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A new technique is presented for the stability and robustness analysis of nonlinear switched time-varying systems with uncertainties and time-varying delays. The delays are allowed to be discontinuous (but are required to be piecewise continuous) and arbitrarily long with known upper bounds. The technique uses an adaptation of Halanay's inequality and a trajectory based technique, and is used for designing switched controllers to stabilize linear time-varying systems with time-varying delays.

1. Introduction. Switched systems in continuous time have discrete switching events that use a switching signal that indicates which subsystem operates at each instant; see, e.g., [START_REF] Liberzon | Switching in Systems and Control[END_REF] and [START_REF] Wang | Stability of switched nonlinear systems with delay and disturbance[END_REF]. They are encountered in many applications, including communication networks; see [START_REF] Cheng | An extension of LaSalle's Invariance Principle and its application to multi-agent consensus[END_REF][START_REF] Lee | Uniform asymptotic stability of nonlinear switched systems with an application to mobile robots[END_REF][START_REF] Sun | Stability Theory of Switched Dynamical Systems[END_REF][START_REF] Xie | Stabilisation of time-delay switched systems with constrained switching signals and its applications in networked control systems[END_REF][START_REF] Yang | On stabilization of switched nonlinear systems with unstable modes[END_REF]. In addition, delays are frequently present in models describing engineering processes. The delays can be time-varying and discontinuous, especially for control over a network, where congestion and failures in links of the network can lead to sudden changes in the routing, causing the return trip time to change abruptly. Here and in the sequel, we use 'discontinuous delays' to mean delays that are functions of time and that are not required to be continuous, but which we will require to be piecewise continuous. See [START_REF] Michiels | A look at fast varying and state dependent delays from a system theory point of view[END_REF] for a discussion on technical problems that arise under state dependent delays, but [START_REF] Michiels | A look at fast varying and state dependent delays from a system theory point of view[END_REF] does not address switched systems.

Even for systems without switches, stability analysis for systems with timevarying delays is difficult in general [START_REF] Bekiaris-Liberis | Nonlinear Control Under Nonconstant Delays[END_REF], especially when the delay is discontinuous. Under discontinuous delays, a strategy for stability analysis consists of representing the systems as switched systems, and then applying switched systems methods. These facts motivated the recent works [START_REF] Wang | Stability of switched nonlinear systems with delay and disturbance[END_REF] and [START_REF] Yan | Stability analysis of switched time-delay systems[END_REF], where switched nonlinear systems with lumped delays are studied, and many other contributions, such as [START_REF] Caliskan | Dwell-time computation for stability of switched systems with time delays[END_REF] and [START_REF] Vu | Stability of time-delay feedback switched linear systems[END_REF]. See also [START_REF] Xie | Periodical stabilization of switched linear systems[END_REF], for stability results for non-delayed switched systems, assuming the existence of a stable convex combination of their subsystems.

Here we study switched systems whose switching signal only depends on time. Our main result is in Section 2; it is a new result that is based on combining Halanay's inequality [START_REF] Halanay | Differential Equations, Stability, Oscillations, Time Lags[END_REF] with the main result of [START_REF] Mazenc | Trajectory based approach for the stability analysis of nonlinear systems with time delays[END_REF]. See Appendix A below for a discussion on our required variant of Halanay's inequality. A key advantage of the technique is that it applies to broad classes of systems, including time-varying systems with switchings and discontinuous delays. This contrasts with much of the literature, where the time-varying delays are assumed to be continuously differentiable or the discontinuous part of the delay is assumed to be small in a suitable sense [START_REF] Fridman | On robust stability of linear neutral systems with time-varying delays[END_REF][START_REF] Mazenc | Reduction model approach for systems with a time-varying delay[END_REF][START_REF] Wu | Delay-dependent criteria for robust stability of time-varying delay systems[END_REF]. Our key assumptions here are a limitation on the number of switchings on all intervals of a certain length, and that the delays are bounded from above, but a key feature is that we allow the (known) upper bounds for the delays to be arbitrarily large. Hence, our work contrasts with other works that involve delays and switching such as [START_REF] Yan | Robust stabilization of parameter varying time delay systems by switched controllers[END_REF] (which constructs a switching rule that yields stability properties, instead of proving stability properties for large classes of switching rules as we do here) and [START_REF] Wang | Stability of switched nonlinear systems with delay and disturbance[END_REF], which introduces upper bounds on the delays that make it possible to use Lyapunov-Krasovskii functionals (or LKFs) to prove stability properties.

We do not assume that all of the subsystems of the switched system are stable, nor we assume that a common Lyapunov function for the subsystems is available. This is valuable because there are several techniques for systems with common Lyapunov functions (e.g., in [START_REF] Hespanha | Uniform stability of switched linear systems: extensions of La Salle's invariance principle[END_REF][START_REF] Mancilla-Aguilar | An extension of LaSalle's invariance principle for switched systems[END_REF]), but, in many cases, common Lyapunov functions do not exist, and time-varying delays preclude applying standard invariance principles. The existence of a common strict Lyapunov function usually implies stability for any switching signal, and we aim to establish stability results under restricted switching signals because only this type of result makes it possible to cover time-varying systems with time-varying delays; see Remark 2.1 below. In Section 3, we apply our main nonlinear result from Section 2 to a crucial family of linear time-varying systems with time-varying delays. We show that their stability can be analyzed by finding LKFs for time-invariant systems with constant delays. We present illustrative examples in Section 4, and we summarize the benefits of our work in Section 5. A summary of some of this work appears in the conference paper [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF], but this version adds substantial value relative to [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF] by including (i) an input-to-state stability analysis for nonlinear perturbed delayed switched systems, including constructions of comparison functions in the final input-to-state stability estimate, (ii) complete proofs, and (iii) a construction of a switching signal that can reduce the number of required switches for our application to linear time-varying systems; features (i)-(iii) were not present in [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF], which was confined to systems that do not contain uncertainties and which only sketched its proofs.

Fundamental Result for Nonlinear Switched Systems.

2.1. Notation. We use the following notation and conventions. We omit arguments of functions when the arguments are clear from the context. Let N = {1, 2, . . .} and Z ≥0 = N ∪ {0}. For any k and n in N, the k × n matrix all of whose entries are 0 will also be denoted by 0. The usual Euclidean norm of vectors, and the induced norm of matrices, of any dimensions are denoted by | • |, and I is the identity matrix in the dimension under consideration. The floor function is defined by Floor

(x) = k when k ∈ Z ≥0 is such that x ∈ [k, k + 1)
, and the ceiling function is defined by Ceiling(r) = min{ ∈ Z ≥0 : ≥ r} for all r ≥ 0. We let f (t -) denote the limit from the left of functions f at points t in their domains where the left limit is defined. Given any constant τ b > 0, we let C in be the set of all continuous functions φ : [-τ b , 0] → R n , which we call the set of all initial functions. We define Ξ t ∈ C in by Ξ t (s) = Ξ(t + s) for all choices of Ξ, s, and t for which the equality is defined. The notation C 0 in is used for the set of all constant initial functions. Let K ∞ be the set of all continuous functions g : [0, +∞) → [0, +∞) such that g(0) = 0, g is strictly increasing, and lim s→+∞ g(s) = +∞. Let KL be the set of all continuous functions β : [0, +∞) × [0, +∞) → [0, +∞) such that (i) for each t ≥ 0, the function f (s) = β(s, t) is of class K ∞ and (ii) for each s ≥ 0, the function g(t) = β(s, t) is nonincreasing and satisfies lim t→+∞ g(t) = 0, and |f | I denotes the supremum of any real valued piecewise continuous function f on any interval I in its domain, which can be applied to functions f ∈ C in . We assume that the initial times for our solutions are t 0 = 0, but analogous results can be shown for any initial times t 0 ≥ 0. By piecewise continuity of a function f that is defined on [0, +∞), we mean that there is a strictly increasing unbounded sequence s i indexed by i ∈ Z ≥0 such that s 0 = 0 and f is continuous on [s i , s i+1 ) for all i, where we assume that f has finite left hand limits at each point in its domain.

Problem Definition and Preliminary Remarks. We consider nonlinear time-varying switched systems with piecewise continuous delays

τ : [0, +∞) → [0, τ b ] (1) ẋ(t) = f σ(t) (t, x(t), x(t -τ (t)), δ(t))
where τ b is a known delay bound, x is valued in R n , σ : [0, +∞) → {1, ..., k} is called the switching signal, k ∈ N and n ∈ N are arbitrary, f i is locally Lipschitz with respect to its second and third arguments and piecewise continuous with respect to its other arguments for all i ∈ {1, ..., k}, and the unknown piecewise continuous bounded function δ : [0, +∞) → R d models uncertainty (with d ∈ N also arbitrary).

We assume that the initial functions φ are in C in . We confine our analysis to assuming that we have time-varying piecewise continuous delays τ : [0, +∞) → [0, +∞).

Let {t i } be the switching sequence for σ, i.e., the times t i ≥ 0 where σ changes to a new value, with t 0 = 0 and σ(t) = σ(t i ) for all t ∈ [t i , t i+1 ) and i. We assume that there are constants T 1 and T 2 such that

(2) 0 < T 1 < t i+1 -t i ≤ T 2 for all i ∈ Z ≥0 .
The constant T 1 is the (minimal) dwell time, and the sequence {t i } is called a partition of [0, +∞). See [START_REF] Pepe | Stabilization in the sample-and-hold sense of nonlinear retarded systems[END_REF], and [START_REF] Koru | On dwell time minimization for switched delay systems: Free-weighting matrices method[END_REF] for design methods that minimize dwell times to ensure stability of delay systems. These papers develop stability results under the assumption that inf{t i+1 -t i : i ≥ 0} > 0 and other assumptions (usually requiring all subsystems to be stable) [START_REF] Caliskan | Dwell-time computation for stability of switched systems with time delays[END_REF]. In recent years, there has been a considerable effort in trying to find the smallest allowable dwell times for a given switched system [START_REF] Koru | On dwell time minimization for switched delay systems: Free-weighting matrices method[END_REF]; see Remark 2.3 for further background. We next state our technical assumptions; see the end of this subsection for their motivations.

Assumption 1. There are k locally absolutely continuous functionals denoted by

V j : [0, +∞) × C in → [0, +∞) for j = 1, 2, . . . , k, real numbers α 1 , . . . , α k , nonnegative constants β 1 , . . . , β k , a continuous function W : R n → [0, +∞), class K ∞ functions χ 1 and χ 2 , and class K ∞ functions Γ 1 , . . . , Γ k such that (3) χ 1 (|φ(0)|) ≤ V j (t, φ) ≤ χ 2 (|φ| ∞ )
hold for all φ ∈ C in , t ∈ [0, +∞), and j ∈ {1, 2, . . . , k} and such that

(4) Vσ(ti) (t) ≤ α σ(ti) V σ(ti) (t, x t ) + β σ(ti) sup ∈[t-τ b ,t] W (x( )) + Γ σ(ti) (|δ(t)|)
holds almost everywhere along all trajectories of

ẋ(t) = f σ(ti) (t, x(t), x(t -τ (t)), δ(t))
for almost all t ∈ [t i , t i+1 ), all i ∈ Z ≥0 , and all choices of the unknown function

δ : [0, +∞) → R d .
Notice for later use that the preceding assumption implies that V j (t, x t ) is an absolutely continuous function of t for each j. Notice that some of the α i 's can be nonnegative and that no common Lyapunov function is needed; see Remark 2.1 for related discussions.

Assumption 2. The functions V j and W from Assumption 1 admit a constant µ > 1 such that

(5) W (φ(0)) ≤ V 1 (t, φ) and (6) V i (t, φ) ≤ µV j (t, φ)
hold for all φ ∈ C in , all i and j in {1, ..., k}, and all t ∈ [0, +∞).

Assumption 3. There are constants T ≥ τ b + T 2 and λ(T ) > 0 such that the inequality

(7) t t-T α σ( ) d ≤ -λ(T ) holds for all t ≥ T .
With the above notation, we can now find a constant ν ≥ 0 such that (8

) t t-T β σ(s) e t s α σ(s) d ds ≤ ν
holds for all t ≥ T . Note that ν exists because α σ(s) and β σ(s) take only finitely many possible values. Let N (r, t) denote the number of switching instants t i on [t -r, t) for all r ∈ (0, t] and t ≥ 0, and define

L(r) = sup t≥0 N (r, t)
(which is finite, by (2)). Our final assumption is:

Assumption 4. The inequality (9) µ L(T )+1 e -λ(T ) + µ L(T )+2 -1 µ-1 -L(T ) -1 νµ < 1 is satisfied.
The following remarks summarize notable features of the preceding assumptions.

Remark 2.1. Each α i in Assumption 1 can be positive or negative, so some systems ẋ(t) = f i (t, x(t), x(t -τ (t)), 0) for some i's may be unstable. In this case, to have global asymptotic stability for (1) when δ = 0, the instability of the unstable subsystems ẋ(t) = f i (t, x(t), x(t -τ (t)), 0) should be compensated in a certain sense by the stability of other subsystems, and times ∈ [t -T, t] when α σ( ) takes positive values must be in some sense compensated by other times ∈ [t -T, t] when α σ( ) takes negative values in order for [START_REF] Caliskan | Dwell-time computation for stability of switched systems with time delays[END_REF] to hold for all t ≥ T (as we illustrate in our examples below), which is why we cannot extend our result to switchings without restriction. Then (9) will also be satisfied when λ(T ) > 0 is large enough and ν is small enough, which will hold when Assumption 1 is satisfied for small enough constant β i 's. Assumption 1 does not make it possible to apply Razumikhin's theorem or its extensions in [START_REF] Mazenc | Extension of Razumikhin's theorem for time-varying systems with delay[END_REF] and [START_REF] Zhou | Razumikhin and Krasovskii stability theorems for time-varying delay systems[END_REF] or Halanay's inequality to prove global asymptotic stability, because several Lyapunov functions are involved.

Remark 2.2. When a common Lyapunov functional is available, i.e., V 1 = V j for all j ∈ {2, ..., k} and δ = 0, the problem solved below can be solved using [START_REF] Mazenc | Extension of Razumikhin's theorem for time-varying systems with delay[END_REF] and [START_REF] Zhou | Razumikhin and Krasovskii stability theorems for time-varying delay systems[END_REF]. Recall that global uniform exponential stability of a switched system does not imply that its subsystems have a common Lyapunov function; see [START_REF] Liberzon | Switching in Systems and Control[END_REF]Section 2.1.5]. Also, if a switched system is input-to-state stable (or ISS) under arbitrary switching, then uniform (with respect to the switching signals) ISS is equivalent to the existence of a common ISS Lyapunov function; see [START_REF] Mancilla-Aguilar | On converse Lyapunov theorems for ISS and iISS switched nonlinear systems[END_REF]. Using [START_REF] Mazenc | Stability analysis for systems with timevarying delay: trajectory based approach[END_REF]Lemma A.1], we can extend our result to cases where the α i 's and β i 's are time varying. For simplicity, we do not present this extension. Setting

U (t, φ) = V σ(t) (t, φ), Assumption 1 gives (10) U (t) ≤ a(t)U (t, x t ) + b(t) sup ∈[t-τ b ,t] W (x( )) + max{Γ i (|δ(t)|) : 1 ≤ i ≤ k}
almost everywhere, where a(t) = α σ(t) and b(t) = β σ(t) . Inequality [START_REF] Demirel | Supervisory control design for networked systems with time-varying communication delays[END_REF] does not make it possible to conclude as in [START_REF] Mazenc | Extension of Razumikhin's theorem for time-varying systems with delay[END_REF], because U is discontinuous. The proof of our main result will show that if the χ i 's from Assumption 1 are quadratic functions, then x(t) converges exponentially to zero when δ = 0. The inequalities (6) in Assumption 2 are a standard assumption; see [START_REF] Liberzon | Switching in Systems and Control[END_REF]. The fact that we do not assume periodicity of the systems in time also puts our switched delay systems results outside the scope of existing results, e.g., since the Floquet approach for eliminating the time dependencies would not apply without periodicity.

Remark 2.3. The constant T 2 in (2) is the maximal dwell time; see, e.g., significant works such as [START_REF] Briat | Convex conditions for robust stability analysis and stabilization of linear aperiodic impulsive and sampled-data systems under dwell-time constraints[END_REF][START_REF] Briat | Convex conditions for robust stabilization of uncertain switched systems with guaranteed minimum and mode-dependent dwell-time[END_REF][START_REF] Briat | Affine minimal and mode-dependent dwell-time characterization for uncertain switched linear systems[END_REF] on linear systems. In the average dwell time case, our use of T 2 is also called the reverse dwell time condition; see, e.g., the work [START_REF] Hespanha | Lyapunov conditions for input-to-state stability of impulsive systems[END_REF] that uses common Lyapunov functions. See also the foundational literature [START_REF] Geromel | Stability and stabilization of continuous-time switched linear systems[END_REF][START_REF] Hespanha | Stability of switched systems with average dwell-time[END_REF][START_REF] Liberzon | Switching in Systems and Control[END_REF][START_REF] Morse | Supervisory control of families of linear set-point controllers -Part 1: Exact matching[END_REF] for average and minimal dwell times. Also, conditions of the form (2) are called ranged dwell time conditions and can be relaxed in the presence of (mode-dependent) ranged dwell time conditions; see [START_REF] Briat | Convex conditions for robust stability analysis and stabilization of linear aperiodic impulsive and sampled-data systems under dwell-time constraints[END_REF] and its references. See also [START_REF] Demirel | Supervisory control design for networked systems with time-varying communication delays[END_REF][START_REF] Michiels | A look at fast varying and state dependent delays from a system theory point of view[END_REF] which study stability under minimal and average dwell times in the case of switching between a family of asymptotically stable systems; and see [START_REF] Chesi | A nonconservative LMI condition for stability of switched systems with guaranteed dwell-time[END_REF][START_REF] Geromel | Stability and stabilization of continuous-time switched linear systems[END_REF][START_REF] Wirth | A converse Lyapunov theorem for linear parameter-varying and linear switching systems[END_REF] for other notable works related to finding smallest dwell times, which are not about delay systems. Other significant works that include both delays and switches include the works [START_REF] Liu | Hybrid dynamical systems with finite memory[END_REF][START_REF] Liu | Invariance principles for hybrid systems with memory[END_REF], which employ a common Lyapunov functional approach that we do not require here, since as we noted in the introduction, one of our objectives in this work is to cover cases where the common Lyapunov functionals may not be available. Therefore, while works such as [START_REF] Liu | Hybrid dynamical systems with finite memory[END_REF][START_REF] Liu | Invariance principles for hybrid systems with memory[END_REF] can be applied when all of our α i 's are negative and a common Lyapunov functional is known, our ability to cover much more general cases where some of the subsystems can be unstable using our novel Halanay and trajectory based approaches makes our work significantly novel and valuable.

Main Result.

With the notation introduced above, and by letting ρ ∈ (0, 1) denote the constant left side of (9), we next state our main result, in which the final estimate is a special case of input-to-state stability [START_REF] Khalil | Nonlinear Systems, Third Edition[END_REF] (which includes global asymptotic stability of (1) to the origin in the special case where the perturbation δ is the zero function). The result is novel and significant, even in the special case where δ is 0, due to its use of the contractiveness condition in [START_REF] Chesi | A nonconservative LMI condition for stability of switched systems with guaranteed dwell-time[END_REF] and its allowing discontinuous arbitrarily large τ 's and nonlinear systems.

Theorem 2.4. Let the system (1) satisfy Assumptions 1-4. Then the functions and the positive constants

(11) β(s, ) = χ -1 1 2 max 2e ln(ρ) T +τ b ( -T -τ b ) , e T +τ b -e R * a * T2 χ 2 (s) , γ(r) = 2χ -1 1 2 max B * , 2a * T 2 R * j=1 e ja * T2 max Γ i (r) : 1 ≤ i ≤ r , R * = Ceiling T +τ b T1 + 1, a * = max 1, max α i + µβ i : 1 ≤ i ≤ k , and 
B * = µ L(T )+1 (1-ρ) 2 T e maxi |αi|T
are such that β ∈ KL, γ ∈ K ∞ , and

(12) |x(t)| ≤ β(|x| [-τ b ,0] , t) + γ(|δ| [0,t] )
holds for all t ≥ 0 along all solutions of (1) for all choices of the piecewise continuous bounded function δ : [0, +∞) → R d .

Proof. For the sake of brevity, we use the notation ( 13)

a(t) = α σ(t) , b(t) = β σ(t) , Γ(r) = max{Γ i (r) : 1 ≤ i ≤ k},
and

U (t, φ) = V σ(t) (t, φ)
for all t ≥ 0, r ≥ 0, and φ ∈ C in . We can use Assumptions 1-2 to prove that the system (1) is forward complete. In fact, forward completeness on [0, t 1 ] follows by combining Assumption 1 with the upper bounds W (x( )) ≤ µV j ( , x( )) from Assumption 2, and applying Gronwall's inequality to the function F(t) = sup{V j ( , x( )) : ∈ [0, t], 1 ≤ j ≤ k} for all t ∈ [0, t 1 ], and then arguing inductively.

We next analyze the behavior of U along the trajectories of (1) for a fixed choice of δ. Observe that Assumption 1 implies that for each t ≥ 0, and for the unique choices of i ∈ Z ≥0 and r ∈ {1, 2, . . . , k} (depending on t) such that t ∈ [t i , t i+1 ) and σ(t i ) = r, and for any t * ∈ [t i , t], the inequality [START_REF] Goebel | Hybrid Dynamical Systems. Modeling, Stability, and Robustness[END_REF] V r (t, x t ) ≤ e αr(t-t * ) V r (t * , x t * )

+ t t * e αr(t-s) β r sup ∈[s-τ b ,s] W (x( )) + Γ r (|δ(s)|) ds
is satisfied. This can be shown by first noting that for all p ∈ [t i , t i+1 ), condition (4) from Assumption 1 gives

(15) Vr (p) ≤ α r V r (p, x p ) + β r sup ∈[p-τ b ,p] W (x( )) + Γ r (|δ(p)|),
and then we can multiply both sides of (15) by the integrating factor e -αrp , then move the resulting term e -αrp α r V r (p, x p ) from the right side to the left side, and then integrate both sides over the interval [t * , t] to get [START_REF] Goebel | Hybrid Dynamical Systems. Modeling, Stability, and Robustness[END_REF] W (x( )).

From [START_REF] Halanay | Differential Equations, Stability, Oscillations, Time Lags[END_REF] with the choice t * = t i , and using the simplifying notation U (t) to mean U (t, x t ), we deduce that if i ≥ 1, then ( 18)

U (t) ≤ E(t i , t)U (t i ) + b(t) t ti E( , t)w( )d + t ti E( , t) Γ(|δ( )|)d ≤ µE(t i , t)U (t - i ) + t ti E( , t)w ( )d ,
where w ( ) = b( )w( ) + Γ(|δ( )|), and where the last inequality follows from (6) in Assumption 2.

Next, let t ≥ T , q ≥ 0, and j ∈ Z ≥0 be such that t ∈ [t j , t j+1 ), j -1 ≥ q and t -T ∈ [t j-q-1 , t j-q ). We first consider the case where q ≥ 2; later in the proof, we explain the changes needed to cover cases where q ∈ {0, 1}. From the first inequality in [START_REF] Hespanha | Lyapunov conditions for input-to-state stability of impulsive systems[END_REF] (with the choice i = l -1, and taking the left limit t → t - l in ( 18)), we deduce that for all integers l ≥ 1, the inequality ( 19)

U (t - l ) ≤ E(t l-1 , t l )U (t l-1 ) + t l t l-1 E( , t l )w ( )d
is satisfied. Consequently, using (6) in Assumption 2 and the nonnegativity of the G j 's, we obtain ( 20)

U (t - j ) ≤ G j U (t - j-1 ) + tj tj-1 E( , t j )w ( )d G j U (t - j-1 ) ≤ G j G j-1 U (t - j-2 ) + G j tj-1 tj-2 E( , t j-1 )w ( )d . . . j r=j-q+2 G r U (t - j-q+1 ) ≤ j r=j-q+1 G r U (t - j-q ) + j r=j-q+2 G r tj-q+1 tj-q E( , t j-q+1 )w ( )d ,
where we used the fact that q ≥ 2. By moving the left side terms in the last q -1 inequalities in [START_REF] Jiang | Switching controller for stabilization of linear systems with switched time-varying delays[END_REF] to the corresponding right sides of the last q -1 inequalities in [START_REF] Jiang | Switching controller for stabilization of linear systems with switched time-varying delays[END_REF], and then summing the inequalities in [START_REF] Jiang | Switching controller for stabilization of linear systems with switched time-varying delays[END_REF], we obtain 

U (t - j ) ≤ j r=j-q+1 G r U (t - j-q ) + tj tj-1 E( , t j )w ( )d + G j tj-1 tj-2 E( , t j-1 )w ( )d +... + j r=j-q+2 G r tj-q+1 tj-q E( , t j-q+1 )w ( )d .
Also, using [START_REF] Halanay | Differential Equations, Stability, Oscillations, Time Lags[END_REF] with the choice t * = t -T (and by letting t → t - j-q in (16)), we obtain ( 22)

U (t - j-q ) ≤ E(t -T, t j-q )U (t -T ) + tj-q t-T E( , t j-q )w ( )d , since t -T ∈ [t j-q-1 , t j-q ). Next note that G h G h+1 • • • G j = µ j-h+1 E(t h-1 , t j ) if j ≥ h. Hence, if q ≥ 2, then (21) 
gives ( 23)

U (t - j ) ≤ µ q E(t j-q , t j )U (t - j-q ) + tj tj-1 E( , t j )w ( )d + µ tj-1 tj-2 E( , t j )w ( )d + . . . + µ q-1 tj-q+1 tj-q E( , t j )w ( )d .
Using [START_REF] Koru | On dwell time minimization for switched delay systems: Free-weighting matrices method[END_REF] to upper bound the U (t - j-q ) in ( 23), we conclude that if q ≥ 2, then

U (t - j ) ≤ µ q E(t j-q , t j )E(t -T, t j-q )U (t -T ) + µ q E(t j-q , t j ) tj-q t-T E( , t j-q )w ( )d + tj tj-1 E( , t j )w ( )d + µ tj-1 tj-2 E( , t j )w ( )d +... + µ q-1 tj-q+1 tj-q E( , t j )w ( )d = µ q E(t -T, t j )U (t -T ) + tj tj-1 E( , t j )w ( )d + µ tj-1 tj-2 E( , t j )w ( )d +... + µ q-1 tj-q+1 tj-q E( , t j )w ( )d + µ q tj-q t-T E( , t j )w ( )d . (24) 
which we can use to upper bound U (t - j ) from ( 18) (with i = j) to get ( 25) [START_REF] Caliskan | Dwell-time computation for stability of switched systems with time delays[END_REF]. Since µ > 1 and q ≤ L(T ), our condition (8) on ν implies that if q ≥ 2, then

U (t) ≤ µ q+1 E(t -T, t)U (t -T ) + t tj E( , t)w ( )d + µ tj tj-1 E( , t)w ( )d + µ 2 tj-1 tj-2 E( , t)w ( )d + ... + µ q tj-q+1 tj-q E( , t)w ( )d + µ q+1 tj-q t-T E( , t)w ( )d ≤ µ q+1 e -λ(T ) U (t -T ) + Λ(t) sup ∈[t-τ b -T,t] W (x( )) + Λ * (t)Γ(|δ| [0,t] ) where Λ(t) = t tj b( )E( , t)d + µ tj tj-1 b( )E( , t)d + µ 2 tj-1 tj-2 b( )E( , t)d + ... + µ q tj-q+1 tj-q b( )E( , t)d + µ q+1 tj-q t-T b( )E( , t)d and Λ * (t) = µ q+1 t t-T E( , t)d , by
Λ(t) = t t-T b( )e t a(s)ds d + (µ -1) tj tj-1 b( )E( , t)d + (µ 2 -1) tj-1 tj-2 b( )E( , t)d + ... +(µ q -1) tj-q+1 tj-q b( )E( , t)d + (µ q+1 -1) tj-q t-T b( )E( , t)d ≤ t t-T b( )e t a(s)ds d + µ -1 + µ 2 -1 + ... + µ L(T )+1 -1 t t-T b( )e t a(s)ds d ≤ µ L(T )+2 -1 µ-1 -L(T ) -1 ν (26) 
where the last inequality also used the formula for the geometric sum. Also, Λ * (t) ≤ µ L(T )+1 T e maxi |αi|T for all t ≥ 0. Using [START_REF] Liu | Invariance principles for hybrid systems with memory[END_REF] to upper bound Λ(t) in [START_REF] Liu | Hybrid dynamical systems with finite memory[END_REF], recalling that µ > 1 and q ≤ L(T ), and using Assumption 2 to upper bound sup ∈[t-τ b -T,t] W (x( )), we conclude that if q ≥ 2, then for all t ≥ T + τ b , we obtain ( 27)

U (t) ≤ µ L(T )+1 e -λ(T ) U (t -T ) + µ L(T )+2 -1 µ-1 -L(T ) -1 νµ sup ∈[t-τ b -T,t] U ( ) + ΛΓ |δ| [0,t] ,
where Λ = µ L(T )+1 T e maxi |αi|T . On the other hand, if q = 0, then we can use [START_REF] Koru | On dwell time minimization for switched delay systems: Free-weighting matrices method[END_REF] to upper bound U (t - j ) from ( 18) to obtain [START_REF] Louisell | Delay differential systems with time-varying delay: new directions for stability theory[END_REF] in this case as well (since the quantity in square brackets in [START_REF] Louisell | Delay differential systems with time-varying delay: new directions for stability theory[END_REF] is larger than µ). Finally, if q = 1, then [START_REF] Louisell | Delay differential systems with time-varying delay: new directions for stability theory[END_REF] again follows, by arguing as above except with the quantities in curly braces from ( 23) through [START_REF] Liu | Invariance principles for hybrid systems with memory[END_REF] removed.

Therefore, our choice of the constant ρ ∈ (0, 1) (which was chosen to be the left side of ( 9)) and the choices w(

) = U ( + T + τ b ) give w(t) ≤ ρ|w| [t-T -τ b ,t] + d(t) for all t ≥ 0, where d(t) = ΛΓ(|δ| [0,T +τ b +t] ).
We can therefore use [30, Lemma 1] (which we also state in Appendix A below) with the choice T * = T + τ b and Assumption 4 to obtain ( 28)

U (t) ≤ e ln(ρ) T * (t-T * ) |U | [0,T * ] + B * Γ(|δ| [0,t] )
for all t ≥ T * . Also, Assumptions 1-2 and our choice of a * in [START_REF] Fridman | On robust stability of linear neutral systems with time-varying delays[END_REF] give ( 29)

d dt V i (t, x t ) ≤ a * sup ∈[t-τ b ,t] V i ( , x ) + Γ i (|δ| [0,t] )
for almost all t ∈ [t i , t i+1 ) and all i ∈ Z ≥0 . Integrating both sides of (29) (with i = σ(0)) over [0, t] and then using Gronwall's inequality gives F(t) ≤ e a * T2 (F(0) + a * T 2 Γ(|δ| [0,t] )) for all t ∈ [0, t 1 ) and therefore also (30) F(t) ≤ e 2a * T2 F(0) + a * T 2 e 2a * T2 + e a * T2 Γ(|δ| [0,t] ) for all t ∈ [0, t 2 ), where

F(t) = sup{V j ( , x( )) : ∈ [0, t], 1 ≤ j ≤ k}.
Reasoning inductively gives (31)

F(t) ≤ e R * a * T2 F(0) + a * T 2 R * j=1 e ja * T2 Γ(|δ| [0,t] )
for all t ∈ [0, t R * ), and our choice of R * in [START_REF] Fridman | On robust stability of linear neutral systems with time-varying delays[END_REF] gives t R * ≥ T 1 R * > T * . Hence, for all t ∈ [0, T * ], we have

(32) χ 1 (|x(t)|) ≤ U (t) ≤ e R * a * T2 χ 2 (|x| [-τ b ,0] ) + a * T 2 R * j=1 e ja * T2 Γ(|δ| [0,t] ) ,
by Assumption 1. Using the subadditivity property χ i (a + b) ≤ χ i (2a) + χ i (2b) of our functions χ i ∈ K ∞ for all a ≥ 0 and b ≥ 0 (which follows by separately considering the cases a ≥ b and a < b), ( 28) and ( 32) give ( 33)

|x(t)| ≤ χ -1 1 2e ln(ρ) T * (t-T * ) |U | [0,T * ] + χ -1 1 2B * Γ(|δ| [0,t] ) ≤ χ -1 1 4e ln(ρ) T * (t-T * ) e R * a * T2 χ 2 (|x| [-τ b ,0] ) + χ -1 1 4a * T 2 R * j=1 e ja * T2 Γ(|δ| [0,t] ) + χ -1 1 2B * Γ(|δ| [0,t] )
for all t ≥ T * and ( 34)

|x(t)| ≤ χ -1 1 2e T * -t e R * a * T2 χ 2 (|x| [-τ b ,0] ) + χ -1 1 2a * T 2 R * j=1 e ja * T2 Γ(|δ| [0,t] )
for all t ∈ [0, T * ]. The theorem now follows by choosing the maximum of the two right sides in ( 33)-( 34).

3. Application to Linear Time-Varying Systems. Theorem 2.4 is valuable because of its ability to handle arbitrarily large nonconstant delays in large classes of nonlinear switched systems. We next apply Theorem 2.4 to a fundamental family of linear time-varying systems with time-varying lumped delays. In the rest of this paper, we assume that the initial functions for our systems are constant on (-∞, 0] (but see Remark 3.6 for ways to relax this assumption). For simplicity, we do not assume that the systems in this section have switches, but we illustrate connections with switched systems. Throughout this section, we assume that the perturbations in the system are 0 (in which case Theorem 2.4 gives global asymptotic stability), but since the systems are linear, it is straightforward to extend the results to follow to allow perturbed systems. A notable feature in this section is that we do not require our time-varying linear systems to be periodic, so it is not possible to use Floquet theory to reduce the problems to simpler problems for linear time invariant systems, and in addition, the Floquet method does not in general provide an explicit transformation that can eliminate the periodic dependence.

Problem Definition and Preliminary Remarks.

In this subsection we consider the system [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF] ẋ

(t) = A(t)x(t) + B(t)x(t -τ (t))
where x takes values in R n for any n ∈ N and t ≥ 0, with a constant initial function φ ∈ C 0 in . The following assumptions are in effect in this subsection: Assumption 5. The functions A, B and τ are piecewise C 1 , and there are constants a b , b b , and τ b such that |A(t)| ≤ a b , |B(t)| ≤ b b , and τ (t) ≤ τ b hold for all t ≥ 0. Assumption 6. There exist an integer k ∈ N, a switching signal σ : [0, +∞) → {1, 2, . . . , k} whose switching instants {t i } admit positive constants T 1 and T 2 that satisfy (2), a finite set {(A i , B i , τ i ) : i ∈ {1, 2, . . . , k}} in R n×n × R n×n × [0, +∞), and nonnegative constants a, b, and τ such that See Appendix D for an illustration of how such switching signals can be found to satisfy the preceding assumption.

Assumption 7. For each i ∈ {1, . . . , k}, there exist a locally absolutely continuous function V i : C in → [0, +∞), a real constant α i , and a positive constant γ i such that for all piecewise continuous functions δ i : [0, +∞) → R n , the time derivative of V i along all trajectories of

(37) ż(t) = A i z(t) + B i z(t -τ i ) + δ i (t) satisfies (38) Vi ≤ α i V i (z t ) + γ i |δ i (t)| 2
for almost all t, where the triples (A i , B i , τ i ) are from Assumption 6. Moreover, there are constants Ψ 1 > 0 and Ψ 2 > 0 such that for all φ ∈ C in and all i ∈ {1, ..., k}, we have

(39) Ψ 1 |φ(0)| 2 ≤ V i (φ) ≤ Ψ 2 |φ| 2 [-τ b ,0] .
Also, the α i 's satisfy Assumption 3 with σ as defined in Assumption 6. Finally, there is a constant µ > 1 such that V i (φ) ≤ µV j (φ) holds for all (i, j) ∈ {1, ..., m} 2 and for all φ ∈ C in .

Assumption 8. Assumption 4 is satisfied, where ν is a constant that satisfies (8) as before, and σ, µ, and the α i 's are defined as in Assumptions 6-7, and the β i 's are defined by [START_REF] Sontag | Mathematical Control Theory[END_REF] 

β i = γ i a + b + b b τ (a b + b b ) 2 Ψ 1 for i = 1, 2, . . . , k.
Before stating our main result of this section, we point out several notable features of Assumptions 5-8. Remark 3.1. In Assumption 6, we can always choose a

= a b + max i |A i |, b = b b + max i |B i | and τ = τ b + max i τ i .
However, these choices will not in general provide the smallest possible values for the left side of (9) in Assumption 4. We can view the triplets (A i , B i , τ i ) as the coefficient matrices and constant delays of linear time invariant systems; then time varying perturbations around these systems (along with switchings) determine the linear time-varying system [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF]. Therefore, stability of the linear time invariant switched systems together with certain conditions on the bounds defined in Assumption 6 will guarantee stability of the linear time-varying system. Remark 3.2. Assumption 6 covers the important special case where A, B, and τ all have some period P > 0, by choosing t i = iP/k and

(A i , B i , τ i ) = (A(iP/k), B(iP/k), τ (iP/k))
for all i ∈ {1, 2, . . . , k}, in which case the system (37) is ( 41)

ż(t) = A iP k z(t) + B iP k z t -τ iP k + δ i (t),
and we take the switching signal σ defined by σ(t) = i for all t ∈ [iP/k, (i + 1)P/k) and i ∈ {1, . . . , k}. However, Assumption 6 is much more general, e.g., because we do not require periodicity of the coefficient matrices or periodicity of the delay, nor do we require the t i 's to be evenly spaced. Even when A, B and τ are periodic, it is worth trying to find a switching sequence with fewer switching instants {iP/k} on each interval, since doing so can help keep ρ small for given choices of µ and ν, where ρ is the left side of (9) as before. These comments motivate Appendix B below.

Remark 3.3. For systems [START_REF] Morse | Supervisory control of families of linear set-point controllers -Part 1: Exact matching[END_REF] linear matrix inequalities (LMIs) [START_REF] Gu | Stability of Time-Delay Systems[END_REF] make it possible to construct time-invariant quadratic LKFs. In Appendix C, we explain how to construct LKFs to satisfy ( 38)- [START_REF] Pepe | Stabilization in the sample-and-hold sense of nonlinear retarded systems[END_REF]. We do not require the constants α i to be non-positive. Thus, we can allow some of the systems (37) to be unstable. Remark 3.4. Since we only require τ (t) to be piecewise C 1 and bounded (instead of C 1 ), sampling (and many other cases) can be handled. Indeed, sampling can be represented as sawtooth shaped delay functions, whose values are 0 at the sampling times [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF]. The present set-up allows non-uniform sampling and drifts in the sampling clocks. This further motivates our work, because controls are typically implemented using sampled observations. While hybrid systems methods [START_REF] Goebel | Hybrid Dynamical Systems. Modeling, Stability, and Robustness[END_REF][START_REF] Jiang | Switching controller for stabilization of linear systems with switched time-varying delays[END_REF][START_REF] Naghshtabrizi | Exponential stability of impulsive systems with application to uncertain sampled-data systems[END_REF] can be specialized to sawtooth delays, hybrid systems works such as [START_REF] Liu | Hybrid dynamical systems with finite memory[END_REF][START_REF] Liu | Invariance principles for hybrid systems with memory[END_REF] that cover delays employ common Lyapunov functionals that are not needed here.

Stability of the Linear Time-Varying System.

The main result of this subsection is a stability result for the linear time-varying system [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF]; see Remark 3.6 for the potential benefits of our approach as compared to analyzing the time-varying system directly. Our main result in this subsection is: Theorem 3.5. If the system (35) satisfies Assumptions 5-8, then it is uniformly globally exponentially stable to 0.

Proof. For each j ∈ {1, 2, . . . , k}, we can rewrite [START_REF] Mazenc | Stability analysis of switched systems with timevarying discontinuous delays[END_REF] as [START_REF] Vu | Stability of time-delay feedback switched linear systems[END_REF] ẋ(t) = A j x(t)

+ B j x(t -τ j ) + [A(t) -A j ]x(t) + [B(t) -B j ]x(t -τ j ) + B(t)[x(t -τ (t)) -x(t -τ j )] .
Consequently, the system (35) can be represented as this system with switches:

ẋ(t) = A σ(t) x(t) + B σ(t) x(t -τ σ(t) ) + Λ(t, σ(t), x t ), where Λ(t, j, x t ) = [A(t) -A j ]x(t) + [B(t) -B j ]x(t -τ j ) + B(t) t-τ (t) t-τj [A( )x( ) + B( )x( -τ ( ))] d (43) 
for all t ∈ [t j , t j+1 ) and j ∈ Z ≥0 , by extending A and B to be constant on (-∞, 0] and recalling our assumption that throughout this section, the initial functions are also constant on (-∞, 0]. (This assumption was needed in order to apply the Fundamental Theorem of Calculus to get [START_REF] Wang | Stability of switched nonlinear systems with delay and disturbance[END_REF] for all values of t ≥ 0.) Assumption 6 implies that ( 44)

|Λ(t, σ(t), x t )| ≤ a|x(t)| + b|x(t -τ σ(t) )| + b b t-τ (t) t-τ σ(t) [a b |x( )| + b b |x( -τ ( ))|] d ≤ a|x(t)| + b|x(t -τ σ(t) )| + b b τ (a b + b b ) sup ∈[t-2τ b -maxi τi,t] |x( )| ≤ a + b + b b τ (a b + b b ) sup ∈[t-2τ b -maxi τi,t] |x( )| .
We deduce from Assumption 7 that ( 45)

Vσ(t) (t) ≤ α σ(t) V σ(t) (x t ) + γ σ(t)[ a+b+b b τ (a b +b b )] 2 Ψ1 sup ∈[t-2τ b -maxi τi,t] Ψ 1 |x( )| 2
for almost all t ≥ 0. Hence, Assumptions 1-4 are satisfied by [START_REF] Wang | Stability of switched nonlinear systems with delay and disturbance[END_REF], with W (x) = Ψ 1 |x| 2 and δ = 0. Then Theorem 2.4 allows us to conclude global uniform asymptotic stability to 0. In fact, the proof of Theorem 2.4 (specialized to the cases where δ = 0) provides an exponential decay estimate on U (t, x t ) = V σ(t) (t, x t ). By using [START_REF] Pepe | Stabilization in the sample-and-hold sense of nonlinear retarded systems[END_REF], we deduce that ( 35) is also uniformly globally exponentially stable to 0. This completes the proof.

Remark 3.6. Our analysis shows that we can replace the assumption that the initial functions are constant on (-∞, 0] by the assumption that they are constant on [-max{τ b , max i τ i }, 0]. Some advantages of the approach in this and the next subsection are that we do not require the delays to be C 1 , and that in the special case of C 1 delays τ (t), we allow τ (t) ≥ 1 to hold for some choices of t. This has implications for communication network applications, since for example, when packets are delivered over a network and arrive in the wrong order, t -τ (t) can have an inverse but the bound τ (t) < 1 on the derivative does not hold and the delay is not continuous in time. Moreover, our delay compensating feedback controls in the next subsection do not contain any distributed terms that usually arise from reduction model controllers.

State Feedback Design for Linear Time-Varying Systems with

Input Delay. In this subsection, we show how a control law with switchings (and a piecewise constant gain) can be used to stabilize a time-varying system that need not have switchings. Consider the system [START_REF] Xie | Stabilisation of time-delay switched systems with constrained switching signals and its applications in networked control systems[END_REF] ẋ(t) = A(t)x(t) + B 0 (t)u(t -τ (t))

under the feedback u(t -τ (t)) = K σ(t) x(t -τ (t)), t ≥ 0, where x takes values in R n for any n ∈ N, u is valued in R p for any p ∈ N, and the initial function φ ∈ C 0 in is constant on (-∞, 0]. Assume: hold for all t ≥ 0.

Assumption 10. There exist an integer k ∈ N, a switching signal σ : [0, +∞) → {1, 2, . . . , k} whose switching instants {t i } admit positive constants T 1 and T 2 that satisfy (2) for all i ∈ Z ≥0 , a finite set {(A i , B 0,i , τ i ) : i ∈ {1, 2, . . . , k}} in R n×n × R n×n × [0, +∞), and nonnegative constants a, b 0 , and τ such that Assumption 11. For each i ∈ {1, . . . , k}, there exist a locally absolutely continuous function V i : C in → [0, +∞), a matrix K i a real constant α i , and a positive constant γ i such that along all trajectories of

(49) ż(t) = A i z(t) + B 0,i K i z(t -τ i ) + δ i (t)
for all piecewise continuous functions δ i : [0, +∞) → R n , the time derivative of V i satisfies

(50) Vi ≤ α i V i (z t ) + γ i |δ i (t)| 2
for almost all t, where the triples (A i , B 0,i , τ i ) are from Assumption 10. Moreover, there are constants Ψ 1 > 0 and Ψ 2 > 0 such that for all φ ∈ C in and all i ∈ {1, ..., k}, we have

(51) Ψ 1 |φ(0)| 2 ≤ V i (φ) ≤ Ψ 2 |φ| 2 [-τ b ,0] .
Also, the α i 's satisfy Assumption 3 with σ as defined in Assumption 10. Finally, there is a constant µ > 1 such that V i (φ) ≤ µV j (φ) holds for all (i, j) ∈ {1, ..., m} 2 and for all φ ∈ C 0 in . Assumption 12. Assumption 4 is satisfied, where ν is a constant that satisfies (8) as before, and σ, µ, and the α i 's are defined as in Assumptions 9-11, and the β i 's defined by (52) We can now prove:

β i = γi[a+b+b b τ (a b +b b )]
Theorem 3.7. If the system (46) satisfies Assumptions 9-12, then [START_REF] Xie | Stabilisation of time-delay switched systems with constrained switching signals and its applications in networked control systems[END_REF] in closed loop with the control law

(53) u(t -τ (t)) = K σ(t) x(t -τ (t))
is uniformly globally exponentially stabilized to 0.

Proof. The closed loop system is (54) ẋ(t) = A(t)x(t) + B(t)x(t -τ (t))

with

B(t) = B 0 (t)K σ(t) . Let B i = B 0,i K i for i = 1, 2, . . . , k. Then (55) |B(t) -B σ(t) | = |B 0 (t)K σ(t) -B 0,σ(t) K σ(t) | ≤ |B 0 (t) -B 0,σ(t) ||K σ(t) | .
From Assumption 10, it follows that (56)

|B(t) -B σ(t) | ≤ b 0 max j∈{1,...,k} K j .
Also, using Assumption 9, we can prove that |B(t)| ≤ b 0,b max j∈{1,...,k} K j for all t ≥ 0. One can now check that Assumptions 9-12 imply that the system (54) satisfies Assumptions 5-8. Then Theorem 3.5 allows us to conclude.

A key feature that makes the preceding result useful is the design of the feedback gains K i , once the sequence {(A i , B 0,i , τ i )} of triples is fixed. Remark 3.8. At each time t ≥ 0, Theorem 3.7 says to utilize the control value u(t -τ (t)) from (53) in the system [START_REF] Xie | Stabilisation of time-delay switched systems with constrained switching signals and its applications in networked control systems[END_REF]. This control value is computed at each time t ≥ 0 in terms of (i) the past value of the state vector x at time t -τ (t) and (ii) the current value σ(t) of the switching signal, which is used to determine the choice of the gain matrix K σ(t) in (53). Hence, at each time t ≥ 0, no future knowledge of the switching signal is needed to compute the control.

4.

Examples. While our work requires several assumptions, we can provide general constructive conditions where the required Lyapunov functions or functionals are being constructed. For instance, if Assumptions 1-4 are satisfied except with the delay bound τ b replaced by τ b = 0 for some functions V i and with T > T 2 , then we can impose standard growth conditions on the dynamics to satisfy the assumptions for small enough τ b > 0. This can be done by transforming each of the V i 's into a Lyapunov-Krasovskii functional. See earlier work [START_REF] Mazenc | Further results on input-to-state stability for nonlinear systems with delayed feedbacks[END_REF] where analogous transformations were done in the absence of switching for the special case where the α i 's are negative, but similar reasoning applies in our more general case where the systems have switching and where some of the α i 's can be nonnegative. See also Appendix C below for general Lyapunov constructions. The following examples illustrate how to satisfy our assumptions. with b ≥ 0 being a constant, and σ : [0, +∞) → {1, 2} being periodic of some period P > 0 and defined by σ(t) = 1 when t ∈ [0, P/2) and σ(t) = 2 when t ∈ [P/2, P).

Assume that P ≥ 2τ b /3. We provide conditions (on b and P) ensuring that the origin of ( 57) is uniformly globally asymptotically stable. We use the positive definite quadratic functions

V 1 (x) = √ 3|x| 2 /2 and V 2 (x) = x 2 1 + x 1 x 2 + x 2 2 .
Then for all t ∈ iP, P 2 + iP and integers i ∈ Z ≥0 , we have (59) V1 (t) ≤ -2V 1 (x(t)) + 4b sup

∈[t-τ b ,t] V 1 (x( ))
and when t ∈ iP + P 2 , iP + P and i ∈ Z ≥0 , we instead have (60)

V2 (t) ≤ -2V 2 (x(t)) + 4 √ 3 b sup ∈[t-τ b ,t] V 1 (x( )),
along all solutions of (57), where we used the triangle inequality to get the coefficients of b in (59)-(60). Also,

V 2 (x) ≤ √ 3V 1 (x) and V 1 (x) ≤ √ 3V 2 (x) hold for all x ∈ R 2 . Then, with our notation from Assumptions 1-2, we can choose W = V 1 , T 2 = P/2, any constant T 1 ∈ (0, P/2), µ = √ 3, α 1 = -2, α 2 = -2, β 1 = 4b, and β 2 = (4 √ 
3)b. Also, choosing T = 2P, our assumption that P ≥ 2τ b /3 gives T = P/2 + 3P/2 ≥ P/2 + τ b = T 2 + τ b , and we also have 

µ L(T )+1 e -λ(T ) + µ L(T )+2 -1 µ-1 -L(T ) -1 νµ = 9 √ 3e -4P + 26 √ 3-1 -5 6b 1 -e -4P < 1, then ( 
57) is uniformly globally asymptotically stable to 0. Roughly speaking, the system (57) is uniformly globally asymptotically stable to 0 if P is large enough and b is sufficiently small.

Switched State Feedback

Design for a Non-Periodic System. We apply Theorem 3.7 to the linear system

(62) ẋ(t) = A(t)x(t) + B 0 u(t -τ (t))
with a time-varying delay τ , where B 0 = [0 1] , τ is defined on intervals of the form [iP, (i + 1)P) for all integers i ≥ 0 by (a) τ (t) = τ s if t ∈ [iP, (i + q i )P) and (b) τ (t) = τ b if t ∈ [(i + q i )P, (i + 1)P) where τ s ∈ [0, 1/12] and τ b ∈ (1/12, P] and P > 0 are all given constants and the constants q i admit constants q > 0 and q ∈ (0, 1) such that q ≤ q i ≤ q for all i, and where the function A : [0, +∞) → R 2×2 is defined by ( 63)

A(t) = -1 0 0 0 for all t ∈ [iP, (i + q i )P) and i ≥ 0 and A(t) = 1 2 -2 -1
for all t ∈ [(i + q i )P, (i + 1)P) and i ≥ 0.

Step 1. We choose the switching times t 2j = jP and t 2j+1 = q j P + jP for all j ≥ 0, and define σ by σ(t) = 1 when t ∈ [t 2j , t 2j+1 ) and σ(t) = 2 when t ∈ [t 2j+1 , t 2(j+1) ) for all j ∈ Z ≥0 . Set A σ(t) = A(t) for all t ≥ 0. We select u(t -τ (t)) = K σ(t) x(t -τ (t)), with (64) K 1 = 0 -e -τs and K 2 = 0.

The eigenvalues of A 1 + B 0 K 1 are {-1, -e -τs }, and those of A 2 + B 0 K 2 = A 2 are ± √ 3i, so the feedback system corresponding to the mode σ(t) = 2 is not asymptotically stable to 0 when the delay is 0.

Step 2. We study properties of the subsystem (65) Here and in the sequel, the inequalities and equalities are for all t ≥ 0. Also, using the fact that the triangle inequality also gives Lemma A2. Consider a positive valued continuous real valued function x(t) that admits real values t 0 , D, a, and b such that a ≥ b ≥ 0 and D > 0 and such that ẋ(t) ≤ -ax(t) + b max{x(t + r) : -D ≤ r ≤ 0} holds for all t ≥ t 0 . Then there exists a constant γ ≥ 0 such that x(t) ≤ max{x(t 0 + r) : -D ≤ r ≤ 0}e -γ(t-t0) holds for all t ≥ t 0 . Lemma A1 can be viewed as a perturbed discrete time version of Lemma A2, since in place of having a decay condition on x(t) in terms of ẋ(t) with an overshoot term, we use the constant ρ ∈ (0, 1).

   ż1 (t) = -z 1 (t) + δ 11 (t) ż2 (t) = -e -
Third step. Let t ∈ [0, +∞). Then there is i ∈ N such that t ∈ [t i , t i+1 ). Then, from the definition of σ, it follows that F(t) -V σ(t) = F(t) -V σ(ti) = F(t i ) -V σ(ti) + F(t) -F(t i ). Consequently, (A.12) gives (A. [START_REF] Geromel | Stability and stabilization of continuous-time switched linear systems[END_REF])

|F(t) -V σ(t) | ≤ |F(t i ) -V σ(ti) | + |F(t) -F(t i )| ≤ 1 s ( f -f ) 2 + (g -g) 2 + |F(t) -F(t i )|.
Since f and g have the global Lipschitz constants c f and c g respectively, we deduce that

|F(t) -V σ(t) | ≤ 1 s ( f -f ) 2 + (g -g) 2 + (t -t i ) c 2 f + c 2 g ≤ 1 s ( f -f ) 2 + (g -g) 2 + ν c 2 f + c 2 g .
Fourth step. Choosing s and ν such that 2 |( f -f , ḡ -g)| ≤ s and ν ≤ /(2|(c f , c g )|) then gives

(A.14) 1 s ( f -f ) 2 + (g -g) 2 + ν c 2 f + c 2 g ≤ .
Thus |F(t) -V σ(t) | ≤ for all t ≥ 0. We can extend this result to matrices of any dimension, by applying analogous arguments to each matrix entry, which provides switching signals that satisfy Assumption 6.

( 36 )

 36 |A(t) -A σ(t) | ≤ a , |B(t) -B σ(t) | ≤ b and |τ (t) -τ σ(t) | ≤ τhold for all t ≥ 0.

Assumption 9 .

 9 The functions A, B 0 and τ are piecewise C 1 , and there exist constants a b , b b , and τ b such that

( 47 )

 47 |A(t)| ≤ a b , |B 0 (t)| ≤ b 0,b , and τ (t) ≤ τ b

( 48 )

 48 |A(t) -A σ(t) | ≤ a , |B 0 (t) -B 0,σ(t) | ≤ b 0 and |τ (t) -τ σ(t) | ≤ τhold for all t ≥ 0.

2 Ψ1

 2 with b = b 0 max j∈{1,...,k} K j and b b = b 0,b max j∈{1,...,k} K j for i = 1, 2, . . . , k.

4. 1 .

 1 Periodic System. Consider the switched linear system(57) ẋ(t) = A σ(t) x(t) + Bx(t -τ (t)) with x valued in R 2 , τ valued in [0, τ b ] for any bound τ b > 0, (58) A 1 = -I, A 2 = -2 -1 -1 -2 ,and B = b b b b

  α σ( ) d = -2T = -4P for all t ≥ T . Thus, Assumption 3 also holds, with λ(T ) = 4P, so Assumptions 1-3 are satisfied. Also, we can choose ν = (2√ 3)b(1 -e -4P). Moreover, L(2P) = 4. From (9) and Theorem 2.4, we deduce that if (61)

  . It follows that for all i ∈ Z ≥0 , all t ∈ [t i , t i+1 ), and all t

* ∈ [t i , t], the inequality (16) U (t, x t ) ≤ e t t * a(s)ds U (t * , x t * ) + t t * e t s a(p)dp b(s) sup ∈[s-τ b ,s] W (x( )) + Γ σ(s) (|δ(s)|) ds is satisfied. We introduce the simplifying notation (17) E( , t) = e t a(s)ds , G i = µE(t i-1 , t i ), and w(t) = sup ∈[t-τ b ,t]

  e 2(m-t) z 2 2 (m)dm + 3Z 2 (t), since (a + b) 2 ≤ 1.5a 2 + 3b 2 holds for all a ≥ 0 and b ≥ 0. Using (68) to upper bound t-τs e 2(m-t) z 2 2 (m)dm -9Z 2 (t) + 12 {Z(t)} {δ 12 (t)} , since τ s ≤ 2/3. By applying the triangle inequality ab ≤ 0.5(a 2 + b 2 ) where a and b are the terms in curly braces in (69), it follows that the time derivative ofV 1 (z t ) = (m)dm + 6|δ 1 (t)| 2 -3Z 2 (t) ≤ -1 2 V 1 (z t ) + 6|δ 1 (t)| 2 , since 6z 1 (t)δ 11 (t) ≤ 3z 2 1 (t) + 3δ 2 11 (t)holds for all t ≥ 0.Step 3. We study properties of the subsystem(71) ż1 = z 1 + 2z 2 + δ 21 , ż2 = -2z 1 -z 2 + δ 22 ,corresponding to the switching mode σ(t) = 2, using the functionsU 1 (z) = z 2 1 + z 2 2 + z 1 z 2 and (72) U 2 (z t ) = U 1 (z(t)) + 1Along all solutions of (71), we have U2 (t) ≤ 1 2 z 2 2 (t)+{2z 1 (t)+z 2 (t)}{δ 21 (t)}+{2z 2 (t)+ z 1 (t)}{δ 22 (t)}. By applying Young's inequality ab ≤ 0.25a 2 + b 2 twice (with a and b being the corresponding terms in curly braces), we obtain U2 (t) ≤ 2U 2 (z t ) + |δ 2 (t)| 2 along all solutions of (71). Also, our choice of V 1 and the Cauchy and Hölder inequalities give

	(66) Along all solutions of (65), we have S(z 2,t ) = t t-τs e 2(m-t) z 2 2 (m)dm + 6Z 2 (t), where Z(t) = z 2 (t) -t t-τs e m-t z 2 (m)dm. (67) Ṡ(t) = -2 t t-τs e 2(m-t) z 2 2 (m)dm + z 2 2 (t) -e -2τs z 2 2 (t -τ s ) + 12Z(t)(δ 12 (t) -Z(t)) . We can use Young's and then Jensen's inequalities to get (68) z 2 2 (t) = Z(t) + t t-τs e m-t z 2 (m)dm 2 ≤ 3 2 t t-τs e m-t z 2 (m)dm 2 + 3Z 2 (t) ≤ 3τs 2 t 2 (t) in (67) gives (69) Ṡ(t) ≤ -S(z 2,t ) + 3z 2 1 (t) along all solutions of (65) satisfies (70) V1 (t) ≤ -3z 2 1 -t t-τs e 2(m-t) z 2 2 2 t t-τs z 2 2 (m)dm. (73) V 1 (z t ) ≤ t t-τs e 2(m-t) z 2 2 (m)dm + 3z 2 1 (t) + 12 z 2 2 (t) + 2 ≤ t t-τs z 2 2 (m)dm + 3z 2 1 (t) + 12z 2 2 (t) + 12 t t-τs e 2(m-t) dm t t-τs z 2 2 (m)dm t-τs z 2 ≤ 7 t t-τs z 2 2 (m)dm + 3z 2 1 (t) + 12z 2 2 (t) .

τs z 2 (t -τ s ) + δ 12 (t) for the mode σ(t) = 1, where δ 1 = (δ 11 , δ 12 ); see

[START_REF] Yan | Robust stabilization of parameter varying time delay systems by switched controllers[END_REF]

. Set t t t-τs e m-t z 2 (m)dm

Mazenc and Özbay were supported by PHC Bosphore 2016 France-Turkey under project numbers 35634QM (France) and EEEAG-115E820 (T ÜB İTAKthe Scientific and Technological Research Council of Turkey. Malisoff was supported by US NSF Grants 1408295 and 1436774.

by applying Jensen's inequality to the integral in curly braces, after using (74). We deduce that

Also, (73) gives

Choose V 2 = 2U 2 . Then V 1 (z t ) ≤ µV 2 (z t ) and V 2 (z t ) ≤ µV 1 (z t ) hold for all t ≥ 0 with the choice µ = 12.

Step 4. We choose T = 2P. With the notation of Section 3.3, we can choose a = 0, b = 0, T 2 = max{q, 1 -q}P, τ = 0, β 1 = β 2 = 0, ν = 0, α 1 = -1 2 , and α 2 = 2. We have T = 2P ≥ P + τ b ≥ T 2 + τ b . We deduce that we can take λ(T ) = 1 2 qP -2(1 -q)P = 1 4 qT -(1 -q)T . In addition, notice that L(T ) = 4. Then, V 1 and V 2 satisfy (39) for suitable constants Ψ 1 > 0 and Ψ 2 > 0.

From Assumption 4, we deduce from Theorem 3.7 that the following is a sufficient condition for global asymptotic stability: [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF] 5 < e [ 5 4 q-1]T , which is equivalent to (76)

since T = 2P. The inequality (76) agrees with our intuition that the interval where (62) is unstable should be sufficiently small and the switchings should not be too frequent.

5.

Conclusions. We presented a new technique making it possible to establish the input-to-state stability of switched time-varying systems with time-varying delays and uncertainties. We used the result for switched controller design for the stability of a class of linear time-varying systems. Our technique used a novel trajectory based approach. It applies to a wide family of systems for which no other technique of stability analysis was available in the literature. When applied to time-varying linear systems, our result only requires the construction of simple Lyapunov-Krasovskii functionals. Control designs under suitable optimality properties will be subjects of future works.

Appendix A: Key Lemma and Discussion on Halanay Inequality. We restate [30, Lemma 1] which we used in our proof of Theorem 2.4. For a proof of this lemma, see [START_REF] Mazenc | Trajectory based approach for the stability analysis of nonlinear systems with time delays[END_REF].

Lemma A1. Let T * > 0 be a constant. Let a piecewise continuous function w : [-T * , +∞) → [0, +∞) admit a sequence of real numbers v i and positive constants v a and v b such that

) for all i ≥ 0, and w(v - i ) exists and is finite for each i ∈ Z ≥0 . Let d : [0, +∞) → [0, +∞) be any piecewise continuous function, and assume that there is a constant ρ ∈ (0, 1) such that w(t) ≤ ρ|w| [t-T * ,t] + d(t) holds for all t ≥ 0. Then (A.1)

holds for all t ≥ 0.

The preceding lemma can be viewed as a variant of the following lemma whose conclusion is referred to as Halanay's inequality [START_REF] Bresch-Pietri | Invoking Halanay inequality to conclude on closed-loop stability of a process with input-varying delay[END_REF][START_REF] Halanay | Differential Equations, Stability, Oscillations, Time Lags[END_REF]: Appendix B: Construction of a Special Switching Signal. When we adopt the technique from Section 3, it is useful to minimize the number of switching instants associated with the function σ; see Remark 3.2. This motivates the construction of the switching signal σ in this appendix. For the sake of simplicity, we consider the case where only A is time-varying, but a generalization to the case where A, B and τ are all time-varying is straightforward. Again for simplicity, A is assumed to be C 1 on [0, +∞); we could have taken A to be C 1 on any finite length interval [T 1 , T 2 ) with T 1 ≥ 0, and the arguments would be valid to construct a special switching signal on this interval. Then, by concatenating consecutive intervals, we could construct the special switching sequence on [0, +∞). We prove the following, where choosing ∆ larger reduces the number of switches on any fixed length interval:

Then for each constant ∆ > 0, we can find a constant k a ∈ N, constant matrices A i ∈ R n×n for i = 1, 2, . . . , k a , and a switching signal σ : [0, +∞) → {1, 2, . . . , k a } whose switching times {t i } are such that condition (2) holds with T 1 = ∆/d a and T 2 = 2t 1 and such that sup t≥0 |A(t) -A σ(t) | ≤ 2∆.

Proof. Let a b be a constant such that |A(t)| ≤ a b for all t ≥ 0. Let ∆ > 0 be any constant. The boundedness of A implies the following: Fact: There are k a ∈ N constant matrices A i ∈ R n×n for i = 1, . . . , k a such that for each t ∈ [0, +∞), there is an l ∈ S ka (depending on t) with S ka = {1, ..., k a } such that the inequality

For what follows, we can assume that there is no j ∈ S ka such that there is an instant t c ≥ 0 such that |A(t) -A j | < 2∆ holds for all t ≥ t c . Indeed, this case is not interesting and trivial (because if such a j existed, then we can choose the switching times t i that we construct in what follows to be periodic on [t c , +∞)). Next, let us define a strictly increasing sequence {s i } of nonnegative real numbers as follows.

1) Let s 0 = 0. The fact above implies that there is i 0 ∈ S ka such that |A(s 0 ) -

Then, the fact above implies that there is

3) We proceed by induction. Induction assumption: we assume we have s 0 , s 1 , ..., s l , and l > 0 with 0 = s 0 < s 1 < ... < s l and i 0 ∈ S ka , ..., i l ∈ S ka such that for all m ∈ {1, ..., l}, we have

4) According to our induction assumption, |A(s l ) -A i l | < ∆. Therefore there is

The induction assumption is satisfied at the step i + 1.

Let σ be defined by σ(t) = i m when t ∈ [s m , s m+1 ). Then for all t ≥ 0, the inequality |A(t) -A σ(t) | ≤ 2∆ is satisfied. We next show that T 1 ≤ s i+1 -s i for all i ∈ N; later we transform the sequence {s i } into a new sequence {t j } that satisfies all of our requirements. For all m ∈ N, we can use the triangle inequality to obtain

Also, for all q ∈ N, we have |A(s q ) -A iq-1 | = 2∆ and |A(s q ) -A iq | < ∆. We deduce that

Combining (A.2) and (A.3), and recalling our choice of d a , we obtain

If there is no constant T 2 > 0 such that s i+1 -s i ≤ T 2 for all i ∈ N, then we can replace the sequence {s i } that we constructed above by a new sequence {t j } which is composed of the s i 's and additional switching times that are introduced to get a sufficiently large constant T 2 > 0 such that T 1 ≤ t i+1 -t i ≤ T 2 holds for all i ∈ Z ≥0 . We can construct the t i 's as follows. We choose t 0 = 0 and t 1 = s 1 , and we set L i = Floor((s i -s i-1 )/s 1 ) for all integers i ≥ 2. If L 2 ∈ {0, 1}, then we choose t 2 = s 2 , and so we do not introduce any new switching instants on [0, s 2 ]. On the other hand, if L 2 ≥ 2, then we introduce the switching times t j+1 = s 1 + js 1 for j = 1, 2, . . . , L 2 -1, and we set t L2+1 = s 2 . By the definition of the floor function, we have t j ∈ (s 1 , s 2 ) for all j ∈ {2, 3, . . . , L 2 } and s 2 -L 2 s 1 ∈ [s 1 , 2s 1 ], so all of the switching times t i on [0, s 2 ] will satisfy T 1 ≤ t i+1 -t i ≤ 2s 1 . We continue in the same way, by introducing the switching times s p-1 + js 1 for j = 1, 2, . . . , L p -1 on the interval (s p-1 , s p ) if p ≥ 2 is such that L p ≥ 2, but not introducing any switching times in the interval (s p-1 , s p ) for integers p ≥ 2 for which L p ∈ {0, 1}. Since s 1 ≥ T 1 , this produces a sequence t i such that T 1 ≤ t i -t i-1 ≤ 2s 1 for all integers i ≥ 1 and completes the proof.

Appendix C: Technical Result. One can construct LKFs such that [START_REF] Naghshtabrizi | Exponential stability of impulsive systems with application to uncertain sampled-data systems[END_REF] and [START_REF] Pepe | Stabilization in the sample-and-hold sense of nonlinear retarded systems[END_REF] are satisfied. We illustrate the key steps in one such construction using an example involving two systems, but this can be directly extended to any arbitrary number of systems. In what follows, η 7 plays the role of the constant µ appearing in Assumption 2.

Lemma A3. Consider the systems

where X and Z are valued in R n for any dimension n, and A a , A b , B a and B b are constant matrices, and where T b and T a are any nonnegative values. Assume that the systems admit LKFs of the form respectively. Then the functionals

admit positive constants η i > 0 for i = 1, 2, . . . , 7 such that

hold along all solutions of the corresponding systems, and such that (A.9)

hold for all φ ∈ C in .

Proof. The inequalities (A.9) are consequences of the definitions of Q a and Q b . Simple calculations give

We easily deduce that (A.8) and (A.10) can be satisfied.

Appendix D: Switching Signals that Satisfy Assumption 6. Let f : [0, +∞) → [f , f ) and g : [0, +∞) → [g, g) be globally Lipschitz functions having c f and c g as global Lipschitz constants respectively. Let > 0 be a real number. We present a systematic way to find vectors V i ∈ R 2 and a switching function σ so that F(t) = (f (t), g(t)) satisfies |F(t) -V σ(t) | ≤ for all t ≥ 0.

First step. Let s ∈ N and let ν > 0 be values to be selected later. For each k ∈ {1, ..., s}, we set f k = f + k( f -f )/s and g k = g + k(g -g)/s. Consider the set E = (f k , g l ) : k ∈ {0, ..., s -1} , l ∈ {0, ..., s -1} of s 2 elements in E, which we write as E = {V 1 , ..., V s 2 }. We define the sequence t i = iν for all i ∈ Z ≥0 .

Second step. For all i ≥ 0, there exists a pair (a, b) ∈ {0, ..., s -1} × {0, ..., s -1} such that (f (t i ), g(t i )) ∈ [f a , f a+1 )×[g b , g b+1 ) and if (c, d) ∈ {0, ..., s-1}×{0, ..., s-1} is different from (a, b) then (f (t i ), g(t i )) / ∈ [f c , f c+1 ) × [f d , f d+1 ). We now define σ : [0, +∞) → [0, +∞) as follows: (i) For all t ∈ [t i , t i+1 ), we set σ(t) = σ(t i ). (ii) Choose σ(t i ) such that the choice V σ(ti) = (f a , g b ) where (a, b) ∈ {0, ..., s -1} × {0, ..., s -1} is such that (A.12) (f (t i ), g(t i )) ∈ [f a , f a+1 ) × [g b , g b+1 ).