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ABSTRACT. In this paper we prove a logarithmic stability estimate in the whole
domain for the solution to the heat equation with a source term and lateral
Cauchy data. We also prove its optimality up to the exponent of the logarithm
and show an application to the identification of the initial condition and to the
convergence rate of the quasi-reversibility method.

1. Introduction. This paper deals with the ill-posed problem of finding the solu-
tion to the heat equation from a source term and lateral Cauchy data. To be precise,
let us denote by © a smooth domain of R%, d > 1, Ty an open subset of 9Q and
n the outward unit normal to 2. Given T' > 0, some function f in Q x (0,7) and
two functions (go, g1) on T'g x (0,T), our problem consists in finding u in Q x (0,7T)
such that
Ou—Au=f in Qx(0,7)
U= go on Tgx(0,7) (1)
Ontt = g1 on Ty x (0,7).

Problems such as (1) arise in the framework of inverse problems related to the heat
equation, where f = 0 and the data (go,g1) correspond to measurements on the
accessible part Ty of the boundary of Q) (see for example [1, 2]). The uniqueness
property for that problem, that is (f,go,91) = 0 = u = 0, is well-known and
is a consequence of Holmgren’s Theorem (see for example Theorem 5.3.3 in [3]).
However it is also well-known that this problem is ill-posed in the sense of Hadamard,
due to the fact that the existence property does not hold, even for smooth data.
More difficult is the question of stability, that is the quantification of the uniqueness
property. This question for our problem is the following: if f, go and g; are small
(instead of being zero), let say smaller than §, how small is u with respect to ¢
? This question has been studied for a long time and is part of the monographs
or review papers [4, 5, 6, 7|, which all refer to a long series of contributions. In
those contributions the authors obtain stability estimates which may have different
forms and depend on the regularity assumptions on the domain 2 and on the
functions f, go and g;. In particular, it is well-established that the solution w has
a Holder dependence on the data (f, go,g1) in any subdomain . x (¢,T — ¢) of
Qx (0,7, where €. is the subset of 2 excluding the points such that their distance
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to the complementary part of I'g in 002 are smaller than € > 0. In this vein, we
refer for example to [6] (see Theorem 3.5.1) or to [7] (see Theorem 5.1), where the
stability estimates are obtained by using a Carleman estimate applied to solutions
to the heat equation, even if these two papers propose different ways to exploit such
Carleman estimate. It is worth noting that in the result of [6], the time interval is
not truncated near the final time 7. These Holder-type stability estimates imply the
uniqueness property but are stronger since they quantify the unique continuation.
In [8], a logarithmic stability estimate is obtained in the whole domain  x (0,7T)
but only in the case when the support of the lateral Cauchy data T'g x (0,7T) is the
whole lateral boundary 99 x (0,T). In other words, the objective of [8] amounts to
recover the initial condition, since all the spatial boundary data are known. In [9],
a logarithmic estimate is obtained in a subdomain Q x (¢,T — ) when I'y C 052 for
the non-stationary Stokes system instead of the heat equation, which is a similar
but more complicated case. Thus, the same kind of estimate in Q x (¢,T —¢) could
be derived in the case of the heat equation by using the arguments of [9]. However,
to the author’s knowledge, a stability estimate for the heat equation in the whole
domain Q x (0,T) with lateral Cauchy data supported in 'y x (0,7") with T’y C 09
is unknown.

In this paper we obtain such a stability estimate in the whole domain Q x (0, 7))
in the particular case when 2 and I'y satisfy the following assumption.

Assumption 1.1. The domain  satisfies 2 = D\ O, where D is an open, bounded
and connected domain of class C? and O € D is an open domain of class C? (not
necessarily connected), while Ty is either the interior boundary dO or the exterior
boundary 9D of .

Let us denote Q@ = x (0,T), ¥9g =Ty x (0,7) and P = 9; — A. We obtain the
following logarithmic stability estimate.
Main Theorem. For all s € (0,1), there exists a constant C > 0 such that for all
u€ HY0,T; HY(Q)) N L*(0,T; H?(2)),
[ull o711 () + [|ullL20,.1:02(0)

s ||u‘|H1(O,T;Hl(SZ))+|IU'HL2(0,T;H2(Q)) ’
log (2+ TPull 2o HTel 511 oy + 100l
L2(Q) H1(zg) n L2(%q)

Jull 220,781 () < C

As exposed in Remark 5, such theorem may be considered as an extension of
the logarithmic stability estimates obtained for the Laplace equation in [10] (for
a domain of class C*) and [11] (for a domain of class C1'1). Other logarithmic
estimates for the conductivity equation or/and non-smooth domains may be found
in [12, 13, 14]. The proof of the Main Theorem consists of two steps. The first one
is a stability estimate in the subdomain Q. x (g,7 — ) obtained with the help of a
Carleman estimate. The second step consists in completing the previous estimate
in the whole domain  x (0,7) with the help of a Hardy-type inequality. Such
general scheme was first introduced in [10] for the Laplace equation. The main
issue in step 1 consists in exhibiting in the estimate the explicit dependence of the
constants with respect to €. To this aim we need to know the explicit dependence
of the constants in the Carleman estimate with respect to the length of the time
interval, as it is done in [15, 18]. To obtain the Carleman estimate, we proceed
similarly as in the pioneering contribution [19], that is by using some Carleman
weight that vanishes when ¢(T"—t¢) — 0. Such kind of weight is also used in [15, 18]
and differs from the one used in [4, 7]. Asin [7, 9], we apply the Carleman estimate
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in many time intervals covering (0,7") up to the small parameter ¢ and the length of
which tends to 0 when € — 0, but the novelty here consists in deriving an estimate
in each interval, the constants of which depend explicitly on €. Another novelty
of this paper consists in constructing a smooth Carleman weight which close to
boundary 9D or 9O coincides with the distance function to such boundary. The
combination of such idea and the geometric assumption 1.1 considerably simplifies
the proof. The possibility of getting rid of Assumption 1.1 is discussed at the end
of the paper.

Our article is organized as follows. The second section is devoted to the con-
struction of a useful Carleman weight with the help of a slight modification of
Theorem 9.4.3 in [16]. The third one is devoted to the derivation of the Carleman
estimate while the Main Theorem is proved in section 4 and its optimality dis-
cussed in section 5. We then show that the Main Theorem enables us to estimate
the initial condition (section 6) and to obtain a convergence rate for the method of
quasi-reversibility (section 7). We complete the paper by some remarks about the
geometric assumption 1.1.

2. Construction of a Carleman weight. In order to derive a useful Carleman
estimate, we will need the following theorem.

Theorem 2.1. Let D C R? be an open bounded and connected domain of class C™,
with m > 2. Let O be an open subset of D. There exists a function n € C™(D)
such that
e n(x) >0 for allz € D,
e 1) coincides with the distance function d(-,0D) in'V = N ND, where N is an
open neighborhood of 0D in R?,
o |Vn(x)| >0 for allz € D\ O.

Theorem 2.1 is a slight refinement of Theorem 9.4.3 in [16]: the only difference is
that the second property in Theorem 2.1 is replaced by the weaker property n(x) = 0
for all 2 € 9D. The proof of Theorem 9.4.3 in [16] contains two steps. The first one
is a construction of a smooth positive function v which vanishes on the boundary
of D and with no critical points in a tubular vicinity of the boundary of D. The
second step consists in moving the critical points of v into the domain O with the
help of a well chosen map which preserves the other properties of the function v.
The proof of Theorem 2.1 follows the same lines. The only difference with the proof
of Theorem 9.4.3 in [16] (see Chapter 14) is the replacement of the so-called Step 1
in the proof of the intermediate Theorem 14.2.3 in [16] by the following lemma.

Lemma 2.2. Let D C R? be an open bounded and connected domain of class C™,
with m > 2. There exists a function v € C™(D) such that
e v(z) >0 forallz € D,
e v coincides with the distance function d(-,0D) in V = N ND, where N is an
open neighborhood of 0D in RY,
o |Vu(x)| >0 for all z € V.

Proof. Let us denote, for z € D, d(x) = d(x,0D) the distance function to the
boundary dD. Such function is not smooth in D but from [17] (see Lemma 14.16),
there exists an open neighborhood Aj of D in R? such that d € C™ (V) where
Vo = NoND and Vd(z) = —n(z') for = € Vy, where z’ is the unique point in 9D
such that d(z) = |z — 2’| and n is the outward unit normal vector. In particular
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|[Vd(z)] > 0 for z € Vy. Now let us consider two smaller open neighborhoods
NeN ENyof 0D in R and V =NND, V; =N; ND. Let us introduce the
cutoff function ¢ € C§°(D) with 0 < ¢ < 1, ¢ = 1 on the closure of D\ V; and
# =0 on V. The function v defined in D by

v=9¢+(1-¢)d
satisfies all the requirements of the lemma. O

Classically, the function 1 derived in Theorem 2.1 for m = 2 is used to build an
adapted weight for a Carleman inequality that will be then used to obtain some
controllability results (see for example [15]).

3. A uniform Carleman estimate. For an open connected domain € C R? of
class C?, let us consider a function n € C?(2) such that n(x) > 0 and |Vn(z)| # 0

for z € Q. Let us define
6)\(2L+n(m)) — AL 6)\(2L+n(w))

P(x,t) = 0 , &z, t) = O

with L = ||n]|ec and () = t(T —t). We denote Q@ = Q2 x (0,T) and ¥ = 92 x (0,T).
The aim of this section is to prove the following Carleman estimate in Q).

Theorem 3.1. There exist some constants Ao, po > 0 and C > 0 such that for all
T, for all X\ > X\o, p > po and all u € C?*(Q),

s34 / &3u? 2% drdt 4 s\? / E|Vul? 2% dxdt < C / (Pu)?e25? dadt
Q Q Q
, 1 1 ,
+C s3\? / &3u? e dsdt + C s)\/ €|Vul? €% dsdt + C — / —(0pu)? €29 dsdt,
b)) b) sA Js €

where s = p(T + T?).

Remark 1. It is important to note that in the Carleman estimate above the con-
stants Ag, po and C are independent of T, this is why we call it a uniform Carleman
estimate.

Proof of Theorem 3.1. We here reproduce the proof of Lemma 1.3 in [15] by using
the same notations. However there are two differences: contrary to that lemma,
on the one hand we do not assume that « = 0 on the boundary ¥ and on the
second hand we have Vn # 0 in the whole domain 2 instead of in a subdomain.
The consequence is that the right-hand side of the Carleman estimate involves some
boundary terms instead of a volume term in a subdomain. We will only insist on
the boundary terms and refer to [15] for the remainder of the proof. Let us denote
w = e*Pu, that is u = e~*®w. We compute

Opu = (Opyw — s ypw)e ?,

while
Au = (Aw + s*|Vo|?w — 25 Vo - Vw — sw Ag)e *?.
Given that
Vo =XV, A= NVl + X An,
we have

e*® Pu = Q,w—Aw+2s\E Vn-Vw+(—sdip — 2N |Vn|* + sA%E|Vn|? + sAE An) w,

which we write
Myw + Mow = €% Pu + Msw,
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with
Miw = 2s)%¢|Vn|?w + 25XV - Vw + dyw,
Mow = —s2X2€2|Vn|?w — Aw — s0ipw
and
Mzw = s\*¢|Vn|*w — s\ Anw.
As a consequence, we have
(le, MQU))L2(Q) S H€S¢PU| |2L2(Q) + ||M3w| ‘%2(@)

We observe that Myw and Msw are both sums of three terms, so we write with
obvious notations

3
(le,Mgw)L2(Q) = Z Iij,
i,j=1

with

I = —233)\4/Q§S|Vn4w2 drdt, Iy = —253A3/Q§3vn|2(vn - Vw)w dadt,
I3 = —32)\2/Q£2|V77|2w Opw dxdt, Iig = —25\2 /Q£|V772w Aw dxdt,
Iy = 25A/Q§(V77 -Vw)Awdzdt, I3o = — /Q Oyw Aw dxdt,

I3 = —25%)\? /Q EIVN20,pw? drdt, Ihs = —252)\/Q§8t¢(Vn - Vw)w dxdt,

I33 = —s/ 0rp w Oyw dxdt.
Q

After many applications of the Green Theorem and the fact that w and all its
derivatives vanish at ¢t = 0 and t = T since ¢ — —oo for z € Q when t — 07 or
t — T, we obtain

(Myw, Maw) r2(q) :/ V(w) dmdt—/ B(w) dsdt
Q b

by separating volume and boundary terms. While the terms I11, I31, I13, I33 do not
produce any boundary term (see equations (1.31), (1.34), (1.48) and (1.52) in [15]),
the terms Iy, I12, I, I3o and Io3 produce the opposites of the following boundary
terms (see equations (1.32), (1.37), (1.41), (1.45) and (1.49) in [15]):

Boy = 33)\3/ &|Vn|?0,nw? dsdt, By = 25/\2/ £|Vn|20,ww dsdt,
2 p
Byy = 25/\/ &(Vn - Vw)o,wdsdt, Bszy= / Oyw Opw dsdt,
b)) 2

Bas = 52\ / €01 Opmw? dsdt,
b
so that
/ B(w) dsdt = Bay + Bia + B2z + B3a + Bas.
N
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Concerning the volume terms, it is proved in [15], more precisely in the Step 2 of
the proof of Lemma 1.3, that there exist some constants Ao, po > 0 and ¢ > 0 such
that for all 7', for all A > X\g, p > po and all u € C?(Q),

/V(w) dadt — || Msw|[72 g >c<s3)\4/ §3w2dxdt+s)\2/ §|Vw|2dxdt>.
Q Q Q

In particular, this estimate uses the fact that [Vn| > ¢ in Q for some constant ¢ > 0.
It remains to estimate the boundary terms.

|Bay| < 053)\3/ Ew? dsdt, |Ba| < C’s)\/ £|Vwl|? dsdt.
By applying a Young’s ineqjality to By2, we obtain -
|Bpa| < s2X\3 /Z E2w? dsdt + )\/E |Vw|? dsdt.
From the fact that &€ > 4/T2 and s > pT?, we obtain that s¢ > 4p, so that for large

2
| B12| §053)\3/§3w2dsdt+05)\/ ¢|Vw|? dsdt.
2 2

By applying now a Young’s inequality to Bss, we obtain

1 1
| Bsa| < s)\/2§|Vw|2dsdt+ a/zgwtwﬁ dsdt.

Lastly, since
N2L+n) _ pAAL

06 = (2= T) 15

and
e < 62A(2L+n)7

we have
00| < TE. (2)
As a consequence
| Bas| < 52/\/ TEw? dsdt
b

and since s > pT', we obtain for large p and large A,

| Baz| < C 323 / &3w? dsdt.

b

By gathering the above estimates we obtain that

/B(w) d:rdt<C(33)\3/§3w2 dsdt+s)\/ §|Vw|2dsdt+i/ 1(8tw)2dsdt>,
b by by sA Jx €

so that there exist some constants Ao, po > 0 and C' > 0 such that for all T', for all
A > Ao, p > po and all u € C?(Q),

SSX*/ &3w? drdt + s)\2/ ¢|Vw|? dedt < C / | Pu|?e?*? dxdt
Q Q Q
1 1
+COs3\3 / Ew? dsdt + C’s/\/ ¢\ Vw|? dsdt + C — / —(0yw)* dsdt.
p) M sA Jx €
To complete the proof we have to come back to the function u by using w = ue®?,

so that
Vw = (Vu+ sAEVnu)e®,  dyw = (pu + s0zpu)e™.
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There exists some ¢ > 0 such that

s3\ / E3w? drdt + s\ / ¢|Vwl|? dadt
Q Q
2083)\4/ §3|V77|2w2datdt+cs)\2/ ¢\ Vw|? dedt
Q Q
2653/\4/ §3|V77|2u2625¢d93dt+05)\2/ E|Vu + sAEVD ul?e®*? dadt
Q Q
=253\ / &3\ Vn2u?e?? dudt + c s\ / €| Vul?e®*? dadt
Q Q
+2c5%\3 / €2(Vu - Vn)ue**? dxdt.
Q

From the Young’s inequality, for any r € (0, 1),
252)\3 / £2(Vu - V)ue?? drdt
Q
1
< 753)\4/ 3| Vn|?u?e**? dudt + rs)\g/ E|Vul?e**? dadt,
" Q Q
so that
P / Ew? dedt + s\2 / £|Vw|? dedt
Q Q
1
>c <2 - r) 33)\4/ & \Vn2u?e®? dadt + ¢(1 — 1) s)\z/ €| Vul?e*® dxdt.
Q Q
By choosing r € (1/2,1) we obtain there exists ¢ > 0 such that
s34 / Ew? drdt + s\? / £|Vwl|? dadt
Q Q
> cs3>\4/ E3u?e? dadt + cs)\z/ £|Vul?e®*? dadt.
Q Q
Besides, we have
s3\3 / E3w? dsdt + s\ / £|Vwl|? dsdt
by b
=533 / 3u?e?? dsdt + s)\/ E|Vu + sAEVH u|?e®*? dsdt
b b

<O 3N / E3u?e? dsdt + C s\ / €| Vu|?e®? dsdt
> 3

and
1 / 1(3 w)? dsdt = 1 1(3 u + 50,0 u)?e?? dsdt
SA » § ‘ - sA P E ' '
<C L 1(8tu)2625¢ dsdt +C = 1(3@)2”26254) dsdt,
SA S5 € As €

which from (2) implies that

1 1 2 1 1 2 2s¢ STQ/ 3.2 2sé
_ _ < il - )
o /Z §<6tw) dsdt < C X /E é_(@u) e dsdt—kC'i)\ Ef u“e**® dsdt
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From s > pT, we obtain for large p and large A\,

1 / 1 2 1 1 2 2s¢ 313 3,2 2s¢
— | =(Qw)*dsdt < C — | =(Owu)“e*?dsdt + C s° A Elu*e%? dsdt,
sA Js € sA Js € by
which completes the proof of the Theorem. O

4. Proof of the Main Theorem. Let us denote I'; the complementary part of I'g
in 0Q and X1 =T'; x (0,T). As a consequence of the previous Carleman estimate,
we will obtain an estimate in a subdomain of ) defined as the product of the space
open domain 2. defined by

Q. ={z € Q, d(z,T1) > ¢}

by a time interval centered at an arbitrary point in (0,7") and the length of which
is of order £3/2.

Lemma 4.1. There exist some positive constants v,c,C1,Ca, C, po,€o such that for
allt_,t, with0 <t_ <t <T, forall p> pg and all e € (0,c0), for allu € C?*(Q),

HUH%Q(F_,tj_;Hl(QE)) < Ottt/ (HPU||2L2(q) + ||u||§,1(00) + Ha’ﬂuH%2(o’0))

+ O g2 ¢ 2C2pe(141/7) ||u‘|2L2(t,,t+;H1(Q))7

with
q:QX(t,,tJr), 00=F0X(t,,t+)7
t_+1 ty —1t_ t_+t
e G
2 2 2
and T =1, —t_.

ty —t_
2 b

Proof. The proof is based on the Carleman estimate of Theorem 3.1 in the do-
main ¢ = Q X (t_,t;). We also denote o = 99 x (t_,t;). We recall that either
(Ty,T1) = (00,0D) or (T, T'1) = (0D, 00). In order to specify the function 7 used
in the Carleman estimate we have to consider these two cases separately in view of
Assumption 1.1: we apply Theorem 2.1 for m = 2

e cither with D =D and O = O if (I'y,I'1) = (00, 9D),

e or with D =B\ O and O = B\ D if (I'y,I';) = (0D, d0), where B is an open

ball of R? such that D € B.

In both cases we obtain a function n € C%(Q) such that n > 0in Q, 7 > 0in Q\ Ty,
Vn # 0 in Q and 7 coincides with the distance function to the boundary in a tubular
vicinity of I';. For any u € C?(Q), let us define v. = y.u, where . € C?(Q) is a
function of z with values in [0, 1] and such that, for sufficiently small &

Xe(z) =1 if d(z,Ty) > 2e
Xe(x) =0 if d(z,T) <e.

We can choose x. such that
C

<
Vxe(@)] < -

C _
» Axe(@) = 5, Vo eQ

To construct the function y. it suffices to define a function f. € C?(R) with values
in [0, 1] such that

fe(z)=1 if z>2e

fe(z)=0 if z<g
with |f.(z)] < C/e and |f/(z)] < C/e?, then to set x. = f- od(-,T'1). Hence

ve € C?(Q) and vanishes in the vicinity of 3.
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We now apply Theorem 3.1 to the function v, in the domain ¢ = Q x (¢_, ¢ ), with
0(t) = (t —t_)(t+ —t). For a fixed value of A > A, let us denote

g(z) _ 64)\L _ €>\(2L+Z), = [O,L],

which is a positive and decreasing function.

Let us first consider the left-hand side of the Carleman estimate. For small ¢ and
x € Q3c, we have n(x) > 3. Let us define t,,, = (t_ +ty)/2. For any t, € (t_,tm),
and t € (t,,t_ +t4 —t,.), 0(t) > 6(t,), that is

cg(n(z)) (3¢)
eso(@t) — e_“’geI(t) > e_sg(tj)7

We have already seen that s& > 1 for large p, hence

ty ty
s\ / / €302 2% dadt + s\ / / | Vu.|? e dxdt
t_ Q t_ Q

ot —t
_ (3¢) + r
> 7255w / / (u? + |Vul?) dzdt.
t Q

r 3e

Let us now consider the right-hand side. We have

P(xeu) = xXe Pu—2Vx. - Vu — Axc u.

/(Pvg)2 e*? dadt

q
th th
< C’/ / (Pu)? e**? dadt + C e* / / (u? + |Vul|)? 2% dzdt.
t_ Q t_ 95\525

For z € 2, we have 0 < n(z) < L. For t € (t_,t;), we have 0(t) < (t,,), hence

g(n(=)) g(L)
68¢(I’t) — efsqen(:) < e ® {-J(itm)

t+ o) [+
/ /(Pu)2 e%5? dadt < e”**90m) / /(Pu)2 dxdt.
t Jo t Jo

For z € Q. \ Qac, we have 0 < n(x) < 2e. For t € (t_,t.), we obtain

n(x 2
eso(@t) — 6_89(91((t))) < e_seg((t,i))7

and

so that
bt 9sa2e) [T
/ / (u® + |Vu|?) e**? dadt < e~ Seum)/ /(u2+|Vu|2)dxdt.
t_ JQN\Qa. t_ JQ

We have, since s§ > 1 for large p,
1

sA

1
s3\3 / 302 2% dsdt + s)\/ €|V |? €% dsdt + / E(&gvg)Q 5% dsdt
< C/ (s€)3 (u? + |Vul? + (Bpu))e 250 dsdt
(0]
<c / (2 + [Vul® + (D)) f(s/0(1)) dsdt,
oo

with
flz) = 2Be=29(L)z,
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Here we have used the fact that for fixed A, [{] < C/6. It is not difficult to see that
flz) < Ce 91D for z > 0, so that

1 1
s3\3 / &2 e dsdt + s)\/ £V |? €25 dsdt + Y / g(atvs)z e5? dsdt
o S o

<Ce gug{/ (? + [Vul? + (8u)?) dsdt.

Gathering the previous estimates, we obtain that for large p,

byt —t

_9g9(32) - T

e Z(w/ / (u? 4 |Vu|?) dzdt
935

ge o) [T
0(tm) Pu dxdt
t

Ot e 2 / /(u2 + |Vul?) dedt + C et / (u? + |Vul® + (0pu)?) dsdt.
t_ JQ o0

We finally obtain that for large p,

_9g9(3e) 2
e Sﬂ(tr)||u|‘L2(tmt++t_—t s H (Q3e))

< Ce T (||Pu”L2 +|\“|@11(00>+||‘9"“||2L2<00>)

2557

+Ce e

|U||L2(t, ty;HY(Q))
that is
||u||%2(tr,t++t,—tT;H1(Qgg)) < Cerh (||PU||%2(q) + [l F (o) + ||3nu||i2(oo))
+Ce e P u|[Ta o))

with
_9Be)  g(L) _9(2e)  g(3e)

U000, T 26006, T 0(tm) 06
For all v € (0,1) there is a unique t,. € (t_,t,,) such that 8(t,.) = y0(t,,) = v 72 /4.
We have (0)
g(0
<
p1 = o(t,)
and

g(2¢e 3¢
by — 9 )(Vg( )>.
o(tr) 9(2¢)
The function g(3¢)/g(2¢) is equal to 1 — cpe near e = 0 at order 1. By choosing

v=1-—c1e, with 0 < ¢; < ¢p then for small € there exist some constants C7,Cy > 0

such that

C1 CQ g
PS5, P22 5
T T

for some constants C7,Cy > 0. The time ¢, is obtained by solving the equation

(14— )ty 1) =S

that is P ; ;
— AT B=Vi-v=vave

which is the result by setting ¢ = y/¢1/3 and setting &’ = 3e. O

t, =
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Then we gather the estimates obtained in Lemma 4.1 for a sequence of time
intervals in order to obtain an estimate in the subdomain Q. x (¢,7 —¢) of Q.

Proposition 1. There exist some positive constants v,Cy,Cy,C, pg,eq9 such that

for all p > po and all € € (0,¢), for all u € C*(Q),
el 2. r -z (0)) < C €% (|[Pul|2(q) + [l () + 10nul|2(s0))
+ CE_V 6_02p ||UHL2(O,T;H1(Q))~
Proof. Let us take v = 1 — c?¢, where c is as in the statement of Lemma 4.1, 8 =
V1 —7 =cy/e and some 7 > 0. Let us define, for n € N such that 7(1 +ng) < T,
the sequences
t" =nlT
i =71+nb7

and
i :g+(n71)/ﬁ

. T
th = — —)BT.
f=5+ (n+ 2),6’7'

By using the notations of Lemma 4.1, for _ =t and ¢, = t7, the corresponding

values of t¢ and t5 are

"+t —t" -

t° = 5 —c\f iz%—&—n,@r—ﬂ%: n

and R 1 Tt R T T
ty=—5—+c EE Lty =g+ nfr+ s =1

Applying Lemma 4.1 we obtain that for large p and small ¢, for all u € C?(Q)

||“”2i?(fz,£:;ﬂl(ng>>
< Ce2OP A (| Pullfae .20y + Il o) + 0nulEaop) )
4+ O e ¢ 2Cape(1+1/7) ||u||%2(tﬁ,ti;H1(Q))7
where off =Ty x (t™,t"). Let us consider N such that 7(1 + N3) < T. We have

N

Z ||u||iZ(£z,fi;H1(Qs))

n=0

< O(N + 1) 20 ((1Pulff g + llul s ) + 10nullFas, )
+ C(N +1)e™ e 2P0 |2, 1o -

It is readily seen that L:i = "1 we hence end up with

2
lellz20 2. ()
< C(N +1) 2 (11 Pulf3a ) + [[ullps ) + 1000l 32, )

+ C(N + 1) e 220D |22 6 1.1 (q))-

70
t +_2 2)

Since .
=20=8), B =2 +(N+35)8r
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by choosing 7 such that 7(1 — 5)/2 = ¢, that is
2
1 —cy/e

T

and then N such that

T 1 T
r1+NB ST, Z+(N+3)8rz3,

||u||%2(s,T/2;H1(QE))
< C(N + 1) eQC1/>(1+1/T) (HPUH%Q(O’T;LQ(Q)) + HUH%P(EO) + ||8nu||2L2(20))
+ C(N +1) g2 e 2Care(lH1/T) ||UH2L2(0,T;H1(Q))-

We can make a symmetric construction with respect to ¢ = T/2. In addition, we
have 78N < T, hence there exists a constant C such that

< C
_m-

We conclude that there exist some positive constants v, C'1, Cz, C such that for large
p and small ¢, for all u € C%(Q),

ull3 e ey < €27 (11 Pulldigy + lullrs iz, + 10null3e )
+Ce e % ||y 220,751 ()
which completes the proof. O

Remark 2. If for a fixed arbitrary € we optimize p in the estimate of Proposition
1, we obtain a standard Holder stability estimate in Q. x (e,T — €) as in [7].

In what follows we will need the following Hardy-type inequality, that is

Lemma 4.2. If Q C R? is a bounded, connected and Lipschitz domain, and if
daq(x) denotes the distance of x to 0Q, then Vr € (0,1/2), Vu € H™(Q),
< Cllullar(q),

E
L2(Q)
with C > 0 depending only on r and on Q.

u

T

oQ

Lemma 4.2 is for example proved in [20]. Next we obtain the following result,
which combines Proposition 1 and Lemma 4.2. More precisely, the Hardy-type
inequality of Lemma 4.2 enables us to extend the estimate of Proposition 1 in the
subdomain . X (¢,T — ) to the whole domain @ = Q x (0,T).

Proposition 2. For all s € (0,1), there exist some constants ¢,eq > 0 such that
for all e € (0,&), for allu € H*(0,T; H(Q)) N L*(0,T; H*(Q)),

= (I1Pull (@) + lfull a1 sy + [10nullL2(s,))

+ ¥ ([[ull 10,7517 (92)) + l|ullL20,7:m52(02)))-

|ullp2 0,581 () < e

Proof. We first specify p as a function of . For some r € (0,1), we set

eV e—Cgp _ €T7
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which implies that

Cip/ 1 @ (c/e)log(1/e)
g __ - c/e) log €
et = (5(r+l/)/cz> s ’

for some ¢ > 0. By the Proposition 1 we conclude that for small ¢, for all u € C?(Q),
lullzer—smi@y) < CelD18D (|| Pull ) + |lull s (3)
+ 10null2(sg)) + Ce” llullL2 0,750 @)

Now let us use Lemma 4.2 in the (d+1)-dimensional domain Q = Q x (0,7). We
have for all r € (0,1),

/2
w @] L < Clullrag) < Cllullmn .

HLz(Q)

In particular, by denoting Q. = Q. x (6,7 —¢) and R. = Q\ Q,, since dyq(z,t) < ¢
for all (x,t) € R., we obtain

1/2 1/2
lullz2ry < C 2 lullm/zg) < Ce/lull il i),

which implies that for any n > 0,

87"
[ullr2(r.) < Cnllullzz) + ;HUHHWQ»

We notice that the domain R, is the union of three cylindrical domains, namely
R.=Q:x (0,e)UQ. x (T —&,T)Uw, x (0,7T),

where w. = Q\ Q., so that by using the previous inequality for functions u and its
first derivatives with respect to z;, ¢ = 1,--- ,d, we end up with

lullz2(0.6:m1(02)) + [ull2(m—e rim1(02)) + [l 20,7501 w0

(4)

€
< Cnllullz20,;m1 @) + ;(HUHHl(O,T;Hl(Q)) + |[ull 20,752 (02)))-

Using the fact that

[l 20,711 ()

< lulle2 e r—eimi 02y + 1l 20,001 0)

+ [ull e (r—e 111 (20)) + Ul L2 0,781 (w0)) s
by gathering the estimates (3) and (4) and by choosing 7 such that C'n = 1/2, we
end up with

el 20,701 )y < C el BV (|| Pul| L2y + ||| 11 (m0) + [10nul L2(5,))

+ Ce"(I|ull o8 () + 1wl 220,13 52(02)))-

Now for any a > 1 we can choose ¢ such that for small ¢,
ele/e)log(1/e) < pe'/e®

Defining ¢’ = €%, we have that e” = &’ with s = r/a. Since for any s € (0,1) we
can choose some 7 € (0,1) and @ > 1 such that s = r/a, this implies the result for

any function in C?(Q). We conclude by density of C*°(Q) in H'(0,T; H*(Q)) N
L2(0,T; H*(Q2)). O

We can now give the proof of the Main Theorem, which essentially consists of a
classical optimization process in the estimate of Proposition 2 with respect to the
small parameter .
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Proof of the Main Theorem. Let us pick s € (0,1). By denoting § = [|Pul[z2(0,7;22())+
Nl sy + OnullL2(se), m = ullizorm @) and M = |[lullg 0,701 (0) +
HU||L2(O,T;H2(Q))’ we have that for ¢ € (0, &p),
m < e/58 +e° M. (5)
Here ¢ and ¢y only depend on s. Denoting f(g) = e“/¢§ + &M for ¢ > 0, the
minimizer &, of f solves
M c 1
_ — c/e
g(sm) - § ) g(E) T 853+16 N

The function g is decreasing with g(0%) = +o00 and g(+o0) = 0, so that the above
equation has a unique solution ¢, for each M,§ > 0.
We treat two cases separately.

e If 9 > &y, then by choosing € = ¢,,, in (5) we obtain that

m < (Zeo +1)Mes, = CMeS,. (6)

m

For sufficiently large M/§, e, is sufficiently small to have for some ¢’ > ¢,
M /
? = (EM) <ef /6m~

It follows that &, < ¢//log(M/§), and by plugging this estimate in (6) we
obtain that for sufficiently large M/

M
log(M/5)
o If ¢y < &,,,, we obtain g(gg) > M/J, and thus
M
M/§
For large M/ we have M/ > log®(M/§), which implies again (7).

We conclude that the estimate (7) is true for all u such that M/ is sufficiently
large. This implies, up to a change of constant C, that

<CL
= log®(2 4+ M/6)

as soon as M/J is sufficiently large. But since m < M, such an estimate is true for
any M /4, up to a change of constant C'. O

m<C

(7)

m< M <g(g)d=C

Remark 3. Another presentation of the Main Theorem is the following: for all
€ (0,1), there exists a constant C' > 0 such that for all M,§ > 0, for all u €
HY(0,T; H (Q)) N L*(0,T; H*(Q)) such that

[l 0,710 () Flwl L2 0,752 () < M, [ Pullp2 @)+ ull a1 (s0) H[Onul | L2(s4) <6,

then
M

1 <Co—s7r—-
llullz2.mim ) < log® (2 + M/9)

Remark 4. The Main Theorem can be extended with no additional difficulty to
the case when the operator P = 9; — A is replaced by P = 9; —div(cV) + B -V +a
with ¢ € WH>(Q), B € (L*(Q))¢, a € L>®(Q2) and o(x) > ¢ > 0 for all z € Q.



UNIQUE CONTINUATION FOR THE HEAT EQUATION 15

Remark 5. It is readily seen that for a stationary solution u, that is when w is
independent of time ¢, the Main Theorem reduces to: for all s € (0, 1), there exists
a constant C' > 0 such that for all u € H*(Q2),

||U||H2(Q)

H“HHZ Q ’
log® (2 ()
8 2 T A2 oy Tl o) FIPwal T2

[|lul| 1) < C

which is the result already obtained in [10, 11] for the Laplace operator. Hence our
Main Theorem can be seen as a generalization of the result in the stationary case. In
addition, under the restriction of Assumption 1.1, such result for the Laplacian could
be obtained more easily than in [10, 11] by using a Carleman weight independent
of time and based on the same function n(z) as in the proof of the non stationary
case.

5. Optimality of our stability estimate. In this section we discuss the optimal-
ity of the estimate given by the Main Theorem. For sake of simplicity we consider
the 1D case and a particular 2D case. They correspond to the following geometries.
e In the 1D case, Q@ = (0,1) x (0,7), 3o = {0} x (0,7), 1 = {1} x (0,7).
e In the 2D case, Q = (B(0,2) \ B(0,1)) x (0,T), ¥y = C(0,1) x (0,T),
¥, = C(0,2) x (0,T), where B(O,r) (resp. C(O,r)) is the open ball (resp.
the circle) of center O and radius r, with r = 1, 2.

We have the following result, which proves that our logarithmic stability estimate
is optimal, up to the exponent of the log. More precisely, we have proved in the
Main Theorem that our estimate holds with exponent s = 1 — ¢, while we establish
now that this exponent cannot be larger than 2 in 1D and cannot be larger than 1
in 2D.

Theorem 5.1. Let us consider one of the 1D or 2D geometries above. Assume there
exists a non decreasing function f : Ry — Ry such that for allu € H*(0,T; H(Q))N
L*(0,T; H*()),

[ —— [wl| 5 o, 51 (@) F [l 220,752 ()
0,7 = (

Null 10,701 @y Hull L2 0,752 0)) )
HPU’HL2(Q)+||U"‘H1(20)+||6"U‘HL2(20)

Then there exists some constant C such that for large A,
f(A) < Clog®(A),
where s =2 in 1D and s =1 in 2D.
Proof. We first focus on the 1D case. Let us consider for all a > 0 the smooth
functions defined on [0, 1] x [0, 7] by

aw+a2t

g (2, t) = x(2)va(2,1), vo(x,t) =€ )
where x is a smooth function on the segment [0,1] such that x(0) = x’(0) = 0,
x(z) € [0,1] for all z € [0,1] and x(z) = 1 for all z € [X,1] for some X € (0,1).
Let us now denote
Mq = HuaHLQ(O,T;Hl(O,l))a M, = HuaHHl(O,T;Hl(OJ)) + ||ua||L2(O,T;H2(071))
and

0a = |[PuallL2(q) + luallm(s0) + [102Ual L2 (5)-
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We hence have, for all a > 0,

M,
"o = T ) o

It is important to note that the functions v, satisfy the heat equation Pv, = 0 in
(0,1) x (0,T) and that, due to the boundary conditions satisfied by x at = 0, we
have u, = 0 and 9,u, = 0 on Y. We hence have

0a = ||Pua||L2(Q) with Pu, = _QX/aa:'Ua _ X”Ua-

The idea is now to minorate the left-hand side of (8) and to majorate the right-hand
side. As concerns the left-hand side we have

T 1 T 1
m? = / / (2 + (Dyua)?) dardt > / / (02 + (Byv0)?) dadt
0 0 0 X

T 1 )
= / / 1+ a2)62”+2“ tdzdt
0 JXx

2a*T _ 1 2a 2aX

e et —e
= (1+ a>
( ) 2a? 2a
Hence there exists some constant ¢ > 0 such that for large a,
Ma > ca™ /2 Tta, (9)

Now let us consider the right-hand side.

T 1
M2 = / / (2 + (Do)’ + (Brtta)? + (OPtia)® + (02110)?) dadt
0 0

There exists a constant C' such that for large a,
T 1 2a%T 2
o Jo 2a? 2a
Hence there exists some constant C' > 0 such that for large a,

M, < Ca3/?e¥ e, (10)

On the other hand, we have

T /1
M? > / / (vg + (02va)? + (01va)* + (0%,04)* + (ﬁgzvaf) dzdt.
o Jx
We conclude as previously that there exists a constant ¢ such that for large a,
M, > ca®/2e”’ T+, (11)

Lastly, there exists some constant C such that

T X
5 < C/ / (v2 + (02v4)?) dadt.
0o Jo

We conclude that there exists some constant C' such that for large a,

5, < Ca= /20" THaX (12)
Plugging the estimates (9), (10), (11) and (12) in estimate (8) and using the fact
that f in non-decreasing, we obtain that there exist some constants ¢, C' such that
for large a,

flea?e®=%)) < € d?.

We complete the proof by setting A = ca?e*1=%),
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Now let us address the 2D case, for which we have supposed that Q = B(O,2) \
B(0,1). Let us consider for all p € N, p # 0, the smooth functions defined on
Q1 x [0,T)] by

Up(il',t) = X(T)Up(xat)v 'Up(il’,t) =r? Sin(pa)’

where (r, ) are the polar coordinates and  is a smooth function of r on the segment
[1,2] such that x(1) = x’(1) =0, x(r) € [0,1] for all € [1,2] and x(r) =1 for all
r € [R,2] for some R € (1,2). Note that the functions u, and v, are independent
of time ¢t and that u, = 0 and 9,u, = 0 on the inner boundary C(O, 1), so that we
have for all p

MP
f(My/6p)”

my <

(13)

with
mp = [|upl a1, Mp = l[upllaz), 9 = [|Aupll2(0)

By repeating the same computations as for the 1D case, we prove that there exist
two constants ¢, C' > 0 such that for large p,

my > ept/?or, cpPlor < M, < C p®/?op, dp < Cp'/?RP. (14)

As an example of such computation, the minoration of m,, is obtained as follows:

" _/ /QW (u +(Orup)* + (3aup) >rdrd0
/ / ( + (0rvp)” + Tlg(aevpV)rdrdG

27
/ / (r***1sin®(p @) + p*r?P~t) drdd

= +2(22p+2 R*P*2) 4 7p (2% — R*),
P

which implies the result. To obtain the majoration of ¢, it is useful to remark that
Av, = 0 for all p. By plugging the estimates (14) in (13), we conclude that there
exist some constants ¢, C' > 0 such that for large p,

flep(2/R)?) < Cp,

and we conclude as in the 1D case. O

Remark 6. We hence prove that for d = 2, the estimate for s = 1 — ¢ of our
Main Theorem is quasi-optimal, in the sense that the result given by Theorem 5.1
contradicts the validity of the estimate for exponent s > 1, but not for s = 1. We
can probably adapt the example for d = 2 to prove such quasi-optimality for any
dimension d > 2.

6. An application to the identification of initial condition. In this section
we come back to the general case of dimension d with Assumption 1.1. As an
application of the Main Theorem, let us show that the initial condition, namely
ug = ulg, for So = Q x {0}, can be estimated from the data (f,go,¢1) in problem
(1). More precisely, we have the following result.
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Corollary 1. For all s € (0,1), there exists a constant C > 0 such that for all
we HY0,T; H'(Q)) N L*(0,T; H*()),

1 o(u)

+ ;
log® (2 + Ag((;))) M (u)

l[uol|r2(0) < C M(u)

where
6(u) = [|Pul|p2(@) + [|ullmr (o) + 10nullL2(s,),
M (u) = [|ul| g1 (0,710 () + |[ul|22(0,7512 () -

Proof. Given some u € H(0,T; H'(Q)) N L2(0,T; H?(£2)), it is useful to introduce
for (z,t) € Q the vector field U (x,t) € R4*+! defined by

U= (Vu,—u) = (0y,u,—u), i=1,---,d.
Clearly, divy41U = Au — 0;u = — Pu, so that by defining
Haivig) = {U € (L2(Q))**?, divy1U € L*(Q)},
we have U € Hgjy(q) and
||U||§1div@) = ||UH%2(0,T;H1(Q)) + HPU’H%?(Q)'

From a standard trace result in the Lipschitz domain @, there exists a constant
C > 0 such that for all U € Hgiy(q),

WU - nas1llg-1200) < ClU|Hyuio) s

where 141 is the outward unit normal to the domain @). This implies in particular
that ug = uls, € H~/?(Q) and there exists a constant C' > 0 such that for all
ue HY0,T; HY(Q)) N L?(0,T; H*()),

[uol|l-1/2(0) < C ([ullL2(0, 1,151 (0)) + [[Pullz2(@)),
where H~1/2(Q) is the space of restrictions to 2 of distributions in H~1/2(R%), that
is by using the Main Theorem,

l[uolgr-1/2(0) < C

M) )+5(u) . (15)

s M(u
log (2+ 6(5”)

We need an additional estimate for ug in a stronger norm. That u € H*(0,T; H*(Q2)) C
C°([0,T]; HY(Q)) immediately implies that ug € H'(Q2). But furthermore we can
prove by using the second assumption v € L2(0,T; H*(Q)) that ug € H3/?(Q).
Indeed we remark that U € (H'(Q))%*! and
||U||%H1(Q))d+1 = ||UH%11(O,T;H1(S2)) + HU||2L2(0,T;H2(Q))~
From a second standard trace result in the domain @, we have for all U € (H'(Q))?*!,
U (m1r200))2+1 < ClU|| (a1 (@))a+1 5

which implies in particular, given the definition of U, that the trace on Sp of the
partial derivatives 0,,u, i = 1,--- ,d, belongs to H'/?(Q). By density of C*(Q) in
HY(0,T; HY(Q)) N L?(0,T; H*(R)), we clearly have

(8a:iu)|so :8m(u|so), i1=1,---.,d,
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that is 9,,ug € HY?(Q). We finally end up with ug € H?/?(Q) and there exists a
constant C' > 0 such that for all w € H'(0,T; HY(Q)) N L%(0,T; H?(12)),

[uollgs/2(0) < C ([|[ull 0,71 () + ull 20,752 (0)))s
that is
ol grar2() < € M(w). (16)
By an interpolation result of [22] (see Remark 12.6 applied to s; = 1/2, s5 = 3/2
and § = 1/4), we have
Hol (@), (@) || = TA(Q),
1
where HééQ (Q) is the subspace of functions in H/?(£2) such that their extension by
0 to the whole space R? belongs to H'/?(R?) and (H3/2(Q))’ is the dual space of
H?/%(Q). Since the dual space of HééQ (Q) coincides with space H~'/2(Q), by using
Theorem 6.2 of [22] we obtain
@), HOA@)] = 1),
3
as well as the interpolation inequality: there exists a constant C' > 0 such that for
all w € HY(0,T; HY(Q)) N L?(0,T; H*(Q)),
1/4 3/4
[luollz2(@) < C lluollyfaya gy lluoll51 -

The conclusion follows from the estimates (15) and (16). O

7. An application to quasi-reversibility. Again we consider the general case
of dimension d with Assumption 1.1. The method of quasi-reversibility, first intro-
duced in [21], is a regularization method that enables us to approximate the solution
to the ill-posed problem (1) from the data (f, go, g1) when such a solution exists (it
is then unique). Let us assume that f € L*(Q), go € H*/?(Zo) and g, € H'/?(%y),
while u € H?(Q) satisfies

Pu=f in Q
u=go on X (17)
Ohu=g1 on ¥

with Pu = d;u — Au. Let us introduce the subspace V of functions v € H?(Q)
such that v|g, = 0 and 9,v|s, = 0. For o > 0, the quasi-reversibility solution u,
associated with any data (f,go,g1) € L*(Q) x H3/2(%o) x HY/2(%,) is the unique
solution to the weak formulation: find u, € H?(Q) such that

(Pua,PU)Lz(Q) + Oz(ua,v)Hz(Q) = (f,P’U)Lz(Q) forall veV
Ua = Jo on Yo (18)
5‘nua = §1 on Eo.

The unique solvability of problem (18) relies on Lax-Milgram’s Lemma once we
have introduced some U € H?(Q) such that Uls, = go and 9,U|s, = g1, which is
possible in virtue of an extension theorem of [22], as well as the auxiliary unknown
fia = uq — U. Furthermore, if the data (f,Jo,§1) coincides with the exact data
(f,90,91), it is easy to prove the estimates

lua — ullrz2@) < lullp2@), [I1P(ua —W)lr2) < Vallulluzq), Yo >0, (19)

as well as the fact that u, — u in H?(Q) when o — 0 (see for example [21]). A more
difficult question is to specify the convergence rate. The first step in this direction
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was done by M.V. Klibanov (see for example [24]), more precisely some Holder-type
convergence rates were obtained in the truncated domain Q. x (e,7 — €). However
it is desirable to obtain a convergence rate in the whole domain @ = Q x (0,7') as
it was done for the Laplacian in [11, 14]. Our previous results enable us to derive a
logarithmic convergence rate in the whole domain.

Corollary 2. For all s € (0,1), there exists a constant C > 0 such that for all
u € H*(Q) satisfying (17) for data (fo, go,g1) and small o > 0,

CHU|S\H2(Q) )
log®(1/a)

where ugy is the solution to problem (18) associated with the data (fo, go,91)-

[ua = ull2(0,; 11 (02)) <

Proof. To obtain the result, we simply use the estimates (19), the continuous em-
bedding H2(Q) ¢ HY(0,T; H*()) N L?(0,T; H?>(Q)) and the Main Theorem (in
the form given in Remark 3) applied to the function (un — u) with M = [|u||g2(q)
andé:\/EHuHIp(Q). O

Remark 7. In the above corollary, the solutions uq,u seem surprisingly smooth.
There are two reasons. Firstly, the well-posedness of the weak formulation of quasi-
reversibility (18) requires a lifting in @ of the boundary data (go, g1) on X, which
have to be sufficiently smooth. Secondly, the Main Theorem requires the solutions
to be in HY(0,T; H*(Q2))NL2(0,T; H?(S2)). For example, following the notations of
[23], it would be interesting and more natural to consider the less regular case when
f e L3Q), go € H¥?3/4(%y), g1 € H/?Y4(%)) and solutions ua,u in H>(Q).
Those boundary data (§o, §1) can be lifted in H*1(Q) but unfortunately, the space
HY0,T; HY(2)) N L*(0,T; H2(£2)) does not include H*1(Q).

8. About Assumption 1.1. As can be seen in the proof of our Main Theorem, it
was possible in a single step to estimate the solution in the subdomain Q. x (¢, T —¢)
for small € > 0 with constants that explicitly depend on € because of the geometric
assumption 1.1. Such assumption implies in particular that Ty N T; = @, where
I’y is the complementary part of I'g in 02 and then enabled us to use a smooth
spatial function 7 in the Carleman weight that coincides near the outer or inner
boundary with the distance function to the boundary. Such general strategy is no
more applicable without Assumption 1.1. However, it is a natural question whether
our Main Theorem can be extended to the case when Ty N T4 =+ (.

The result given in Remark 5 for the Laplacian in Q is obtained in [10, 11] without
Assuming 1.1, by using a more complicated strategy. More precisely, a three steps
strategy is used: the smallness of the function is propagated firstly from I'y to the
interior of €2, secondly inside €2 from an open domain to another and thirdly from
inside 2 up to the boundary I'y. Such strategy is probably feasible in the case of the
heat equation, but the main difficulty is, for each of these three steps, to estimate
the constants uniformly with respect to . This is a challenging future work.

Acknowledgments. The author is indebted to Sylvain Ervedoza for his very useful
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