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This paper studies the stabilization of linear systems with both state and input delays where the input delay can be arbitrarily large yet exactly known. Observer-predictor based controllers are designed to predict the future states so that the input delay can be properly compensated. Necessary and sufficient conditions guaranteeing the stability of the closed-loop system are provided in terms of the stability of some simple linear time-delay systems refereed to as observer-error systems, by which the separation principle is discovered. Moreover, approaches in terms of linear matrix inequalities are also provided to design both the state feedback gains and observer gains. Finally, a numerical example illustrates that the proposed approaches are more effective and safe to implement than the existing methods.

Introduction

Control of time-delay systems has received considerable attention and many results have been reported in the literature to deal with various analysis and control problems during the past decades. For example, an improved delay-dependent stability condition for linear systems with time-invariant delays in terms of LMIs was provided in [START_REF] Xu | Improved Delay-Dependent Stability Criteria for Time-Delay Systems[END_REF], the problem of exponential stability for nonlinear time-delay systems with delayed impulses was addressed in [START_REF] Chen | Exponential stability of nonlinear time-delay systems with delayed impulse effects[END_REF], the Lyapunov-Krasovskii functional approach for the stability problem of coupled differentialfunctional equations was discussed in [START_REF] Gu | Lyapunov-Krasovskii functional for uniform stability of coupled differential-functional equations[END_REF], a class of singular systems with time-varying delay was investigated by [START_REF] Cong | New stability criteria of linear singular systems with time-varying delay[END_REF], the problem of networked output tracking control was investigated in [START_REF] Zhang | Output tracking control of networked control systems via delay compensation controllers[END_REF], sampled-data control modeled as a refined input delayed system was considered in [START_REF] Fridman | A refined input delay approach to sampled-data control[END_REF], robust stabilization of a system with input delays was investigated in [START_REF] Kojima | Robust stabilization of a system with delays in control[END_REF], and in [START_REF] Zhong | On distributed delay in linear control laws-Part I: discrete-delay implementations[END_REF] the authors proposed two approaches to approximate distributed delay in linear control laws and then to implement it in the z-domain and in the s-domain.

Predictor feedback is an efficient approach for controlling time-delay systems with input delays and has received renewed interest in recently years. The Smith predictor (SP) was initially proposed in [START_REF] Smith | A controller to overcome dead time[END_REF] for linear stable systems with an input delay, which, however, may have difficulty in stabilizing unstable systems. Afterwards, a modification of the SP for unstable systems was proposed in [START_REF] Watanabe | A process-model control for linear systems with delay[END_REF]. By modelling the input delay dynamics as a partial differential equation (PDE) of transport type, the classical predictor feedback for time-delay systems has been re-examined and extended extensively by M. Krstic and his coauthors (see [START_REF] Krstic | Delay Compensation for Nonlinear, Adaptive, and PDE Systems[END_REF][START_REF] Krstic | Input delay compensation for forward complete and strict-feedforward nonlinear system[END_REF] for instance). The merit of this approach is that Lyapunov-Krasovskii functionals can be easily constructed and explicit stability estimates can be derived for the closed-loop system. Recently, the predictor feedback was generalized to linear time-varying systems in [START_REF] Mazenc | Reduction model approach for linear time-varying systems with delays[END_REF] and a sequential subpredictor was proposed in [START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF] for linear systems with a long input delay, and extended to some families of timevarying systems in [START_REF] Léchappé | Predictive control and estimation of uncertain systems with an input delay[END_REF][START_REF] Mazenc | Stabilization of nonlinear time-varying systems through a new prediction based approach[END_REF][START_REF] Mazenc | New prediction approach for stabilizing time-varying systems under time-varying input delay[END_REF]. To the best of our knowledge, the idea of using observers to predict the future state was for the first time introduced in [START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF] where were considered linear systems with only a single input delay. By safely dropping out the distributed terms in the traditional predictor feedback when the open-loop system is only polynomially unstable, a truncated predictor feedback (TPF) approach was developed in [START_REF] Zhou | Truncated predictor feedback for linear systems with long time-varying input delays[END_REF] and [START_REF] Zhou | Truncated Predictor Feedback for Timedelay Systems[END_REF]. The predictor feedback approach has been successfully utilized in [START_REF] Sun | Input-to-state stability for networked predictive control with random delays in both feedback and forward channels[END_REF] to compensate the network-induced time delays for networked control systems.

All the references mentioned above mainly deal with control systems with only input delay. Very recently, for linear systems with both input and state delays, the first author of this paper proposed a nested predictor approach to predict the future states such that the input delay that can be arbitrarily large yet bounded is compensated completely [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF]. Alternatively approaches by using state transition matrices and by adding integrators to the same problem were proposed respectively in [START_REF] Kharitonov | An extension of the prediction scheme to the case of systems with both input and state delay[END_REF] and [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF]. The nested predictor feedback has also been extended to neutral-type time-delay systems [START_REF] Zhou | Input delay compensation for neutral type time-delay systems[END_REF] and discrete-time time-delay systems [START_REF] Liu | Delay compensation of discretetime linear systems by nested prediction[END_REF].

In this paper, motivated by the observer based approach in [START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF] and the predictor feedback approach in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF], we revisit the problem of stabilizing linear systems with both state delay and input delay, which can be arbitrarily large yet exactly known. Our new solutions are based on observer-predictor feedback, which uses both observer and predictor to predict the future states so that the input delay can be properly compensated. We provide necessary and sufficient conditions guaranteeing the stability of the closed-loop system in terms of the stability of some simple linear time-delay systems refereed to as observer-error systems, from which one deduces that the separation principle hods. We also develop approaches in terms of linear matrix inequalities to design both state feedback gains and observer gains in the observer-predictor feedback controllers. The proposed observer-predictor scheme can also be applied on linear systems with only input delay, resulting in controllers that are easy to implement without adding any low-pass filters. We finally use a numerical example to illustrate the effectiveness of the proposed approaches, and, to demonstrate that the proposed approaches are more easy to implement than the existing methods.

This paper is organized as follows: In Section 2, we state the problem to be solved and give some preliminaries. The input delay compensation methods by using a single observer-predictor and multiple observerpredictor are respectively given in Sections 3 and 4. A numerical example is provided to show the effectiveness of the obtained controllers in Section 5. Finally, Section 6 concludes this paper.

Problem Formulation and Preliminaries

Definitions and Notation

The identity matrix in R n×n is denoted by I n . The k × n matrix in which each entry is 0 is denoted by 0. Given any constant τ > 0, we let C([-τ, 0], R n ) denote the set of all continuous R n -valued functions defined on [-τ, 0]. We often abbreviate this set (by omitting the dimension which is clear from the context) as C in , and we call it the set of all initial functions. For any continuous function ϕ : [-τ, ∞) → R n and all t ≥ 0, we define ϕ t by ϕ t (m) = ϕ(t + m) for all m ∈ [-τ, 0], i.e., ϕ t ∈ C in is the translation operator. For any matrices A and B in R n×n , we use A < B to mean that X ⊤ (B -A)X > 0 for all X ∈ R n \ {0}. For two integers q and q with p ≤ q, let I [p, q] = {p, p + 1, . . . , q}.

Problem formulation

We consider a linear time-delay system with both state and input delays as follows

ẋ (t) = Ax (t) + A r x (t -r) + Bu (t -h) , ∀t ≥ 0, (1)
where A, A r ∈ R n×n and B ∈ R n×m are constant matrices, and r > 0 and h > 0 are the state and input delays, respectively. Let the initial condition be x (θ) = ϕ (θ) , ∀θ ∈ [-r, 0], and u (θ) = φ (θ) , ∀θ ∈ [-h, 0] with ϕ ∈ C in , φ ∈ C in . Before designing stabilizing controllers for system (1), we first give an assumption as follows. Assumption 1 The linear time-delay system

ẋ (t) = Ax (t) + A r x (t -r) + Bu (t) , (2) 
can be stabilized by the following state feedback controller

u (t) = Kx (t) + K r x (t -r) , (3) 
where K ∈ R m×n and K r ∈ R m×n are two gains, namely, the following closed-loop system is asymptotically stable

ẋ (t) = (A + BK) x (t) + (A r + BK r ) x (t -r) . (4) 
The problem to be solved can be stated as follows.

Problem 1 Under Assumption 1, design a dynamic controller ⎧ ⎨ ⎩ χ (t) = f (χ t , x t , u t ) , u (t) = g (χ t , x t , u t ) , (5) 
where χ ∈ R q , and f and g are linear functions such that the system (1) in closed-loop with ( 5) is asymptotically stable.

If A r = 0, Problem 1 has been studied previously in the literature by using the predictor feedback (see, for example, [START_REF] Artstein | Linear systems with delayed controls: a reduction[END_REF][START_REF] Krstic | Delay Compensation for Nonlinear, Adaptive, and PDE Systems[END_REF][START_REF] Krstic | Input delay compensation for forward complete and strict-feedforward nonlinear system[END_REF][START_REF] Manitius | Finite spectrum assignment problem for systems with delays[END_REF][START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF]). Therefore, in the following, without loss of generality, we assume that A r ̸ = 0.

Under Assumption 1, if the future state x (t + h) is available for feedback, then a solution to Problem 1 is given by

u (t) = Kx (t + h) + K r x (t + h -r) , (6) 
since the closed-loop system is exactly in the form of [START_REF] Cacace | Stabilization of strict-feedback nonlinear systems with input delay using closed-loop predictors[END_REF]. By the variation of constant formula, the future state x (t + h) can be predicted as

x (t + h) =e Ah x (t) + t+h t e A(t+h-s) A r x (s -r) ds + t+h t e A(t+h-s) Bu (s -h) ds, (7) 
which is causal (and thus implementable) if and only if h ≤ r. Hence, without loss of generality, we make the following assumption. Assumption 2 The input delay h and the state delay r satisfy h > r.

Under this assumption, the classical predictor feedback approach [START_REF] Artstein | Linear systems with delayed controls: a reduction[END_REF][START_REF] Krstic | Delay Compensation for Nonlinear, Adaptive, and PDE Systems[END_REF][START_REF] Krstic | Input delay compensation for forward complete and strict-feedforward nonlinear system[END_REF][START_REF] Manitius | Finite spectrum assignment problem for systems with delays[END_REF] does not provide a solution to Problem 1 since the resulting controller is acausal (and is thus not implementable). In order to solve this problem, a nested prediction approach involving multiple integrations was first proposed in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF]. An alternative method by adding integrators was latterly established in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] to solve the same problem. This problem was also independently studied in [START_REF] Kharitonov | An extension of the prediction scheme to the case of systems with both input and state delay[END_REF] by using a completely different method involving the fundamental matrix function for the open-loop time-delay system.

In this paper, based on the first author's early study [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF][START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] on this problem and motivated by the approach in [START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF] for stabilization of linear systems with only input delays, we will present on observer-predictor based approach to solve Problem 1. Differently from the nested predictor feedback approach [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF] and the dynamic compensator method by adding integrators [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF], the new approach to be investigated consists in using both observers and predictors to predict the future state x (t + h) firstly and then the observed future state x (t + h) is used in [START_REF] Cong | New stability criteria of linear singular systems with time-varying delay[END_REF] for feedback. The classical separation principle for delayfree linear systems can be extended to this observerpredictor design scheme. To guarantee the stability of the observer-predictor for large input delay h, a series of observers with one observer predicting the future state x (t + ∆ h ) with ∆ h small enough are utilized instead.

Dividing large time delays into many small ones to make a difficult design problem solvable or to obtain less conservative results is a valuable idea, and, of course, is not new in the literature. To the best of our knowledge, this idea appeared firstly in Hale's book [START_REF] Hale | Theory of Functional Differential Equations[END_REF] where it was used to obtain less conservative stability criteria for linear systems with a pure state delay. This delay decomposition approach was then extended by many authors for solving various problems for time-delay systems (see, for example, [START_REF] Gouaisbaut | Delay-dependent robust stability of time delay systems[END_REF] and [START_REF] Zhang | A delay decomposition approach to H∞ control of networked control systems[END_REF]). This idea was also used in observer design for nonlinear time-delay systems (see [START_REF] Cacace | A chain observer for nonlinear systems with multiple timevarying measurement delays[END_REF] and [START_REF] Germani | A new approach to state observation of nonlinear systems with delayed output[END_REF]), feedback control by delayed output [START_REF] Cacace | Predictor-based control of linear systems with large and variable measurement delays[END_REF], and predictor feedback for systems with input delay [START_REF] Cacace | Stabilization of strict-feedback nonlinear systems with input delay using closed-loop predictors[END_REF][START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF].

At the end of this section, we give a brief discussion on the design of the matrices K and K r in Assumption 1. This problem has been studied in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] (see [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF]Lemma 9]), where the method in [START_REF] Gouaisbaut | Delay-dependent robust stability of time delay systems[END_REF] was adopted. For easy reference, we recall the results in the following lemma. Lemma 1 [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] There exist two matrices K and K r such that the state feedback controller (3) stabilizes system (2) if there exist symmetric matrices P > 0, Q > 0, Z > 0, and two matrices G and G r such that the following matrix inequality is feasible

⎡ ⎢ ⎢ ⎢ ⎣ Ω 0 A r P + BG r + Z r P A T + G T B T * -Q -Z r P A T r + G T r B T * * -P Z -1 P ⎤ ⎥ ⎥ ⎥ ⎦ < 0, ( 8 
)
where Ω 0 = AP +P A T +BG+G T B T +Q-Z. Moreover, K and K r are given as K = GP -1 and K r = G r P -1 . Remark 1 The inequality ( 8) is not a linear matrix inequality (LMI) due to the term -P Z -1 P . To overcome this obstacle, we notice that, for any scalar α > 0, the inequality

0 ≤ (P -αZ) Z -1 (P -αZ) = P Z -1 P -2αP + α 2 Z, is satisfied, which implies that -P Z -1 P ≤ -2αP +α 2 Z.
Hence, if the term -P Z -1 P is replaced by -2αP + α 2 Z in (8), then, for any fixed α and LMI is obtained, which, of course, can then be solved efficiently by the LMI solver in Matlab. The nonlinear term P Z -1 P can also be handled efficiently by the so-called Cone Complementarity Linearization Algorithm proposed in [START_REF] El Ghaoui | A cone complementarity linearisation algorithm for static outputfeedback and related problems[END_REF].

3 Delay Compensation by A Single Observer-Predictor

Input Delay Compensation by A Single Observer

In this subsection, a single observer based predictor feedback will be presented to solve Problem 1.

Theorem 1 Let Assumption 1 be satisfied. Consider the following observer based controller

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ ˙ x (t) = A x (t) + A r x (t -r) + Bu (t) +L ( x (t -h) -x (t)) , u (t) = K x (t) + K r x (t -r) . (9) 
Then the closed-loop system consisting of ( 1) and ( 9) is asymptotically stable if and only if the following linear time-delay system is asymptotically stable

ė (t) = Ae (t) + A r e (t -r) + Le (t -h) . (10) 
Proof. Let

e (t) = x (t -h) -x (t) . (11) 
Then, according to (1), ( 11) and ( 9), we have

ẋ (t) =Ax (t) + A r x (t -r) + BK x (t -h) + BK r x (t -r -h) = (A + BK) x (t) + (A r + BK r ) x (t -r) + BKe (t) + BK r e (t -r) , (12) 
and

ė (t) = ˙ x (t -h) -ẋ (t) = Ae (t) + A r e (t -r) + Le (t -h) . ( 13 
)
The linearity of ( 12)-( 13) implies that the closed-loop system is asymptotically stable if and only if the two systems

⎧ ⎨ ⎩ ρ1 (t) = (A + BK) ρ 1 (t) + (A r + BK r ) ρ 1 (t -r) , ρ2 (t) = Aρ 2 (t) + A r ρ 2 (t -r) + Lρ 2 (t -h) ,
are. It then follows from Assumption 1 that this is equivalent to the asymptotic stability of system [START_REF] Germani | A new approach to state observation of nonlinear systems with delayed output[END_REF]. The proof is finished. From ( 11) and ( 13) we can see that the observer state x (t) will approach the system state x (t + h) if the observer-error system (13) or ( 10) is asymptotically stable, namely, x (t) is an estimation (observer) of x (t + h). Remark 2 Notice that the stability of the observer-error system (10) is independent of the state feedback gains K and K r , and is totally determined by the observer gain L. This property is quite similar to the separation principle existing in the observer based output feedback design for linear systems without delay [START_REF] Luenberger | Observing the state of a linear system[END_REF]. The separation principle indicated by Theorem 1 was not available in [START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF] where the feedback gains and the observer gains are coupled in the proposed stability conditions.

To verify the stability of the observation error system (10), we present the following proposition whose proof is given in Appendix A1. Proposition 1 Let A, A r ∈ R n×n be two constant matrices and r ≥ 0 be a constant.

1. There always exists an observer gain L such that system [START_REF] Germani | A new approach to state observation of nonlinear systems with delayed output[END_REF] with h = 0, namely, the following system

ė (t) = (A + L) e (t) + A r e (t -r) , (14) 
is asymptotically stable. 2. Let L be such that system [START_REF] Hale | Theory of Functional Differential Equations[END_REF] is asymptotically stable, then there exists a constant delay h * (L) > 0 such that system (10) is also asymptotically stable for all h ∈ [0, h * (L)].

Since h * (L) is expected to be as large as possible, the observer gain L should be carefully designed so that h * (L) is maximized. To this end, we give the following lemma whose proof is straightforward and will be given in Appendix A2 for completeness. Lemma 2 The observer-error system (10) is asymptotically stable for all h ∈ [0, h * ], if there exist matrices

P > 0, Q > 0, Z > 0, R > 0, S > 0 and a matrix U such that ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ Ω 1 Ω 2 0 h * P A T r rP A T r * Ω 3 U + R -h * P A T -rP A T * * -Q -R -h * U T -rU T * * * -P R -1 P 0 * * * * -P S -1 P ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ < 0, ( 15 
)
is feasible, where

Ω 1 = -Z -S, Ω 2 = -P A T r -S, Ω 3 = AP + P A T + Q + Z -S -R.
Moreover, the observer gain can be chosen as L = UP -1 .

We mention that the two nonlinear terms P R -1 P and P S -1 P in ( 15) can be handled by the same method in Remark 1. Now we consider the following optimization problem

h # = sup P >0,Q>0,Z>0,R>0,S>0,U ∈R n×n {h * } s.t. (15). 
(16) Then it follows from Proposition 1 and Lemma 2 that the observer-error system ( 10) is asymptotically stable for some L if

h < h # . ( 17 
)

Input Delay Compensation by A Single Observer-Predictor

In Theorem 1, the observer is designed to predict the future state x(t + h). However, as indicated by [START_REF] El Ghaoui | A cone complementarity linearisation algorithm for static outputfeedback and related problems[END_REF], the future state x(t + r) can be obtained by using the predictor

x p (t + r) =e Ar x (t) + t+r t e A(t+r-s) A r x (s -r) ds + t+r t e A(t+r-s) Bu (s -h) ds. ( 18 
)
Therefore, by using the predicted state x p (t + r), one needs only to predict hr seconds ahead of x p (t + r).

With this idea, we can state the following theorem. Theorem 2 Let Assumptions 1-2 be satisfied. Consider the following observer-predictor based controller

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ ˙ x (t) = A x (t) + A r x (t -r) + Bu (t) +L ( x (t -(h -r)) -x p (t + r)) , u (t) = K x (t) + K r x (t -r) . (19) 
Then the closed-loop system consisting of ( 1) and ( 19) is asymptotically stable if and only if the following linear time-delay system is asymptotically stable

ė (t) = Ae (t) + A r e (t -r) + Le (t -(h -r)) . ( 20 
)
Proof. According to ( 1) and ( 19), the closed-loop system can be rewritten as

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ẋ (t) = Ax (t) + A r x (t -r) + BK x (t -h) +BK r x (t -h -r) , ˙ x (t) = A x (t) + A r x (t -r) + BK x (t) +BK r x (t -r) + L( x (t -(h -r))
-e Ar x (t) -t+r t e A(t+r-s) A r x (sr) ds

- t+r t e A(t+r-s) BK x (s -h) ds - t+r t e A(t+r-s) BK r x (s -h -r) ds).
We deduce that, for all t ≥ h,

˙ x (t -h) = A x (t -h) + A r x (t -h -r) + BK x (t -h) + BK r x (t -h -r) + L ( x (t -(2h -r)) -e Ar x (t -h) - t-h+r t-h e A(t-h+r-s) A r x (s -r) ds - t-h+r t-h e A(t-h+r-s) BK x (s -h) ds - t-h+r t-h e A(t-h+r-s) BK r x (s -h -r) ds).
Bearing in mind [START_REF] Krstic | Input delay compensation for forward complete and strict-feedforward nonlinear system[END_REF] and the fact that h ≥ r, we deduce that, for all t ≥ h,

˙ x (t -h) =A x (t -h) + A r x (t -h -r) + BK x (t -h) + BK r x (t -h -r) + L ( x (t -(2h -r)) -x(t + r -h)) . (21) 
Let

e(t) = x (t -h) -x(t). Then ė (t -h) = Ae (t -h)+A r e (t -h -r)+Le (t -(2h -r))
and ẋ (t) =(A + BK)x(t) + (A r + BK r )x (tr) + BKe(t) + BK r e(tr).

From Assumption 1, we can conclude.

Similarly to the discussion in the above subsection, the observer-error system (20) is asymptotically stable for some

L if h -r < h # . ( 22 
)
The advantage of the observer-predictor based controller [START_REF] Léchappé | Predictive control and estimation of uncertain systems with an input delay[END_REF] is that, when compared with Theorem 1, the stability condition ( 22) is more easily satisfied than [START_REF] Krstic | Delay Compensation for Nonlinear, Adaptive, and PDE Systems[END_REF].

Remark 3 It has been recognized in the literature that the numerical implementation of the predictor (18) may be unsafe as it can lead to instability of the closed-loop system [START_REF] Mondié | Finite spectrum assignment of unstable time-delay systems with a safe implementation[END_REF][START_REF] Van Assche | Some problems arising in the implementation of distributed-delay control laws[END_REF][START_REF] Zhong | On distributed delay in linear control laws-Part I: discrete-delay implementations[END_REF]. However, the observer-predictor based controller [START_REF] Léchappé | Predictive control and estimation of uncertain systems with an input delay[END_REF] does not suffer such a problem since the observer in [START_REF] Léchappé | Predictive control and estimation of uncertain systems with an input delay[END_REF] is also used as a low-pass filter which helps to avoid the instability problem [START_REF] Mondié | Finite spectrum assignment of unstable time-delay systems with a safe implementation[END_REF][START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF]. Moreover, the low-pass filtering property of the observer-filter may help to suppress the measurement noise whenever it exists.

At the end of this subsection, we apply the observerpredictor scheme proposed in Theorem 2 to a linear system with only a single input time delay, as described by

ẋ (t) = Ax (t) + Bu (t -h) , (23) 
where the system parameters are the same as that in [START_REF] Artstein | Linear systems with delayed controls: a reduction[END_REF] and (A, B) is assumed to be stabilizable.

Corollary 1 Let r ∈ (0, h] be any given constant. Consider the following observer-predictor based controller

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ ˙ x (t) = A x (t) + Bu (t) + L ( x (t -(h -r)) -x p (t + r)) ,
x p (t + r) = e Ar x (t) + t+r t e A(t+r-s) Bu (sh) ds,

u (t) = K x (t) . ( 24 
)
Then the closed-loop system consisting of ( 23) and ( 24) is asymptotically stable if and only if the following linear time-delay system is asymptotically stable

ė (t) = Ae (t) + Le (t -(h -r)) . ( 25 
)
Remark 4 The classical predictor feedback for system [START_REF] Mazenc | Stabilization of nonlinear time-varying systems through a new prediction based approach[END_REF] is

⎧ ⎨ ⎩ x (t + h) = e Ah x (t) + t+h t e A(t+h-s) Bu (s -h) ds, u (t) = Kx (t + h) , ( 26 
)
where K is such that A + BK is Hurwitz. As mentioned in Remark 3, the implementation of the predictor feedback (26) may be unsafe, and to avoid this problem, a low-pass filter is generally required [START_REF] Mondié | Finite spectrum assignment of unstable time-delay systems with a safe implementation[END_REF]. The essential feature of Corollary 1 is that, differently from the traditional predictor [START_REF] Mondié | Finite spectrum assignment of unstable time-delay systems with a safe implementation[END_REF], the input delay h is divided into two parts r and hr with the first part being predicted by the predictor x p (t + r) and the second parts being predicted by the observer. The most important advantage of this observer-predictor scheme is that, to implement the controller, one does not need to utilize a low-pass filter anymore since the observer itself serves as a low-pass filter, as mentioned by Remark 3. By Proposition 1 we can see that we can always choose a quite large r (such that hr is sufficiently small) such that the stability of (25) is guaranteed. However, to ensure that the observererror system [START_REF] Mazenc | Reduction model approach for linear time-varying systems with delays[END_REF] possesses a fast convergence rate, we may optimize L and r such that the convergence rate of (25) is maximized.

Delay Compensation by Multiple Observer-Predictor 4.1 Input Delay Compensation by Multiple Observers

If h is too large, both the controllers in Theorems 1-2 may fail to stabilize system (1) since the observer-error systems [START_REF] Germani | A new approach to state observation of nonlinear systems with delayed output[END_REF] and ( 20) cannot be stabilized by the choice of an appropriated matrix L. Motivated by the approach proposed in [START_REF] Najafi | Closed-loop control of dead time systems via sequential sub-predictors[END_REF], we design below a multiple observer based controller to solve Problem 1. Let N be a positive integer and denote

∆ h = h N . ( 27 
)
Theorem 3 Let Assumptions 1-2 be satisfied. Consider the following observer based controller

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ˙ x i (t) = A x i (t) + L i ( x i (t -∆ h ) -x i+1 (t)) +A r x i (t -r) + Bu (t -(i -1) ∆ h ) , ˙ x N (t) = A x N (t) + L N ( x N (t -∆ h ) -x (t)) +A r x N (t -r) + Bu (t -(N -1) ∆ h ) , u (t) = K x 1 (t) + K r x 1 (t -r) , (28) 
where i ∈ I [1, N -1] and (K, K r ) satisfies Assumption 1. Then the closed-loop system consisting of ( 1) and ( 28) is asymptotically stable if and only if the following series of linear time-delay systems are all asymptotically stable

ėi (t) = Ae i (t)+A r e i (t -r)+L i e i (t -∆ h ) , i ∈ I [1, N] . (29 
) Proof. Define a series of prediction error vectors as

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ e i (t) = x i (t -(N -i + 1) ∆ h ) -x i+1 (t -(N -i) ∆ h ) , i ∈ I [1, N -1] , e N (t) = x N (t -∆ h ) -x (t) .
Then one can prove that [START_REF] Sun | Input-to-state stability for networked predictive control with random delays in both feedback and forward channels[END_REF] for all t ≥ 0. According to ( 1) and ( 28), we have, for all t ≥ 0,

x 1 (t -N ∆ h ) = x (t)+e 1 (t)+e 2 (t)+• • •+e N (t) ,
ẋ (t) =Ax (t) + A r x (t -r) + BK x 1 (t -N ∆ h ) + BK r x 1 (t -r -N ∆ h ) = (A + BK) x (t) + (A r + BK r ) x (t -r) + BK (e 1 (t) + e (t) + • • • + e N (t)) + BK r (e 1 (t -r) + e 2 (t -r) + • • • + e N (t -r)) , (31) 
and

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ ėi (t) = Ae i (t) + A r e i (t -r) + L i e i (t -∆ h ) -L i+1 e i+1 (t -∆ h ) , i ∈ I [1, N -1] , ėN (t) = Ae N (t) + A r e N (t -r) + L N e N (t -∆ h ) . (32) 
By noting the upper triangular structure of the closedloop system consisting of ( 31) and [START_REF] Watanabe | A process-model control for linear systems with delay[END_REF], we conclude that the closed-loop system is asymptotically stable if and only if

⎧ ⎨ ⎩ ρ0 (t) = (A + BK) ρ 0 (t) + (A r + BK r ) ρ 0 (t -r) , ρi (t) = Aρ i (t) + A r ρ i (t -r) + L i ρ i (t -∆ h ) , is, where i ∈ I [1, N].
Then it follows from Assumption 1 that this is equivalent to the asymptotic stability of the following system ėi (t) = Ae i (t) + A r e i (tr)

+ L i e i (t -∆ h ) , (33) 
where i ∈ I [1, N]. This allows us to conclude. We mention that, as pointed out in Remark 2, the separation principle also holds for the observers based controller [START_REF] Skelton | A Unified Algebraic Approach to Control Design, Taylor and Francis series in Systems and Control[END_REF] in Theorem 3. Let h # be determined by [START_REF] Kojima | Robust stabilization of a system with delays in control[END_REF]. Then the observer-error systems (29) are asymptotically stable for some L i if

∆ h = h N ≤ h # . (34) 
Clearly, the above inequality can be satisfied by choosing N large enough. Since the complexity of the controller (28) is proportional to N , one needs to choose the minimal N * such that (34) is satisfied. Remark 5 Let us denote the convergence rate of system (4) by λ K and the convergence rate of the observererror system (29) by λ L . Then it is not difficult to see that the convergence rate of the closed-loop system consisting of ( 1) and ( 28) is min{λ K , λ L }. The number λ K is totally determined by (A, A r , B, h, r) and can thus be considered to be a constant, while λ L is determined by {A, A r , h, r, L i , N}. Hence we need to design N and L i properly such that λ L is maximized. To this end, we let (34) be satisfied and consider:

e i (t) = e γt e i (t) , i ∈ I [1, N] , (35) 
where γ > 0 is a constant. Then the observer-error system ( 29) can be expressed as ˙ e i (t) = (A + γI n ) e i (t) + e γr A r e i (tr)

+ e γ∆ h L i e i (t -∆ h ) A γ e i (t) + A γ r e i (t -r) + L γ i e i (t -∆ h ) , ( 36 
)
where i ∈ I [1, N].
Hence, to maximize λ L , we need only to maximize γ subject to the stability of the series of timedelay systems [START_REF] Zhong | On distributed delay in linear control laws-Part I: discrete-delay implementations[END_REF] for which Lemma 2 can be used again.

Input Delay Compensation by Multiple Observer-Predictor

In this subsection, we combine the idea in Theorem 2 and the idea in Theorem 3 to propose a multiple observer-predictor based controller to solve Problem 1. Let

δ h = h -r N . ( 37 
)
Theorem 4 Let Assumptions 1-2 be satisfied. Consider the following observer-predictor based controller

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ˙ x i (t) = A x i (t) + A r x i (t -r) + Bu (t -(i -1) δ h ) +L i ( x i (t -δ h ) -x i+1 (t)) , i ∈ I [1, N -1] , ˙ x N (t) = A x N (t) + A r x N (t -r) + Bu (t -(N -1) δ h ) +L N ( x N (t -δ h ) -x p (t + r)) , u (t) = K x 1 (t) + K r x 1 (t -r) , (38 
) where x p (t + r) is determined by [START_REF] Krstic | Input delay compensation for forward complete and strict-feedforward nonlinear system[END_REF]. Then the closedloop system consisting of ( 1) and ( 38) is asymptotically stable if and only if the following linear time-delay systems are all asymptotically stable

ėi (t) = Ae i (t)+A r e i (t -r)+L i e i (t -δ h ) , i ∈ I [1, N] .
(39) Proof. let us denote the observer-error vectors as 1) and ( 38), the closed-loop system is

e i (t) = x i (t -(N -i + 1) δ h )-x i+1 (t -(N -i) δ h ) , i ∈ I [1, N -1] and e N (t) = x N (t -δ h ) -x p (t + r) . Ac- cording to (
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ẋ (t) = Ax (t) + A r x (t -r) + BK x 1 (t -h) +BK r x 1 (t -h -r) , ˙ x i (t) = A x i (t) + A r x i (t -r) + BK x 1 (t -(i -1) δ h ) +L i ( x i (t -δ h ) -x i+1 (t)) +BK r x 1 (t -r -(i -1) δ h ) , i ∈ I [1, N -1] , ˙ x N (t) = A x N (t) + A r x N (t -r) + L N x N (t -δ h ) -L N e Ar x (t) + t+r t e A(t+r-s) A r x (s -r) ds + t+r t e A(t+r-s) BK x 1 (s -h) ds + t+r t e A(t+r-s) BK r x 1 (s -h -r) ds +BK x 1 (t -(N -1) δ h ) +BK r x 1 (t -r -(N -1) δ h ) . ( 40 
)
Therefore, system [START_REF] Zhou | Truncated predictor feedback for linear systems with long time-varying input delays[END_REF] in the frequency domain can be rewritten as

Π (s) [X T (s) , X T 1 (s) , • • • , X T N (s)] T = 0, where L (x (t)) = X (s) , L ( x i (t)) = X i (s) , i ∈ I [1, N] , and 
Π (s) = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ Σ 0 Σ 3 0 • • • 0 • • • 0 0 Λ 1 + Θ 1 L 1 • • • 0 • • • 0 0 Θ 2 Λ 2 L 2 • • • 0 . . . . . . . . . . . . . . . . . . 0 Θ i 0 Λ i L i 0 . . . . . . . . . . . . . . . . . . Σ 2 Σ 1 + Θ N 0 • • • 0 • • • Λ N ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ , ( 41 
) in which ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ Σ 0 = sI n -A -A r e -sr , Σ 1 = L N (sI n -A)
-1 e -sh e sre Ar BK + (sI n -A)

-1 e -sh I ne -(sIn-A)r BK r ,

Σ 2 = L N e Ar + L N (sI n -A) -1 I n -e -(sIn-A)r A r , Σ 3 = -BKe -hs -BK r e -(h+r)s , Θ i = -BKe -(i-1)δ h s -BK r e -r-(i-1)δ h s , i ∈ I [1, N] , Λ i = sI n -A -A r e -sr -L i e -δ h s , i ∈ I [1, N] .
It follows that the characteristic equation of the closedloop system is ∆ (s) = det Π (s) [START_REF] Hale | Theory of Functional Differential Equations[END_REF]. By some elementary computation, we get ∆ (s) = ∆ c (s)

N i=1 ∆ ei (s) , in which ∆ c (s) = sI n -(A + BK) -(A r + BK r ) e -sr ,
and

∆ ei (s) = sI n -A -A r e -sr -L i e -δ h s , i ∈ I [1, N] ,
are respectively the characteristic equations of ( 4) and [START_REF] Zhou | Truncated Predictor Feedback for Timedelay Systems[END_REF]. Assumption 1 allows us to conclude.

Clearly, the separation principle also holds for the observer-predictor based controller [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] in Theorem 4. Let h # be the constant defined in [START_REF] Kojima | Robust stabilization of a system with delays in control[END_REF]. Then the observer-error systems [START_REF] Zhou | Truncated Predictor Feedback for Timedelay Systems[END_REF] are asymptotically stable for some L i if

δ h = h -r N < h # . (42) 
Again, the above inequality can be satisfied by choosing N large enough. Moreover, for a given N , we can see that δ h < ∆ h . Hence, compared with Theorem 3, the advantage of Theorem 4 is that the stability condition (42) is more easily satisfied than (34).

A Numerical Example

A numerical example is used in this section to demonstrate the advantages of the proposed observer-predictor based approach. We consider the linearized model of liquid propellant rocket motors previously studied in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF] and [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] as in [START_REF] Artstein | Linear systems with delayed controls: a reduction[END_REF] where

A = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 0 0 0 0 0 0 0 -1 -1 0 -1 1 0 1 -1 0 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ , A r = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ -1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ , B = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 0 1 0 0 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ , (43) 
where r = 1 and h = 2.1. The open-loop system in (43) is unstable due to its two unstable poles at 0.113±i1.52 [START_REF] Fiagbedzi | Feedback stabilization of linear autonomous time lag systems[END_REF]. By applying Lemma 1, one can prove that Assumption 1 is fulfilled with ⎧ ⎨ ⎩ K = 14.0879 -4.9747 5.5178 -7.4406 , K r = -9.6161 -0.3932 7.6597 0.5335 .

According to Lemma 2, the observer-error system (10) is asymptotically stable if h < h # = 0.3. Since h # < h and h # < hr, it is unclear (but unlikely) that the controllers provided by Theorems 1 and 2 asymptotically stabilize the system.

We thus need to use the multiple observers based controller [START_REF] Skelton | A Unified Algebraic Approach to Control Design, Taylor and Francis series in Systems and Control[END_REF]. Clearly, the inequality (34) is satisfied with N ≥ 8. For the purpose of comparison, we consider the following three different cases:

i. N = 8. According to Remark 5, we maximize the scalar γ to get γ max = 0.03 and the corresponding L i , i ∈ I [START_REF] Artstein | Linear systems with delayed controls: a reduction[END_REF][START_REF] Fiagbedzi | Feedback stabilization of linear autonomous time lag systems[END_REF] are given by We can also use the multiple observer-predictor based controller [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] for which the inequality (42) is satisfied with N ≥ 4. For the purpose of comparison, we consider the following three different cases: a. N = 4. According to Remark 5, we maximize the scalar γ to get γ max = 0.02 and the corresponding L i , i ∈ I [START_REF] Artstein | Linear systems with delayed controls: a reduction[END_REF][START_REF] Cacace | Stabilization of strict-feedback nonlinear systems with input delay using closed-loop predictors[END_REF] are given by [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] with different values of N are recorded in Fig. 1. For the sake of comparison, the state trajectories of the closed-loop system controlled by the approaches in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF] and [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] are also recorded in Fig. 1. The computation time (Dell, AMD A4-5300 @ 3.40GHz) required by different approaches are recorded in Table 1. From these figures and table we can observe the following facts.

L i = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ -1.
L i = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ -1.
• For both the multiple observer-based controller [START_REF] Skelton | A Unified Algebraic Approach to Control Design, Taylor and Francis series in Systems and Control[END_REF] and the multiple observer-predictor based controller [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF], larger N can lead to larger convergence rate of the closed-loop system, at the cost of a longer computation time. • The minimum value of N required by the observer based controller [START_REF] Skelton | A Unified Algebraic Approach to Control Design, Taylor and Francis series in Systems and Control[END_REF] in Theorem 3 is larger than the one required by the observer-predictor based controller [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF] in Theorem 4, namely, the advantage of Theorem 4 is that it requires less observers than Theorem 3. • The convergence rate of the closed-loop system obtained by applying Theorem 3 with N = 10 is comparable to that of the closed-loop system obtained by the method in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF]. The computation time required by the method of the present work is shorter than the one of [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF]. • Although the convergence rate of the closed-loop system controlled by the method proposed in the present paper is smaller than that in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF], the computation time required by the method of the present work is significantly shorter than that in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF], which shows that the observer based controllers are easier to implement than the one in [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF].

To summarize, the proposed observer-based controller and the observer-predictor based controller are respectively easier and safer to implement than those provided by the approaches proposed in the early works [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by nested prediction[END_REF] and [START_REF] Zhou | Input delay compensation of linear systems with both state and input delays by adding integrators[END_REF], and, in some cases, the control performances are similar.

Conclusion

This paper investigated the stabilization of linear systems with both state and input delays where the input delay is arbitrarily large yet exactly known. Observer-predictor based controllers were constructed to predict the future states so that the input delay can be compensated properly. Necessary and sufficient conditions guaranteeing the stability of the closed-loop system are provided in terms of the stability of observer-error systems, from which one can deduce that the separation principle holds. Linear matrix inequalities based methods were also used to design feedback gains and observer gains so that the closed-loop system is asymptotically stable. The proposed methods were compared with the existing results in the literature via a numerical example and were found to be more easy to implement than the existing ones.

Appendix

A1. Proof of Proposition 1

Proof of Item 1: According to [START_REF] Hale | Theory of Functional Differential Equations[END_REF] (pp. 106-107), the linear time-delay system ( 14) is asymptotically stable for any r ≥ 0 if there exist symmetric matrices P > 0 and Q > 0 such that ⎡

⎣ (A + L) T P + P (A + L) + Q PA r A T r P -Q ⎤ ⎦ < 0.
Let L = -A -lI n , where l > 0 is a scalar to be determined. Then, for any given P > 0 and

Q > 0, ⎡ ⎣ -2lP + Q PA r A T r P -Q ⎤ ⎦ < 0,
which is always feasible by choosing l sufficiently large. Proof of Item 2: Let ∆ 0 (s) and ∆ h (s) denote respectively the characteristic quasi-polynomial of system [START_REF] Hale | Theory of Functional Differential Equations[END_REF] and system [START_REF] Germani | A new approach to state observation of nonlinear systems with delayed output[END_REF], namely,

∆ 0 (s) = det sI n -(A + L) -A r e -rs , (45) 
and

∆ h (s) = det sI n -A -Le -hs -A r e -rs . (46) 
It is not hard to rewrite (46) as

∆ h (s) = det ∆ 0 (s) det I n + ∆ -1 0 (s) L(1 -e -hs ) . If sup Re s≥0 ∆ -1 0 (s) L(1 -e -hs ) < 1, (47) 
then, for any s satisfying Re s ≥ 0, the matrix

I n + ∆ -1 0 (s) L(1 -e -hs
) is nonsingular and thus det I n + ∆ -1 0 (s) L(1e -hs ) ̸ = 0. On the other hand, as ∆ 0 (s) = 0 has no unstable roots, we know that det ∆ 0 (s) ̸ = 0 for any s satisfying Re s ≥ 0. Therefore, ∆ h (s) ̸ = 0 for any s satisfying Re s ≥ 0, namely, ∆ h (s) = 0 has no unstable roots. Notice that sup Re s≥0

∆ -1 0 (s) L(1 -e -hs ) ≤ sup Re s≥0 ∆ -1 0 (s) Ls sup Re s≥0
1e -hs s .

It is easy to see that det ∆ 0 (s) = p 0 (n, s)

+ n i=1 p i (n -1, s) e -irs , (48) 
where p 0 (n, s) and p i (n -1, s) are polynomial functions of s with deg (p 0 (n, s)) = n and deg (p

i (n -1, s)) ≤ n -1, i ∈ I[1, n]. Note that ∆ -1 0 (s) = ∆ * 0 (s) det∆0(s) , where ∆ * 0 (s) = [∆ ij 0 (s)] is the adjoint matrix of ∆ 0 (s) with deg ∆ ij 0 (s) ≤ n -1, i, j ∈ I[1, n]. Hence, there exists a constant C(L) such that sup Re s≥0 ∆ -1 0 (s) Ls ≤ C(L). (49) 
Now, let us prove that sup Re s≥0

1e -s s ≤ 1.

(

) Let s = α + iβ, α ≥ 0. Then sup Re s≥0 1 -e -s s = sup α≥0 1 + e -2α -2e -α cos β α 2 + β 2 1 2 . 50 
Hence, (50) is satisfied if and only if

1 + e -2α ≤ f (β) , (52) 
where f (β) = 2e -α cos β+α 2 +β 2 . Since f (β) is an even function and is monotonously increasing for β ∈ [0, ∞), inequality (52) holds true for any real number α ≥ 0 if 1 + e -2α ≤ f (0) = 2e -α + α 2 , or equivalently e α -1 ≤ e α α. This inequality is true since e α -1 = α 0 e(s)ds ≤ e α α.

By using inequality (50) we have sup Re s≥0

1e -hs s = h sup Re s≥0

1e -s s ≤ h.

Thus, according to (49) and (53), inequality (47) is satisfied if h < 1 C . Consequently, any positive number h * (L) < 1 C is such that (10) is asymptotically stable for all h ∈ [0, h * (L)]. This concludes the proof.

A2. Proof of Lemma 2

The proof is similar to that given in [START_REF] Gouaisbaut | Delay-dependent robust stability of time delay systems[END_REF]. We choose the following Lyapunov-Krasovskii functional V (e t ) = e T (t) P e (t) + 

Therefore, system (10) is asymptotically stable if, for all η (t) ̸ = 0 such that Πη (t) = 0, there holds η T (t) Ω (h, r) η (t) < 0. It then follows from the Finsler Lemma [START_REF] Skelton | A Unified Algebraic Approach to Control Design, Taylor and Francis series in Systems and Control[END_REF] that this is equivalent to

Π ⊥ T Ω (h, r) Π ⊥ < 0, (62) 
where Π ⊥ is a right orthogonal complement of Π, and is given by

Π ⊥ = ⎡ ⎢ ⎢ ⎢ ⎣ -A T r 0 -I n 0 0 I n A T I n 0 0 I n I n L T 0 0 I n -I n 0 ⎤ ⎥ ⎥ ⎥ ⎦ T . (63) 
Furthermore, applying a Schur complement, ( 62) is equivalent to

⎡ ⎢ ⎢ ⎢ ⎣ -Z -A T r P 0 * P A + A T P + Q + Z PL * * -Q ⎤ ⎥ ⎥ ⎥ ⎦ + hΠ T 1 RΠ 1 + rΠ T 1 RΠ 1 - 1 h Π T 2 RΠ 2 - 1 r Π T 3 SΠ 3 <0, (64) 
where where Ω 1 = -Z-S, Ω 4 = -A T r P -S, Ω 5 = AP +P A T + Q + Z -S -R. Multiplying both sides of (65) on the left and on the right by diag{P -1 , P -1 , P -1 , R -1 , S -1 } and its transpose, respectively, gives [START_REF] Kharitonov | An extension of the prediction scheme to the case of systems with both input and state delay[END_REF], where we have used the substitutions P -1 ZP -1 → Z, P -1 QP -1 → Q, P -1 → P, P -1 RP -1 → R, P -1 SP -1 → S and the notation U = LP. The proof is finished.
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 1 Fig. 1. State trajectories in 2-norm of the closed-loop system consisting of (43) and different controllers.
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 10 4030 0.1785 -0.0314 0.0686 -0.0548 -1.2665 0.2052 0.8896 0.1533 0.4568 -1.6214 -0.0119 0.2470 -0.3028 0.9960 -1.8794 ii. N = 9. According to Remark 5, we maximize the scalar γ to get γ max = 0.06 and the corresponding L i , i ∈ I[1, 10] are given by According to Remark 5, we maximize the scalar γ to get γ max = 0.08 and the corresponding L i , i ∈ I[1, 10] are given by

I

  n -A -A r -L 0 0 0 -I n 0 I n I n 0 0 -I n I n 0 0 I n

  1 = [A r , -A, -L], Π 2 = [0, I n , -I n ], and Π 3 = [I n , I n , 0] . Since R > 0 and S > 0, we have Ω (h, r) ≤ Ω (h * , r) for all h satisfying 0 < h ≤ h * . By applying a Schur complement again with h = h * , inequality (T r R rA T r S * Ω 5 P L + R -h * A T R -rA T S * * -Q -R -h * L T R -rL T S *

Table 1 :

 1 Computation time for different controllers

				⎤	
			3624 0.1553 0.0052 0.0375 -0.0908 -1.2795 0.1543 0.9686 0.1261 0.4454 -1.5761 -0.0048	⎥ ⎥ ⎥ ⎥ ⎦ ⎥ ⎥	.
			0.2585 -0.3152 0.9961 -1.9288		
	b. N = 6. According to Remark 5, we maximize the
	scalar γ to get γ max = 0.11 and the corresponding
	L i , i ∈ I[1, 6] are given by ⎡	⎤	
	L i =	⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣	-1.7111 0.2768 -0.2159 0.1775 -0.0724 -1.3702 0.1465 1.0598 0.0862 0.5999 -2.2389 0.1021	⎥ ⎥ ⎥ ⎥ ⎦ ⎥ ⎥	.
			0.3246 -0.3315 1.3169 -2.1951		

  S ė (τ ) dτ ds, whose time-derivative can be evaluated as V (e t ) =2e T (t) P ė (t) + e T (t) Qe (t) + e T (t) Ze (t) e T (th) Qe (th)e T (tr) Ze (tr) , e T (t) , e T (tr) , e T (th) , y T (t) , z T (t)]

						and
						-	t t-r	ėT (s) S ė (s) ds ≤ -z T (t)	S r	z (t) ,	(56)
						where
							t
							y (t) =	t-h	ė (s) ds = e (t) -e (t -h) ,	(57)
						and	t
							z (t) =	t-r	ė (s) ds = e (t) -e (t -r) .	(58)
						According to (55) and (56), equation (54) can be rewrit-
						ten as
							V (e t ) ≤ η T (t) Ω (h, r) η (t) ,	(59)
						where
						η (t) = [ ėT (t)
			t			
				e T (s) Qe (s) ds
			t-h			
		t	t			t
	+		e T (s) Ze (s) ds +			ėT (τ ) R ė (τ ) dτ ds
		t-r	t-h	s	
		t	t			
	+	t-r	s ėT (τ ) + h ėT (t) R ė (t) -	t t-h	ėT (s) R ė (s) ds
						(55)

+ r ėT (t) S ė (t) -t t-r ėT (s) S ė (s) ds. (54)

Applying the Jensen Inequality

[START_REF] Gu | Stability of Time-Delay Systems[END_REF]

, we can obtain

t t-h ėT (s) R ė (s) ds ≤ -y T (t) R h y (t) ,
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