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Nicolas Brosse !, Alain Durmus 2, Eric Moulines ! and Sotirios Sabanis 3
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Abstract

In this article, we consider the problem of sampling from a probability measure 7
having a density on R? known up to a normalizing constant, = — e*U(””)/ fRd e UWdy.
The Euler discretization of the Langevin stochastic differential equation (SDE)
is known to be unstable in a precise sense, when the potential U is superlinear,
i.e. iminf), o100 VU (2)| / ||z|| = +oo. Based on previous works on the tam-
ing of superlinear drift coefficients for SDEs, we introduce the Tamed Unadjusted
Langevin Algorithm (TULA) and obtain non-asymptotic bounds in V-total varia-
tion norm and Wasserstein distance of order 2 between the iterates of TULA and m,
as well as weak error bounds. Numerical experiments are presented which support
our findings.

1 Introduction

The Unadjusted Langevin Algorithm (ULA) first introduced in the physics literature
by [Par81] and popularised in the computational statistics community by [Gre83] and
[GM94] is a technique to sample complex and high-dimensional probability distributions.
This issue has far-reaching consequences in Bayesian statistics and machine learning
[And+-03], [Cot+13], aggregation of estimators [DT12] and molecular dynamics [LS16].
More precisely, let  be a probability distribution on R? which has density (also denoted
by 7) with respect to the Lebesgue measure given for all 2 € R? by,

m(x) = e*U(x)/ e Wy, with / e VWdy < 400 .
R R4

Assuming that U : R? — R is continuously differentiable, the overdamped Langevin
stochastic differential equation (SDE) associated with 7 is given by

dY; = —VU(Y;)dt + v2dB; , (1)
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where (B¢)¢>0 is a d-dimensional Brownian motion. The discrete time Markov chain
associated with the ULA algorithm is obtained by the Euler-Maruyama discretization
scheme of the Langevin SDE defined for k£ € N by,

Xk-Jrl =X — ’yVU(Xk) + \/Q’kaJrl , Xo =19, (2)

where 2o € R%, v > 0 and (Zj)ren are i.i.d. standard d-dimensional Gaussian variables.
Under adequate assumptions on a globally Lipschitz VU, non-asymptotic bounds in
total variation and Wasserstein distances between the distribution of (Xj)reny and 7
can be found in [Dall7], [DM17], [DM16]. However, the ULA algorithm is unstable if
VU is superlinear i.e. liminf| o [[VU(2)]| /[|2]| = +00, see [RT96, Theorem 3.2],
[MSHO02] and [HJK11]. This is illustrated with a particular example in [MSH02, Lemma
6.3] where, the SDE (1) is considered in one dimension with U(z) = 2/4 along with the
associated Euler discretization (2) and it is shown that for all v > 0, if E [XOZ] > 2/,
one obtains lim, 1 E [X,%] = +o0. Moreover, the sample path (X,,)n,en diverges to
infinity with positive probability.

Until recently, either implicit numerical schemes, e.g. see [MSHO02] and [HMS02],
or adaptive stepsize schemes, e.g. see [LMS07], were used to address this problem.
However, in the last few years, a new generation of explicit numerical schemes, which
are more efficient computationally, has been introduced by “taming” appropriately the
superlinearly growing drift, see [HJK12] and [Sab13] for more details. This methodology
has been extended to Milstein-type schemes, see [KS17] and [WG13], which achieve
optimal rate of convergence 1 and include the class of tamed Euler approximations for
SDEs with constant diffusion coefficients. A more refined methodology in the latter
direction appears in [KS16] which inspires some of the weak assumptions used in this
article.

Nonetheless, at the exception of [MSHO02], these works focus on the discretization of
SDEs with superlinear coefficients in finite time. We aim at extending these techniques
in the purpose of sampling from m, the invariant measure of (1). To deal with the
superlinear drift VU, we introduce a family of drift coefficients (G ),>0 with G : R —
R? indexed by the step size v which are close approximations of VU in a sense made
precise below. Consider then the following Markov chain (Xj)ren defined for all k € N
by

X1 = X — P)/G’Y(Xk) + \/ﬂZkJrl , Xo =10 . (3)
Under appropriate assumptions on G and for a Lyapunov function V : R — [1,+00),
we show that (Xj)ren is V-geometrically ergodic of invariant measure 7, close to .
We suggest two different explicit formulations for the family (G) >0 based on previous
studies on the tamed Euler scheme [HJK12|, [Sab13], [HJ15]. Define for all v > 0,
Gy, Gy R? — RY for all € R? by

VU(x) an 2) = o;U(x)
4 Grele) ( >z'e{1,...,d}7 W

©@ = T No@)] T [0:0@)]

where O;U is the i*'-coordinate of VU. The Euler scheme (3) with G., = G, respec-
tively G, = G, ., is referred to as the Tamed Unadjusted Langevin Algorithm (TULA),



respectively the Tamed Unadjusted Langevin Algorithm coordinate-wise (TULAc).

Another line of works has focused on the Metropolis Adjusted Langevin Algorithm
(MALA) that consists in adding a Metropolis Hastings step to the ULA algorithm.
[BH13] provides a detailed analysis of MALA in the case where the drift coefficient is
superlinear. Note also that a normalization of the gradient was suggested in [RT96,
Section 1.4.3] calling it MALTA (Metropolis Adjusted Langevin Truncated Algorithm)
and analyzed in [Atc06] and [BV10].

The article is organized as follows. In Section 2, the Markov chain (Xj)gen defined
by (3) is shown to be V-geometrically ergodic w.r.t. an invariant measure m,. Non-
asymptotic bounds between the distribution of (Xj)reny and 7 in total variation and
Wasserstein distances are provided, as well as weak error bounds. In Section 3, the
methodology is illustrated through numerical examples. Finally, proofs of the main
results appear in Section 4.

Notations

Let B(R?) denote the Borel o-field of R%. Moreover, let L*(11) be the set of u-integrable
functions for y1 a probability measure on (R, B(R?)). Further, pu(f) = [pa f(z)dp(z) for
an f € LY(u). Given a Markov kernel R on R?, for all z € R? and f integrable under
R(z,-), denote by Rf(z) = [ga f(y)R(z,dy). Let V : R? — [1,00) be a measurable
function. The V-total variation distance between p and v is defined as ||u — v||y =
sup|si<v [u(f) —v(f)]. If V =1, then || - [\ is the total variation denoted by || - [Iv.
Let p and v be two probability measures on a state space {2 with a given o-algebra. If
1 < v, we denote by du/dv the Radon-Nikodym derivative of p w.r.t. v. In that case,
the Kullback-Leibler divergence of 1 w.r.t. to v is defined as

[ duy (0
KL(M|V)_/QdI/10g<dV> dv .

We say that ¢ is a transference plan of y and v if it is a probability measure on
(R x R, B(R? x RY)) such that for any Borel set A of R% ((A x R?) = pu(A) and
C(R? x A) = v(A). We denote by II(u,v) the set of transference plans of u and v.
Furthermore, we say that a couple of R%random variables (X,Y) is a coupling of x and
v if there exists ¢ € II(u,v) such that (X,Y) are distributed according to ¢. For two
probability measures p and v, we define the Wasserstein distance of order p > 1 as

1/p
Wyt = nt [ e-aldcten)

Cell(p,v)

By [Vil09, Theorem 4.1], for all u, v probability measure on R, there exists a transfer-
ence plan ¢* € II(u,v) such that for any coupling (X,Y") distributed according to ¢*,
Wy(u,v) = E[|X = Y|"]'/7.

For u,v € R?, define the scalar product (u,v) = Z?Zl u;v; and the Euclidian norm
lul| = (u,u)*2. Denote by S(R?) = {ueR?: ||u|| =1}. For k € N, m,m’ € N* and



Q,Q two open sets of ]Rm,Rm/ respectively, denote by Ck(Q,Q’ ), the set of k-times
continuously differentiable functions. For f € C?(R%,R), denote by Vf the gradient
of f, Af the Laplacian of f and V2f the Hessian of f. Define then for z € RY,
HVQf(:U)H = SUPy R, |[uf|=1 HVQf(a:)uH For k € Nand f € C*(R% R), denote by D’ f the
i-th derivative of f for i € {0,...,k}, i.e. D' f is a symmetric i-linear map defined for all
r € RYand ji,...,5; € {1,...,d} by D' f(z)[ej,, ..., ej,] = 0j,.j,f(x) where e1, ..., eq
is the canonical basis of R%. For z € R? and i € {1,...,k}, define |D° f(2)|| = |f(2)|,
HDZf(x)H = SUDPy, ... ueS(RY) D’ f(z)[u1,...,u;]. Note that HD1 f(x)” = ||V f(x)| and
|D? f(2)|| = ||V?f(2)||. For m,m’ € N*, define

Cpoly (R™, R™) = {P e C(R™,R™)[3C,, q > 0,Vz € R™,

IP@)] < Cy(1 + |29 }
For a € Ry, |a] is the integer part of a and [a] = |a| + 1. For u € RY, diag(u) is a
diagonal matrix in R4, For all 2 € R? and M > 0, we denote by B(x, M) (respectively

B(x, M)), the open (respectively close) ball centered at x of radius M. In the sequel, we
take the convention that for n,p € N, n < p then > 77 =0 and [[} = 1.

2 Ergodicity and convergence analysis

We assume below that U is continuously differentiable. Let introduce the following
assumptions on U.

H1. There exist {,L € Ry such that for all z,y € R,
IVU(@) = VU@ < L {1+ [l + 9l ] lle =l -

H2. 1. ].j.minf”xl|4)+oo HVU(%)H = +00.

o x  VU)
2 iminfje) 4o <W’ ||VU(z>H> >0

H2 is a standard assumption to show the ergodicity of the Markov chain targeting m,
see e.g. [JHOO, equation (34)] in the framework of the Random Walk Metropolis Hastings
algorithm. Note that under H2, liminf) ;)40 U(x) = +00, U has a minimum z* and
VU (z*) = 0. Without loss of generality, it is assumed that z* = 0. It implies under H1
that for all z € R,

IVU@)) < 2L {1+ 2l } . (5)

Besides, under H2-2, there exists C' € R such that for all 2 € R? (—~VU(z),z) < C. By
[MT93, Theorem 2.1], [IW89, Chapter IV, Theorems 2.3, 3.1] and [RT96, Theorem 2.1],
(1) has a unique strong solution. The distribution of (Y;);>¢ defines a strongly Markovian
semigroup (P;);>0 given for all ¢ > 0, z € R and A € B(R?) by P,(z,A) = Ey [L{y,eay]-



Consider the infinitesimal generator &/ associated with (1) defined for all h € C2(R?)
and = € R¢ by
G h(z) =—(VU(z),Vh(x)) + Ah(z) , (6)

and for any a € R* | define the Lyapunov function V, : R¢ — [1, 4+00) for all z € R? by

Va(@) = exp (a(L+ [l2]*)/2) . (7)

Foster-Lyapunov conditions enable to control the moments of the diffusion process
(Yi)t>0, see e.g. [MT93, Section 6] or [RT96, Theorem 2.2]. This methodology was
applied for example in [MSH02, Lemma 5.2].

Proposition 1. Assume H1 and H2. For all a € RY, there exists b, € Ry (given
explicitly in the proof) such that for all x € R,

GVy(x) < —aV,(x) + ab, , (8)

and,

sup PiVy(x) < Vo(z) + by -

>0
Moreover, there exist C, € Ry and p, € (0,1) such that for all t € Ry and probability
measures o, vy on (R, B(R?)) satisfying po(Vy) + vo(Vy) < +oo0,

0Py — voPilly, < Caply o — wolly, > lwoPe = xlly, < Caplpro(Va) - (9)
Proof. The proof is postponed to Section 4.2. O

The Markov chain (X)gen defined in (3) is a discrete-time approximation of the
diffusion (Y)>0. To control the total variation and Wasserstein distances of the marginal
distributions of (X)reny and (Y;)i>0, it is necessary to assume that for v > 0 small
enough, G and VU are close. This is formalized by A 1. The counterpart of H2 for
the Markov chain (Xj)gen is A 2; under this assumption, we obtain the stability and
ergodicity of (Xj)ren. Lemma 2 below shows that both assumptions are satisfied for G,
and G, . defined in (4) assuming H1 and H2.

A1l. For all v > 0, G, is continuous. There exist o > 0, C < +00 such that for all
v >0 and z € R,
1GH(z) = VU (2)|| < 7Ca (1 + [|2]%) -

A2. For ally >0, liminf|, 5400 <H§7||’ Gy(a:)> - ﬁ \|G7(3;)H2 > 0.

Lemma 2. Assume H1 and H2. Let v > 0 and G, be defined by G, or G, .. Then A1
and A 2 are satisfied.

Proof. The proof is postponed to Section 4.1. O



The Markov kernel R, associated with (3) is given for all v > 0 , » € R? and
A € B(RY) by

R, (z,A) = (2r)~ Y2 /Rd Ia (m — Gy (x) + \/ﬂZ) e~ 217724, . (10)

We then obtain the counterpart of Proposition 1 for the Markov chain (X )xen.

Proposition 3. Assume H1, A1 and A2. For all v € R’ , there exist M,=,b € R
(given explicitly in the proof) satisfying for all x € RY

R\ Vye(z) < e_ae27Vae(:U) + 015,01 (x), (11)
and we have for all n € N,
RV (z) < efﬁmvae(x) + (b/aez)eae27 . (12)

In addition, for all v > 0, R, has a unique invariant measure m., and for all < € (0,1],
R, is Vg-geometrically ergodic w.r.t. m..

Proof. The proof is postponed to Section 4.3. U

In the following result, we compare the discrete and continuous time processes
(Xk)ken and (Y;)>0 using Girsanov’s theorem and Pinsker’s inequality, see e.g. [Dall7]
and [DM17, Theorem 10] for similar arguments.

Theorem 4. Assume H1, H2, A1 and A 2. Let vy > 0. There exist C > 0 and
A € (0,1) such that for all v € (0,7%], z € R? and n € N,

[0: R = 7| 172 < C (A Varlw) +v7) (13)
where & is defined in Proposition 3 and for all v € (0,7],

Iy = lly02 < CV7 - (14)

Proof. The proof is postponed to Section 4.4. O

For the Wasserstein distance of order 2, we introduce the following additional as-
sumption on U.

H3. U is strongly convex, i.e. there exists m > 0 such that for all z,y € R?,
(VU(z) = VU(y),z —y) > m |z —y||* .

In this context, the assumption is classical, see e.g. [Ebel5], [DM16], [Dall7]. By
coupling (Y;):>0 and the linear interpolation of (X})ien with the same Brownian motion,
the following result is obtained.



Theorem 5. Assume A1, A2, H1, H2 and H3. Let vy > 0. There exist C > 0 and
A € (0,1) such that for all x € R, v € (0,7] and n € N,

W5 (8. R, 7) < C (X" V() +7) (15)

where @ is defined in Proposition 3 and for all v € (0, o],
W (my, ) < Cy . (16)
Proof. The proof is postponed to Section 4.5. O

If U € C2(R% R) and under the following assumption on V2U, the bound can be
improved.

H4. U is twice continuously differentiable and there exist v,Ly € Ry and B € [0,1]
such that for all z,y € RY,

IV2U (@) = VU )| < La {1+ [l2]” + llyl"} |z — y))” .
It is shown in Section 4.5 that H4 implies H1.

Theorem 6. Assume A1, A2, H2, H3 and H/. Let vy > 0. There exist C > 0 and
X € (0,1) such that for all z € R%, v € (0,7] and n € N,

W30, R, m) < C (N V(@) +9+7) | (17)

where & is defined in Proposition 3 and for all v € (0, 7],
W(m, ) < Oy (18)
Proof. The proof is postponed to Section 4.5. O

The exponent of v in (17) is improved from 1 to 1+ 3. In particular, if V2U is locally
Lipschitz, § = 1, and [DM16, Theorem 8] is recovered. For f a m-integrable function, the
Poisson equation associated with the generator .7 defined in (6) is given for all 2 € R?
by

A P(x) = — (f(z) —7(f))

where ¢, if it exists, is called the solution of the Poisson equation. This equation has
proved to be a useful tool to analyze additive functionals of diffusion processes, see
e.g. [CCG12] and references therein. The existence and regularity of the solution of the
Poisson equation is investigated in [GM96], [PV01], [Kopl5], [Gor+16].

Let (Xj)ken be the Markov chain defined in (3). To analyze the empirical average
(1/n) ZZ;(l){f(Xk) —7(f)} for n € N*, we follow a method introduced in [MST10] and
based on the Poisson equation. We first state a result on the solution of the Poisson
equation under appropriate assumptions on U and f.

H5. U € CYR%R) and |D'U|| € Cpory(RE, Ry fori € {1,...,4}.

7



Proposition 7. Assume H2 and H5. Let f € C3(R%R) be such that HD’fH €
Cpoly (R4, Ry) for i € {0,...,3}. Then, there exists ¢ € CHR%R), such that for all
r €R? and i € {0,...,4},

%(b(l‘) == (f(l‘) - W(f)) and HDZ ¢H € Cpoly(Rd7R+) :
Proof. The proof is postponed to Section 4.6. 0

Theorem 8. Assume H2, H5, A1 and A2. Let f € C3(R% R) be such that HD’fH €
Cpoly (R4, R ) fori € {0,...,3}. Letyo > 0 and (Xg)ren be the Markov chain defined by
(3) and starting at Xo = 0. There ezists C > 0 such that for all v € (0,7] and n € N*,

n—1

1 1
B |23 ) - e[ <€ (v+ ) (19)

ny

k=0
and _
1= ’ 1
E|[|-= Xi) — < 24— 2

(n WD w(f)) <o) (20)
Proof. The proof is postponed to Section 4.7. U

Note that the standard rates of convergence are recovered, see [MST10, Theorems
5.1, 5.2].

3 Numerical examples

We illustrate our theoretical results using three numerical examples.

Multivariate Gaussian variable in high dimension We first consider a multi-
variate Gaussian variable in dimension d € {100, 1000} of mean 0 and covariance ma-

trix ¥ = diag <(i)ie{17...,d}>' The potential U : R? — R defined for all z € R? by

U(z) = (1/2)z" S 2 is d~!-strongly convex and 1-gradient Lipschitz. The assumptions
H1, H2, H3, H4 with =1 and H5 are thus satisfied. Note that in this case, ULA is
stable and the analysis of [Dall7], [DM17], [DM16] valid.

Double well The potential is defined for all 2 € R? by U (z) = (1/4) ||z|* = (1/2) |||/
We have VU (z) = <||9:H2 - 1) z and V2U (z) = (||g;||2 . 1) 1d 42227, We get | V2U (x)|| =
3lzl|* — 1. (&, VU(x)) = |l2[| [VU (2)|| for [|lz]| > 1 and

IV2U (z) = VAU (y)|| < 3 (Il + lylD) l= = oIl

so that H1, H2, H4 with 8 = 1 and H5 are satisfied.



Ginzburg-Landau model This model of phase transitions in physics [LFR17, Section
6.2] is defined on a three-dimensional d = p? lattice for p € N* and the potential is given

P 1—-7, TA || = 2 TA
U(z) = Z {Qxijk T HvxmkH + 455ijk} ;
i.j k=1

where a, A, 7 > 0 and @xijk = (T jk—Tijks Tijo k—Tijk» Tijk, —Tijk) With i1 = i1 mod p
and similarly for ji, k.. In the simulations, p is equal to 10. We have

VU(z) = {TO& (6%ijk — Tiy jk — Tijyk — Tijky — Ti_jk — Tij_k — Tijk_ )

+ (1 —7)xy; +T)\x3~} )
( ) ijk ijk i3 k{1, p}

and

V2U(z) = diag ((1 7 6T+ 3T AL M,

1jk)i7j,ke{1,...,p})

where M € R%*? is a constant matrix. H1, H4 with 8 = 1 and H5 are thus satisfied.
- 2

Using that = — Z?Lk:l vawkH is convex, we have for all z € R?,

p

(@, VU(x)) > Y {1 =72y, + mAagy} -

ij k=1
2
By Cauchy-Schwarz inequality, {Zf k=1 xfjk} < dZ:Z k=1 xfjk, and for all z € R%,
|z)|® > (211 — 7| d)/(T)), we get (z, VU(z)) > {(TA)/2} Zf’j’k:l xfjk. Besides, we have
IVU @) < (11 = 7|+ 1270) |zl + 72 [ (2F)ijkeqrny || -
Let a,b,c € {1,...,p} be such that |z..| = max |z;;z|. We get
P
el | @li)igreq, mll < doge <d 3 @l

ij k=1

Finally, for |lz||* > max{1, (2|1 — 7| d)/(7)A)}, we obtain
[z VU (2)[| < (1 + (24ad)/A + 2d) (z, VU (z)) ,

and H?2 is satisfied.

We benchmark TULA and TULAc against ULA given by (2), MALA and a Random
Walk Metropolis-Hastings with a Gaussian proposal (RWM). TMALA (Tamed Metropo-
lis Adjusted Langevin Algorithm) and TMALAc (Tamed Metropolis Adjusted Langevin
Algorithm coordinate-wise), the Metropolized versions of TULA and TULAc, are also



included in the numerical tests. Their theoretical analysis is similar to the one of MALTA
[Atc06, Proposition 2.1].

The double well and Ginzburg-Landau model are rotationnally invariant and the
results are provided only for their first coordinate. The Markov chains are started at
Xo = 0, (10,0201 (100, 0®(4=1)) (1000, 0®(¢=1)) and for the multivariate Gaussian at
a random vector of norm 0, 10,100, 1000. For the Gaussian and double well examples,
for each initial condition, algorithm, step size v € {10*3, 1072,1071, 1}, we run 100
independent Markov chains started at Xo of 10% samples (respectively 10°) in dimension
d = 100 (respectively d = 1000). For the Ginzburg-Landau model, we run 100 indepen-
dent Markov chains started at X of 10° samples. Then, we compute the boxplots of the
errors on the 1st and 2nd moment for the first and the last coordinate, i.e. E [X;] —7(X;)
and E [X?] — m(X2) for i € {1,d}. For ULA, if the norm of X}, for k € N exceeds 10°,
the chain is stopped and for this step size v the trajectory of ULA is not taken into
account. For MALA, RWM, TMALA and TMALAc, if the acceptance ratio is below
0.05, we similarly do not take into account the corresponding trajectories.

For the three examples and for i € {1,...,d}, E[X;] = 0. By symmetry, for the
double well, we have for i € {1,...,d} and r € R,

E [XZZ] = dl/]R 7’21/(7')(17’//R v(r)dr, v(r)= r¢Lexp {(T2/2) — (r4/4)} )

A Random Walk Metropolis run of 107 samples gives E [X?] = 0.10440.001 for d = 100
and E [X?] = 0.032 £ 0.001 for d = 1000.

Because of lack of space, we only display some boxplots in Figures 1 to 4. The
Python code and all the figures are available at https://github.com/nbrosse/TULA.
We remark that TULA, TULAc and to a lesser extent, TMALA and TMALAc, have
a stable behaviour even with large step sizes and starting far from the origin. This is
particularly visible in Figures 2 and 4 where ULA diverges (i.e. liminfy_, 4o E[|| X%||] =
+00) and MALA does not move even for small step sizes v = 1073. Note however the
existence of a bias for ULA, TULA and TULAc in Figure 3. Finally, comparison of the
results shows that TULAc is preferable to TULA.

Note that other choices are possible for G, depending on the model under study.
For example, in the case of the double well, we could ”tame” only the superlinear part
of VU, i.e. consider for all ¥ > 0 and z € R?,
]| =

Gy(z) =

S LI LB (21)
1+ =l

A1 is satisfied and we have
<$ e <x>> S 1€ L Y PR B !
e h— 2|z "7 1+ ||z 21+ 7|z
=zl {1+ (v/2)} ,
-1

imint (+5.6(0)) — 5 s G @) = T
2]

2l =400 \ |||’

10
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A2 is satisfied if and only if v € (0, 1). It is striking to see that this theoretical threshold
is clearly visible on the simulations, see Figure 5 where the algorithm (3) with G, defined
by (21) is denoted by sTULA (for "smart” TULA).

4 Proofs

4.1 Proof of Lemma 2
Let v > 0. We have for all z € R, |Gy (x) = VU(z)|| < v ||VU(1‘)||2 and

d 1/2
|Gy () = VU(2)]| < v {Z (&'U(w))4} <7 |VU ()|
i=1

By (5), A1 is satisfied. Define for all z € RY, x # 0,

A P S BRNTPaT
= 73; i — 7’7 xT 2 .
BV(x) - <HxH7G%C( )> 9 HxH HG%C( )H

By H2-2, there exist M,k > 0 such that for all z € R, ||z|| > My, (z, VU (z)) >
K ||z|| |VU(z)||. We get then for all x € RY, ||lz| > Mj,

B 1 1 . ) — . VU@
0(5) = 3 Tom 2T (2 V) M0 e )
VU@ 1

26 llzll — 1) .
2 Tr A VU@ 2] 2 Il =)

By H2-1, there exist My, C' > 0 such that for all z € R?, ||z|| > My, |VU(z)| > C.
Using that s + s(1 + vs)~! is non-decreasing for s > 0, we get for all z € R?, |jz| >
max(k~1, My, M), Ay(z) > (kC)/{2(1 +~C)}.

For B.,, we have for all z € R, |G, .(z)|| < V/d and for all x € R?, ||z|| > My,

. < 9;U () ) S k2] VU ()] ‘
L+ U@ e, ay ) — L+ ymaxieq ay 10U (2)]

Using that s +— s(1 4+ vs)~! is non-decreasing for s > 0, we have

Vdmax;_1__q|0;U ()|
T 1+ ymaxieq, . ay |0:U(2)]

< Vd||VU (2)||
T 1+ ymaxeq, ay 10U (2)|

|| 1+7|8U )\>ie{1,...,d}
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Ill conditionned Gaussian, first coordinate, error 1st moment, N=10**6, dimension 1000 , x0=0

Stepsize 0.001

Stepsize 0.01

Figure 1: Boxplots of the first order error for the multivariate Gaussian (first coordinate)
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Error 1st moment

Error 1st moment

Double well, first coordinate, error 1st moment, N=10**6, dimension 100 , x0=100
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Figure 2: Boxplots of the first order error for the double well in dimension 100 starting
at (100, 099?) for different step sizes.
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Error 2nd moment

Double well, first coordinate, error 2nd moment, N=10**6, dimension 100 ,x0=0
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Figure 3: Boxplots of the second order error for the double well in dimension 100
starting at 0 for different step sizes.
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Error 1st moment

Error 1st moment

Ginzburg-Landau model, first coordinate, error 1st moment, N=10**5, dimension 1000 , x0=100
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Figure 4: Boxplots of the first order error for the Ginzburg-Landau model in dimension
1000 starting at (100,0%99) for different step sizes.
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Error 1st moment

Error 1st moment

Double well, first coordinate, error 1st moment, N=10**6, dimension 100, x0=10
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Figure 5: Boxplots of the first order error for the double well in dimension 100 starting
at (10,0%%9) for different step sizes, including the results of the "smart” TULA.
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and combining these inequalities, we get for all z € R?, ||z| > max(x~1d, M),

VU ()| 1 IVU@)|| &
{26]lz|| —d} > W§ )

B.(x) >
) 2 T e,y 10 @) 2]

and for all x € RY, ||z|| > max(k~1d, My, Ms), we get B (x) > (kC)/{2(1 +~C)}.

4.2 Proof of Proposition 1

We have for all z € R¢,

A Va(x) <VU($) x > alz|? d
R Y o RV I I R O R P
[Ell&

Tt @

aVy(x)

By H2-2 and using s — s/(1 + s2)/? is non-decreasing for s > 0, there exist M, k € R%
such that for all = € RY, |[z] > M;, <VU(:L‘),:U(1 n |]3:H2)_1/2> >k |[VU(z)||. By H2-1,

there exists My > M; such that for all z € R?, ||z|| > My, [|VU(z)|| > x~H1+a+d(1+
M?)~1/2}. We then have for all z € RY, ||z|| > My, &/ V,(z) < —aV,(x). Define

by = exp(a(1 + M2V {2L(1 + MY + a +d} .
Combining (5) and (22) gives (8). Applying [MT93, Theorem 1.1] with V(z,t) =
Va(z)e®, g (t) = 0 and g, (t) = abe™ for x € R? and t > 0, we get PV (z) <
e" "V, (x) 4+ ba(1 — e7%). Eq. (9) is a consequence of [RT96, Theorem 2.2] and [MT93,
Theorem 6.1].
4.3 Proof of Proposition 3

Let v,a € R%. Note that the function = — (1 + l|2||*)*/2 is Lipschitz continuous with
Lipschitz constant equal to 1. By the log-Sobolev inequality [BGL14, Proposition 5.5.1],
and the Cauchy-Schwarz inequality, we have for all z € R? and a > 0

mvilo) < e ep o [ @ )R ) |
Rd

1/2
< ¢ exp {a (1 + || — yGo(2)]* + 2fyd) } ) (23)
We now bound the term inside the exponential in the right hand side. For all z € R¢,
e = 2G @) = el = 27 (G (@), 2) — (4/2) |G @) (24)

By A2, there exist Mj,x € R% such that for all z € RY, [z| > My, (z,G,(x)) —
(v/2) |G+ (2)||> > & ||z|. Denote by M = max(M;,2dx~"). For all z € RY, ||z]| > M,
we have

lz =G (@)[* + 27d < ||z]* = s ||| -

17



Using for all t € [0,1], (1 —t)"/2 <1 —1t/2 and s — s/(1 + s*)/2 is non-decreasing for
5 >0, we have for all € R?, ||z|| > M,

1/2 1/2 v llzll )M
1+ ||z =G (2)]*+2vd) < (14 |z)? <1—
( | (@) ) ( | > 1+ ||z

9\ 1/2 vk M
< (1+H$H ) T MY

Plugging this result in (23) shows that for all € RY, |z| > M,

R\ Vye(z) < e_ae%’Vae(:E) for &= 4(1_:6]\]\%1/2 . (25)
Define
c=x’+ ae[M {2L {1 + HMHM} +Cy (14 HMHO‘)}
+ 2 {2 {1+ 1M +aca 1+ I} + d] .
Under H1, A1 and by (5), we have for all z € R?
1G @) < 2L {1+ 2l } +2Ca (14 Jl2ll*) (26)

and max| g < |G ()] < 2L {1 + HMHZH}%-WCQ (1+ || M||*). Combining it with (23),

(24), s — s/(1+s2)/? is non-decreasing for s > 0 and (14t1 +12)"/2 < (1+t1)/2 +1/2
for t; = ||z||%, ta = 72 || G- (@) |* 427 ||z || G~ (2)]| +27d, we have for all z € R?, ||z]| < M,

R\ Vye(z) < e"Vg(z) . (27)
Then, using that for all t > 0, 1 — e~ < t, we get for all z € R?, ||z|| < M,
R\ Vyg(x) — efae%’Vae(w) <e’(1-— e*V(aeerC))Vae(x) < e E (22 + ) Vi(z) | (28)

which combined with (25) gives (11) with b = e7¢(2? + ¢). A straightforward induction
gives for all n € N and = € RY,

RIVa(w) < eV () + {(b7)(1 — e ™) }/(1 — ™) .

Using 1 — @ = fg ae~®tdt > ’yaeze_aeQ'Y, we get (12). Finally, using Jensen’s
inequality and (s +¢)* < s¢ + ¢ for ¢ € (0,1), s,¢ > 0 in (11), by [RT96, Section 3.1],
for all v > 0, R, has a unique invariant measure 7, and R, is Vg-geometrically ergodic
w.r.t. m,.

18



4.4 Proof of Theorem 4

The proof is adapted from [DT12, Proposition 2] and [DM17, Theorem 10]. We first
state a lemma.

Lemma 9. Assume H1, H2, A1 and A2. Let v > 0, p € N* and vy be a probability
measure on (R4, B(RY)). There exists C > 0 such that for all v € (0,7o]

KL <07 [ 5 {[ Ve .09 b,
=0

Proof. Let y € R? and v > 0. Denote by pj and 7y the laws on C([0,py],R?) of the

Langevin diffusion (Y%).¢[0,y defined by (1) and of the linear interpolation (Y¢)ic[opy)
of (Xk)ren defined by (3) both started at y. More precisely, denote by (Y;,Y¢)i>o the
unique strong solution of

Y, = -VU(Y)dt + v2dB, , YYo=y,

- B - (29)
Y = =Gy (Y|ijy)y) dt +V2dB, , YYo=y,

and by (F¢)e>o0 the filtration associated with (By)s>0. The following theorem states that
pp and @y are equivalent and gives the associated Rakon-Nikodym derivative.
Theorem 10 ([LS13, Theorem 7.19]). Let (Y;,Y )il
of (29). If

0,9] be the unique strong solution

Py 9 9
F([7 V00D + 16, (Vi < +20) =1,

P ([ VTN + 16 (T e < +0)

then py and @y are equivalent and P-almost surely,

L,

dpp 1 [ — _ _
~—7 (Yt)ieppm) =exp | 5 <_VU(YS) + Gy (YLS/’YJ’Y) deS>
drip 2 Jo

1 [IRT@I = 6 (i) P as)

By (5), (26) and Propositions 1 and 3, the assumptions of Theorem 10 are satisfied
and we get

oy dup =
KL(@|uy) = E | —log diﬁy((yt)tE[U,p’ﬂ)
P

—/0) [TE[IVUT) - 6, (7o) s

- (1/4)1)21/(MME [HVU(?S) - GW(?Z»A,)HQ} ds .
i=0 V¥V
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Fori € {0,...,p—1} and s € [iv, (i + 1)), we have |[VU(Y) — G’Y(?W)HQ <2(A+B)
where

= [VUTVy) = VUT)* . B=|VUTi) = G (V)| -
By A1, B <~2C? (1 + HYWHQ)Q and by HI,
=1 1w 121 w12
A<I? (1 VS| + [V ] ) Vs =Y
On the other hand for s € [iv, (i + 1)7),
2
I

Vs =Yy = (s —i7)? 1GA(Yiy H +2|Bs — Biyl”

_23/2( - ><BS_BZ”/7G“/<?W)>7
1Yl < Y iy + 7 [ Go (Y i) || + V21 Bs — Bisl -

Define P, 1,P2 € Cpoly (R4, Ry ) for t € Ry by
2
Poalt) = (2022 [ 2P o {200+ ) 4 aCatt o) )|
Rd

X [1 e {t + (QL( ) £ O (1 + 1) ) + \F||z||} } e 124, . (30)
Po(t) = C2 (1 + %)% . (31)
By (26),
(i4+1)y F _ — .9 ) _ _
/ A [HVU(YS) = Gy(Yi)| } ds < 9* {Pya(([[YVir[) + 24P2([|[V 15[} -
iy
By [Kul97, Theorem 4.1, Chapter 2|, we get,
p—1 o o
KL(‘SyR?/“Sme) = KL(ﬁgW%) < (72/4) ZEy [Pv,l(Hyin) + 27P2(HY1‘7H)] :
i=0

By (30) and (31), there exists C' > 0 such that for all v € (0,7] and = € R%
P,1(llz]]) + 29P2(||z]]) < 4CVx(x). Combining it with the chain rule for the Kullback-
Leibler divergence concludes the proof. O

Proof of Theorem j. Let v € (0,0]. By Proposition 1, we have for all n € N and z € R?,

1605~ 722 < CagablZVE2(@) + 100 = 80P
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Denote by ky = H_q and by ¢y, 7, the quotient and the remainder of the Euclidian
division of n by k,. We have [|6,RY) — 6Py ll;,1/2» < A+ B where

A= |0,RYM P, — 6, RY

V12

1)k ik
" Pl (i— 1)k _5$R77P(”—ikv)ﬁ‘

Vi/2
n—ik~) i—1)k ik
< E C&/nge/g ") x ’(y ) kaww - 5$R’Y’Y

For i € {1,...,qy} we have by [DM17, Lemma 24],

vz

(i—l)kvpk =5 Rfykw

<2 {6, RV P (V) + 8, B (Vae)}

1/2 =

x KL(6, RS |6, RV % Py, ) .

1

By Proposition 3 and lemma 9 and ky < 1+~7", we have for all i € {1,...,¢,}

ky—1
KL(5, Ry (6, RSV By ) < Oy Z / )3, RV ()

<Cy?*(14+~71 {eae TR =Dy () + 3:26%27} .

By Proposition 1, we have for z € R?, Py V() < Vio(z) + bx and by Proposition 3,
we get for all i € {1,...,¢,}

i— i _ - b
5. R P (Vi) + 6, R (Vi) < Q{e ks (i UV*(@*aezeaez”bae} C(32)
We obtain

B S 2093/201/27(1 _’_771)1/2
gy—1

i i b
X Z $72 1—i)vky {e Z'Yk"yaéz/ZVore(m)_’_ <bae+%26332’)’>} .

Define iy, = min(py /o, e~ */2) and kay = max(pae/g,e_aezﬂ). We have

P b 1
B{QCE/ch/z’Y(l‘i"}’ 1)1/2} < <bae+ ge 27) 17]677
- pae/2

(ay—1)vky 1
+ Ve(z)k), Py

Bounding A along the same lines and using kv > 1, we get (13). By Proposition 3 and
taking the limit n — +o00, we obtain (14). O
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4.5 Proofs of Theorems 5 and 6

We first state preliminary technical lemmas on the diffusion (Y;);>0. The proofs are
postponed to the Appendix. Define for all p € N* and k € {0, -- , p},

arp=m"" ] {ild+2(i-1)6G—-k)~"}. (33)

i=k+1

Lemma 11. Assume H3. Let p € N*, 2 € R? and (Y})i>0 be the solution of (1) started
at x. For allt >0,

p

Er [[¥%] < a0y (1= 7™) 4+ appe™ " o]
k=1
where for k € {0,--- ,p}, ayp is given in (33).
Proof. The proof is postponed to Appendix A. O

Lemma 12. Assume H3 and let p € N*. We have [pq [y||* 7w (dy) < agp.

Proof. Under H3, by [BGG12], (1) has a unique reversible measure 7 and
limy—s o0 Wap (00 P, m) = 0. [Vil09, Theorem 6.9] and Lemma 11 conclude the proof. [

Let v > 0 and set N = [({+1)/2] under H1. Define Py3 € Cpoy (R4, Ry) for
s € R+ by

N 2
Pys(s) =2d + 8L (1 +s11) {g (2 +> ak,N52k> + Nmao,Né} - (39
k=1

Lemma 13. Assume H1 and H3. Let x € R, v > 0 and (Yz)e>0 be the solution of
(1) started at x. For all t € [0,7], we have E, [HY} — .CCH2:| < tP43(||z|), where P, 3 is
defined in (34).

Proof. The proof is postponed to Appendix B. O

For p € N and v > 0, define Q4 € Cpoly (R4, R4) for all s € Ry by,
gk 2 41
Qyp(s) {Ilmd+Sz }Fd@+1ﬂ+8Lﬂ+s )
p+1 p+2
i
(2 2N —_—
{ *Za”s PRI m“°7N<p+3>!}]

zi{ fi <>}{<()>}

k=1 \i=k+1

N N
S ' b
E:%W +1—mr+km%*@+2—m! (35)
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Lemma 14. Assume H1 and H3. Letp € N, v >0, 2 € R? and (Y, )t>0 be the solution
of (1) started at z. For allt € [0,7], we have By ||Yi|*?||Y; — z| } < tQyp(|lz|), where
Q,p is defined in (35).

Proof. The proof is postponed to Appendix C. O
Lemma 15. Assume H/.
a) For allz € R, |V2U (2)|| < Cu{l + ||z]|"*P} where Cyy = max(2Ly,

V2U(0)])).

b) For all z,y € RY,

2L v v
[VUG@) = VU@ - VU@ = ) < 2% (1 ol + ol e = ol
Proof. a) By H4, we get for all 2 € R?
IV2U ()| < [|[V2U (@) O+ [Iv*U )]
< Ly {1+|z| }H$IIB+ VU (0)] -

The proof then follows from the upper bound for all z € R?, ||z||® <1+ ||;U”V+B.

b) Let z,y € R?. By H4,

VU (z) = VU(y) — VAU (y)(z — y)]|

1
g/ VU (tz + (1 — t)y) — VU (y)|| dt ||z — y||
0

1
< LH/ {1+ yll” + It + (1 = )y "} Itz — )| de |l — ]| .
0

and the proof follows from ||tz + (1 — t)y||” < |l=||” + [ly]|”-
0

If U is twice continuously differentiable and there exist ¢, L > 0 such that for all
z € R?,

VU@ < L{1+al} . (36)

then H1 is satisfied. Note that H4 implies H1 by Lemma 15-a) and (36) with L = Cgy
and £ =v + f.

For all n € N, we now bound the Wasserstein distance Ws between 7 and the
distribution of the n'" iterate of X,, defined by (3). The strategy consists given two
initial conditions (x,y), in coupling X,, and Y, solution of (1) at time ~n, using the
same Brownian motion. Similarly to (29), for v > 0, consider the unique strong solution
(Y2, Y¢)e>0 of

dY, = -VU(Y,)dt +Vv2dB;, , Yo=y,

Y g i 67)
dY,; = —Gﬁ/ (YLt/VJ"/) dt + \/édBt , Yo=u,
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where (Bi):>0 is a d-dimensional Brownian motion. Note that for n € N, ?m = X, and
let (F¢)e>0 be the filtration associated with (B)¢>o.

Lemma 16. Asiume Al, A2, H1 and HS. Let v9 > 0. Define (Yy)i>0, (Yi)i>0 by
(37) and X, = Yy, for n € N. Then there exists C > 0 such that for all n € N and
v € (0,7)], almost surely,

2 _
BP0 [ [¥insny = Xasal] <™ ¥ = Xall? + C?Vas(Xa)

Proof. Without loss of generality, we show the result for n = 0. Define for t € [0,7),
Oy =Y; — Y. By Ito’s formula, we have for all t € [0,7),

t
10412 = ly — 2]? — 2 /0 (0., VU(Y2) — Gy (x)) ds

By (5) and Lemma 11, the family of random variables ((©s, VU(Ys) — Gv(x»)se[o )

is uniformly integrable. Pathwise continuity implies then for s € [0,v) the continuity
of s = E[(O,, VU(Ys) — G,(x))]. Taking the expectation and deriving, we have for

te0,7),

CE[l0dP] = ~2E (0, VU(Y) - G4 (a)]
= —2E [(O, VU(Y;) — VU(Y}))] — 241 — 24,
< —2mE ||| - 241 - 245, (38)
where
A =E[(0,VU(Y;) - VU(x))] , Ay =E[(0,VU(z)—Gy(x))] .  (39)

Using that |(a,b)| < (m/4) ||a]|* + m=" ||b]|* for all a,b € RY,

41| < (/9K [|04)) + m™'E [|VU(V) - VU@)|] .

Similarly to the proof of Lemma 9, we have E |:HVU(?,§) —VU(x) ‘ﬂ < tPy1(||z||) where
P,.1 is defined in (30). For Ay, we have

4s] < (m/A)E [[©4]2] + m ™" VU (@) - VG, (@) (10)
and [|[VU(z) — G»y(l‘)||2 < 42Ps(||z||) where Py is defined in (31). We get for ¢ € [0,7),
d _
ZE [164] < —mE [0 +2m " {tPa1(llzl)) +7*Pa(llall)} -
Using Gronwall’s lemma and 1 —e™® < s for all s > 0, we obtain
E (¥, = X1|P] < e |ly = all” + m ™52 {Pa (lall) + 29Pa(llzl)} -

Finally, by (30) and (31), there exists C' > 0 such that for all z € R%, P (||z]]) +
2Py (f|z]]) < CmVig(x). O
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Lemma 17. Assume A1, A2, H3 and HJ. Let o > 0. Define (Yi)i>0, (Yi)i>0 by
(37) and X, = Yy for n € N. Then there exists C > 0 such that for all n € N and
v € (0,70], almost surely,

E7 [Vt = Xt |P] < e [V, = X
+ OV PV (X)) 4 C3 Vi (Vo) -

Remark 18. The calculations in the proof show that the dependence w.r.t. X, and
Y, is in fact polynomial but their exact expressions are very involved. For the sake
of simplicity, we bound these polynomials by Vy. The same remark applies equally to
Lemma 16.

Proof. Note first that H4 implies H1 by Lemma 15-a) and Equation (36) with L = Cy
and £ = v + 5. Without loss of generality, we show the result for n = 0. The proof is a
refinement of Lemma 16 and we use the same notations. We have to improve the bound
on A; defined in (39). We decompose Ay = Ay + Ay where

Ay =E[(0,VU(Y,) - VU(z) — VU (2)(Y, — 2))] ,
A =E[(0,VU(2)(Y¢ —2))] .

Using |(a,b)| < (m/6) ||a||* + {3/(2m)} ||b]|* for all a,b € R?,
4] < T [J04P] + 5 E[IVU(T) - VU@ - VU@Te -] . @)
By Lemma 15-b),

|VU(Y)) - VU (z) - VU (2) (Vi — )|

ALY v 2(1+8)
< @y g L el + [V ) (Ve ]
Following the proof of Lemma 9, we have
E[|IVU(V) - VU(2) - V2U(@)(T, ~ 2] < £5P, a(l]) (42)

where P, 4 € Cpoly (R, Ry ) is defined for all s € Ry by,

Poa) = (o is [ [VEIEL v {20005 1 aca )]

(1+ B)2
2 o~ llzl/2

x[1+s”+{s+'y(2L(1+ s £ 4O (1 + ° )+\F|| ||H T @

We decompose A1o in A1g = Aq191 + A192 where

A1 = E[(0y, —tV2U(2)G4(2))] , Ar22 = V2E [(0, VU (2)B;)] .
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Define P, 5 € Cpoly (R4, R4) for s € Ry by,

Pys5(s) = Chy (1 + s”+3)2 {2L(1 + ) +9Ca (1 + s‘”)}2 : (44)
By Lemma 15-a) and (26),
Asar] < (m/O)E [[61]] + {3/ 2m)}2P, s(l]) (45)

and by Cauchy-Schwarz inequality,

| Ao] = \/5‘1@ [</Ot {VU(Ys) — VU(y)}dS,VZU(x)BtH '
1/21@ V20 (2) B

2

<V2E

}1/2 . (46)

/0 (VU(Y,) - VU ()} ds

1/2
By Lemma 15-a), E [||V2U(:1:)BtH2] < VdtCy (1+ ||:U||”+ﬁ>. By H 1, Cauchy-
2
Schwarz inequality and using (1 + Iyl + HYSHZ) <3 (2 + lyl* + ||Y5H2m> for s €
[0,7), we have

t

2
E ] < 3tL%(2 + IIsze)/O E ||IY; - yll] ds

/0 (VU(Y,) - VU ()} ds

t
a2 [ B[V Y, - gl as.
0

By Lemmas 13 and 14, we get

E / (VU(Y) - VU(y)} ds
0

2

3t3L2 o0
] < =5 { (210 Prallol) + Qo }
where Py 3,Q, 1 € Cpoly(R4+,R,) are defined in (34) and (35), and by (46)

. 1/2
[ Arza] < 2V3ACHL (1 + l27) { (24 I9IP) PosClyl) + Qupa(llwlD } - (47)
Combining (41), (42), (45) and (47), we get

4] < (m/3)E [1104]1°] + {3/ @m)} {t 7P, alz]) + 2P-s(lall) }
V3oL (14 a7) { (2 + 1) Poalvl) + Qe (D}

and by (40), |As] < (m/6)E [|©4]] + {3/(2m)}y2Pa(llal)), where Py € Coory (R Ry.)
is defined in (31). Combining these inequalities in (38), we get

d _
SE|104°] < —mE [0 + 3m~" {?Pa(all) + t7Poa(lle]) + 2P, 5(llz]) }

5 1/2
+202V3dCu L (1 + |12l ) { (2+ IlyI™) Prallivl) + Qu.pa (lwl) §
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Using Gronwall’s lemma and 1 —e™® < s for all s > 0, we obtain

7 (Vi = Xasal] < 7 Yoy = Xl
A28
2+
v 1/2
+29°v/af3Cu L (141X ) { (24 1Y 1) Pos 1Y ) + Qi (1)}

Finally, by (31), (34), (43), (44) and (35), there exists C' > 0 such that for all z € R?
and 7 € (0,7,

3
- gl
+3m™! {VSPz(HXnH) + P a(lXnll) + Pm5(HXnII)}

3

248 3
—1).3 v i
s {%Palel) + 3 5P alel) +

2\/d/3CKL (1 + ||xu”+ﬂ) < CY2Y, ()12

(24 21”) Pya(lzl) + Qqpa (l2ll) < CVar(a) -

P7,5<qu>} < CAPPVp(a)

O

Proof of Theorem 5. Let vy € (0,70]. Define (Y;)i>0, (Y¢)i>0 by (37) and X,, = Yn,y for
n € N. By Lemma 16 and Proposition 3, we have for all n € N,

n—1
E ¥ = Xall?] < e |ly = 2] + €12 " e IR [V, (X))
k=0
2 Cy* b e 2 - 1-k) —e?k
<e M7 ||y - SUH + m;e& T4+ 0’7 VBB(ZE) ;}e_m%n_ - )e_ae LA (48)
Define £, = min(e™™, ¢~®") and ky; = max(e™™, ¢~*"). We have
n—1 ) ( ) 1
efm'y(nflfk)efae vk < K n—1)y ,
2 S e PR
and,
=™ > e ™ 1~ (o /Ra)7 > 7 log{sat s OB 5a0)

In eq. (48), integrating y with respect to 7, for all n € N, (Y,,,, X,,) is a coupling between
7 and 7. By Lemma 12, we get (17). By Proposition 3 and [Vil09, Corollary 6.11],
we have for all z € R?, lim,, ;o0 W2 (6. R}, ) = Wa(m,, 7) and we obtain (18). O

Proof of Theorem 6. Note that H4 implies H1 by Lemmaj5—a) and Equation (36 with
L=Cgand { =v+ . Let v € (0,7)]. Define (Y;)i>0, (Y+)i>0 by (37) and X,, =Y,
for n € N. By Lemma 17, we have for all n € N,

E [V, — Xal?] <™ |ly = 2> + Ay + Bo,
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where
n—1

Ap = OBy "7 ™M IPE V(X))
k=0

n—1
B, =C*Y e ™M IRR 1V, (V)] -
k=0
Analysis similar to the proof of Theorem 5 using Proposition 1 instead of Proposition 3
for B,, shows then the result. ]

4.6 Proof of Proposition 7

The proof is adapted from [PV01, Theorem 1] and follows the same steps. Define
f = f—n(f). Note first that H5 implies H1. By H2, (1) admits a unique strong
solution (Y;*);>o for any initial condition Yy = 2 € RY. By [Le 16, Theorem 8.5] valid
under a local Lipschitz condition on VU, (z,t) — Y;* is almost surely continuous for all
x € R? and ¢ > 0. For all compact set K C R?, by Proposition 1, the families (f(Y;*))¢>0
for z € R? and (f(Y}*))zek for t > 0 are uniformly integrable. Therefore, t + P;f(x)
is continuous for every 2 € R? and = — P;f(z) is continuous for all ¢ > 0. By [PV01,

Proof of Theorem 1, step (a)], there exist C' > 0 and p € N such that for all x € R?,
+o00 _
| Inf@ae e o)
0

We can then define ¢ : R? — R for all 2 € R? by
+o0 _
P(z) = Pf(z)dt, and ¢ € Cpoy(RLR).
0
We have limpy 1 o fON Py f(x)dt = ¢(z) locally uniformly in z and ¢ is hence continuous.
Let z € R% and consider the Dirichlet problem,

do(y) = —f(y) for yeBa,1) and ¢(y) =o(y) for yeIB(z,1),
where 0B(x,1) = B(z,1) \ B(x,1). By [GT15, Lemma 6.10, Theorem 6.17], there
exists a solution ¢ € C*(B(z,1),R) N C(B(z,1),R). Define the stopping time 7 =
inf{t>0:Y*¢B(z,1)} and forn e Ny n > 2, 7, = inf{t >0:Y" ¢ B(z,1 —1/n)}.
By [Fril2, Volume I, Chapter 6, equation (5.11)], E [r] < 4+o00. By It6’s formula, we have
for all n > 2,

)=z o)) +e| [ sl
Using the continuity of ¢ on B(z,1) and lim,, 1« 7, = 7 almost surely, we get
) =2l 45 | [ Foae]

By [KS91, Chapter 5, Theorem 4.20], (Y;")1>0 is a strong Markov process. By [PVO01,
Proof of Theorem 1, step (d)], we obtain ¢(z) = ¢(x). Using [GT15, Problem 6.1 (a)],
we get ||D ¢(z)| € Cpoly (R?, Ry) for i € {0,...,4}.
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4.7 Proof of Theorem 8

The proof is adapted from [MST10, Section 5.1] Let v € (0,7p]. In this Section, C is
a positive constant which can change from line to line but does not depend on ~. For
k € N, denote by

Op+1 = Xpp1 — X = —vGy (X)) + /27241 -
By Proposition 7, there exists ¢ € C*(R?% R), such that for all z € R? and i € {0,...,4},
A () =— (f(z) —n(f)) and [|D"¢[ € Cpory (R, RY) .
By Taylor’s formula, we have for k € N,

O(Xpt1) = ¢(Xi) + D ¢(Xp) [6k41] + (1/2) D? (X ) [0pt1, O]
+ (1/6) D® ¢(Xk) [kt1: Oht15 Or] + 7k

1
= (1/0) [ (1= 9D+ 881)lBren, G, B, Bl
0
Using the expression of ;41 and (6), we get

O(Xpy1) = O(Xi) + 77 S(Xi) + /27D ¢(Xi) [ Zp1]
+ 7 {D? ¢(Xk)[Zis1, Zi1] — Ad(Xi) } + 7D ¢(X) [VU (X)) — G+ (Xi)]
+ (72/2) D? ¢(Xi)[G (X1), G (Xp)] — V294*? D? ¢(X)[G (X1), Zis1]
+ (1/6) D® (X ) [Ok+15 k1, Ope1] + 7k -

Summing from k =0 to n — 1 for n € N*, dividing by n~y, we get

n—1 3 3
LS (rx) — iy = 2ED = 0) L <Z S S) ,
n k=0 my vy =0 =0
where
n—1
Moy = ((V29*2)/6) Y " {2D% ¢(Xt)[Zks1: Zhs1, Zisa]
k=0
+ 3y D? ¢(Xp)[G~(X1), G (Xk), Ziya]}
n—1
My =1 Z(D2 A(Xi) [ Zra 1, Zir1] — Ap(Xi))
k=0
n—1
Moy = /27 D $(Xy)[Zg11]
k=0
My = —V/39%2 37 D2 6(X,) G (Xi), Zio]
k=0
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and

n—1
Som = —(72/6) > {6D* $(X1)[G(X), Zis1, Zit1]

k=0
+ D% (Xi)[GH(Xi), G (Xi), Gy (Xp)]}
n—1
Sin =7 Do(Xp)[VU(Xk) — Gy (Xp)]
k=0
n—1
San = (7*/2) > D ¢(Xi)[G(Xk), Gy (X)) ,
k=0
n—1
Sgn = ZT’k .
k=0

By A1, we calculate for n € N*, |S1,| < v2Ca Y020 ID (X3)| (1 + | Xk|®). By H
5, (26) and Proposition 7, there exist p,¢ > 1 and Cy > 0 such that the summands of
(M; n)nen and (S n)nen for i € {0, ..., 3} are dominated by Cy (1 + || Xi||?) (1+]| Zx+1]")
for k € {0,...,n —1}. Therefore, by Proposition 1, for i € {0,...,3}, (M;,)nen are

martingales and for n € N*, E {an} < Cn?y4,

E[M§,] <Cny*, E[M?,] <Cny*, E[M3,] <Cnvy, E[M;,] <Cny*,

which yield the result.
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A  Proof of Lemma 11

By H3, (1) has a unique strong solution (Y;);>¢ for any initial data Yy = 2 € R%. Define
for pe N*, V,, : R = Ry by V,(y) = |ly||?? for y € R%. We have using H3,

A V() = =2p |a|*P~V (VU (2), 2) + 2p(d + 2(p — 1)) [|=]**~
< —2pm ||z + 2p || *"V (d + 2(p — 1)) -

Applying [MT93, Theorem 1.1] with V(z,t) = V,(z)e*™, g_(t) = 0 and g4(x,t) =
2p(d+2(p—1))Vp_1(z)e?™ for x € R% and t > 0, we get denoting by v, (¢, z) = PV, (),

t
wpltsa) <€) 4 200+ 2p = 1) [ ey (s, )ds
0
A straightforward induction concludes the proof.

30



B Proof of Lemma 13

Define V, Rd —> R+ for all y € R? by V,(y) = |ly — z||>. By Lemma 11, the process

(V (Y, — fo %V (Y,)ds)e>0, is a (Ft)t>o-martingale. Denote for all ¢ > 0 and
y € R% by ( ):Pt z(z). Then we get,
a“gng) P V(a) . (49)

By H3, we have for all y € R¢,
AVy(y) =2(—(VU(y),y —x) +d) <2 (—mffx(y) +d—(VU(z),y — w)) . (50)

Using (49), this inequality and that V, is nonnegative, we get

(%St,x) = Pt Vy(z) <2 (d - /Rd (VU (z),y — ) Pt(w,dy)> . (51)
Using (5) and (1), we have
B, [(VU(), Y, — )| < VU ()| [E, [Y, — 2]
< Ivu@ 5 | [ oo
<o {1+ a1} [ B VU ds (52)

Using (5) again,
t t
| Elvoias <2z [ B [1e v as
0 0

gzL{QH/OtE[HY;H?N} ds} . (53)

Furthermore using that for all s >0, 1—e™* <5, s+e *—1 < s2/2, and Lemma 11 we
get

t —2Nmt —2mkt
2Ntm +e -1 1—
[ T AL PN i
0 k=1
N
< t*Nmao —I-tZahN e
k=1

Plugging this inequality in (53) and (52), we get

N
|E, (VU (2),Y; — z)]| <4L*(1 + ||z {Qt + Nmag yt* + tz ap, N ||a:H2k} . (54)
k=1

Using this bound in (51) and integrating the inequality gives

o(t, x) g2dt+8L2(1+||x|‘+1){t2+Nma0N(t3/3 + (¢%/2) ZakNHxH } . (55)
k=1
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C Proof of Lemma 14

We show the result by induction on p. The case p = 0 follows from (55). Suppose p > 1.
Define for y € RY, W, : R = Ry by Wa,(y) = |yl|* ly — =||*. We have
AWap(y) = =2y (VU ).y — 2) = 2p) |yIPP ™ ly — [* (VU (1),)
+2lyl** D {dllyl® + 4p g,y — =) + p(d+2p — 2) Iy — 2l } .

By H3, (5) and using |(a, b)| < n|lal|* + (4n)~" ||b||* for all n > 0, we have

_ Il 1vu @))®

— 2m(p+1)

2L2(1 + ||z )2
m(p +1)

%Wx,p(y)

+2lyl?#0 {(d + 4) Jyll® + p(d + 3p — 2) |y — ]}

smﬁ{mwm+ }+%w+@—mm—me“1W (56)

By Lemma 11, the process (Wyp(Y;) — Wap(x) — fg Wy p(Y)ds)e>0 is a (Fi)e>o-

martingale. For z € R? and ¢ > 0, denote by wy ,(x,t) = PW,p(x) and vy(z,t) =
E. [HYtHQP] Taking the expectation of (56) w.r.t. 0, FP; and integrating w.r.t. t, we get

12(1 £+1\2 t
wx,P(t7x) S 2 {d + 4 + ( i HxH ) / UP(Sa $)d5
0

m(p+1)

t
+2p(d + 3p — 2) / Wy p—1(s,z)ds .
0

By Lemma 11, vp(t, z) < 2pmagpt + Y by Gk p |)|?*. A straightforward induction con-
cludes the proof.
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