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ACOUSTIC PROPAGATION IN A VORTICAL HOMENTROPIC
FLOW*

J-F. MERCIER', C. MIETKA!, F. MILLOT{ , AND V. PAGNEUXS$

Abstract. This paper is devoted to the theoretical and the numerical studies of the radiation
of an acoustic source in a general homentropic flow. As a linearized model, we consider Goldstein’s
Equations, which extend the usual potential model to vortical flows. The equivalence between
Linearized Euler’s Equations with general source terms and Goldstein’s Equations is established,
and the relations between unknowns, in each model, are analysed. A closed-form relation between
the hydrodynamic phenomena and the acoustics is derived. Finally, numerical results are presented
and the relevance of using Goldstein’s Equations compared to the potential model is illustrated.

Key words. Acoustics, Hydrodynamics, Goldstein’s Equations, Finite Element Method, Dis-
continuous Galerkin Element Method, Perfectly Matched Layers

AMS subject classifications. 65J10, 65N30, 65Z05,35J50, 35Q35, 35Q31

1. Introduction. Aeroacoustics consists in determining the acoustic perturba-
tions propagating in an imposed flow. It is mostly the need of noise reduction in
aeronautics which creates an increasing interest in the field of aeroacoustics, the main
application concerning the sound propagation inside the radiation and outside a plane
engine. But let us cite also the need to reduce the sound emitted by exhaust pipes
in the car industry or by ventilation ducts in the domestic industry. In the present
paper, we focus on the propagation of the sound created by a known source in a given
flow. In particular we do not address the mechanisms responsible of noise generation
[1, 2], involving non-linear models. We consider linearized equations and we focus on
the time harmonic regime.

The most studied case of acoustic propagation in a flow is the case of a curl free
carying flow. This case is simpler because for a uniform flow [3] or even for a flow
vo potential and homentropic, the acoustic perturbations are also potential and the
velocity potential ¢ satisfies the convected Helmholtz equation [4, 5]:

D 1 Dy 1 .
(1) Dr (c%Dt) = %le(POVSD)v

where pg and ¢y are respectively the density and the sound velocity of the flow and

where
@) 20wy
is the convective derivative. This model is well adapted to a classical Finite Element
discretization and is widely used in some industrial applications [6, 7] or in the analysis
of the influence of liners on the acoustic propagation [8, 9, 10].

For a more complex flow, a scalar description of acoustic perturbations is no
longer possible because of the coupling between acoustic and hydrodynamic phenom-
ena. Such coupling requires more sophisticated vector models. For the time-domain
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2 J-F. MERCIER, C. MIETKA, F. MILLOT, AND V. PAGNEUX

problem, several methods have been developed to solve the Linearized Euler Equa-
tions, but the treatment of the artificial boundaries still raises open questions. On the
other hand, the time-harmonic problem in an undounded domain has not been con-
sidered for a general flow, excepting thanks to the Galbrun equation [11]. However,
the Galbrun equation [12, 13, 14] revealed not to be adapted to 3D configurations. To
go beyond this limitation, in this paper we consider the Goldstein equations [15, 16].
They have been widely used to model the development of perturbations in a swirling
flow [17, 18, 19, 20, 21, 22, 23] and we will show that they are well adapted for
aeroacoustics applications.

The main advantage of using Goldstein’s equations is that they are simpler than
alternative models, among which the Linearized Euler equations [24, 25, 26, 27], the
Galbrun equation or the Mohring equations [28, 29], because they are mainly scalar
and close to a usual wave equation. Indeed, they can be seen as a perturbation of
the simple convected Helmholtz equation (1) and they even exactly reduce to this
equation in the potential areas of the carrier flow, this last point being particularly
important for 3D applications.

In this paper, we study theoretically and numerically the radiation of general
sources in a general flow, using the Goldstein equations. A general flow means a flow
at least not potential, but also not only a parallel shear flow, for which Pridmore-
Brown equation [30] is more commonly used. In addition to the velocity potential,
Goldstein’s equations involve a supplementary unknown, namely the hydrodynamic
vector field &, which satisfies a transport equation. Our main contribution is to
determine the closed-form expression (14) of the Goldstein hydrodynamic unknown
&. In particular we will show that for a potential flow and potential sources, £ = 0
and Eq. (1) is recovered. Note that Goldstein derived his equations only in the
case of a potential flow in presence of incident convected disturbances but without
explicit source term (see Eq. (9)). Since we are interested in a general configuration,
we derive the equations in the general case. Starting from Euler’s equations, we
first derive a generalization of the Goldstein equations that are valid in presence
of compactly supported source terms and of a vortical flow as well. Finally, since
the Goldstein equations are exact, we will quantify the errors when the convected
Helmholtz equation (1) is used in a non potential flow, such approximation being
often used for its simplicity.

The outline of the paper is the following. The generalized Goldstein equations are
derived in section 2 and we show they are equivalent to Euler’s equations. This section
ends up with the determination of the general expression of £. Section 3 is mainly
devoted to some 2D numerical experiments. First, we consider a parallel shear flow in
an unbounded domain. Such simple flow facilitates the presentation of the numerical
method, based on the introduction of Perfectly Matched Layers (PMLs) to bound
the calculation domain and on the coupling between continuous and discontinuous
Finite Elements. We also give some conditions under which the radiation problem
with PMLs is well-posed, ensuring the convergence of the Finite Element scheme.
Then we use Goldstein’s equations to study numerically the acoustic radiation of a
source in presence of such a flow. The solutions are validated by comparison with the
solutions obtained from the Galbrun equation and the influence of a vortical flow is
illustrated. Finally we consider a non-parallel flow and we illustrate the closed-form
relation giving &.

2. Derivation of the Goldstein equations from the Euler equations. Our
first purpose is to prove in a simple and comprehensive way the equivalence between
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ACOUSTIC PROPAGATION IN A VORTICAL HOMENTROPIC FLOW 3

Euler’s equations and Goldstein’s equations in presence of source terms and of a
vortical flow. Although we are primary interested in the time harmonic regime, such
proof will be done in the time regime because the initial conditions enable us to have
uniqueness results when integrating transport equations. We start by recalling the
Linearized Euler Equations.

2.1. Euler’s equations. Since the theory is not limited to a 2D configuration,
we work in 3D and we consider a propagation domain 2 = R? or Q = R3\ B where B
represents obstacles or walls guide, on which a rigid boundary condition is imposed
v-n = 0 with v the total fluid velocity. We consider a subsonic inviscid flow of a
perfect compressible fluid with constant specific heats capacity c, and ¢, at constant
pressure and volume. The flow is the superposition of a steady flow and of small time-
dependent acoustic perturbations: the velocity v, the density p, the pressure p and
the entropy s. The small perturbations satisfy in €2 the Linearized Euler Equations.

Following Goldstein [15], it is assumed that the carrier flow is homentropic: sg
is constant. This is an hypothesis commonly used [17, 18, 19, 20], despite effects of
a mean entropy have been sometimes taken into account [21, 22]. For such a carrier
flow, Goldstein showed that the Linearized Euler Equations simplify in a system that
we extend by including general source terms f, g and h:

Dv* P
* . V V —_— P
Dt + (v )vo + <p0> g,
D 1
D2y L) = -,
Dt \ poc Po
(3)

Ds _,
Dt 7
vy 0

o 2¢,

D/Dt is defined in Eq. (2) and the boundary conditions are v - n = 0 on 92. Source
terms are chosen compactly supported and such that f,h € L?(Q), g € (L?(22))3. We
consider causal sources and null initial conditions:

f(x,t<0)=0=g(x,t <0)=h(x,t<0),

v*(x,0) = 0 = p(x,0) = s(x,0).

In (3), the entropy perturbation s is decoupled from the other perturbations. Note
that this is no longer true if the carrier flow is not homentropic. Then the entropy

Ds
satisfies Dr +v-Vsy=h and as soon as sg # 0, s depends on v. For a homentropic

carrier flow, s can be eliminated by solving the following decoupled problem:

(4) {g'z’ — h, with s(x,0)=0,

whose unique solution is noted H(x,t) (see remark 2). Then, noting w* = curl v*
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4 J-F. MERCIER, C. MIETKA, F. MILLOT, AND V. PAGNEUX

the vorticity perturbation, we rewrite (3) in the more convenient form

6v* * * * p
(5a) +V(vyg v)+two X vi+w xvg+V | —| = g,

ot Po

D D 1 .
5b Z (2 )+ 2a - -
(5b) oy (2 ) + divtw) ;.
(5¢) v = v — HVO7
2¢p

(5d) vi(x,0)=0=p(x,0)=s(x,0).
with
(6) wo = curl vy,

the vorticity of the carrier flow and where we have used the vector identity Eq. (31).

2.2. Goldstein’s equation with general sources in a general flow. In this
paragraph, we aim at obtaining the Goldstein equations from Eq. ((5a),(5b),(5¢),(5d)),}
with a general flow (wyp = 0 or # 0) and general sources f and g. The Helmholtz
decomposition indicates that g can be written g = Vg; + curl g,, with g, = 0 if
curl g = 0. In 3D, the condition divg, = 0 is added whereas in 2D, g2 becomes a
scalar. We will prove the theorem:

THEOREM 1. Euler’s Equations ((5a),(5b),(5¢),(5d)) are equivalent to the gen-
eralized Goldstein equations

D (1 Dy 1 . D (¢

il etk o IR - = (2L

o <c3 Dt) p” v[po (Ve + &) o (Cg>»
(7 o

ﬁ+(£-V)'v0—V<p><w0 = curl g,
where vy
F=f+ 2=
2¢,

associated to the initial conditions ¢(x,0) =0 = (0p/0t)(x,0) = &(x,0), with

H

v o= Vet&+ o

(8) 20p
p = polyg _ Dy

o\ o )

Before proving this theorem, let us make some remarks.

REMARK 1.
o If all the sources are vanished g=0= f =h and if wo = 0, Eq. (7) and Eq.
(8) degenerate to the result of Goldstein [15]:

D (1D 1

Dt<c%Df) = %dw[po(Vgo-l-E)]a
Dg
Dt

(9)
= —(&- V).
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ACOUSTIC PROPAGATION IN A VORTICAL HOMENTROPIC FLOW 5

o The definition usually used [15, 18, 20, 21], p = —poDyp/Dt, is no longer
valid if g1 # 0 (see Eq. (8)).

e the “acoustical” part g, of the source g appears as a source term only in
the equation for the acoustic field ¢. In a same way the “hydrodynamic”
part g, of the source g appears as a source term only in the equation for the
hydrodynamic field &.

e the decomposition of the velocity in Eq. (8) is not a Helmholtz decomposi-
tion since we have not imposed div (§ + I;[CUO> = 0. In fact in practice this
quantity is not found to be equal to zero and it happens that the Helmholtz de-
composition is not well-adapted to aeroacoustics. We have chosen to use the
Goldstein’s decomposition v = Vi + £, but an alternative is to use Clebsch
potentials [16].

Proof. 1t is straightforward to check that if ¢ and & are solutions of the coupled
system of Goldstein’s equations (7), then p = pg(g91 — Dy/Dt) and v* = Vi + £ are
solutions of Eq. ((5a),(5b),(5¢),(5d)). It has been already done without any source
term, for isentropic perturbations (s = 0) [17, 18, 19, 20] or for general perturbations
in a cylindrical geometry [21].

To prove the converse implication, that a solution of Euler’s equations is a solution
of Goldstein’s equations, is more complicated and has never been done in the general
case. A first difficulty is to define uniquely the Goldstein unknowns (¢, &) from the
Euler unknowns (p, v*). It has been done only for a potential flow and with incident
fields as source terms [15]. To extend the results to a vortical flow and to the presence
of sources, first we define ¢, starting from (8) with the initial condition ¢(x,0) = 0
(see remark 2). Then we deduce €. More explicitly we use the relations

Dy p .
(10) Dt g1 P with ¢(x,0) ,
E = v —Vy,

to define the Goldstein’s unknowns (¢, ).
Applying the change of unknowns Eq. (10), the mass conservation equation (5b)
leads to

D 1 D¢ 1 . D (g1 vo-VH
11 = (=2 = =divpo(V — (&) e
W 5 (55) = man(Ter ol + 1+ (%) + Y05
Moreover, using w* = curl &, deduced form Eq. (10), (5a) leads to
0 D 0
V(af—&—vmv*—l—gl—l)f) —i—a—f—l—woxv*—&—curléxv():g

which simplifies in:
23
V(v0-£)+a+w0 x (Vo + &)+ curl € x vo = curl g,.
Finally using once again Eq. (31) is obtained the hydrodynamic equation
D¢

(12) Dt~ Vo xwy— (£ V)vg+curl g,. 0

This manuscript is for review purposes only.
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6 J-F. MERCIER, C. MIETKA, F. MILLOT, AND V. PAGNEUX

REMARK 2. An efficient method to solve the first equation of (10) or to solve
Eq. (4) is to use a change of variable in order to get a family of ordinary differential
equations along the streamlines of the flow. For instance, for a parallel shear flow
vo(x) = vo(y)e, with € = (x,y, 2), the streamlines are the lines y = cste and z = cste
and we get the explicit unique solutions:

o(x,t) = /0 Clz —vo(y)(t —u),y, z,u] du where ((x,t) = g1(x,t) —
H(x,t) = /0 hlz —vo(y)(t — u), vy, z, u] du.

2.3. General expression of the hydrodynamic unknown. The perturba-
tion ¢ is governed by a classical convected wave-like equation (7), with source terms.
The main difficulty is to determine &, which satisfies a less classical transport-like
equation. However there is a simplification: it is possible to find a simple expression
of & which in particular predicts where & vanishes. We present now the derivation of
such expression.

In the case of a potential flow wy = 0 and of potential sources g, = 0,it is easy
to get from Eq. (12) that & = 0 and Goldstein’s equations (7) reduce to the potential
model (Eq. (1) with the addition of source terms). In the general case of a non-
potential flow in presence of non-potential sources, £ # 0 but a simple expression of
& can also be obtained. Indeed Eq. (12) may be written

D
(13) D—f + (£ V)vo =V X wo+ curl g,.

This means that £ is induced by two different sources: the coupling between acoustic
perturbations V¢ and the flow vorticity wy and the vorticity source term curl g,.
More precisely we will prove the following theorem:

THEOREM 2. The general solution of Eq. (13) is
(14) E=uxwy+o,

where u is the displacement perturbation and where a(g,) is a term only due to the
hydrodynamic source g, (or equivalently to curl g).

u is defined from the velocity through (see [11])

Du
(15) V* = ﬁ — (u . V)VO7

with the initial condition u(x,0) = 0. To prove the Theorem 2 and the decomposition
(14), we introduce the temporary unknown

(16) € = u X w,

and we prove first the following lemma:

LEmMMA 3. The quantity £~ defined in Eq. (16) satisfies the following equation

(17) DE&:('U*—E) X wo — (€- V).

This manuscript is for review purposes only.



ACOUSTIC PROPAGATION IN A VORTICAL HOMENTROPIC FLOW 7

212 Note that this is simply a vectorial relation, which has nothing to do with the problems
213 satisfied by u and v*. We give the proof in the Appendix A.

214 Note that since Vo = v* — £, € in Eq. (12) with curl g, = 0 satisfies the same
215 equation than € in Eq. (17). Thanks to this remark, from Eq. (12) and Eq. (17) we
216 deduce that { = & — f satisfies

D
217 (18) D—f =—(xwy—(¢-V)vy+curl g,,
218 with ¢(x,0) = 0.
219 We can now prove the Theorem 2 by solving Eq. (18), the solution depending of
220 the value of the source term:
221 e if curl g, = 0, then the solution of Eq. (18) is zero (and thus £ = u x wy),
222 since, it is easy to get that
€
223 7 = 2(lwoll +[IVvoll) €,
224 where £ = / /%0 |¢|? dx. Since E(t = 0) = 0, we deduce thanks to Gronwall
Q

225 lemma that & = f at any time.
226 e if curl g, # 0, if we note o(g,) the unique solution (see the previous item
227 for the homogeneous problem) of Eq. (18), then € = €+ o.

228 REMARK 3. In the case g = 0 and for homentropic perturbations s = 0, the first
220 part &€ = u X wo has already been found [16] whereas Goldstein [15], considering the
230 case wg = 0 but with an incident field, acting like a source term curl g # 0, found
231 the second part & = o .

232 3. Numerical experiments. To illustrate the superiority of the Goldstein equa-li
233 tions with respect to the potential model (1), we will now solve in the time harmonic

regime the radiation problem defined by equations (7). We use a Finite Element
235 method, which, contrary to a Finite Differences method, has the main advantage to
236 be well suitable for unstructured meshes, adapted to complex geometries. We will
237 restrict to the 2D case.

238 3.1. Acoustic radiation in a parallel shear flow. We start by considering
239 the simple case of a shear flow for two reasons. First it is a validation case because
240 for such flow, the link between different alternative models is simple. Second it is
241 a simple way to control the vorticity of the carrier flow (it is the derivative of the
242 velocity profile) and thus to quantify the domain of validity of the potential model
243 Eq. (1).

244 3.1.1. Numerical scheme. Let us consider a two dimensional shear flow in R?
245 (19) vo(z,y) = vo(y)e,

246 with a velocity vy continuously differentiable on R. We impose an homentropic flow
247 (sp = cst) and we get from the Linearized Euler Equations that the density pg, the
248 pressure py and the sound velocity ¢y are constant. We suppose the flow subsonic
249 |vp| < ¢p and we introduce the Mach number My(y) = vo(y)/co. We consider har-

250 monic noise sources F(x)e~ ™! and g(x)e~ ™! with the frequency w and we solve (7)
251 with (2) replaced by

D .
252 — = —iw+vpy- V.

Dt

This manuscript is for review purposes only.



8 J-F. MERCIER, C. MIETKA, F. MILLOT, AND V. PAGNEUX

Time harmonic regime seems easier to solve than transient regime since the time
variable has disappeared, but it introduces an extra major difficulty when solving nu-
merically a radiation problem: to consider a bounded domain, we have to define some
well-suited radiation conditions. In this aim, following the treatment of Galbrun’s
equation [11], we surround the computational domain with perfectly matched layers
(PMLs) [31, 32]. The computational domain, schematized on Fig. 1, is Q = Qp U,
where Qp =]z, zp[x]0, [ is the physical bounded domain containing at least the
sources,  =|x,, — L1,2p + L1[x] — L2, h + Lo is the computational domain and

1 Qp = Q\Q, is the PML domain. The velocity vy is supposed uniform outside [0, k]
62 in order to get no reflected waves from the domain outside €} (otherwise the PMLs
263 could not be introduced). The introduction of PMLs corresponds to define the scale
264 changes

ot

[SL S I,
S Ot W

[ e
©

NN NN NN NN NN

2 — 3 ( )Q

ox a1 ox
265 Y(x,y) € Q,

0 0

éTy —>042(y)a*y

266 where the piecewise functions ¢; are defined by

o . ! it x€lrm,x, 3 1 if ye]0,hl,
207 an(z) = { aecC otherwise. da(y) = aecC otherwise.

268 The complex number « in the PMLs is chosen such that [11]

269 (20) Re(a) >0 and Im(a)<0.

s X
i Mo(y) 0 -
. AN\ A\
b o % 2+ I

F1G. 1. Description of the two dimensional problem with PMLs

27

271 The purpose of these PMLs is to let the outgoing waves exit €2, and to suppress
272 any reflected wave from the borders of )3, in order to simulate the propagation without
273 boundaries. The outgoing solution is selected by the PMLs by setting the boundary
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ACOUSTIC PROPAGATION IN A VORTICAL HOMENTROPIC FLOW 9

conditions ¢ = 0 on ©* and € = 0 on ¥~ (since £ satisfies a transport equation, it
just needs to be set upstream [11]).

The Goldstein equations, in time harmonic regime, with PMLs and in a parallel
shear flow become

Dly = diva(Vap+£€) +F+Dq (?)
0
. Oy . Og
. Oy . 092
D.§ = Mé(y)alaix_alaixv

where D, = —ik + My(y)@10/0z with k = w/co. Thanks to the PMLs, we can prove
that problem (21) is of Fredholm type, which in particular ensures the convergence
of a Finite Element approximation of the solution (outside an eventual set of discrete
resonance frequencies). More precisely we can prove that (the demonstration is rather
technical and not given here):

THEOREM 4. Problem (21) is of Fredholm type if

1
(22) min [%e (@) (1 —s2), Re (04)} —51Cq0 >0,
where sp = max_|My(y)|, s1 = max Mo (y) and Cqu.q 18 a constant depending of
ye[0,h] yelo.h) | Mo(y) ’

the PML parameter and of the geometry of §2.

REMARK 4. Note that thanks to Eq. (20), both Re () and Re (1/a) are positive.
Therefore the theorem requires that so < 1 (subsonic flow) and that s1 is small enough
(low shear flow). It is known that an incompressible shear flow with an inflection point
in the velocity profile may be unstable if the slope is large enough. The condition si
small is certainly linked to this instability, although the condition M} = 0 does not
appear explicitly in the condition (22). The stability of compressible shear flows has
been less studied, results can be found in the low frequency limit [33], but no explicit
results on the influence of maxycyop) |M}| are given is this reference.

REMARK 5. The condition (22) is impossible to fulfill if My vanishes, but we
have found an alternative condition that replaces the condition (22) for vanishing or
even low Mach number values. If My(yo) = 0, then let us introduce the small layer
Y € [yo — &,y0 + €] where € is chosen such that My is small in this layer. Then the
radiation problem (21) is found to be globally well posed if it is well-posed both

e in the "low Mach” layer y € [yo — &,yo + €], which is the case under the
condition:

1 )] _ maXyclyo—e,yo+¢] ‘M(l)(y” >0,

@) i [Re(0) (- ), re (£ :

e outside the "low Mach” layers, which is the case if the condition (22) is
My (y)
Mo (y)
REMARK 6. Conditions (22) and (23) are sufficient conditions to get a well-posed

radiation problem. In practice, the numerical method is stable for less restrictive
conditions.

satisfied by s1 = max
y&[yo—e,yo+e]

This manuscript is for review purposes only.
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A numerical method for solving the Galbrun Equation has been developed in the
case of shear flows [34, 35], and then extended to slow [36] and general flows [11]. This
numerical approach relies on a Finite Element method coupling continuous and Dis-
continuous elements [37, 38, 39], these latter leading to a stable method to deal with
harmonic transport problems. The numerical scheme to solve Goldstein’s equations
is not new, we have adapted the numerical scheme developped to solve Galbrun’s
equation. Here we just sum up the numerical approach, for more details, see [11]. To
solve the Goldstein equations, we couple two Finite Element schemes: the potential
equation of (21) is discretized with Lagrange Finite Elements whereas the hydrody-
namic equations of (21) are discretized with Discontinuous Galerkin Elements. Both
quantities are discretized on the same mesh with around 70 000 nodes. They are
determined conjointly and time calculations are of the order of a few minutes.

3.1.2. Parameters for the numerical simulations. We work with variables
and unknowns without dimension which leads to pp = ¢y = 1. In most of the numerical
results, we consider a jet flow of Mach number given by

2
(24) Mo(y) = Mo + prexp (-%) ,
where p, My, and R are parameters. We consider first F = 0 in Eq. (21), g =0

(thus the hydrodynamic field € is equal to u x wy, see Eq. (14)) and two types of
acoustic sources g1, such that Vg, is a dipolar or a quadripolar source:

2 2
T—T) +(Y—Y
e e
s

Wexp <_($ — )+ (y — yc)2> .

2 2
T rs

9

(25)

gl (.’E, y)

(z¢,ye) is the center of the source and rg is its characteristic radius. For simplicity
we consider isentropic disturbances s = 0, which implies v* = v in Eq. (3), and we
will compare three models, where D/Dt = My(y)0/0x — ik with k = w/cp:

e the potential model

D%p Dgy
—F gV —91
Dt2 (Vi) + Dt’
e the Goldstein model
D2<P . Dg1
Ditg = le(VQD+£)+D7t,
(26)
D
2L Vpxw (6 VMY,

with wg = curl My,
e the Galbrun model (see [12, 11])

D?u
Yo V(V 'U.) = Vgl

(27) D

Thanks to the introduction of the source term Vg; in Eq. (27), it is possible to
prove that Eq. (26) and Eq. (27) are equivalent. Our aim is to illustrate the efficiency
of the Goldstein model. The Galbrun model is introduced as a reference method and
the potential model is used for its simplicity. More precisely:
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e Since the Galbrun model has been implemented and tested on many cases
[11], it will be used to produce reference solutions to test the validity of the
numerical resolution of the Goldstein equations. To compare the numerical
results from the three models, we need to consider common quantities: the
pressure and the velocity. These quantities are given by

ngl—%z—divu and VZVQO—Fé:%—(U'V)Mo.

e The potential model is very attractive because its resolution is simple: only
continuous Finite Element are required. Although it is not valid for non-
potential flows, it can be solved for any flows and the comparison with Gold-
stein’s model will indicate the importance of the induced error. The results
will be presented first for low shear flows, for which the error when using the
potential model is expected to be small, then for stronger shear flows and
finally for a potential flow with an hydrodynamic source.

3.1.3. Comparisons for a low vorticity flow. First we consider a jet flow
associated to a low vorticity |wg|, defined by R = 0.35, M, = 0.1 and g = 0.2 in
the domain € =|0, 3[x] — 1, 1[. The source is g} (see Eq. (25)) with (x.,y.) = (1,0),
rs = 0.05 and k = 12. For small |wg| values, &€ = u X wy is small and the potential
model is expected to be a rather good approximation. More quantitatively, the term
V is dominant over the hydrodynamic term & in the acoustic velocity decomposition
Eq. (10). Indeed the vorticity wo = —dMy/dye, is bounded by

2p y? 2 p
wo = |QJO| = ﬁyexp <_ﬁ) S \/;E

From the second equation of (26), we get the rough estimate w|€| ~ wo|V| and
therefore |€|/|V | ~ wp/w < 0.04.

On Fig. 2 and Fig. 3 are represented respectively the horizontal acoustic velocity
and the pressure radiated by the source for the three models. The horizontal white
lines delimit the area with a strong shear of the flow. We obtain very similar numerical

Re(v_x)

.05
0.04
-0.02
fo
002
f-0.04
-0.05

Fic. 2. Real part of the velocity perturbation Re(vg) in a low shear jet flow Eq. (24) for
Goldstein (left), Galbrun (center) and the potential model (right). The shear area is between the
white lines. The source corresponds to the central disc. For such a low shear flow, the solutions of
the three different equations are found very similar

solutions, which confirms that the potential model may be used as a good approxima-
tion in this low shear case. Actually, there are small differences in the vorticity areas
(between the white lines) on the acoustic velocity but no difference on the pressure.
The impact of these differences on the far-fields is found very limited.

3.1.4. Comparisons for a larger vorticity flow. We consider now for the
same geometry and the same source a jet flow with a stronger vorticity, R = 0.15 and
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Im(p)
.08

0.04

-0.04
-0.08

Fic. 3. Imaginary part of the pressure perturbation Im(p) for the same configuration than in
Fig. 2 for: Goldstein (left), Galbrun (center) and the potential model (right). Since the pressure in
not an hydrodynamic quantity, the three solutions are nearly the same.

thus |€|/|V¢| ~ wo/w < 0.1, for which only the Goldstein and the Galbrun models
are rigorously valid. We have checked that Goldstein’s and Galbrun’s models give the
same results and we focus here on the comparison between Goldstein’s and potential
models: on Fig. 4 are represented Re(v,) radiated by a source from the Goldstein
model on the left and from the potential model on the right at £ = 8. Differences
between the two solutions, especially in the vorticity area (between the white lines, in
the vicinity of y = 0), are observed. In particular the Goldstein equations are able to

Re(v_x)
E.025
0.02
001

0
001

f-002
-0.025

FI1G. 4. Real part of the velocity perturbation Re(vy) in a strong shear jet flow for Goldstein
(left) and the potential model (right). Hydrodynamics patterns, appearing as inclined lines with a
small wavelength, are forgotten by the potential model.

capture the hydrodynamic phenomena, neglected by the potential model: oscillations
of v, (inclined lines of small wavelength downstream the source, due to oscillations
of £) are seen on Fig. 4 left part, as a result of the transport phenomenon (see [11]).
Indeed the solution of D&/Dt = 0 is € = A(y) exp(ikz/My(y)): for each y value, it
corresponds to patterns moving at My(y) with a wavelength 27 My (y)/k.

In the previous example, the impact of neglecting & is found very limited: indeed,
the radiated patterns for the Goldstein and potential models in Fig. 4 are very
similar. This is because |€|/|V¢| < 0.1. But in general it is important not to neglect
hydrodynamic phenomena since strong differences in the far field can occur. Such
differences are easier to see, considering a new geometry: we consider a larger domain
O =] —3,3[2, k = 12 and we place the quadripolar source g; of Eq. (25) at (z.,y.) =
(=1,1.5) with r¢ = 0.1. The jet flow corresponds to R = 0.1, M, = 0 and p = 0.3.
The results obtained from the three models are presented on Fig. 5. The far fields
obtained for the Goldstein and the Galbrun models are equivalent and both different
from the result given by the potential flow model. The far field of the potential
solution is clearly different downstream the source, in particular for the rays reflected
by the jet core, highlighted by dashed lines.
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Re(v_x)
2.0025
0.002

-0.001

-0.001

-0.002
-0.0025

Fi1c. 5. Real part of the velocity perturbation Re(vy) for the radiation of a quadripolar source for
Goldstein (left), Galbrun (center) and the potential model (right). A large domain enables us to see
the far field. The dashed black lines highlight the main differences between the potential model and
the other models. In particular an extra reflected "ray”, non physical, is obtained by the potential
model.

Finally, to illustrate the validity of the relation & = u X wg where u is the
perturbation displacement, we consider on Fig. 6 the case Qp =|0,3[x] — 1,1[, k = 6,
the jet flow characterized by R = 0.25, My, = 0.2, p = 0.1 and the source g7,
represented by a black circle. Re(&;) from the Goldstein equations and Re((ux wq))

Re(xi_x) Re(uxw0_x)
005

.005 0.004
0.002
0
-0.002
-0.004
-0.005

0.004
0.002

lo

0002
0004

-0005

Fi1c. 6. Validation of the relation &€ = u X wq for the radiation of a dipolar source, represented
as a black circle, in a jet flow. We represent Re(€;) for Goldstein (left) and Re((u X wo)z) for
Galbrun (right). &z develops only in the shear flow areas. Note that &y does not vanish upstream
the source.

from the Galbrun Equation are found exactly equal. Note that & is not only convected
by the flow, it takes non zero values upstream the source. This is due to the fact that
the acoustic field u is radiated in all directions by the source.

3.2. Case of a 2D flow. In this section, we extend our illustrations to non-
shear flow and non-potential sources. We focus on Goldstein’s configuration [15] and
we consider a potential flow with a vortical source (g2 # 0). We consider the flow
around a circular obstacle of radius R, Mq(z,y) = Vo with

o = M (% + ?R> cos b,
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in polar coordinates (x = rcosf,y = rsinf). Such flow and source lead to the
following equations:

D2§0 . Dg1
m = le(V§0+€) + E,

D

D—f = —(¢&-V)Mj + curl gs,

with D/Dt = My - V — ik and where we take g1 = g7 = g2 (see Eq. (25)). From

Re(xi_x) Re(xi_x)
026349 E.O]
0.02 10.008
0,01 0.004
0 0
0,01 --0,004
-0.02 -0.008
-0.026278 -0.01

F1G. 7. Radiation of a vortical source in the potential flow around a disc. Are represented Re(€y)
obtained from the resolution of Goldstein’s equations for two different positions of an hydrodynamic
source, represented as a black circle. As expected, Re(€z) is convected along the flow streamlines.
Note that the potential model neglects & (it assumes it is zero).

Eq. (14), since for a potential flow u X wg = 0, we have £ = o. On Fig. 7, for a
flow coming horizontally from the left, is represented o, = Re(&,) in Q, =] — 1,1[2,
for R = 0.3, M., = 0.3, £k = 6 and for two different positions of the source. We see
&, created by the source whose location is indicated by a black circle, and following
the flow streamlines. On Fig. 7 (left) the source is off-centered from the flow whereas
on Fig. 7 (right) the source is centered on the stream line associated to a stop point
on the disc. In the second case the pattern of Re(&,) is rather complex and behind
the disc, the wavelength of Re(¢,) is very small because the velocity is weak. Note
that the potential model would ignore these patterns since this model consists in
taking & = 0 in the Goldstein equation and therefore the potential model is a bad
approximation when gs is not small.

4. Concluding remarks. In order to study the acoustic radiation of a general
source in a complex flow, we have derived the generalized Goldstein equations in the
presence of a vortical flow and source terms. These equations extend the potential
model, valid for potential flows, to general flows, by including a vector hydrodynamic
field.

Firstly, by taking some acoustic and hydrodynamic source terms into account,
we have proved that the Goldstein equations are equivalent to the Linearized Euler
model. For source terms f and g = Vg; + curl g, introduced in Eq. (5a), we have
established that the generalized Goldstein equations can be written (see Eq. (7)) in
the following way:

Ap + BE S,
C¢+Dyp = curlg,.
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The operators A, B, C' and D are defined as:

D /1Dp\ 1 .
Ap = — () — —div [po V)],
Dtl c2 Dt P0 [PV )]
B€ = ——div (005)7
Po
D
CE = LoHEVIw,
Dy = -V XxXuwy.

We have introduced the general source term
o D a1 A\ VH
S_f+Dt<c%>+ 2¢,

where H denotes the entropic perturbation. Moreover the solution &€ of the hydrody-
namic equation of Eq. (7) may be written in the form (Eq. (14)):

é =u X wo +U(g2),
where o is the solution to (Eq. (18)):

Do

D—t+(a'~V)V0+0'><w0:curl gs.
Our conclusions depend on the value of the vorticity of the flow wq and of the value
of curl g in the momentum conservation law of Euler’s equations. An overview of
these conclusions is summarized in the following table:

curl g =0 curl g #0
Ap=S5 Ap=S5 - Bo
wo=0 £E=0 E=o0
Blokhintzev’s model[4] | Goldstein’s model[15]
Ap+ BE=S Ap+BE=S
wo #£0 CeE+Dp=0 C&+ Dy = curl g,
E=uxuwy E=uxwy+o
Visser’s model[16] New model

After the first theoretical section, we have presented a numerical method to solve
the Goldstein equations in the time harmonic regime. PMLs have been introduced in
order to bound the computational domain in the case of a two dimensional flow. The
numerical method has been validated by a comparison with the Galbrun Equation and
the importance of the hydrodynamic unknown has been emphasized by a comparison
with the potential model.

A natural extension of this work is to consider more complicated boundary condi-
tions than rigid boundaries, like impedance boundary conditions. Another perspective
is to extend the numerical method to the 3D case. A possible strategy to decrease
the computational cost, due to the introduction of many degrees of freedom by the
Discontinuous Galerkin Element method, would be to compute ¢ and & on different
meshes: & would be determined on a coarser mesh, since it is associated to small
wavelengths, but on a mesh of small extension since only restricted to the vortical
areas of the carrier flow.

This manuscript is for review purposes only.



164
165

466

467
168

472

473

474

475
476

178

479

480

481

482
483

484

485

186

488
489

190

16 J-F. MERCIER, C. MIETKA, F. MILLOT, AND V. PAGNEUX

Acknowledgments. The authors gratefully acknowledge the Agence Nationale
de la Recherche (AEROSON project, ANR-09-BLAN-0068-02 program) for financial
support.

Appendix A. Hydrodynamic field.
Here we prove the lemma 3: £ = u X wy satisfies

De= (v =& xwo— (€ Vv

Proof. The carrier flow satisfies the Euler Equations:

div(povo) = 0,
(28)
po(vo - V)vo+ Vpg =0,

associated to the state law of the fluid pg = v(pp), given by

(29) v(po) = Kpg,

where x is a constant.
First the usual vorticity equation for wq is recovered, by writing the second equa-
tion of (28), using Eq. (29), in the form

2
(30) V(|V0 >+w0xv0+v<7p°>:0,
2 v —1po
where we have used the vector identity
(31) (a-V)b+(b-V)a=V(a-b)+(V xa)xb+(V xb) xa,

with a = b = vq. Taking the curl of (30)leads to:

Dwo
Dt
(the flow is stationary and thus D/Dt = vq - V). Using the relations (15) and (32),

we get (it is also Eq. (52) of [16])

(32) = ((.«JO . V)VO - (divvo)wo,

D(u x wy)

(33) =

=v* X wo + [(u . V)V(]] X wg+u X [(LU() . V)Vo] — (diVV())(ll X wo)

= V(u-(vo X wp))

in which we have used 6, the nabla operator applying only on vg (while u and wq
are considered constant)(see [16]). Therefore we get

%EZV*XWO—e(VO'é).

The vector identity (31), valid also for the operator %, applied to £~ and vq leads us
to the result of the lemma. O
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