynmis of the epilepti tivity is desried with twoEstte (rstEorder wrkov hinF e ould lso onsider models with more thn two sttes or higherEorder wrkov dependeneF yther distriutions thn oisson distriution ould lso e onsidered for the ount dtF en yrnsteinEhlenek di'usion model ws used for modelling the )ututions of the lerneF yther hi sed models ould lso e used for the sme purposeF henD spei( tools should e developed for model ssessment nd model seletionF 

Fig. 1 :

 1 Fig. 1: Dynamics of a hidden Markov model.

Fig. 2 :

 2 Fig. 2: Observed daily seizure counts for a single patient

Fig. 3 :

 3 Fig. 3: Empirical cumulative distribution function of the sequence of the 237 daily seizure counts (black) and cdf of the tted model (red): (a) Poisson distribution, (b) mixture of two Poisson distributions, (c) mixture of three Poisson distributions.

Fig. 4 :

 4 Fig. 4: Observed daily seizure counts and the estimated states assuming a mixture model with dierent states of epileptic activity (top: two states, bottom: three states). The mixture model assumes that the states are independent.

Fig. 5 :

 5 Fig. 5: Observed daily seizure counts and the estimated states assuming dierent states of epileptic activity (top: two states, bottom: three states). A HMM describes the dynamics of the states.

Fig. 6 :

 6 Fig. 6: Top: observed seizure counts for three typical subjects ; bottom: Estimated sequences of hidden states for the three selected subjects obtained with the Viterbi algorithm ; black: states of high epileptic activity, pink: states of low epileptic activity

Fig. 7 :

 7 Fig. 7: Left: two sequences of log-clearances (log(Clm), 1 ≤ m ≤ 3) simulated around log(Cl ) = 3 with an interoccasion variability model and dierent variances τ 2 ; right: predicted amounts for these two sequences (the amount for a constant clearance Cl = 3 is displayed in black dotted line).

Fig. 8 :Fig. 9 :

 89 Fig.8: Left: two sequences of log-clearances (log(Cl j ), 1 ≤ j ≤ 30) simulated around log(Cl ) = 3 with an autoregressive model of order 1, dierent correlations ρ and dierent variances of innovation τ 2 ; right: predicted amounts for these two sequences (the amount for a constant clearance Cl = 3 is displayed in black dotted line)

  

  1 , z 2 , . . . , z n |y 1 , . . . , y n )F his sequene n e model proposed rokoñiz et lF in QV ssumes tht the dily numer of seizures re independent oisson rndom vriles with intensity λF

	e (rst
	omputed using the Viterbi algorithmF
	hese lgorithms re referened nd disussed in QSF hey re implemented in most of the pkges
	for inferene in rwwD inluding the mhsmm pkge PW tht we will use in the next setionF
	2.1.3 Example
	e will use the dt previously nlyzed y helttre et lF WF he dt displyed in pigure P
	onsists of dily ounts of epilepti seizures mesured over PQU dys for representtive ptient of
	the studyF

  rere ginD the produt p(y i |ψ i )p(ψ i ; θ) n e mximized s soon s the onditionl pdf p(y i |ψ i ) n e omputed using the pf lgorithmF RF por eh individulD estimte the unknown sequene of sttes (z i,j , 1 ≤ j ≤ n i )F yne the vetor of individul prmeter ψ i hs een estimtedD the iteri lgorithm introdued in etion PFIFP llows one to otin the most prole sequene of sttes (ẑ i,1 , . . . , ẑi,ni ) tht mximizes the onditionl distriution p(z i,1 , . . . , z i,ni |y i,1 , . . . , y i,ni , ψi )F 2.2.3 Application to epileptic seizure count data he dt se nlyzed y helttre et lF in W onsisted of six linil studiesF eruited ptients were on stndrd ntiEepilepti therpy during severl weeks efore eing rndomized to prlE lel tretment groupsF helttre et lF proposed to desrie exposureEresponse reltionship of n ntiepilepti gentD using mixed e'ets rwwF his nlysis shown demonstrted tht wirww is le to mimi dynmis of seizure frequenies very wellF e omplete model ws developed for oth the sreening nd the tive tretment phses in W ut we will restrit our nlysis to the sreening phseF he dt therefore onsists of UI £ RRU dily ounts of epilepti seizures mesured etween Q nd QH weeks for N = 788 ptientsF en homogeneous wrkov hin with two sttes is used for these dtX

2, . . . , N D the empiril fyes estimte @ifiA ψi mximizes the onditionl distriuE tion p(ψ i |y i ; θ) = p(y i |ψ i )p(ψ i ; θ) p(y i ; θ)

  extend the disreteEtime model for the lerne Cl presented in etion QFIFI to this ontinuousEtime modelX

	d log(Cl(t)) = -α (log(Cl(t)) -log(Cl )) dt + γdW (t)	
	(Cl(t), t ≥ 0) is now ontinuousEtime wrkovin proess whih tkes its vlues in R + F he u
	model omines this di'usion model for Cl(t) with n yhi model for the mount A(t)X	
	d log(Cl(t)) dt dA(t) dt	= -α (log(Cl(t)) -log(Cl )) + γ = -V A(t) Cl(t)	dW (t) dt	@QA

Table 1 :

 1 Estimation of the population parameters for the epileptic seizure count data obtained with a mixture model and a hidden Markov model

		Mixture model		HMM model
	Parameter	Estimate Stand. Err.	Estimate Stand. Err.
	p 1,pop	0.907	0.011	-	-
	p 11,pop	-	-	0.87	0.007
	p 22,pop	-	-	0.48	0.03
	λ 1,pop	0.209	0.011	0.126	0.009
	λ 2,pop	1.86	0.10	1.25	0.05
	ωp 1	1.94	0.10	-	-
	ωp 11	-	-	0.88	0.05
	ωp 22	-	-	2.17	0.12
	ω λ 1 ω λ 21	1.23 0.93	0.04 0.03	1.44 1.03	0.05 0.03

Table 2 :

 2 Estimation of the population parameters for the theophyllin data with the ODE based model eq:pkode and the SDE based model eq:pksde3

			ODE model	SDE model
	Parameter	Estimate Stand. Err.	Estimate	Stand. Err.
	kapop	1.31	0.25	1.02	0.31
	Vpop	32.2	1.6	25.2	3.5
	Cl pop	2.79	0.20	2.92	0.24
	α	-	-	0.519 (MAP) 0.22
	γ	-	-	0.433 (MAP) 0.11
	ω ka	0.627	0.160	0.968	0.240
	ω V	0.132	0.053	0.345	0.130
	ω Cl	0.239	0.056	0.164	0.094
	σ	0.174	0.014	0.056 (MAP) 0.002

Supplementary Material

HMD_1.zip: wonolix projets @wonolix version RFQFQA for the epilepti seizure ount dt exmE pleX seizures0_project.mat is the projet (le for the mixture model implemented in hmm0_mlx.mD seizures1_project.mat is the projet (le for the hidden wrkov model implemented in hmm1_mlx.mF he porwrdEfkwrd nd iteri lgorithms re implemented in hmm1_mlx.mF pigure T is proE dued with the mE(le seizures_plot.mF HMD_2.zip: wonolix projets @wonolix version RFQFQA for the theophyllin exmpleX theophyllin_ODE_project.mat is the projet (le for the yhi sed model @I omprtment u model with liner elimintionAD theophyllin_SDE_project.mat is the projet (le for the hi sed model implemented in ekf_PKmodel.mF he extended ulmn (lter nd the smoother re implementedD respetivelyD in ekf.m nd ekf_ind.mF pigure IH is produed with the mE(le theo_plot.mF