
HAL Id: hal-01648159
https://inria.hal.science/hal-01648159

Submitted on 24 Nov 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Hierarchical honeycomb material design and
optimization: Beyond linearized behavior

Christelle Combescure, Ryan Elliott

To cite this version:
Christelle Combescure, Ryan Elliott. Hierarchical honeycomb material design and optimization: Be-
yond linearized behavior. International Journal of Solids and Structures, 2017, 115-116, pp.161 - 169.
�10.1016/j.ijsolstr.2017.03.011�. �hal-01648159�

https://inria.hal.science/hal-01648159
https://hal.archives-ouvertes.fr


International Journal of Solids and Structures 115–116 (2017) 161–169 

Contents lists available at ScienceDirect 

International Journal of Solids and Structures 

journal homepage: www.elsevier.com/locate/ijsolstr 

Hierarchical honeycomb material design and optimization: Beyond 

linearize d b ehavior 

Christelle Combescure 

a , b , ∗, Ryan S. Elliott a 

a Department of Aerospace Engineering and Mechanics, University of Minnesota, Minneapolis, MN 55455, USA 
b Laboratoire de Mécanique des Solides (CNRS UMR 7649), Ecole Polytechnique, Route de Saclay, 91128 Palaiseau, France 

a r t i c l e i n f o 

Article history: 

Received 13 December 2016 

Revised 18 February 2017 

Available online 15 March 2017 

Keywords: 

Stability 

Bifurcation 

Hierarchical honeycomb 

Resilience 

Non-linear material properties 

Buckling 

a b s t r a c t 

This paper explores the importance of nonlinear material properties in the design of hierarchical honey- 

comb materials. The recent literature on the design and optimization of linear material properties for hi- 

erarchical honeycombs is reviewed. Then a full nonlinear post-bifurcation numerical analysis is performed 

for five representative hierarchical honeycomb structures. Particular attention is paid to the following four 

nonlinear material properties: the critical load λc at which the structure first experiences an instability; 

the plastic critical load λp at which the onset of plasticity would occur (if no elastic instability occurred); 

the stable post-bifurcated structure of the honeycomb; and the purely elastic resilience of the nonlinear 

material. It is found that although the honeycomb’s linear Young’s modulus is optimally maximized at 

a hierarchy ratio of γ 1 ≈ 30%, the critical load is reduced by a factor of two (relative to the standard 

honeycomb) at this ratio. Further, the critical load displays a monotone decreasing trend with increasing 

hierarchy ratio. A similar trend is found for the plastic critical load. A non-monotone trend for the re- 

silience is discovered and explained by a qualitative change in the stable post-bifurcated structure for the 

hierarchical honeycombs which occurs as the hierarchy ratio is increased. The observed loss of strength 

(decreased critical load) is significant and may negate any advantages of the increased Young’s modulus. 

This result demonstrates the importance of considering nonlinear properties and their implications in the 

design and optimization of hierarchical materials. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Hierarchy is observed in many organic materials and biological

ystems, as noted by Ajdari et al. (2012) . It is also commonly em-

loyed in engineered systems, microstructured materials, and ar-

hitectural designs ( Lakes, 1993 ). Indeed, a self-similar hierarchical

icrostructure can enhance mechanical behavior and provides the

pportunity to tailor a material’s properties, such as mass density

nd Young’s modulus, for its specific intended use. As a first and

asic application of this principle of hierarchy, honeycomb sand-

ich structures have proven their efficiency and are now widely

sed in industry ( Gibson and Ashby, 1999 ). 

.1. Design of linear material properties through hierarchy 

Incorporating additional levels of hierarchy in honeycomb

tructures may lead to even more interesting materials. Indeed,

jdari et al. (2012) proposed a new design that includes hierarchy
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n honeycomb structures by replacing each vertex of an hexagonal

oneycomb structure by a smaller hexagon (see Fig. 1 ). To describe

he geometry of a 1st order hierarchical honeycomb structure, the

atio of the small hexagon’s edge length b to the large hexagon’s

dge length a is defined: γ 1 ≡ b / a . Further, a dimensionless rela-

ive density (i.e., area fraction) is defined in terms of γ 1 and the

hickness of the cell walls (also called struts) t : ρ ≡ 2 √ 

3 
(1 + 2 γ1 ) 

t 
a .

sing an approximate analytical approach, Ajdari et al. (2012) de-

ermined the effect of γ 1 on the hierarchal honeycomb’s lin-

arized elastic properties: Young’s modulus and Poisson’s ratio.

hey showed that the Young’s modulus can be enhanced, relative

o the γ1 = 0 standard honeycomb, by a factor of two while keep-

ng the density ρ constant. Similarly, the Poisson’s ratio can be re-

uced to one-third of its standard ( γ1 = 0 ) value. These trends can

e observed in Fig. 2 . 

As γ 1 increases the hexagon strut thickness must decrease in

rder to maintain a constant density ρ . As a consequence, the as-

ect ratio t / a of the hexagon walls decreases, leading to an in-

reased susceptibility to instabilities. 

http://dx.doi.org/10.1016/j.ijsolstr.2017.03.011
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijsolstr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2017.03.011&domain=pdf
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Fig. 1. Hierarchical honeycomb structures. (A) Unit cell of hierarchical honeycombs with regular structure and 1st order hierarchy. (B) Images of honeycombs fabricated 

using 3D printing. From Ajdari et al. (2012) . 

Fig. 2. (A) Normalized stiffness and for hierarchical honeycombs with 1st order hierarchy versus γ 1 . The finite element results are shown for honeycombs with three 

different densities. Experimental results for structures with different γ 1 values are also shown (black circles). (B) Poisson’s ratio versus γ 1 . From Ajdari et al. (2012) . 
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1.2. Design of nonlinear material properties through hierarchy 

Indeed, it is well known that standard honeycomb struc-

tures ( γ1 = 0 ) exhibit complex nonlinear elastic bifurcation

behavior when subjected to in-plane loading. For example,

Combescure et al. (2016) have recently shown that when subjected

to an isotropic in-plane dead-load, a honeycomb made of a lin-

ear elastic rubber-like material has an initially stiff linear response.

However, upon reaching a critical load, λc (at about 12.25 kN/m, in

Fig. 3 ) the structure undergoes a multiple bifurcation resulting in

a complex post-bifurcation behavior that involves three competing

equilibrium structures. This behavior is illustrated in Fig. 3 where

the three bifurcating equilibrium structures (Mode I, Mode II, and
ode III) are shown emerging, with significantly reduced stiff-

ess (slope), from the bifurcation point on the principal loading

ath. As shown, the buckled equilibrium paths terminate when the

exagon struts first make contact with each other. This contact can

e viewed as the onset of irreversibility in the deformation history

f the honeycomb structure. Additionally in Fig. 3 , the stability of

he bifurcating equilibrium structures is indicated, with Mode III

eing the most stable structure in this case. 

These results reveal a number of important nonlinear material

roperties. First, the critical bifurcation load λc . This material prop-

rty is important because it represents the load at which the ma-

erial experiences a sudden and dramatic loss of stiffness. Second,

he critical plastic load λp . It is important to know if the onset of
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Fig. 3. Dead load control bifurcation diagram and deformed configurations associated with the triple Bloch-wave bifurcation of the hexagonal honeycomb structure. The 

diagram shows Mode I (orange), Mode II (red), and Mode III (blue) bifurcated equilibrium paths. The deformed equilibrium configuration at three loading parameters 

( � = 0 . 05 , 0.3, and 0.55) is shown for Mode I (first row), Mode II (second row), and Mode III (third row). Adapted from Combescure et al. (2016) . (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version of this article.) 
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nstability for honeycomb structures occurs due to elastic buckling,

s in Fig. 3 , or due to plasticity. For the honeycomb material stud-

ed by Combescure et al. (2016) , plasticity is initiated when the

train in a hexagon strut reaches a value of 1.52% corresponding

o the average yield stress value of 35 MPa for this type of mate-

ial. This corresponds to a critical plastic load of λp ≈ 6.5 λc that is

ignificantly higher than the elastic critical load. Third, the stable

ost-bifurcated equilibrium structure for the fully elastic material.

his material property can have a dramatic effect on the observed

ost-buckling behavior of the material. Different structures have

ignificantly different characteristics and knowing which structure

s stable predicts the properties that will be observed in practice.

inally, the elastic material’s resilience . A material’s resilience is the

mount of energy that can be stored elastically and recovered upon

emoval of loads ( Callister, 20 0 0 ). For the nonlinear behavior of the

tandard honeycomb structure shown in Fig. 3 , the material’s re-

ilience corresponds to the area under the stable portions of the

nbuckled and buckled configurations. It is easy to see that a ma-
ority of the honeycomb’s resilience is due to the post-bifurcation

egime and that this value depends significantly on which bifur-

ated configuration is stable. 

The design of hierarchical honeycomb materials with respect to

onlinear properties, such as those just mentioned above, is cur-

ently an active area of research and is the main area of interest

n this paper. Existing studies along these lines have focused only

n the onset of instability (elastic and/or plastic). In particular, re-

ent studies of plastic collapse under uniaxial and biaxial stress

 Haghpanah et al., 2014b, 2013 ) and elastic instability collapse un-

er general biaxial stress ( Haghpanah et al., 2014a ) have been per-

ormed for hierarchical honeycomb structures. These studies derive

pproximate results in analytical closed form (validated by numer-

cal results) that provide a complete map of the onset of plasticity

p as well as elastic buckling loads λc in the three-dimensional

eneral stress space. 

Although these studies are the first to look at the nonlin-

ar onset of elastic and plastic instability of hierarchical honey-
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Fig. 4. Bifurcation modes (A) I and (B) II for hierarchical honeycomb structures 

identified from finite element simulations. From Haghpanah et al. (2014a ). 

Fig. 5. Bifurcation modes (A) I, (B) II and (C) III for hierarchical honeycomb struc- 

tures identified from finite element simulations. From Mousanezhad et al. (2015b ). 
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comb materials, their methods introduce a number of significant

approximations. For example, elastic buckling behavior was stud-

ied using analytical methods based on the beam-column solution

( Timoshenko and Gere, 2009 ). In order for such an analytical study

to be possible, the authors’ had to introduce predefined and fixed

buckling modes (motivated by either the results of finite element

simulations or buckling modes found in the existing literature).

Only then is it possible to develop closed-form relations for the

buckling strength of the hierarchical honeycombs. In particular, it

was assumed that the small hexagons of the hierarchical honey-

comb structure deform as rigid bodies. This assumption results in

a significant restriction of the range of γ 1 for which their results

can be considered valid. Moreover, only two bifurcation modes

were identified from the finite element computations (see Fig. 4 ),

whereas Mousanezhad et al. (2015b ) identified three modes, sim-

ilar to the three modes of standard hexagonal honeycomb struc-

tures (see Figs. 3 and 5 ). 

In order to more fully investigate these nonlinear material prop-

erties and to look, for the first time, at the stable post-bifurcated

equilibrium structure and the resilience of hierarchical honeycomb

structures, the present study uses a predictive method based on

group representation theory ( Healey, 1988; Zingoni, 2002; Saiki

et al., 2005; Okumura et al., 2002 ) and branch-following and bifur-

cation techniques ( Elliott et al., 2002; Elliott, 2007 ) to determine

how these nonlinear properties vary over the whole range of γ 1 

for equibiaxial dead-load conditions. One aim of this study is to

complement the results presented in Mousanezhad et al. (2015a ),

who study the influence of hierarchy ratio on the stable bifurcated

modes and Poisson’s ratio of hierarchical honeycombs subjected

to uniaxial compression. In particular, Mousanezhad et al. (2015a )

show that, under uniaxial compression along either the x or y axes,

the stable bifurcation mode changes when the hierarchy ratio ex-

ceeds 37.5%. 

In the remainder of this paper, we briefly describe the modeling

and simulation techniques used in Section 2 . These methods pro-

vide accurate load–deformation paths and rigorously characterize
he stability of each (unbuckled and buckled) honeycomb equilib-

ium configuration. We then present, in Section 3 , detailed results

or the behavior of five hierarchical honeycomb structures with

alues of γ 1 spanning the entire physically relevant range. From

hese results, we highlight the variation of four nonlinear mate-

ial properties: the critical bifurcation load λc , the critical plastic

oad λp , the stable post-bifurcated equilibrium structure, and the

esilience. 

. Methods and material constitutive parameters 

We follow the approach recently developed in

ombescure et al. (2016) , where the finite element method

FEM) code FEAP ( Taylor, 1987 ) is used to discretize the honey-

omb hexagon struts using two-dimensional large displacement

arge rotation frame elements with shear deformation. Thus,

exagon vertices (where three struts join) are modeled as rigid

elded joints such that the angle at the joint between any two

truts is always 120 °. However, during loading, a joint may deform

s a rigid-body. That is, it may translate in two-dimensions and

otate about the out-of-plane axis. The FEAP frame elements

re coupled with a linear elastic material constitutive law using

arameter values of E = 2 . 3 GPa, ν = 0 . 3 for Young’s modulus

nd Poisson’s ratio, respectively. In order to investigate the onset

f plasticity along the primary equilibrium path, a criterion on

he plastic yield strain is set up at εp = 0 . 0152 . A reference strut

ength of a = 2 . 0 cm and thickness of t = 0 . 175 cm provide a

eference relative density of ρ = 0 . 101 for the standard ( γ1 = 0 )

oneycomb structure. These values are consistent with those used

y Ajdari et al. (2012) in their study of hierarchical honeycomb

tructures. 

As in Combescure et al. (2016) , the FEM code is coupled with a

ustom computational code that implements uniform deformation

ith periodic displacement oscillations (i.e., Lagrangian Cauchy–

orn Kinematics ) of a hierarchical honeycomb unit cell to obtain

he honeycomb material’s effective strain energy (per unit cell)

 (U , ̄v ) , where U is the symmetric right-stretch tensor describing

he material’s uniform deformation and v̄ is a vector of degrees-of-

reedom (DOFs) representing the periodic displacement oscillations

orresponding to the FEM mesh nodal DOFs. The custom code also

mplements a two-dimensional far-field isotropic dead-loading de-

ice such that the total energy (per unit cell) for the infinite perfect

ierarchical honeycomb material is given by 

ˆ 
 (q ;λ) = 

ˆ E (U , ̄v ;λ) ≡ W (U , ̂  v ) + λ tr (U − I ) A cell , (1)

here q ≡ (U , ̂  v ) is an array containing the complete set of DOFs,

is the scalar loading amplitude, I is the two-dimensional second-

rder identity tensor, and A cell is the reference area of a primitive

ierarchical honeycomb unit cell. The deformation parameter as-

ociated with λ is � = tr (I − U ) which represents the compressive

iot strain. 

The hierarchical honeycomb material’s equilibrium configura-

ions as a function of the loading are then given by the derivative

f its energy 

∂ ̂  E 
∂q 

= 

[ 

∂ ̂  E 
∂U 

∂ ̂  E 
∂ ̂ v 

] 

= 0 . (2)

hese equations are solved using branch-following and bifurcation

ethods (as described in Combescure et al., 2016 ) to obtain bifur-

ation diagrams such as the one shown in Fig. 3 . 

In addition to the generation of bifurcation diagrams, the cus-

om numerical code performs a detailed and rigorous stability

nalysis of each equilibrium configuration. This includes evaluation

f the rank-one convexity condition as well as the Bloch wave sta-

ility condition. Together, these two criteria provide rigorous neces-
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Fig. 6. A. Finite element meshes for the 1 × 1 cell of hierarchical honeycombs with γ1 = 0 % (classical), 5%, 10%, 30% and 45%, from left to right. Similar symbols on 

boundary nodes indicate pairs of periodic boundary nodes. B. Example of periodic arrangement of hierarchical honeycombs with γ1 = 30 %. The 1 × 1 cell is represented in 

black surrounded by dashed lines. 
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Fig. 7. Bifurcation diagram for the hierarchical honeycomb with γ1 = 0 %. The prin- 

cipal equilibrium path is stable (solid line segment) for λ < λc ≈ 55 kN/m and 

unstable (dashed line segment) for larger load values. At the critical load λc three 

energetically distinct equilibrium paths bifurcate from the principal path. An open 

circle labeled with a number on the path corresponds to a Hessian bifurcation point 

and indicates the number of eigenvalues that become zero simultaneously. 

Fig. 8. Finite element mesh for the 2 × 2 honeycomb unit cell. Similar symbols on 

boundary nodes indicate periodic boundary nodes. 
ary conditions for the equilibrium configuration to be stable (with

espect to all bounded perturbations) in the Lyapunov sense. 

. Results and discussion 

In this section, we present results for five representative hi-

rarchical honeycomb structures with values of γ1 = 0% , 5%, 10%,

0%, and 45%, holding the density at 1 ρ = 0 . 101 . We selected

1 = 0 % since this corresponds to the well known standard hon-

ycomb structure. The values of γ1 = 5 % and 10% represent small

nd medium perturbations of the standard honeycomb structure.

ccording to the results of Ajdari et al. (2012) a value of γ1 = 30 %

rovides a nearly optimal Young’s modulus for the hierarchical

oneycomb structure. Finally, γ1 = 45 % represents a structure ap-

roaching the upper limit of γ1 = 50 %, where the entire hexagon

trut of length a is replaced by two hexagons of side length a /2. 

Fig. 6 shows the FEM meshes 2 we used for the (1 × 1

nit cell) principal equilibrium path computations. As discussed

n Combescure et al. (2016) , periodic boundary conditions on dis-

lacements and rotations are applied to corresponding pairs of

oundary nodes (shown with similar symbols in Fig. 6 ). A mesh

onvergence study (not presented here) determined that meshes

ith 3 elements per hierarchical hexagon strut provide sufficient

recision with acceptable computational expense. 

.1. γ1 = 0 % — standard honeycomb structure 

Consistent with the results of Combescure et al. (2016) shown

n Fig. 3 , the classical honeycomb structure subjected to equi-

iaxial compressive loading has a linear load versus deformation

rincipal equilibrium path as shown in Fig. 7 . The Cascading-

auchy-Born algorithm ( Sorkin et al., 2014 ) identifies a 2 × 2

nit cell that must be used to compute the bifurcating equilibrium
1 For constant density, the strut thickness ratio follows the relation t/a = (1 + 

 γ1 ) t 0 /a, where t 0 /a = 0 . 0875 is the thickness for zero hierarchy. 
2 Even though, for the cases of γ1 = 30% and 45%, the small hexagon nodes fall 

utside the unit cell outline, all nodes and finite elements shown can be unambigu- 

usly assigned to a single unit cell. 

p  

T  

w  

p  
aths for the honeycomb structure. This unit cell is shown in Fig. 8 .

he identification of the 2 × 2 unit cell is based on the unstable

ave-vectors resulting from a Bloch-wave stability analysis on the

rincipal equilibrium path. Along the principal equilibrium path,
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Fig. 9. Deformation modes at the first triple bifurcation point of the γ1 = 0 % standard honeycomb structure. The modes are labeled I (yellow), II (red), and III (blue) from 

left to right, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 10. Normalized total energy versus loading parameter λ for the γ1 = 0 honey- 

comb. The principal equilibrium path and three bifurcating paths are shown. Heavy 

solid line segments indicate stability with respect to both RK1, Bloch-wave, and ad- 

hoc stable. Thin solid line segments indicate equilibrium configurations that are RK1 

stable but Bloch wave and ad-hoc unstable. Dashed line segments with a light back- 

ground indicate equilibrium configurations that are stable only with respect to the 

ad-hoc criterion. Finally, dashed line segments are unstable with respect to all sta- 

bility criteria considered in this work. Open circles with numbers on the paths cor- 

respond to Hessian bifurcation points and indicate the number of eigenvalues that 

become zero simultaneously. 
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the first bifurcation point corresponds to a triple bifurcation and

three bifurcation modes are identified (see Fig. 9 ). Associated with

each of these modes is a set of symmetry-related bifurcating equi-

librium paths that emerge from the bifurcation point at λc . Pow-

erful branch-following and bifurcation techniques allow us to fol-

low the bifurcated branches. Then the stability of these branches

as well as their total energy can be determined. The stable branch

with minimal total energy should be the one followed by the real

system. Fig. 10 plots the total energy ˆ E versus the loading pa-

rameter λ normalized by their values ( ̂  E c and λc , respectively) at

the critical point and shows that the stable minimal energy path

is the one corresponding to Mode III. These results coincide with

the theoretical and experimental results presented by Papka and

Kyriakides (1999) ; Okumura et al. (2002) . The determination of an

equilibrium configuration’s stability is a subtle issue. As discussed

in depth by Combescure et al. (2016) , two necessary stability cri-

teria may be employed. These are the Bloch-wave and rank-one

convexity (RK1) criteria. The Bloch-wave criterion provides neces-

sary conditions for the equilibrium configuration to be stable with

respect to arbitrary bounded perturbations, whereas the rank-one

stability criterion provides necessary conditions for the configura-

tion to be stable with respect to long wavelength (shear-strain-

like) perturbations. Together, these two criteria provide a rigorous

set of necessary conditions that a material equilibrium configura-

tion must satisfy in order to be stable. In addition to these two
riteria, Combescure et al. (2016) identify a third criterion: the ad-

oc criterion, which corresponds to local minimization of the ma-

erial’s total energy density function. This criterion, although com-

only employed, is not strictly necessary nor sufficient to guar-

ntee stability of the equilibrium configuration. However, due to

he common use of the ad-hoc criterion, it is included to highlight

he differences between it and the rigorous Bloch-wave and RK1

riteria. 

In Figs. 7 and 10 , Heavy solid line segments indicate stabil-

ty with respect to the RK1, Bloch-wave, and ad-hoc criteria. Thin

olid line segments indicate equilibrium configurations that are

K1 stable but Bloch wave and ad-hoc unstable. Dashed line seg-

ents with a light background indicate equilibrium configurations

hat are stable only with respect to the ad-hoc criterion. Finally,

ashed line segments are unstable with respect to all stability cri-

eria considered in this work. In the γ1 = 0 % case, we see from

ig. 10 that the lowest energy path is the Mode III (also referred to

s the “flower mode”) bifurcated equilibrium configuration. How-

ver, none of the three modes satisfy the two necessary stabil-

ty criteria. Thus, the stable post bifurcated equilibrium configu-

ation is, strictly, not identified by the presented results. Instead, it

s likely that the stable structure is another bifurcated equilibrium

ath similar to the flower mode but exhibiting fluctuations with

 long wavelength periodicity. Despite this, we will identify the

ode III equilibrium configuration as representative of the phys-

cally relevant post-bifurcation behavior of the γ1 = 0 % honeycomb

tructure. Luckily, as we will soon see, this complication disappears

or the γ 1 > 0% hierarchical honeycomb structures. 

From the results of Figs. 7 and 10 we can, again, observe the

onlinear material properties of interest for this work. The criti-

al load λc is immediately apparent. The critical plastic load λp 

6.5 λc on the principal path is off-scale in Fig. 7 . The stable

ost-bifurcated equilibrium structure has been associated with the

ode III path. And, finally, the resilience of the purely elastic ma-

erial is the area under the stable principal path segment and the

ode III curve in Fig. 7 . However, note that if plasticity is con-

idered for the bifurcated equilibrium paths, then it is found that

he onset of plasticity occurs soon after the bifurcation point at

p 2 ≈ 1.003 λc . This is in good agreement with results presented in

kumura et al. (2004) . 

Now that we have reviewed our computational method and dis-

ussed in depth the results for the γ1 = 0 % case, we will present

esults for the remaining cases and draw conclusions. 

.2. γ 1 > 0% — hierarchical honeycomb structures 

Simulations similar to the one described for the γ1 = 0 % hon-

ycomb in the previous section were performed for each of the re-

aining four honeycomb configurations. The results are similar to
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Fig. 11. Finite element mesh for the 2 × 2 unit cells with hierarchical ratio γ 1 equal to 5%, 10%, 30% and 45%, from left to right. Similar symbols on boundary nodes have 

periodic boundary conditions applied. 

Fig. 12. Undeformed configuration (black) and deformation modes I (yellow), II (red), and III (blue) at the first triple bifurcation point of the hierarchical honeycomb 

structures with γ 1 equal to 5%, 10%, 30% and 45%, from left to right. (For interpretation of the references to color in this figure legend, the reader is referred to the web 

version of this article.) 
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hose found for the standard honeycomb case. However, there are

uantitative differences and one significant qualitative change. In

articular, as the hierarchical ratio γ 1 increases the Mode I struc-

ure becomes stable with respect to both the Bloch-wave and RK1

riteria. Further, it becomes the minimum energy configuration.

hese changes and their effects on the hierarchical honeycomb’s

onlinear material properties are explained further below. 
ifurcation modes. In all of the studied hierarchical honeycomb

tructures the first bifurcation is a triple bifurcation related to a

loch-wave instability which requires a 2 × 2 honeycomb unit

ell in order to simulate the post-bifurcation behavior. The neces-

ary unit cells for the γ1 = 5 , 10 , 30 , 45 % honeycombs are shown

n Fig. 11 . At the bifurcation point for each value of γ 1 , three bi-

urcation modes are identified and are presented in Fig. 12 . These
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Fig. 13. Post-bifurcation behavior of hierarchical honeycomb structures with γ1 = 

5 , 10, 30, and 45%. Clear trends in the nonlinear properties are observed. The criti- 

cal load λc decreases as γ 1 increases; the stable post-bifurcated equilibrium struc- 

ture is Mode III for very small values of γ 1 , but quickly switches to Mode I as γ 1 

increases away from zero; and the resilience is seen to have a jump increase, fol- 

lowed by a smooth decrease as γ 1 increases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 14. Evolution of the elastic critical load λc (in blue) and plastic critical load 

λp (in red), normalized by the value of λc for γ1 = 0 %. (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version 

of this article.) 

Table 1 

Variation of stiffness, critical load λc , plastic critical load λp and resilience with 

hierarchy ratio γ 1 , and the associated stable post-bifurcation structure. 

γ 1 0% 5% 10% 30% 45% 

Mode III III I I I 

Stiffness (MPa) 3.558 3.439 3.539 6.873 2.478 

Critical load λc (kN/m) 54.78 43.34 36.57 22.69 22.73 

Plastic critical load λp (kN/m) 356.2 250.0 156.2 44.61 20.26 

Resilience (J.m 

−2 ) 36.45 28.6 37.12 19.82 8.03 
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h  
modes are very similar to those identified for γ1 = 0 %. Note that

for the γ1 = 30 % and 45% honeycombs the smaller hexagons un-

dergo deformation whereas they behave essentially as rigid struc-

tures for smaller values of γ 1 . This provides evidence for the hy-

pothesis of Haghpanah et al. (2014a ), where the small hexagons

were assumed rigid. However, we find that this assumption is not

valid for larger values of γ 1 . Further, our results capture the ex-

istence of the “flower” Mode III for hierarchical structures; this

mode was discussed by Mousanezhad et al. (2015b ) but ignored

by Haghpanah et al. (2014a ). 

Post-bifurcation analysis. Using the methods of Combescure et al.

(2016) the post-bifurcation behavior of the hierarchical honeycomb

structures is determined. These results are displayed in Fig. 13 .

Here we see significant changes in the nonlinear material prop-

erties of the honeycomb structures as the hierarchy ratio γ 1 in-

creases. In Fig. 13 it is easily observed that the critical load λc 
ecreases as γ 1 increases. Similarly, the critical plastic load λp is

nitially much larger than λc , but decreases more rapidly with γ 1 

ntil λp ≈ λc for γ1 = 45 %. These trends can be seen quantitatively

n Fig. 14 . 

One of the most interesting results of this study is the discov-

ry that the stable post-bifurcated equilibrium structure changes,

rom the flower Mode III structure to the Mode I structure, after

 small increase in γ 1 . Indeed, the Mode I structure becomes the

ow energy stable structure once the hierarchy ratio reaches γ1 =
0 %. This is confirmed by the Bloch-wave stability analysis, shown

n Fig. 15 , where it is observed that even for very long wave-

ength perturbations the Mode I structure is stable for γ1 = 10 %

hereas Mode III is unstable for γ1 = 5 %, as previously observed in

ombescure et al. (2016) for a classical honeycomb structure. Thus,

ntroducing hierarchy in a honeycomb structure induces a change

n the stable post-bifurcation mode and stabilizes it with respect

o long-wavelength instabilities. 

Initially, the resilience decreases as the critical load λc de-

reases with increasing γ 1 . However, the qualitative transition

rom a Mode III stable post-bifurcated structure to Mode I, leads

o a significant jump increase in the resilience. This is followed by

 more smooth decrease in accord with the decreasing λc and the

ignificantly decreasing value of � corresponding to the point of

rst strut contact (and associated loss of reversibility). Quantitative

alues for the resilience are provided in Table 1 . 

. Discussion & conclusions 

In this work a hierarchical honeycomb design is explored to un-

erstand the effects of hierarchy on linear and nonlinear material

roperties of the structure. The focus is on the nonlinear behavior

nd properties of these materials because the existence of instabil-

ties leads to dramatic shifts in the material’s effective strength and

ther properties. We hope this example will serve as a reminder of

he importance of considering nonlinear behavior in the process of

esign and optimization of materials. 

We focus on four nonlinear material properties of hierarchical

oneycombs: the critical load λc at which the structure first ex-
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Fig. 15. Bloch-wave minimum eigenvalue surface near the point k = (0 , 0) , almost immediately after bifurcation along the Mode III path (left) for a 5% hierarchical honey- 

comb structure and along the Mode I path (right) for a 10% hierarchical honeycomb structure. Negative eigenvalues indicate instability. Zero eigenvalue contours are plotted 

in red below the eigenvalue surface. It is observed that all Bloch-wave eigenvalues are stable for the Mode I path of the 10% hierarchical structure, whereas the Mode III path 

of the 5% hierarchical structure has a region of instability surrounding k = (0 , 0) . (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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eriences an instability; the plastic critical load λp at which the

nset of plasticity would occur (if no elastic instability occurred);

he stable post-bifurcated structure of the honeycomb; and the re-

ilience of the purely elastic nonlinear material. Although the non-

inear investigation of such structures is significantly more com-

licated than a linear analysis, our recent developments for such

nalyses ( Combescure et al., 2016 ) make this a relatively straight

orward task. 

From our analysis, we find that the critical load λc signifi-

antly decreases as the hierarchy ratio γ 1 increases. This trend is

pposite to that of the linear Young’s modulus, which increases

ith γ 1 until a maximum is reached around γ1 = 30 %. By com-

aring Figs. 2 and 14 , it can be seen that although optimization

an achieve a factor of two increase in stiffness, this is intrinsically

ccompanied by a reduction , by a factor of two, in the material’s

trength (critical load). This significant reduction in strength may

ery well negate any practical gains associated with the increased

tiffness. This is a potent example of the care that must be taken

hen designing optimized materials. 

In addition to the significant decrease in critical load with in-

reasing hierarchy, we also identify a dependence of the stable

ost-bifurcated structure on the hierarchy ratio as well as a non-

onotone trend for the resilience of the honeycomb structures. 
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