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Abstract

We develop the asymptotic expansion theory for vector-valued sequences (Fy)n>1 of
random variables in terms of the convergence of the Stein-Malliavin matrix associated
to the sequence Fy. Our approach combines the classical Fourier approach and the
recent theory on Stein method and Malliavin calculus. We find the second order term
of the asymptotic expansion of the density of Fy and we illustrate our results by several
examples.

2010 AMS Classification Numbers: 62M09, 60F05, 62H12

Key Words and Phrases: Asymptotic expansion, Stein-Malliavin calculus, Quadratic
variation, Fractional Brownian motion, Central limit theorem, Fourth Moment Theorem.

1 Introduction

The analysis of the convergence in distribution of sequences of random variables constitutes
a fundamental direction in probability and statistics. In particular, the asympotic expan-
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sion represents a technique that allows to give a precise approximation for the densities of
probability distributions,

Our work concerns the convergence in law of random sequences to the Gaussian
distribution. Although our context is more general, we will focus on examples based on
elements in Wiener chaos. The characterization of the convergence in distribution of se-
quences of random variables belonging to a Wiener chaos of fixed order to the Gaussian law
constitutes an important research direction in stochastic analysis in the last years. This
research line was initiated by the seminal paper [11] where the authors proved the famous
Fourth Moment Theorem. This result, which basically says that the convergence in law of a
sequence of multiple stochastic integrals with unit variance is equivalent to the convergence
of the sequence of the fourth moments to the fourth moment of the Gaussian distribution,
has then been extended, refined, completed or applied to various situations. The reader
may consult the recent monograph [8] for the basics of this theory.

In this work, we are also concerned with some refinements of the Fourt Moment The-
orem for sequences of random variables in a Wiener chaos of fixed order. More concretely,
we aim to find the second order expansion for the density. This is a natural extension of
the Fourth Moment Theorem and of its ramifications. In order to explain this link, let us
briefly describe the context. Let H be a real and separable Hilbert space, (W (h),h € H)
an isonormal Gaussian process on a probability space (2, F, P) and let I, denote the gth
multiple stochastic integral with respect to W. Let Z ~ N(0,1). Denote by drv (F,G) the
total variation distance between the laws of the random variables F' and G and let D be
the Malliavin derivative with respect to W. The Fourth Moment Theorem from [11] can be
stated as follows.

Theorem 1 Fiz ¢ > 1. Consider a sequence {Fy, = I,(fx),k > 1} of random variables in
the g-th Wiener chaos. Assume that

lim EF? = li U fell?eq = 1. 1
e e @'l fllreq (1)
Then, the following statements are equivalent:

1. The sequence of random wvariables {Fy, = L,(fx),k > 1} converges in distribution as
k — oo to the standard normal law N(0,1).

2. limy_, E[F}}] = 3.
3. |DFx||% converges to q in L*(2) as k — oo.

4. drv(Fi, Z) —k—o0 0.

A more recent point of interest in the analysis of the convergence to the normal dis-
tribution of sequences of multiple integrals is represented by the analysis of the convergence
of the sequence of densities. For every N > 1, denote by pg, the density of the random
variable Fiy (which exists due to a result in [14]). Since the total variation distance between
F and G (or between the distributions of the random variables F' and G) can be written



as dry(F,G) = 3 Jg lpr(x) — pa(a)|dz, we can notice that point 4. in the Fourth Moment
Theorem implies that

[pFy (%) — p(2)|| L1 (R) 7 N—00 O

x2
where p(z) = \/%6_7 denotes, throughout our work, the density of the standard normal

distribution. The result has been improved in the work [7], where the authors showed that
if

T —4—¢

T B DEy[ < o0 (2)

then the conditions 1.-4. in the Fourth Moment Theorem are equivalent to

sup [ppy () — p(x)| < e/ (EFy — 3). (3)
z€eR
We also refer to [3], [4] for other references related to the density convergence on Wiener
chaos.
Our purpose is to find the asymptotic expansion in the Fourth Moment Theorem
(and, more generally, for sequences of random variables converging to the normal law).
By finding the asymptotic expansion we mean to find a sequence (pn)n>1 of the form
pn(z) = p(x) + rve(x) such that 7y — N0 0 which approximates the density pg, in the
following sense

Sup || Ipry (#) — pn(2)] = o(rN) (4)

for any o € Z4. This improves the main result in [7] and it will also allow to generalize
the Edgeworth -type expansion (see [9], [1]) for sequences on Wiener chaos to a larger class
of measurable functions. The main idea to get the asymptotic expansion is to analyze the
asymptotic behavior of the characteristic function of Fy and then to obtain the approximate
density py by Fourier inversion of the dominant part of the characteristic function.

As mentioned before, we develop our asymptotic expansion theory for a general class
of random variables, which are not necessarily multiple stochastic integrals, although our
main examples are related to Wiener chaos. Our main assumption is that the vector-valued
random sequence (Fy, ’y;,l (A(Fy) — C)) converges to a d+d x d-dimensional Gaussian vec-
tor, where (yn)n>1 is a deterministic sequence converging to zero as N — oo, A(Fy) is the
so-called Stein-Malliavin matrix of Fiy whose components are A; j = (DF ](\;), D(—L)"'F ](\? )> H

for 4,5 =1,d (L is the Ornstein-Uhlenbeck operator) and C; ; = limy_,o0 EF](\,i)F](\,j). In the
one-dimensional case the assumption becomes

(Fn, vy ((DFyn,D(=L) ' Fx)g — 1)) (5)

converges in distribution, as N — o0, to a two-dimensional centered Gaussian vector
(Z1,75) with EZ2 = EZ2 =1 and EZ1Z5 = p € (—1,1).

The condition (5) is related to what is usually assumed in the asymptotic expansion
theory for martingales, which has been developed in the last decades and it is based on the



so-called Fourier approach. Let us refer, among many others, to [6], [17], [13], [15], [16] for
few important works on the martingale approach in asymptotic expansion. Recall that if
(Mpy)n>1 denotes a sequence of random variables converging to Z ~ N(0,1) such that My
is the terminal value of a continuous martingale and if (M)y is the martingale’s bracket,
then one assumes in e.g. [17]), [15] that

(M)N —N—oo 1 in probability

and the following joint convergence holds true

<MN, M) _>§\Cfl)—>oo (21, 25) (6)
YN

where (Z1, Z3) is a centered Gaussian vector as above. The notation ”—(®” stands for the
convergence in distribution.
In our assumption (5), the role of the martingale bracket is played by

(DFy, D(—L)"'Fy)y which becomes %HDFNH% when Fy is an element of the gth Wiener

chaos. The choice is natural, suggested by the identity EF' ]%, = E(F >?\7 which playes the
role of the 1t6 isometry and by the fact that W — 1 converges to zero in L%(Q), due to
the Fourth Moment Theorem.

We organized our paper as follows. In Section 2, we fix the general context of our
work, the main asumptions and some notation. In Section 3, we analyze the asymptotic
behavior of the characteristic function of a random sequence that satisfies our assumptions
while in Section 4 we obtain the approximate demsity and the asymptotic behavior via
Fourier inversion. In Section 5, we illustrate our theory by several examples related to
Wiener chaos.

2 Asssumptions and notation

We will here present the basic assumptions and the notation utilised throughout our work.

Let H be a real and separable Hilbert space endowed with the inner product (-, )y
and consider (W (h),h € H) an isonormal process on the probability space (2, F, P). In
the sequel, D, L and § represent the Malliavin derivative, the Ornstein-Uhlenbeck operator
and the divergence integral with respect to W. See the Appendix for their definition and
basic properties.

2.1 The main assumptions

Consider a sequence of centered random variables (Fn)y>1 in R? of the form

Py = (F,. . FY).



Denote by A(Fn) = (Asj)ij=1,.4 the Stein-Malliavin matrix with components
Aij = (DFY, D(~L) ' F )

for every 4,5 = 1,..,d.
We consider the following assumptions:

[C1] There exists a symmetric (strictly) positive definite d x d matrix C' and a deterministic
sequence (yy)n>1 converging to zero as N — oo such that (FN,WNI(A(FN) -0))
converges in distribution to a d 4+ d x d Gaussian random vector (Z1, Z) such that

Z=(2",. . 24Y), 2= (2 m,a with
EZfi)ij) = C;, forevery i,j =1,..,d.
[C2] For every i = 1,..,d, the sequence (FJ(\f))Nzl is bounded in D1 = N, DFLP for
some [ > d+ 3.

[C3] With vy,C from [C1], for every i,j = 1,d the sequence (7;,1 (Aij — Cij))
bounded in D& for some [ > d + 3.

NeN 18

Notice that the matrix A(Fy) is not necessarily symmetric (except when all the
components belong to the same Wiener chaos) since in general A; ; # A;;. Nevertheless, we
assumed in [C1] that it converges to the symmetric matrix C, in the sense that vy' (A(Fy)—
C’) converges in law to normal random variable.

In the case of random variables in Wiener chaos, from the main result in [12] (see
Theorem 4 later in the paper), we can prove that, under the convergence in law of F(i),
i = 1,..,d to the Gaussian law, the quantities A; ; — C; ;,A;; — C; j converges to zero in
L?(€2). Thus condition [C1] intuitively means that these two terms have the same rate of
convergence to zero.

2.2 The truncation

Let us introduce the truncation sequence (Vy)y>1 which will be widely used throughout
our work. Its use allows to avoid the condition on the existence of negative moments for
the Malliavin derivative of Fi (2).

We consider the function ¥y € DP for p > 1 and ¢ > d + 3 such that

2
—_— <<K|A<FN> . 0|dxd> ) -

N

with some K,0 < § < 1, where ¢ € C*°(R;[0,1]) is such that ¢(z) = 1is |z| <  and
¥(x) =0 if |z] > 1. The square in the argument pf ¢ in order to have Wy differentiable in
the Mlliavin sense.

From this definition, clearly we have



1. 0< Uy <1 for every N > 1.
2. YN —N_oo 1 in probability.

A crucial fact in our computations is that on the set {¥y > 0} we have

1
IA(FN) = Clgyg < }ﬁv-

This also implies (see e.g. [17]) that there exists two positive constants ci, ¢z such that for
N large enough
c1 < det A(Fn) < co. (8)

2.3 Notation

For every x = (21,...,74) € R? and a = (ay, ..., aq) € Z we use the notation

. gx g goa
x> Ozt Oy

X = oty

and

If z,y € RY, we denote by (x,y)q := (r,y) their scalar product in R%. By |z|q := ||
we will denote the Euclidean norm of x.
The following will be fixed in the sequel:

e The sequence (Fv)n>1 defined in Section 2.1.

e The truncation sequence (Vx)n>1 is as in Section 2.2.

e 0)\(yn) denotes a deteministic sequence that depends on A such that % — N—oo 0.

By o(vn) we refer as usual to a sequence such that % —n 0.
2
e By &(\) = e~z we denote the characteristic function of Z ~ N(0,1) and by p(z) =
2

\/%e_% its density.

e By ¢,C,(C1,... we denote generic strictly positive constants that may vary from line
to line and by (-,-) we denote the Euclidean scalar product R%. On the other hand,
we will keep the subscript for the inner product in H, denoted by (-, -) 5.

e We will use bold letters to indicate vectors in R% when we need to differentiate them
from their one-dimensional components.



3 Asymptotic behavior of the characteristic function

The first step in finding the asymptotic expansion for the sequence (Fj)n>1 which satisfies
[C1] - [C3] is to analyze the asymptotic behavior as N — oo of the characteristic function
of F. In order to avoid troubles related to the integrability over the whole real line, we
will work under truncation, in the sense that we will always keep the multiplicative factor
Uy given by (7).

Let A = (A1,...,A\q) € R and @ € [0, 1] and let us consider the truncated interpola-
tion

X T
Pn(0,A) =E <\PN619<>"FN>_(1_92)A2CA> : (9)

Notice that @ (1, A) = E(Uye™FN)), the ”truncated” characteristic function of Fiy, while

T
on(0,A) = (EW¥ N)e_)‘ 20'\, the "truncated” characteristic function of the limit in law of Fj.
Therefore, it is useful to analyze the behavior of the derivative of 901‘1\’,(9, A) with respect to
the variable 6.

We have the following result.

Proposition 1 Assume [C1] - [C3] and suppose that

d
B(2{"2) =3 o, 2" (10)
a=1

for every k,1 =1,..,d, where (Z1,Z3) is the Gaussian random vector from [C1]. Then we
have the convergence

d
0 ' a ~ATeoa
W 55PN A) =Noo =167 | Y AMeAipfCia | €2 (11)

i,5,k,a=1

Proof: By differentiating (9) with respect to 6 and using the formula FJ(\f) = 5D(—L)_1F](Vi)
for every i = 1,..,d, we can write

T

%@%(9,)\) = E<\1/Nei9<*’FN>—<1—92>% (i, FN>+0>\TC)\)>
T d .

= iE | U052 N sp(- L) R

7=1
d T
103" AMC;E <mNew<A7FN>—<1—02>*f*>
7,k=1



and by the duality relationship (65)

d
0 oy aTon _ ;
_ae“DN §: <\I/Ne NN =(1=0%252 5 9(D(~L) 1F}VJ>,D<>\,FN>>H>

d T
+0 Z ARG AE (\I/ NelfEN)—(1-6%) 272 z”) .
G k=1

2 (DU, D(~ L)*F}Vj’m)

We obtain, since D(\, Fy) = Zizl \eDEW®),

d
0 ; c 1
%w%(ﬁ)\) = 0 ) NME (‘I’zvel‘w"FN> (1-6%) 2522 ((DF](\[)7D( L) 1Fz(\?)>H—Cj,k)>
jk=1
+1ZAE< 0N Fn)—(1— 92)>\ CA(D‘P]\[’D( L)_lF](\?)>H>
= AN(H,A)—FBN(H,)\). (12)

Using the definition of the truncation function ¥y, we can prove that
-1 -1 O\, Fn)—(1— (92)A CA —117(9)
YN BN (8, A) ZE (DU N, D(—=L) ' F\V i ) —Nosoo 0. (13)

Indeed, by the chain rule (66)

DYy =1/ <<K‘A(FN2Y?; C‘dxd>2> D <’A(FN?Y?; C’dxd>2

and by using [C2]-[C3] and (7), we get for every p > 1

YN IBN(OA)] < c*y;,lE‘(D\I/NjD(_L)—lF](VjBH‘

1
_ 1 2
<P (IA(FW) = Clia 2 5% )
< ¢E (|A(FN) - C‘dxd)p%@l_ép < Cﬁ’ﬁf(l_é)_l
where we used again [C2]. Since § < 1 and p is arbitrarly large, we obtain the convergence

(13).
On the other hand, by assumption [C1], we have the convergence



T
YR AN(0.X) = Nosoo —0 Z A AkE< 100 Z1)~(1- "2>%Z§‘“”)- (14)
7,k=1

Using our assumption (10), we can express the above limit in a more explicit way. We have

E <619<A,Zl>—(1—92)*T2”Zéj)k)) - E <ei€()\,Z1> (1— 02)>‘ CA (Zégk \Z, )>

. T d
- E<619<A’Zl>—<1—92>% Z,o;ikZY”) (15)

a=1

and, moreover, for every a = 1,..,d, from the differential equation verified by the charac-
teristic function of the normal distribution,

1 =

E <610<>\,Zl)—(1—62)>‘T20>‘Z(a)> _ - (610<A,Zl)Z£a))

T
1— 92 A C)\ — 92)\ C)\
e g AiCia)0

_aTox —0 o _aTea
= e 2 T(ZA,CW)_lee > Z)\ZCM. (16)

i=1

Thus, by replacing (15) and (16) in (14), we obtain

d
ATox
W ANO,A) oo =102 [ D MM Cia | €2 (17)
i,5,k,a=1
Relation (17), together with with (13) and (12) will imply the conclusion. [ |

We will also need to analyze the asymptotic behavior of the partial derivatives with
respect to the variable X of (9). Let us first introduce some notation borrowed from [16].
For every u,z € R, a € Zjl_ and for every symmetric d X d matrix C', we will denote
by
. 1, T a 1i,.T
Po(u,z,C) = e—1<U,Z>d—§U Cu o] ¥ <u,z)d+§u Cu 18
(1,2,C) (1)l (18)

where |a| := a1 + ... + aq if @ = (a1, ..,aq) € Z4. Then clearly,

o] 9%

. 2wt g Cu _ gilusat i Cup (2 ), (19)
u

(—1)

In the next lemma we recall the explicit expression of the polynomial P, together
on some estimates on this polynomial. We refer to Lemma 1 in [16] for the proof.



Lemma 1 If P, is given by (18), then for every u,z € R? and evey d x d matriz C, we
have
Pa(,2,C) = 3 CA(=1)722PSy(u, C)
0<f<a
with

B
Sb(u,CU ::e—%uTCunge%uTCu.
U

Moreover, we have the estimate

18]
1S5 (u, ) < Y Muld|0)G+150/2
j=0

for every u € R? and every d x d matriz C.

Let us now state and prove the asymptotic behavior of the partial derivatives of the
truncated interpolation 4,0]‘1\’,.

Proposition 2 Assume [C1] -[C3] and (10). Let @y be given by (9). Then for every
a € Zi, we have

d
N S o« ) “ ~ATeoa
Wle‘—a@SD%(@,A) TN—oo Hya {192 ( ) )‘j>‘k>\ipj7k0ia) e 2 ] :

i,5,k,a=1
Proof: If a = (ay,...,aq) € Z4, then by (12) we have

0% 9 s o
W%W(Q,)\) — WAN(H,A) + xa B (0, A)

oA
with Ay, By defined in (12). Now, since by (19)

o
oA°

G0N Fy)—(1-02)27 00 1190 Py (A, OFy, — (1 — 92)0)619<A,FN>_(1_92)*T%

we can write

9% 9
W%@N(eaA)
d T .
— -3 MME <\I/Ne19<A,FN>—(1—92)%iapa(x,eFN, ~(1-6%,0) ((DFY, D(-L) " F) i — Cj,k)>
jk=1
d . 2 alea (4)
+i> NE (xyNeIMFM—(l—e )52 1% Py (N, 0F N, —(1 — 62),0)(DU N, D(—L) "' Fy >H> (20)
j=1

10



As in the proof of (13), the second summand above multiplied by ’y;,l converges to
zero as N — oco. Concerning the first summand in (20), the hypothesis [C1] implies that it
converges as N — oo, to

d T
—0 Z )\j/\kE <iaPa()\,921, —(1 - 92)C)ei9<>‘7Z1>—(1—92)%Zg“))
7,k=1
d
= —6) AME <<a—i619<>‘721>—(1—92)g2&> Zék’l)>
Pyt oA
o d ATeox
- A —i6” Z AjAeAip§ Cia | €72
i,5,k,a=1
Then the conclusion is obtained. [ |

Remark 1 Ifd =1, relation (11) becomes

2
’Yﬁl%%\l\}(&)\) SN oo —i02Npe” Y

where p = E(Z3/77).

The following integration by parts formula plays an important role in the sequel.
Its proof is a slightly adaptation of the proof of Proposition 1 in [16]. For its proof the
nondegeneracy (8) is needed.

Lemma 2 Assume [C2] -[C3]. Consider a function f € C’;,(Rd) with 1 >0 and let G be a
random variable in D°°. Then it holds

al
B <@f<FN>GwN) — B (f(Ex) H(Gy)) (21)

where the random variable H(GWV ) belongs to LP(2) for every p > 1.

We will use the integration by parts formula in the above Lemma 2 to show that
aT%(p%(@, A) is dominated by an integrable function uniformly with respect to (6, ) €
d

Lemma 3 Assume [C2]-[C3]. For every a € Zi, there exists a positive constant Cg such

that
0

@(P
for all x € R%, 6 € [0,1] and N > 1.

v |OX

%N<0,A>\ < Call+ AP (22)

11



. T
Proof: First we consider the case o = 0 € Zi. Consider the function f(z) = eif(Aa)—(1-6%) 222

for x € R with 2% f(x) = f(2)(iX\)*.

Gred

For 6 € (0, 1], by using (12) and the integration by parts formula (21) to the function
f {-times, we obtain

0
(100) 550, (0 2)

d
_ —9(19)\)6 Z )\jAkE <\I’N€ie<>\’FN> (1—- 92)>\ CA ((DF( ) D(_L)_lFJ(\?)>H_Cj,k)>
jk—l

i(i6X) Z)\ E( AFN) (1022 D L)‘IF](Vj)>H>

= -t Z AjARE <‘I’N€i6<>"FN> (=072 CAH€<(Q_1<DFN7DFN>H - 1)‘1’1\/))
k=1

T
+§:AE< Am>uealgﬂﬂ<@M—®4DﬂwDWNm>>

We use this estimate for § > 1/2. For 6 € [0,1/2], the inequality is trivial thanks to
the exponential function exp(—(1— 92)@). Thus we obtained the desired estimate when

a=0. For a € Zi, a # (0,...0), we can follow a similar argument with the estimate

m AT
sup ((1 —6%)(1+ %) exp (— (1 — HQ)TC) < o0
/DY
for every m € Z.. Thus we obtained the result. |

Let us denote by ¢ the sum of the characteristic function of the law N(0,C) and
of the integral over [0, 1] with respect to 6 of the limit in (11), i.e

d
_ATea ) 1 _AToax
onN(A) =€ 2 —iyng E AjAeAip] 1 Cia | €7 2. (23)
ivjvkvazl

The next result shows that the difference between the truncated characteristic func-
tion of F and the characteristic function of the weak limit of the sequence Fy can be
approximated by @p.

Proposition 3 Suppose that [C1]-[C3] are fulfilled for { = d + 3. For every N > 1, let
©nN be given by (23). Then

-1
’YN/Rd

d
for every o € Z5 .

o5 (B ™)0x] - BEado () )| e 0

12



Proof: If a € Zi, using

ATox

gp]q\’,(l,)\) = E[eiO"Fm\I’N] and 90]‘1\17(0,)\) =e 2

we can write

/d ’Y;/lag <E[ei(A,FN>\I/N] \I’N ‘PN >‘dA
R

-

Re JO

1 d
5?/ (’Y&laeﬁﬁzq\]/(@a)\) DO’ETN] [ Y AMAipisCia | €
0

Z7]7 7a:1

ATCA

>d6‘d)\

dodX

)

.- a a . a _ATeoa
TN O e (0, X) — 0% ((—1)0° Z AjAeAip] Cia | €72
i,5,k,a=1

IN

[NIES

+C (1 —wn]3)2.

The last quantity converges to zero as N — oo by the choice of the truncation function
and also Lemma 3 and the dominated convergence theorem since the integrand is bounded
uniformly in (6, N). [ |

Let ¢p, be the characteristic function of the random vector Fy, ie. ¢p,(A) =
EctMEN) for X € RY. If @y is given by (23), we have

@FN(A)
= eNWEUy + E (Uyer™ ) S B(0n)pn(A) + B (1 - Wy)e™ )

= on(N) + en A (ETY 1) + B (Une®) —E(@n)pn(A) + E (1 - Uy)e®))

Proposition 3 shows that the difference E (\IfNei<>‘7FN>) —E(¥Yn)pn(A) while from
the definition of the truncation function ¥y we see that the term E((1 — ¥y)etMFN) 4
oN(A)(EW N —1) is also small. Consequently, ¢, (A) can be approximated by ¢x. Actually,
we have

©ry (A) = oN(A) + 5N (A) (24)

where sy () is a "small term™ such that v5'sn(A) and its derivatives are dominated by
the right-hand side of (20) and it that satisfies

sN(A) < Cf[1 = Unllp + ox(yw) (25)
for every p > 1, where ox(7yy) denotes a deteministic sequence that depends on A such that
OAHN)_éN 0

IN —oo B

Therefore ¢ is the dominant part in the asymptotic expansion of ¢, . By inverting
pN, we get the approximate density.

13



4 The approximate density

In this paragraph, our purpose is to find the first and second-order term in the asymptotic
expansion of the density of Fry. We will assume throughout this section [C1]-[C3] are
fulfilled for ¢ = d + 3. Let us denote by (,D%N the truncated characteristic function of Fly,
ie.

eh(A) = B (Uyet® ) = ok (1,0) (26)

with % (1,A) from (9).
We define the approximate density of Fy via the Fourier inversion of the dominant
part of p}{iN defined by (26).

Definition 1 For every N > 1, we define the approximate density py by

d
(@) = / AT G (AN, 2 € R (27)

where o is given by (23).

Let us first notice that in the case d = 1, we can obtain an explicit expression for
pn in the next result. Note that for d = 1, assuming C1; = 1 and EZ1Z; = p, we have
from (23)

B N P
on(A\)=e "z — 15)\ pe” 7, for every A € R. (28)

:L'2
Recall that p(z) = \/%6_7 denotes the density of the standard normal law. By Hj we
denote the Hermite polynomial of degree k > 0 given by Hy(z) =1 and for £ > 1

poa2 db a2
Hk(a:):(—l)ezw<e 2>.
Proposition 4 If py is given by (27) then for every x € R,

pr(@) = p(a) = Eyw Hs(@)p(a).

Proof: This follows from (28) and the formula

1

o e ATENED(N)dA = Hy(x)p(x) (29)
T JR

2
for every k > 0 integer. Recall the notation ®(\) := e T [ |
We prefer to work with the truncated density of F, which can be easier controlled.
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Definition 2 The local (or truncated) density of the random variable Fy is defined as the
inverse Fourier transform of the truncated characteristic function

1 —1i x
phe(e) = Gz [ ek (M)A

for x € R,

The local density is well-defined since obviously the truncated characteristic function
@%N is integrable over R,
Our purpose is to show that the local density p}l’;N is well-approximated by the
approximate density px given by (27) in the sense that for every a € Zi
sup |2 (ppy () — pr(@))] -
z€RL

is of order o(~yx). This will be showed in the next result, based on the asymptotic behavior
of the characteristic function of Fiy.

Theorem 2 For every p > 1, and for every integer o = (o, .., aq) € Z4

sup |2 (pFy () — pv(2))| < |1 = Unll, + o(yn) = o). (30)

Proof: We have, by integrating by parts

. 9
m » e—l(A,:c)W ((p}@N (A) — SDN()\)) d\

and then, by using (24) and Lemma 3 we obtain

sup ‘xo‘ (p%N(x) —pN(JE))‘ < # /]Rd % <‘P?N(/\) - @N(M)'d)‘

z€R

IN

c /R A2 (o) + ell1 = W)

o(yn) +¢l|1 = Yyl = o(yn)

where we use £ — 2 > d since £ > d + 3 in [C2]. The fact that c||]1 — ¥ x|, = o(yn) follows
from the choice of our truncation function W . [ |

IN

Let us make some comments on the above result.

Remark 2 e Theorem 2 extends the inequality (3) when Fy belongs to the Wiener
chaos of order q > for every N > 1. It is known that for every N > 1, we have that
73 = Var(%HDFNH%{) behaves as EFy, — 3, more precisely (see Section 5.2.2 in [8])
qg—1
7% < 3—q(EF]L\1f —3) < (¢ 1%

It also extends some results in [3] (in particular Theorem 6.2 and Corollary 6. 6).
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e The appearance of truncation function VU in the right-hand side of (30) replaces the
condition (2) on the existence of the negative moments of the Malliavin derivative.

As a consequence of Theorem 2 we will obtain the asymptotic expansion for the
expectation of measurable functionals of Fi.

Theorem 3 Let py be given by (27) and fix M > 0,y > 0. Then

sup = 0(’YN) (31)

fe&(M,y)

Ef(F,) — /Rd f(x)pn(x)dx

where E(M, ) is the set of measurable functions f : RT — R such that |f(x)] < M(1+ |z|?)
for every x € R,

Proof: For any measurable function f that satisfies the assumptions in the statement, we
can write

Bf(F)~ [ S@pv(@ide = Bf(Fx) = Bf(F)Ux+BAPYN = [ (s

— BAEN -0+ [ 1) [ph, (@) - pa@)] da

Rd

with p?N defined in (26). Then for every p > 1 and for a > 0 large enough (it may depend
on M,~) with p’ such that % + Z% = 1, we have, by using Holder’s inequality,

Br(E) - [ ey

IN

(B15E0P ) 1wl s [ 1760 (1) e sup (10 ) [, )~ o]

1+ |l‘|2 rERD
1

< (ELFEOF)T I = O]+ (L = Tally + o)

< Ot =¥nllp+olyw) = o(yn).

where we used (30). So the desired conclusion is obtained. |

We insert some remarks related to the above result.

Remark 3 e Theorem 3 is related to Theorem 9.3.1 in [8] (which reproduces the main
result of [9]). Notice that we do not assume the differentiability of f and our result
includes the uniform control in the case of the Kolmogorov distance.

e [n particular, the asymptotic expansion (31) holds for any bounded function f and for
polynomial functions, but the class of examples is obviously larger.
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In the case of sequences in a Wiener chaos of fixed order, we have the following
result, which follows from the above results and from the hypercontractivity property (64).

Corollary 1 Assume (En)n>1 = (I;(fn))n>1 (with fn € H®? for every N > 1) be a
random sequence in the q th Wiener chaos (q > 2). Assume EF]%, =1 for every N > 1 and

suppose that the condition [C1] holds with yn = Var <%> i-e.

_1 (|IDFx |3
<FN7’YN1 <w — 1)) _>§\C/l)—>oo (Zl7Z2)

where (Z1,Z3) is a centered Gaussian vector with EZI2 = EZ22 =1and EZ1Z5 = p € (0,1).
Then we have the asymptotic expansions (30) and (31).

Proof: The results follows from Theorems 2 and 3 by noticing that (64) ensures that the
conditions [C2] and [C3] are satisfied. [ |

5 Examples

In the last part of our work, we will present three examples in order two illustrate our
theory. The first example concerns a one-dimensional sequence of random variables in
the second Wiener chaos and it is inspired from [8], Chapter 9. The second example is
a multidimensional one and it involves quadratic functions of two correlated fractional
Brownian motions while the last example involves a sequence in a finite sum of Wiener
chaoses.

5.1 A one-dimensional in a Wiener chaos of a fixed order: Quadratic
variations of stationary Gaussian sequences

We consider a centered stationary Gaussian sequence (X)gez with EX/% = 1 for every
k € Z. We set
p(l) := EXyX; for every | € Z

so p(0) =1 and |p(l)| < 1 for every [ € Z.

Without loss of generality and in order to fit to our context, we assume that X, =
W (hy) with ||hg||lg = 1 for every k € Z, where (W (h),h € H) is an isonormal process as
defined in Section 6. Define the quadratic variation sequence

(Xp-1), N=>1L (32)

and let vy := EV2. Assume p € (*(Z) (the Banach space of 2-summable functions endowed
with the norm Hp\@( 7= > wez p(k)?). In this case, we know from [8] that the deterministic
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sequence vy converges to the constant 2, p(k)? > 0 and consequently it plays no role
in the sequel.
Define the renormalized sequence

N
VN 1

Fy=—"——=01 | — h&% | for every N > 1. 33

= o 2<¢N—N,§k> e o

Obviously EFy = 0 and EF% = 1 for every N > 1. It is well known (see [2], see also
Chapter 7 in [8]) that, as N — oo

Fy =9 Z ~ N(0,1).

Let us see that the sequence (F)n>1 satisfies the conditions conditions
[C1]-[C3] with

1
% = var (HI0ENT%). (34)

Actually, this follows from the computations contained in Section 5 of [8], but we recall the
main ideas because they are needed later. Notice that (DFy, D(—L)"'Fy)u = 3||DFn|%
since F belongs to the second Wiener chaos.

To prove [C1], we need to assume

p € 13(Z). (35)

In this case 7% (which coincides with the fourth cumulant of Fy, denoted k4(Fy)) behaves
as c+ for N large, see Theorem 7.3.3 in [8]. The proof of Theorem 9.5.1 in [8] implies that,
as N — oo,

DFN|?
(FNVVR;l (w — 1>> = (FN77&1(<DFN7D(_L)_1FN>H - 1) _>(d) (21722)

where (Z1, Z5) is a correlated centered Gaussian vector with EZ? = EZ3 = 1. Therefore
condition [C1] is fullfiled.

Conditions [C2] and [C3] are satisfied since Fy belongs to the second Wiener chaos
and one can use the hypercontractivity property of multiple integrals (64). Consequently
Theorems 3 and 2 can be then applied to the sequence (32).

Remark 4 Let (Bf)icr be a (two-sided) fractional Brownian motion with Hurst parameter
H € (0,1). We recall that BY is a centered Gaussian process with covariance function

1
BB B = L(P" 4 |5 |t - 5P)
for every s,t € R. Let X), = Blﬁ_l — B for every k € Z. In this case pp (k) := EXo X, is
given by
1

pu (k) = 5 (Ik + 127 4 |k — 127 — 2157, Vk € Z. (36)
Since pr (k) behaves as H(2H — 1)|k|*2=2 for |k| large enough, condition (35) is fullfiled
for0 < H < g. Therefore Theorems 2 and 3 can be applied for H € (0, %)
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5.2 A multidimensional: quadratic variations of correlated fractional Brow-
nian motions

For every H € (0, 1), denote by
_1 _1
=) (-0 - o 7H), rer

with d(H) a positive constant that ensures that [p ff (u)?du = [t|* for every t € R. For
every k € 7, let

L=l — 2. (37)

Consider (W})ier a Wiener process on the whole real line and define the two fractional

Brownian motions
/ ft W, 1=1,2.

The fBms Bt and B2 are correlated. We actually have (see [5], Section 4), for every
k,l e Z,

(Blgh BHl)(BlIﬁ Bsz) <fk+1 fz+1 >:<LkHlaLlH2>
= D(H1,H2)P%(k‘ ) (38)

where D(Hy, Hz) is an explicit constant such that D(H;, H;) =1 for i = 1, 2.
Assume Hq, Hy € (0, %) . Define the quadratic variations, for ¢ = 1,2 and for N > 1

. 1 _ N2
72 | )
and ©
i VN
Py =X (39)
0

with v(l) (‘/}\(;))27 i =1,2. Recall that fu](\i,) — Neosoo Cuy 1= 23 peq pa, (k)? for i = 1,2.
Let us show that the sequence Fy = (F' J(Vl ), F ](\,2 )) satisfies the conditions

[C1]-[C3] with vy = N—2. We will focus on [C1] (the assumptions [C2] and [C3] can be
easily checked since we deal with elements of the second Wiener chaos and we can apply
the hypercontractivity (64)).

From the previous paragraph we know that for ¢ = 1,2, the random vectors

(FV.VN(DEY, D(~L) " F{)u — 1) (40)

19



converge in distribution, when N — 0o, to some centered Gaussian vectors (Zi(l), ZZ-(2)) with
E(ZZ-(l))2 = Cj i, © = 1,2 and with nontrivial correlation.

The main tool to prove the the two-dimensional sequence (F' ](Vl ), F ](\,2 )) satisfies [C1] is
the multidimensional version of the Fourth Moment Theorem. Let us recall this result which
says that for sequences of random vectors on Wiener chaos, the componentwise convergence

to the Gaussian law implies the joint convergence (see [12] or Theorem 6.2.3 in [8]).

Theorem 4 Let d > 2 and qq, ...,qq > 1 integers. Consider the random vector
Fy = (FJS)F}V‘”) - (Iql(f};)),...,lqd( }f’))
with f](\lf') € H®% 4 =1,...d. Assume that
EFVFY) sy o Cli, ) for everyiyj=1,...d. (41)

Then the following two conditions are equivalent:

e Fn converges in law, as N — oo, to a d dimensional centered Gaussian vector with
covariance matriz C.

e For everyi=1,..,d, F](\;') converges in law, as N — oo, to N(0,C(i,1)).

We will need the two auxiliary lemmas below. The first concerns the asymptotic

covariance of F' J(Vl ) and F' J(\? ).

Lemma 4 Let FJ(Vl),FJ(\?) be defined by (39). Assume Hy,Hy € (0,%). Then for every
H17H2 € (071))
EFFP N 0 Cra

with
Ciz = 2D(Hy, Hy) > pupem (1) (42)
\/m IEZ
Consequently,
(P9 FP) =W (29, 2 (43)

where (Z}l), Z£2)) is a Gaussian vector with EZ}l) = EZ£2) =0 and
E(Z")? =Cii =1, B(ZP)? = Cop >0, E(ZN2) = C1

with Cy 2 given by (42). Recall that we denoted by ” —D 7 the convergence in distribution.
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Proof: By the chaos expression of F' ](Vi) (33) and by using the isometry (58)

N-1 N-1
EFVFY = f <Z (LHn)® )12 > o (Li)e?

N ?}N ’UN ) 7=0

S N
N\/UN’UN 4,j=0

with L from (37). From the identity (38)

N—-1
1
EFy FY = —————2D*(Hy,Ha) Y payemy (i — j)?
NSy D@ A >
Uy UN 4,7=0

l

= D @ ZpH1+H2 1—N)
\/ U Uy 1=0

2D? (Hy, Hs) 9
—N _— Hy+H, (1)°.
—00 \/m lEEZP 1+ 2()

The sum Yoy, pay+m, (1)? is finite since Hy + Hy < 3. The limit (43) will then follow from
Theorem 4. ’ [ |

We will also need to control the speed of convergence of the covariance function

of I ](Vl ) and F](\,2 ). In this case we need to impose an additional restriction on the Hurst
parameters.

Lemma 5 Let F](Vl),F](V2) be defined by (39) and let Cy 2 be given by (42). Assume Hy,Hy €
(0, %) . Then

VNEFPFP — 1) =500 0.
Proof: For every N > 1 we can write

VNEFPFP - C,)

= 2D%*(Hy,Hy)VN —— > p%(l)z(l -
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(@)

Thus, for N large enough, using that vy’ converges to ¢,, for i = 1,2, we can write

VN [EFUFY - 0172(

N—
. 1
< CVN p — X p >+ CVN
z;v ey (1) + O ; Zpm 0,2 /o tu

UN VN
= Tynv+Ton+T3N.

Since for I large, the function pg(l) behaves as C x |I|?=2, we get, since Hy, Hy < % (s0
Hy+ Hy < %)

TNy < CV/NN2H1+2H2=3 _ o N2H1+2Ha—5 _>N—>oo 0
and

Ty < C\/1NN2H1+2H2—2 _ O N2H1+2H>—3 e O,

Concerning the summand 73 n, we have for NV large enough

1 1 1
sy < CVN|—— — + CVN —
/U](\}) v/ Cur v](?) v/ Coa
1 2
< CVN (\vg\,) —cy |+ ’”5\/) — cv2]>
< CVN (Y04 (0 + Y p3,(0) | < O3 § NU=3) Ly 0
I>N I>N
and the conclusion follows. [ |

The following lemma is also important in order to check [C1].

Lemma 6 Assume Hy < % and Hy < %. Let FJ(Vl),FJ(\?) be defined by (39) and let Cy o be
given by (42). Then

1
VN <§<DF}V”, DFP)y — 0172>
converges in distribution, as N goes to infinity, to a Gaussian random variable.

Proof: Since EF](Vl)FJ(Vz) = %(DF](VD,DFJ(\?)>H and by Lemma 5
1
VN <E§<DF}V”,DF}V2)>H — 01,2> N 00 0

it suffices to show that the sequence (Yy)ny>1 with
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1
Yy = 5\/N (<DF}V1), DFP)y — E(DF}V”,DF}V?)>H) (44)

converges in distribution as N goes to infinity, to a Gaussian random variable. We will
apply the Fourth Moment Theorem. In order to do it, we need to show that

EYZ —N_oo Co > 0 and Var(|DYy||3) — N0 0. (45)

From (33) and the product formula for multiple integrals (60), we can write

N-1
1
Yv = ———D | Y (L oL L)
Nv](&)vf,) k,1=0
— D(Hl,Hg)i ZpHﬁHQ ~ (L e L) (46)

1) (
NvN ”N k,1=0

with LkH defined by (37). Consequently, since any four functions of two variable f,g,u,v
we have

(F&g,uv) = 5({f,u){g0) + (F. ) g,w)

we will obtain

N-—1
1
NoD,@ > pmim (k- Dpmim (i = L OL, LI SLT")
2

EY: = D*H, H>) a
UN Un k,l,z,] 0

= Dz(H17H2 Z PH1+H2 —)payiny (i — j)
N k,l,1,7=0 2
1 . . . .
x5 | (k= )pmy (1= j) + D(Hl,Hz)QlegHz (i = Dprmigm (k= 7)) . (47)

For two sequences (u(n),n € Z) and (v(n),n € Z), we define their convolution by

(wxv)(j) = Y uln)v(j - n).

ne’l
We will need the Young ’s inequality: if s,p,q > 1 with % +1= % + % then
lu*vlleszy < lluller(zyllvlleaz)- (48)

By the proof of Theorem 7.3.3 in [8], we have
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N-1

Z PH142rH2(k_l)pH1;H2( ])pH1+H2( l)pHﬁHz(k J) = Nooo <pH1+H27pH1+H2>€2(Z)
klij=

1

where (p}1r1+}1r2,,<)1{1+1{2 )e2(z) < 00 when Hy + Ho <3 7 which implies that Pyt € 63( ).

z)
The Second summand in (47) can be handled as follows

N-1
1
~ E pry vty (kg — k3)p oy vy (k2 — k1)pm, (k1 — ka)pr, (ks — ko)
N 2 2
k1,k2,k3,ka=0
N-1 N-1-k

= = Z > puyrny (ka — ka)prmyemy (k) pa, (ka) pr, (ks — k2)
k:l 0 ko,ks,ka=—k1 2 ?

1

= S puyemy (ks — ks)pmycny (ko) pr, (ka) prs (ks — ko)
kokski€Z ?
HlaX(k’g, k‘3, k74) Hlin(k‘Q, k’g, k‘4)
[1 \ <1 S — R 0N N Lk | <N, k3| <N, |ka| <N
SNosoo Y piyaiy (ko — k)p ey (ko) pm, (ka)pr, (ks — k2)
ko,ks,ks€EZ 2 2

= (P% * DHy * Pfh#%ﬂ%zy (49)

Again notice that ([pu,1m, |*|pm, | *|pm, |, |pHy+Hy ) e2(z) < 00 since by Holder’s and Young'’s
2 2

inequalities, by using pu, 1, € ¢ 5 (Z),
2

<!p%\ * |pmy | * pm,|s !legHg Ne@ < CH\pH1+H2 | oy | * [pms s z)
< CH‘pHﬁHz‘HZS(Z x oy | * o, |l e2z)
< HpHﬁHszz |||PH1|||€§ ><H|,0HZIHH(Z

where we applied twice (48). Thus

D*(Hy, Hy) 1

EYX — N0 Co = 3 <<pH1;H2 * PHy % PHay P11 )i2(z) + D*(Hy, H) (', 1, =PH1;H2>52(Z)>
2

Cyq Coy

and the first part of (45) is obtained. Next, we check the convergence of the Malliavin
derivative in (45). From (46) and the product formula (60)

4D(Hy, Hy)? = -
”E)NH%{ - ( 1, ) I E pM(k_l)pHﬁ”%( )(LH1®LH2) ®1 (th@LHQ)
(1), (2) 2 J
Noy'vy i,5,k.1=0
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where the contraction ®1 is defined in (63). Since for every f,g,u,v € L?(R?), we have

(f&9) @1 (ueiv) = 1 (fou)lg ® o) + (Fu)lg © ) + (g,u)(f @) + (g, 0)(f @ w)

we obtain, via (38)

D(H,, Hy)? = o
IDYN|H = DUHy, Ha) Li| > payrny(k—1pmim (i — j)
N (1) (2) 2 2
N UNn i,5,k.1=0

puy (k= i)(Ly"™ © L) + D(Hy, Ho)p vy (k — ) (L @ L")
+D(Hy, Ho)pay oy (L= (LD © L) + pisy (1 = ) (L © L))

and by the isometry formula (58)

Var(| DYwll3)

N-1
1
= O pryeiy (k= Dpany (i — j)pmsny, (K —1)pmm (i = j')
1 2 § : Hy+Hy Hy+Hy Hy+Hy Hy+Hy
Nz(v](\,))2(v](v))2 igkLi R =0 ? 2 2

><pH1J2er (k- Z')phﬁgh’z (k/ - Z'/)/01’11J2r1’12 (l— l/)pH1;H2 (J— J/)
1 N-1
. . / / -/ -/
y - - > pymy (k— Dpayrmy (i — )puysmy (K — ) puyem (@ — §)
Nz(vz(v))Q(Uz(v))2 ik il k=0 ? ? 2
xpm, (k — 1) pm, (K =) pm, (1= 1)pm, (5 — 5)
1 N-1
. . / / -/ -/
y - - > pryny (k— Dpayrmy (i — )puysny, (K — ) puyem (@ — §')
Nz(vz(v))Q(Uz(v))2 ik lil g k=0 ? ? 2

xpm, (k — Z‘)/)1‘11;1“’2 (K" = 3")pm, (1 — l/)pH1;H2 (j—1).

We can write, using the convolution symbol

Var(| DYy |3)

N-1
! ‘
< CW Z K‘pHﬁHz | # [paytmy | * |p oy, | % |pmsm, ‘) (1—4"?
l,j’:O 2 2 2 2
+ (lpmsmllom | o, | lom] ) (¢ = )2
o (Ipstsns | oy | oy | % Ipi sy ) (U= ) (I mysy P g | Lo | o) (1 = )]
1 N-1
< Oy > 9 (50)
I=—(N-1)
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with

90) = (Ipsisms | |y | * oy | % 1psss | ) O (I | lomssa | % o | % o) (1)

+ (Ipmss | pu s | <o s <o) O) (I lpm | lom] *lpml ) ().

2

Since for any two sequence u,v € £?(Z) we have

n@(\u! * |v])(n) < Z u(j)? Z v(j)?

J>M j>M

for every M > 1 (see [8], page 168), we obtain as in [8], by using again Young’s inequality

The convergence of Var (|| DYn||%) to zero follows from (50) and Césaro theorem. |
Let us go back to the sequence Fy = (FZ(VI),FZ(\?)) from (39).

Proposition 5 The two-dimensional random sequence Fy = (FJ(Vl),F](\?)> defined by (39)

satisfies condition [C1] with yn = N-3.

Proof: Since for every N > 1

(DFP, D(-1) FP) = (DR, D(-L) " FP) = J0FY DEP)  (51)

we need to show that the random vector

1 1 1
(P05 VE (SIDFOI ~ 1) VE (0P 1) VR GOFD. DFP) - Cra) )

(52)
converges to a Gaussian vector.

All the components of the above vector are multiple integrals of order 2 or sum
of a multiple integral of order 2 and a deterministic term tending to zero (the case of
the last component). We will use the multidimensional Fourth Moment Theorem to prove
the convergence of (52). From the convergence of the vectors (40), by using Lemmas 4
and 6, it suffices to check the condition (41) from the multidimensional Fourth Moment
Theoren (Theorem 4), i.e. the covariances of the components of the vector (52) converge
to constants as N — oo. The covariance of FJ(VI) and FJ(\?) converges to C 2 (42) due to
Lemma 4. Concerning the other limits, we have from (33) (recall the the symbol ~ means
that the sides have the same limit as N — o0)
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(2) N-1
ErW |DFy, ||%1 1)~ CELI Z(LH1)®2 I Z )(LHl ®LH2)
N 5 N2 k 2 pH2+H2

i=0 J,k=0
1 N—-1
= O > priveiy (= K)pm, (i = J)pmsns (i — k)
Z"j7k:0

— N—soo (PH +Hy * PHY, PH 1H, >62(Z) <0
3 3

where the limit is obtained similarly as (49) and the last series is finite by using Young
inequality and puy+m,, pHy, pHy €L %(Z). Also, by symmetry
2

s (IDEY 1%
EF f -1 =2Nooo (pH1;H2 * PHy» P HitH )e2(z)-

Next, denote by Y} the last component of the vector (52), i.e

1
Vi = \/N(Q(DF](VI),DFJ(\?))H — C12).

By Lemma 5

N-1 -
1
EFVY, ~ EFP vy~ CSEBL <Z(LkHl)®2> L{Y pii (j = k) (A @ L)

1=0 7,k=0
1« H©2 (1 HG o
= ¥ Z (L2 (LiheL™))
i,5,k=0

1 . o .
= O D pmsm (5= k)pm (i = §)pm i (i = k) = N0 (praysny % pys pinysns ) )

and similarly
BFY YR =N Clpiism * piy, pi i )2

Finally, we can also prove that

(1) 2 (2))2
DF DF 1 . - -
B (W - 1) (W —1) v O S ol Dok~ DL ELIY, (LR ELY)
igkl

- o+ Z pi (i = 5)pma (k= Dpm iy (k= D)pi iy (1= )
Jkl

— Noroo (PH, * Pyt PHy * P@M(Z)
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and

DF(l) 2 DF(l) 2
E (W -1|Yy~E w —1| YN =Nooo (pHy *PHLLH 5 PHy ¥ Hy )e2(z)

DF(2) 2 DF(2) 2
E (W -1 Y](f ~E w —1| YN 2Nooo <pH2*pH1;H27PH2*pH1;H2 >£2(Z)-

So, condition (41) is fullfilled and the conclusion follows from Theorem 4. [ |

5.3 An example in a sum of finite Wiener chaoses

Consider a sequence I3(fy) in a second Wiener chaos that satisfies condition [C1]- [C3]
(take for example the sequence (33)). Consider a "perturbation” G = I,(gn) with ¢ > 3

and such that for N > 1 .
”gN”%r@q < CW (53)

with some > 0. In particular, (53) implies that Gy — N 00 0 in L?(2). Define,

Fy = IQ(fN) + GN, N > 1. (54)

Clearly Fy verifies [C2] . Let us show that Fy satisfies [C1] with vy = \/Var (31 DL(fN)1%)

(which behaves as C \/_1N for N large). We have, by the product formula (60)

W ((DFN,D(=L)7'Fy) =1) = 23/ (%I!sz(fN)H?{ - 1) + év;leDGNH%{
+2+ )7y (L (fx @1 98) + (4= D1 (f @2 9))

Notice that, by (53)

1 1
E (75 DG %) < CN"3lgn ey < ONT73 S5x o 0 (55)

Also, since from (63) || fx @ gn || goeia—20 < || fNllgez|lgn||ged for k= 1,2

~ 2 _
E (V5 Ii(fn ®1 98))” < ON||fn ®1 gll500 < ON|| fnllFezllgn|}ee < CNTP (56)
and
_ 2 _
E (Y5 Ii—2(fn ®29n8))" < ON|fn @2 9l }ew-2 < CN|fnll7exllgnFec < CNTF. (57)

Relations (55), (56) and (57), together with the fact that vy (3||DI(fn) — 1) converges
to a Gaussian law as N — oo, implies [C1]. The same relations together with (64) will give
[C3].
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6 Appendix: Elements from Malliavin calculus

We briefly describe the tools from the analysis on Wiener space that we will need in our work.
For complete presentations, we refer to [10] or [8]. Consider H a real separable Hilbert space
and (W (h),h € H) an isonormal Gaussian process on a probability space (2,4, P), which
is a centered Gaussian family of random variables such that E[W (o)W ()] = (v, ¥)n.
Denote by I,, the multiple stochastic integral with respect to B (see [10]). This mapping I,
is actually an isometry between the Hilbert space H®™(symmetric tensor product) equipped
with the scaled norm ﬁH - ||gen and the Wiener chaos of order n which is defined as the

closed linear span of the random variables h, (W (h)) where h € H, ||h||zz = 1 and h,, is the
Hermite polynomial of degree n € N

o) = ey (2) £ (e (), wem

The isometry of multiple integrals can be written as follows: for m,n positive integers,
E (I,(f)In(g9) = n!<f,§>H®n if m=n,
E(I(f)Im(9)) = 0 ifm#n. (58)

It also holds that I,,(f) = I, ( f ) where f denotes the symmetrization of f.

We recall that any square integrable random variable which is measurable with respect
to the o-algebra generated by W can be expanded into an orthogonal sum of multiple
stochastic integrals

F=> TL(fn) (59)
n=0
where f,, € H®™ are (uniquely determined) symmetric functions and Iy(fo) = E [F].

Let L be the Ornstein-Uhlenbeck operator

LF ==Y nl,(fn)

n>0

if F'is given by (59) and it is such that > >7 | n*n!|| f,||5,6. < 0.

For p > 1 and a € R we introduce the Sobolev-Watanabe space D%P as the closure of
the set of polynomial random variables with respect to the norm

1Ellap = (1 = L)% Fll ooy

where I represents the identity. We denote by D the Malliavin derivative operator that acts
on smooth functions of the form F = g(W(hy),...,W(h,)) (g is a smooth function with
compact support and h; € H)
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The operator D is continuous from D*? into D*~1P (H) .
We recall the product formula for multiple integrals. It is well-known that for
fe€ HO and g € HO™

(D) = S (2 (0 ) tmnar o0 (60)

T T
r=0

where f®, g means the r-contraction of f and g. This contraction is defined in the following
way. Consider (ej);>1 a complete orthonormal system in H and let f € H®", g € H®™ be
two symmetric functions with n,m > 1. Then

F= Y Nugn€i @@y, (61)
J1yeesgn=>1
and
9= Z ﬁklvwkmekl ® o ® ekm (62)
k1, km>1

where the coefficients \; and 3; satisfy /\ja(1)7~~~jg(n) = N\j,,...jn, and ﬁkw(l),---,kﬂ(m) = By,.. km fOr
every permutation o of the set {1,...,n} and for every permutation = of the set {1,..,m}.
Actually Aj, ., = (f,ej, ®...®¢€;,) and Br, .k, = (9, €k, & .. ®ey,,) in (61) and (62).

If f e H®" g € H®™ are symmetric given by (61), (62) respectively, then the
contraction of order r of f and g is given by

f®7‘g = § : Z § : >\i1,--,irvjl7--7jn77'5'i17~~77;7“7k17~~7k5m77‘

i17--7ir'21 jly--yjnfrzl k17--7km7r21
x(ej®..®¢j, )@ (er, @ .. @ex,, ) (63)

for every r = 0,..,m A n. In particular f ®y g = f ® g. Note that f ®, g belongs to
H®m+n=21) for every r = 0,..,m An and it is not in general symmetric. We will denote by
f®,g the symmetrization of f ®, g.

Another important property of finite sums of multiple integrals is the hypercontrac-
tivity. Namely, if F = >7_, Ir(fx) with fr € H®* then

P
2

E|F|P < C, (EF?) (64)

for every p > 2.

We denote by D the Malliavin derivative operator that acts on smooth functionals
of the form F' = g(W(¢1),...,W(pyp)) (here g is a smooth function with compact support
and ¢; € H fori=1,..,n)

DF = Z_; gfi(W(sol), s Won))wi

The operator D can be extended to the space D'? since it is closable.
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The adjoint of D is denoted by d and is called the divergence (or Skorohod) integral.
Its domain (Dom(§)) coincides with the class of stochastic processes u € L?(2 x T') such
that
[E(DF,w)| < ¢[[F[l

for all F' € D2 and 6(u) is the element of L?(€2) characterized by the duality relationship
E(F§(u)) = E(DF,u)g. (65)

The chain rule for the Malliavin derivative (see Proposition 1.2.4 in [10]) will be
used several times. If o : R — R is a continuously differentiable function and F € D2,
then o(F) € DY2 and

Do(F) = ¢/(F)DF. (66)
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