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THE ASYMPTOTIC OF TRANSMISSION EIGENVALUES
FOR A DOMAIN WITH A THIN COATING

by
H. Boujlida, H. Haddar and M.Khenissi

Abstract. — We consider the transmission eigenvalue problem for a medium surrounded by
a thin layer of inhomogeneous material with different refractive index. We derive explicit
asymptotic expansion for the transmission eigenvalues with respect to the thickness of the
thin layer. We prove error estimate for the asymptotic expansion up to order 1 for simple
eigenvalues. This expansion can be used to obtain explicit expressions for constant index of
refraction.

1. Introduction

This work is a contribution to the study of transmission eigenvalues [11, 4, 6] and
their relation to the shape and material properties of scatterers. These special frequencies
are associated with the existence of an incident field that does not scatter. They can
be equivalently defined as the eigenvalues of a system of two coupled partial differential
equations posed on the inclusion domain. One of these equations refers to the equation
satisfied by the total field and the other one is satisfied by the incident field. The two
equations are coupled on the boundary by imposing that the Cauchy data coincide. This
eigenvalue problem can then be formulated as the eigenvalue problem a non-selfadjoint
compact operator. Although non intuitive, it can be shown that this problem admits an
infinite discrete set of real eigenvalues without finite accumulation points [7, 26]. These
special frequencies can be identified from farfield data as proved in [5, 19, 4]. Since they
carry information on the material properties of the scatterer, transmission eigenvalues
would then be of interest for the inverse problem of retrieving qualitative information on
the material properties from measured multistatic data [14, 15]. In this perspective, it
appears important to study the dependence of these eigenfrequencies with respect to the
material properties and the geometry. Several works in the literature have addressed this
issue by considering asymptotic regimes and quantifying the dependence of the first leading
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terms in the asymptotic expansion of the transmission eigenvalue with respect to the small
parameter [10, 8, 21, 16]. We here consider the case of a scatterer made of a thin coating
which corresponds to frequently encountered configurations in the stealth technology for
instance. The goal is to characterize the dependence of the first order term on the material
properties and the thickness of the coating. A first work on this topic was done in [10]
where the case of coated perfect scatterer is considered. One proves in particular for the
latter case that the first order term depends only on the thickness. We here address the
more complicated configuration of a coated penetrable media. The analysis indicates that
the first order asymptotic resembles to the shape derivative for the buckling plate equation
[17] and contain non trivial dependence on the material properties. more importantly, this
expansion allows us to obtain explicit (approximate) expressions for the thin layer index
of refraction. This indeed can be useful for the solution of the inverse problem.

Although the formal derivation follows the systematic procedure using the classical scaled
expansion method (as in [3, 2, 13] for instance), the rigorous justification is much more
involved. For instance the arguments in [10] are hard to extend to the present case since
special uniform estimates have to be obtained for the transmission problem. We restrict
ourselves here to the justification of the first two terms in the asymptotic expansion using
the abstract theory developed in [23, 21]. We follow the procedure developed in [8] for the
case of small obstacles asymptotic. The main technical point in the proof is to obtain the
corrector for the main operator, which is here the biharmonic operator. Our main result
provide explicit expansion for simple transmission eigenvalues. We analyze the problem
where the contrast in material properties affect only the lower order term in the Helmholtz
equation. We finally indicate that although the problem is considered only in dimension
2, the results of the main theorem (including the expression of the first order asymptotic
term) remain true for three dimensions (up to more complicated technicalities in the proof
related to differential geometry).

The paper is organized as follows. We first introduce the transmission eigenvalues and
write them as the eigenvalues of a non selfadjoint operator. We then explain the outline of
a classical formal procedure to obtain the expression of the asymptotic expansion. We give
the expression till the second order term to emphasize for instance that the expression of
the second order derivative is too complicated to be exploited in practice. We then proceed
with the main result of the paper that provides explicit expressions and an error estimate
for the first two terms in the asymptotic expansion.

2. Problem statement

Let © C R? be a bounded domain with a smooth boundary I". We denote by
N ={reQ, dz7T) > e}

and its boundary
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[.={xeQ, dxT)=¢} =000,
for e > 0 a small enough parameter, where d(z,I") denotes the distance of a point z to the
boundary T'. Let Q. = Q\QV be the layer of thickness € around Q° (see Figure 1).

FIGURE 1. Stretch of the geometry

We consider the following transmission eigenvalue problem:

Aw, + E*n (z)w. =0 in Q,
Av, + K*v. =0 in Q,
We = Ve on I, (1)
ow,  Ov,
= r
ov ov on ’

where k. denotes the unknown eigenfrequency and v the unitary normal to I' directed to
the interior of 2. The index of refraction n. is defined as follows :

n(z) = {no(x) in QY

ni(x) in Q,

where ng and n; are non negative real valued functions € L>(R?) that are independent
from e. For the sake of simplicity, we assume that the restriction of ny and n; to €2, are
constant functions along the normal coordinate to I' for e sufficiently small. We finally
assume that the function 1/(1 — n,.) is either positive definite or negative definite on €.
We remark that this assumption also implies that 1/(1 — ng) is either positive definite or
negative definite on €2 and that

1/I1 —n(z)|>~v>0 forae x€Q (2)

with v being independent from (sufficiently small) e.
The main goal of this paper is to find the asymptotic expansion of eigenfrequencies k. with

respect to €. Assuming that

€ L>=(£2), the transmission eigenvalue problem (1) can

€
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be reformulated as the nonlinear eigenvalue problem for A, := k? € R and u, := w, — v, €
HZ(Q) such that

(A + A !

(A+A)uc =0 1in Q,
which in variational form, after integration by parts, is formulated as finding A € R and

non-trivial function u, € HZ() such that

[ T @A) 80+ An)ds =0, ¥ € HE(). )
0 €

The space HZ(2) denotes the closure in H?(Q) of the set of regular compactly supported
functions in 2. We shall work with the reformulation of 3 as a linear eigenvalue problem
for a non selfadjoint compact operator [4]. First observe that (3) can be written as

Aate + A Beue + N2Coue = 0 in H2(Q) (4)
where
A HX(Q) — H2(Q), B.: H2(Q) — HZ(Q), C.: HX(Q)) — HZ()

are defined by the Riesz representation theorem as

1
(AEUE,QS)HS(Q) = /Q T~ n AuAodzx, (5)
(Beuea (b)Hg(Q) = /Q 1—n (U’EA¢ + neAued))dxa (6)
and
Ne
(Cette; @) 2y = /Q mudﬁdl‘- (7)

Note that A, : HZ(2) — HZ(Q) is a bounded, self-adjoint and invertible operator (thanks
to (2)), B. : HZ(Q2) — HZ(Q) is a bounded, compact and self-adjoint operator and C. :
HZ(Q) — HZ(Q) is a (non negative or non positive) bounded, compact and self-adjoint
operator. Observe that since A, is invertible, A, # 0. In order to fwoid disti?guishing the

cases of 1 —n, being positive or negative we shall abusively set C2 = —(—C2) in the case
where 1 — n. non positive.

1
Setting U, = (ue, AcCZuc), the transmission eigenvalue problem (4) can be transformed
into the linear eigenvalue problem, 7. € R, U, € HZ(Q2) x H3(Q) such that

1
(Tc = 7.1)U. = 0, with 7. = T (8)

for the compact non-selfadjoint operator 7; : HZ(Q) x HZ(Q) — HZ(Q) x HZ(Q) defined

by

AR _A-ICE

7o 4B —ATCE (9)
052 O
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We set

e 413
Cy 0

where Ay, By and Cj are defined by (5), (6) and (7) respectively for n, = ng in 2. We state

here the main result of this paper which will be proven in Section 4. In the following a

transmission eigenvalue )\ is called simple if the corresponding 79 = 1/) has an algebraic
multiplicity equal to 1.

Theorem 2.1. — Assume that ng,n; € C4(Q). Let Ay € R be a simple transmission
eigenvalue of (3) with n. = ng in Q and let ug € HE(Y) be an associated eigenfunction.
This implies in particular that

1
ﬁo = / 1 o ()\3710’U0|2 — |AU0|2>CZI 7£ 0.
ol —

If we suppose in addition that ug and Ay ug are in C5(Q), then, for sufficiently small € > 0,
there ezists a transmission eigenvalue . of (3) such that

Ae = do + €Ay + O(e?)

where Ay 1s given by the following expression

L Ao ng — Ny 2
A= E/meuo\ ds(z).
This theorem is an immediate consequence of Theorem 4.8 that is stated and proven in
the last section of this paper.
From the practical point of view, this theorem implies in particular that A; gives a
measure for the contrast ng — ny. For instance, if n; is constant and ng is constant on I,
one can approximate the value of n; using the identity

Ae — A 1 1 1
nilr = nolr — con - /Q [ <)\07”L0|U0!2 - )\—O‘Auo‘z)dﬂf +0(e2) (11)
ith
Wl [ a=sisto
ap = [ ———ds(x).
" r (1 —mng)?

For the inverse problem where one would like to determine n; from multistatic measure-
ments of scattered waves, the value of A, can be approximated using sampling methods as
in [5, 4] (see also [19] for an alternative approach). The values of Ay and g can be com-
puted numerically if one has a priori knowledge of ny and Q2 (see for instance [12, 18, 20]
for numerical methods to approximate Ay and ug). We finally indicate that, although not
carefully checked, we conjecture that the expression for \; remains true in three dimensions
(corrections due to the curvature of I" only affect higher order terms).
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3. Formal asymptotic expansion

In this section, we derive the formal asymptotic expansion for transmission eigenvalues and
give explicit formulas for the terms up to order 2. The idea here is to provide a systematic
formal way to quickly obtain the explicit expression of \; in Theorem 2.1 and also higher
order terms. The latter turn out to have complicated expressions that would be of marginal
interest for the solution of the inverse problem mentioned above. This formal stage will
also be helpful in establishing the rigorous proof based of Osborn’s theorem [23]. It allows
one to have an intuition for the expression of the corrector in the asymptotic of the main
operator A..
We assume the following expansions for the transmission eigenvalues :

Ae=> e, (12)
§=0
and then follow a classical technique for thin layers asymptotics based on rescaling and
asymptotic expansion with respect to the thickness e. We shall mainly follow the approach
in [10].

3.1. Scaling. — We assume that the boundary I' is C*°-smooth, although much less
regularity is needed if we restrict ourselves to only few terms in the expansion. The issue
of optimal regularity assumptions for I' is not discussed here. However, one can check that
at least a C? regularity is needed to get the expression of \;. We parametrize I' as

I'={zr(s),s € [0, L[},
with L being the length of I" and s is the curvilinear abscissa. At the point zr(s), the unit

tangent vector is 7(s) := d:z:;(s)’ the curvature k(s) is defined by:
s
d d
:lis) = —k(s)v(s) or ZZiS) = k(s)7(s).

Within these notations, the boundary of 0 is parametrized as
e ={ar(s) +ev(s),s €0, L[}
For a function u defined in €., we consider 4 defined on [0, L[x]0, €[ by

(s, n) = u((s,n)) where @(s,n) := zr(s) + nv(s). (13)
Then, the gradient and Laplace operators are expressed in the local coordinates as:
1 0 0 -
Vu = <—(1 () gT@‘) + a—ﬂu(s))u,
1 0 1 0 K 0 0?
u+nm5§u+nm5§+a+mm55+am>
To make the formal calculations, we need to separate the thin layer and scaled it with

. (14)

Au= (

respect to the thickness so that the equation are posed on a domain independent from e.
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We therefore rewrite the transmission eigenvalue problem (1) in the following equivalent

form
(Aw} + k*nywt =0 in Q.,
Aw? + k*now. =0 in 0o,
Av, + k?v. =0 in Q,
owr  ow.
wr =w;, ;); = (;U; on re, (15)
wh = v, on I,
owr v
£ = r.
\ Ov ov on

We denote by € = " the stretched normal variable inside Q. and define
€

ve  G=1[0,L[x]0,1] — Q.
(s,€) = ©e(8,€) = xp(s) + e€v(s).

Then the expression of the Laplace operator in the scaled layer is:

1 0 1 0 K 0 1 9?
(14 €en) D (L4 Eem) D5 (1 +éen) € |~ 202

for (s, &) == u(pe(s; €)).
The next step is to write the equation for w in the scaled domain and solve for the
asymptotic expansion of w} in terms of the boundary values on I'. These boundary val-

Au = ( >ﬁ =: Al (16)

ues are given by the asymptotic expansion of v.. More specifically, setting w(s,&) =
wl (pe(s,€)), we have that

A e + Ay, =0in G (17)

together with the boundary conditions

zfﬁa(sA7 0) = v(zr(s)) s€[0,L] (18)
g (50 = 5 rter(s) s € [0, L]

We assume that

We(s,&) = Y _€iy(s,6), (s,) €G and we(z) =Y ev;(x), 1 €Q (19)

Jj=0 J=0

for some functions w; defined on G and v; defined on 2 that are independent from e.
Multiplying (17) by €*(1 + £ex)? and using (12), we obtain
5

Z EkAkwe = O,

k=0
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where (Ag)k—o.5 are differential operators of order 2 at maximum with the following ex-
pressions for the first fourth terms:

52
0 8_527

A —3&88—; + na%,

A, :(5—:2+3§2 2885 + 2%k a%Jr)\onl,

Ay =8k 3;; + £ 3885 g%aﬁw/{ o + 3Xonilk + A\ing.

Inserting the ansatz (19) in (17) and (18) we obtain after equating the terms of same order
in € and using the convention w; = v; = 0 for j <0,

(

352 ZAMU] & in G,
\ w;(s,0) = vy(xr(S)) s €0, L], (20)
ow; ;.
| 26 50 =, () sel0L]

These equations can be solved inductively to get the expressions of w; in terms of the
boundary values of v;, [ < j. One gets for j =0,1,2 and 3

UA)()(S, f) = Uo(ZL'F(S)),

Wi (s, &) = %(xp(s))é“ + vi(zr(s)),

v
2 a — 2
ta(s,€) = =5 (k2 (a1 (s)) + 0

(a0(9) + Do (z0(5))) + T2 (3)6 + e (s)),

ov
(21)

and

ta(s,€) = %3( =~ 22280 (4 (5)) — 3
E(T0 (1 (s)) - 20 (0 (s))

(552 rs)) + Aomen(a(s)) + M (ee(s))) + D2 (ap(s))€ + valn(s). (22)

Now, we also postulate the following expansion for w_ :

5’2wa _ 02}0
5 (wr(s)) = mAomuug (ap(s)) + dom 5 (2e(5)))

+

[e.9]

wy () =Y ew; (z) (23)

J=0
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with w; : 2 — R are functions independent of . Then (w;,v;) solves

J
Aw; + Anow; = — Z ANnow;_;  in Q,
; =1 (24)
AUJ' + )\0?]_7' = — Z )\l/Ujfl in Q.
=1

Note that the functions w; are defined in all Q and not only Q2 and therefore (23) gives
a extension of w_ to all €2. The continuity conditions at I' can be written as
ow_ 1 0w,
W= (5, €) = (s, 1) and ;;; (s,¢) = Ea—lg(s, 1)

where w_ is defined from w_ using the local change of variables (13) in a neighborhood

of T'. Using Taylor’s expansion (up to the second order, which is sufficient to compute the
first three terms in the asymptotic expansion) we get

~_ 2 02 ~_
W (s, €) = W (s,0) + eag’ne (,0) + %88:7”; (5,0) + o(€2) = (s, 1) (25)
and
- - 0% i L, 1w,
€ — € € — € = — 1). 2
(5.6 = G(s.0) 4 g (5.0) + G (5.0 o) = “FE D). (20

Injecting (19) and (23) into (25) and (26), we respectively obtain the following continuity
conditions on T,

wy (xr(s)) = wols, 1),

i (e()) + 00 a(5)) = (s, 1), (27)
g ar(s) + (o) + 5 50

and

o (ae(s)) = (s, 1), (2%)

o (or(s) + o (e(s) = G2 (D).

System (24) coupled with the boundary conditions (28) and (27) provide an inductive
way to determine (w;,v;). We obtain the set of equations satisfied by these terms after
substituting the expressions of w;(s, 1) given by (21),(22). We hereafter summarize the
set of equations obtained for (w;,v;) and how to use them to get the expressions of A,
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j=0,1,2.
We first obtain that the couple (wy ,vg) solves
Awy + Aonow, =0 in Q,
AUO + )\01)0 =0 in Q,
wy — vy =10 on I, (29)
ow, 0y
T _Zh_ T.
v ov o

This means in particular that \g is a transmission eigenvalue for the limiting problem
where the thin layer is removed. We then obtain that the couple (w;, v1) satisfies

Aw; + Anow; = —Ainow, in Q,
Avl + )\01)1 = —/\1’00 n Q,
w; —v; =0 on I, (30)
ow; 0
| - ﬂ = )\Q(no — nl)wo_ on I

ov ov

Since )\ is an eigenvalue of the associated homogeneous system, this problem is solvable
only if a compatibility condition is satisfied by the right hand sides. This compatibility
condition can be obtained by multiplying the first equation with w, and the second equa-
tion with ©g, taking the difference then integrating by parts and using (29). One ends up
with

[ dotro = mwi st

/ (no\wo_|2 - \vo|2>dx
Q

which coincides with the expression of given in Theorem 2.1 expressed in terms of uy =

)\1:

Wy — V.
Although not covered by the analysis of convergence, we also provide the expression of the
third term in the asymptotic expression. One get that the couple (wy ,vy) solves

Awy + Agnow, = —A\now; — Agnow,  in Q,
AUQ + )\0"02 = —)\1’1)1 — )\2210 in Q,
wy — vy =My on I, (31)
6w2_ 61}2
_ 22 _h r
ov ov 2 on ’
where
1 82w0_ 1

hl = — —Ao(no — nl)wa

2 02 2
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and
Pwy Tk O*wy ) ni\ Owy,  3k0w; 3 Pwy
ho =5 a2 2 9s? * (2,€ +olno + 7)> ov 2 s * 2 Ovds?
n Pwy  Owy
+ (Au(2m = o) + Ao(k(G = o)) Jug — Sk + kL

Writing the compatibility condition for (31), we obtain the following formula for Ay

1 1 1 1
A (—A 2_ ) 2>d ——)\2/ (—A T 2)d
2/Ql—n0 /\0’ UO’ Ono‘U()l X 1 o )\0 UOU0+1_n0’U0‘ X

1
- /\1 / <U1Aﬂ0 + noAulﬂo + 2710/\0’&17]0) dx
al—mng

v e (o (8 o)) (o) — [ (=8 + )i s, (32)

This complicated expression shows in particular a nonlinear dependence of Ay in terms of
ny. It suggests that the use of Ay for solutions to the inverse problem of determining n;
may not be appropriate.

4. Convergence analysis

The main goal of this section is to prove Theorem 2.1 that provides a rigorous mathematical
justification of the formal asymptotic expansion for simple real transmission eigenvalues
up to the first order. The proof is split into several steps. The first one is to establish the
convergence in norm of the operator 7. to 7y. This ensures the convergence of A, to A\g. In
order to get to the term of order 1 in €, we shall apply the Osborn theorem which requires
for instance a characterization of the pointwise asymptotic expansion of 7.(U) up to order
1 in € (for some given function U € HZ(Q) x HZ(Q)). The latter can be obtained from
the asymptotic expansions of A-'u, B.u and C.u for some u € HZ(2). The difficult part
to get the expansion of A-'u since for the two others, the first order terms are vanishing.
This critical result is provided by Lemma 4.5.
In all the following we use the notation

(f,9) = (£, Dm0 = / AfAgdr and [|g]| := (9, 9) 2 ()
Q

For an operator A : V' — V| ||A|| denotes the operator norm. To simplify the writing, C
will denote a generic constant whose value may change but remains independent from € as
e — 0.

4.1. Pointwise convergence of the spectrum of 7.. — In this first step, we prove
pointwise convergence of the spectrum of the operator 7, to the spectrum of 7y. This is a
direct consequence of the following convergence in norm [23, 8].
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Theorem 4.1. — Assume that ng € C3(Q). Let T, and Ty be defined by (9) and (10)
respectively. Then T, converges to Tqy in the operator norm.

Proof. — The proof follows from Lemma 4.2 and Lemma 4.4 below, using the definition
of 7. and 7. O

In the first lemma we prove norm convergence for B, and C..

Lemma 4.2. — Let B, C., By and Cy be the operators defined by (6) and (7). Then,
for sufficiently small e,

1 1 1
|Be — Byl| < Cez and ||CZ — Cg|| < Ce. (33)

Proof. — From the definitions of B, and By, we have that for u, ¢ € HZ(Q)
1—n,

((B. — Bo)u, ¢) —/Q (uAgb + nGAwb) dx — /Q | !
1 1

——
:/Qe ¢ — - _n0>(uAgb+Augb>dx.

(uA¢ + noAu¢) dx

Therefore,
((Be = Bo)u, )| <C(Jlull (@120l 110 + I8l = @llAulzrca )
Using the Sobolev embedding theorem and the Cauchy Schwartz inequality, we get
[((Be = Bo)u, ¢)| < Cex([lull gz 19/l mz0)-
By choosing ¢ = (B, — By)u, we get
1
[(Be — Bo)ull g2y < Ce2||ull mzo-

The proof is similar for the second inequality. For u, ¢ € HZ(2), we have

(c.-cwa)= [ (= gz < (1l ull o 6l

Q. 1—n1 1—n0

From the Sobolev embedding theorem, we obtain

((Ce = Coyu,6) < Ce( lull g Il mzcen )
By choosing ¢ = (C. — Cy)u, we have
1(Ce = Coullmz) < Céllullgzq)- (34)
Using the square root Lemma in [24] and the fact that C? converges to CJ' at the same

1 1
order O(e), we conclude that C2 converges to Cj at the same order O(e). Hence we have

[NIES

[(Ce — O(?)UHHg(Q) < C€||u||H02(Q)- (35)
UJ
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Now we show convergence in the HZ(€2) norm for A-!f assuming smoothness of f. This
will be useful in the proof of Lemma 4.4 since the operators B, and C. are regularizing.

Lemma 4.3. — Let A. and Ay be defined by (5) for e > 0 and € = 0, respectively and
f e HXQ). If Ay f € C3(Q), then for sufficiently small e,

|AZf = Ag' I < Cer. (36)
Proof. — For a fixed f € H2(Q), define z. and 2 in H2(Q) as z. = AZ'f and 20 = A f.
Since A .z = Agzo = f, we have that for ¢ € HZ(Q)

(Ac(ze — 20), @) = (Aozo — Acz0,¢) = /

Qe

( ! ! )AzOAgbdx. (37)

1—n0_1—n1

If 25 € C%(92), we get

1 1 1
/ ( ) Az Addr < C||Az0||oo/ Addz <Ce(|9] 52(0)-
Qe Qe

1—710_1—715

Thus, we have shown that

(Ac(ze — 20),9) < Cez H‘bHHg(Q)-

By plugging in ¢ = z. — 2y, we obtain the desired convergence using the coercivity of
A.. O

Lemma 4.4. — Assume that ng € C*(Q). Let A, B, C., Ay, By and Cy be defined by
(5), (6) and (7) for e >0 and € = 0, respectively. Then for sufficiently small e,

1 1
IAZBe = Ag" Bol| —> 0 and || AZ'CE — A CF || — 0.

Proof. — From (37), we have that for f, ¢ € H3(2) and with 2. = AZ'f and 2z = A, ' f

(Ac(ze = 20), ) < CIIAAT fll 260,

Ol 12()-
Furthermore,
1A Bef = Ag ' Bofllmzy <A = A Bof ey + 1A (Be = Bo) fll iz
<ClIAAG Bof 20 + 1AM IINBe = Bo)ll fllmgey- — (38)
For estimating ||AAg" By f||r2(q.), observe that Byu € H3(Q) is the weak solution

AABou:A(lno u)+ L Au in .

— Ny 1—7’L[)

Classical regularity results [22, 25] and the fact that ng € C*(Q) imply that Bou € H*(Q)N
HZ(Q) and therefore

IAAG By fllm ) < Cllflm20)-
By the Sobolev embedding theorem, this implies that
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IAAG Bofll o) < C|lf|lm2@),

1 1
forp>2. Let p=1% > 1 and ¢ such that - + — = 1.
p 4q

_ _ 1 1
IAAG Bof 720, < IAAG Bof |10y Qels < Cea || f]l 2. (39)
From (33) we obtain
IAZHHI(Be = Bo)llll g < Cezllf lmzce- (40)
Using (38), (39) and (40) we have that
|A71B, — 45" Byl —0.
The second convergence result follows from similar arguments. O

Now we would like to obtain explicit formula for the correction term in the asymptotic
expansion for the operator 7.. More precisely, we define explicit formula for the corrector
term associated with A-1 — Aj*'.

4.2. Corrector term for A-! — Aj'. — In this subsection, we construct a corrector
function and use it to estimate the convergence rate of 2. = A-'u for u € HZ(Q). Let
2 = Ay'u € H2(Q), i.e 2 € HZ(Q) solution of

A

Azg=AAu in Q. (41)

1-— No
Inspired by the formal calculations on the previous section, namely problem (30), we define
21 solution of

1
A Az =0 in Q,
1-— Un)
2z =0 on I, (42)
(9,21 1-— sl
s ~1)A T
ov (1 —ng o of
We expect that z. = zp + €z + O(¢?) in Q2. We extend z; in €, as z{ defined by
. QO
=97 2 (43)
z1—  in €,
where 1 is a polynomial of order < 3 and satisfying the boundary conditions:
0 1—
=0, —‘Z)_( el _1)AZO on T,
I ov 1—mng (44)
h=—=0 on I..
v

This gives the following expression of ¢ (that plays the role ws in the formal calculations)

() = (ol €6)) = D05, €) = (T = 1) (i, 0)6(1 - )
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The choice of ¥ ensures in particular that z¢ € H2(Q). To simplify the notation we set

()
m = — .
1—77,0 1—77,1

Now we have the following Lemma.

Lemma 4.5. — Assume that ng and ny are in C*(Q). Letu € HZ(Q) then set z. = A-lu
and zy = Ay'u. We define Z5 as in (43) and assume that zy € C%(Q). Then we have, for
sufficiently small €,

- 3
|2e — 20 — €2{[|m2(q) < Ce2.

Proof. — For any ¢ € H2(S2) we have that

<A€(’Z€ — 20 — 62;)7 ¢> - (AE(ZE - ZO)7 ¢) - G(Aégiv ¢) (45)
We recall that
1 1
(A= 2000) = | (7 = ) Asodods

Furthermore, we have that

1 1
(A, 6) = /Q(2 1_n0AZ1A¢dx+/Q€ —

1
Using the fact that A
1-— no

act = [ maabators [ (2(2ran) - 2(man))oto
+/F€1_1H1A¢5¢ s(x) — AE%(l—lnl >¢ds(;c)—/Q€A1_1nlAw¢dx.

Using the expression of 1) we have

Az — Y)A¢dzx. (46)

Az; = 0 and the Green formula yield,

1 1 ~ 2
T n1A¢ r. = 1_—nlAs,5¢(Sa 1) = —mAz(p(s, 0)),
0 1 0 1 1 10 ~ 6

We then get after substitution of these expressions

(45,0 = [ m(ao(e.0) + Z8n(0(.0)) 5

-/ (§<Azl<<,e>)+§mw< )odste) - [ A

(
= [ aiGpasta) = [ vroase) — | At svoas

where we have set

ds(z)

Apdd
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5(s) = mAz (p(s,€)) + %mAzo(go(s, 0)),

0

63(5) = m (A (o(5,) + 5mAz(p(5,0)

using the parametrization of the curve I'., s — (s, €) with ¢ defined by (13). Using this
parametrization and setting ng(s, n) = ¢(@(s,n)) in . we have

[ 2 e /(p;;fsn)( + en)dsd

From the definition of ¢5 we then get for ¢ € HZ(Q),

L € a2~ )
/ 6 22 ds(a / / mAzo<w<s,o>>a—$<s,n>dsdn+o<e2>u<z>||m<m

Here and in all the following O(€") denotes a function such that O(¢") < C¢” for a constant
C independent from the test function ¢ but that may depend on ||2o/|cs(g)- Using Taylor’s
expansion we also get for ¢ € HZ(Q),

qb2g25d / / gf)Qa 5(5,m) (1 + ew)dsdn + O(e %)||¢||H2(Q)

=2 [ [ misaiots.00 255, sn + Ol

where the last equality is obtained after substituting the expression of ¢5. One ends up
with

) Lo pe 024 3
G/pf(bia_f — ¢yp)ds(x) = —/0 /0 mAZO(¢<s,0))@—$(s,n)dsdn+O(ez)uqsnm(m

Equation (45) then gives

(Ae(2e — 20 — €27), ¢) = mAZoAWéE e(Az, ¢)
/ / mAzo(o(s,1m)Ad(p(s,nm))(1 + nk)dsdn — / / mAzo(e(s,0) (9 q;( (s,m))dsdn
e ap ()6l
Qe
We use the expression of the Laplacien in local coordinates
o/ 1 09 09 09
(1 +nr)A(p(s, 1) = 5 (1 oy 555 n)) + Ha—n(s 1)+ (1 +n/<o)a 7(s,m)
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to make the decomposition

[ [ matetsmastetsma s mmsan = [ [ macoetsm s (2 n)

1+ nk Os

/ /mAzo 377)( g?(s 77)+77/<522(§(8 77) / /mAzo ©(s, 77))22(3( ,1)-

To estimate the first term, we integrate by parts on [0, L[, we obtain

//mAzo o(s, 77»885(1437,,@2?( )>d77d8
/ / 1+7)/@85 (mAzo(p(s, U)))Z¢(s n)dsdn

/ / 1+eg,€as 20(p(s, €€)) ¢(8 €€)dsde

€ 2
— / [ mLaatetson( angs(sm)dn)dsd@r0(62)||¢HH2<9)
= O(2)l|9l ()

For the last term we proceed similarly to obtain

/ /mAzO o(s,1m)) g¢(s n)dsdn—/ /mAZO (s, €)) QE(S e€)edsdg

= [ [ masaotots.on( [ 2o myan)asa + 0olaror = O ol

Observing in addition that

/0/Oenlim(Azo(SO(S,n)g—nf(s,n))dsdn_ O(e

one ends up with

3
2

Mol a2

(Ac(ze — 20 — €27), / / Azo(e(s,m)) — Azo(p(s, O))) 22%(3 n)dsdn

3
2

_E/QEAl_nlAfz/zqzﬁdanO(6 M@l m2@)

To conclude we just observe that the two remaining terms are also of the form O(e2 )| ¢ || H2(Q)-
For the first term, we simply use a Taylor expansion for Az, while for the second one we
just use that, due to the regularity of ng and nq,

A L Ager=@).
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In conclusion,

(A(ze = 20 = €2),6) < Ce2 |8l 2(a-

Choosing ¢ = z. — 2o — €27 , since the coercivity constant associated with A, is independent
from €, we get

[2e — 20 — €2l 2 () < Ce:

which ends the proof. O]

Lemma 4.6. — Assume that ng and ny are in C4Q). If u € C5(Q) N HZ(Y), then for
sufficiently small e,

IBo(A! — Agull g2y < Ce and [|C3 (AT — AgMull 2oy < Ce (47)

where C' independent of €.

Proof. — From the estimate of Lemma 4.5 we have that

HZG — 20 — GngLQ(Q) S CG%

Since €||Z{||L2() = O(€), then
|ze = 20|20 < Ce.
Since By is two orders smoothing, we have that

1 Bo(ze — 20)[lm2(0) < [|2e — 20l|L2() < Ce

1
The same proof holds for Cj . O

Now to derive the eigenvalue expansion, we will apply the Theorem of Osborn [23], which
we state here for reader’s convenience. Suppose X is a Hilbert space with inner product
denoted by (,) and K, : X — X is a sequence of compact linear operators such that
K,, converge in the operator norm to K. It then follows that the adjoint operators also
converges in norm. Let p be a nonzero eigenvalue of K of algebraic multiplicity m . It is
well known that for n large enough, there exist m eigenvalues of K,: puf', u5, ..., ur, such
that uj J;Z i pour tout 7 = 1,...,m. Let E be the spectral projection onto the generalized

eigenspace of K corresponding to eigenvalue p. The space X can be decomposed in terms
of the range and null space of F as X = R(F) @ N(E). Then form the proof of Theorem
3 in [23], one can state the following theorem.
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Theorem 4.7. — Let ¢1, o, ..., om be a normalized basis for R(E), and let ¢, ¢, ..., ¢k,
be the dual basis of R(E) such that <v,gb}‘> =0 for all v € N(FE). Then there exists a
constant C' such that :

1 & 1 <
e 2o 2 (U = K)e 5)

(48)

< O(K — Kp)|r) 10K = K| re)-

In order to apply Theorem 4.7 obtain explicit expression for the first order asymptotic
Z;nzl (K — Ky);,¢}), one has to construct the basis ¢3. In the case of selfadjoint op-
erators, one take ¢7 = ¢;. Once easily check that ¢} are necessarily eigenvalues of K*
associated with 7. Reciprocally, such eigenvalues are admissible for dual basis if they
belong to R(E)*.

We now turn our attention to application of this theorem with K,, = 7, and K = 7
and X = H3(Q) x H2(Q)). We already showed that 7. converges to 7T in the operator
norm in Theorem 4.1. In order to simplify the calculations we define the inner product on
HZ(Q) x HZ(Q) by:

()= Ctom w0

Let 79 be a simple real eigenvalue of 7y, then for € small enough, some eigenvalue 7, of 7.
is such that 7. —0> To-
e—

u
Let Uy = <)\ C’O% > be an eigenvector of Ty associated with 9. Using the expression of
ol Ug

. u
Ty one easily observes that U] = \ COY% is an eigenvector of 7, associated with 7.
—Aolg Uo
Then this eigenvector is proportional to the dual basis of Uy if and only if
_BO = <U0, ﬁg> = (A()Uo, Uo) - /\(2)(00U0,U0) 7é 0. (49)

We remark that the fact that 7y is assumed to a simple eigenvalue (i.e. with algebraic

multiplicity equals 1), guarantees that (49) holds. We then can define the dual vector as
-1~
U* _ _U*
0 60 0
and apply Theorem 4.7 to get that

70— Te = ((To = TOVo, Ug)| < Cl(To — TOUoll 2y (T = T)Us [l mzy- (50)
We are now in position to prove the main result of Theorem of this paper.

Theorem 4.8. — Assume that ng and ny are in 04(5). Let \g be a simple real transmis-
sion eigenvalue corresponding to ng and let ug € HZ(Q) be the corresponding eigenvector.
This implies in particular that (49) holds. Further assume that ug and Ay ug are in C°(S2).
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Then, for e > 0 small enough, there exists a transmission eigenvalue \. corresponding to
n. such that

1 1 - € ng — %
N A L) o) o

1

Proof. — Using estimate (50) with Ay = —, we have
To

11 .

N ((To = To)Us, Ug)

From the definition of (9) of 7, we have

S (—A;lBEuO ; NATC2 O u0>

62 Ug

< Cl(To = TVl ) (T = Tl (52)

_ —AalBEUO — ;\OAEICE OOEUO + —(A;l — Aal)(B()U() + )\000U0>
C?UO 0
+(Mf—%%&—&%—%@fﬂ%ww—%mwﬂ
0

Using the definition (10) of 7Ty, we obtain

— 451 (B. — Bo)uo —)\OA (C —cé)oéu())

N

(Te = To)U,

N

+

(BOUO + )\000710))
0

+< - A8, - &m—&m14%w$—%mmﬂ
0
From (33) and (36), we have
1(7e — 76)U0||H§(Q) = O(e2). (53)
On the other hand, we have

T — ) ( (Be = Bo)Ag"uo — Bo(A;"! Agll)uo—)\o(Oé —cé)céuo>
Bo (02 C VA g — Cg (A7 — Ay Hug
1 [ —(Be = Bo)(AZ" — A uo
fo (-( _Co)(Ael_Aol)u())
From estimates (33) and (47), we obtain

17 = T5)Us e = Ofe)- (54)

o™

mto\»—t
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Next, (52) implies

-5 = (T = T Ug) + O(el).
Using the expression of Uj we see that
((Te = To)Uo, Ug) = 510((3 Bo)ug, uo) + B—)\0<(Cé - Co%)(]o%uo, o)
510 (Ao((A7Y — AgY) (Bouo + XoCoug), ug)
BO((ci ¢ Yo, G ug) + O(e3)
Recall that, by definition of ug
Agug + NoBoug + \jCoug = 0. (55)

1
Since Cy is self-adjoint, we have

(T2 = To)U U) = —((Be — Bo)uuo,in) + —-ol(C2 — CF)Cibup, uo)

Bo
((A A )AQUO, A()U()) + O(

M\DO

Bo
11
Boo )

We then deduce

1 1 1 1 11
- B B, = 2 2 2
Y 50(( 0)to, Uo) + 5 )\0((0 — C3)Cg uo, uo)
11 3
— E/\_O((Azl — Aal)Aoug, A()UO) + O<€§). (56)

In order to conclude, we use the results of the two lemmas below that treat the asymptotic
for each term in (56).
Applying Lemma 4.9 with u = ug and ¢ = ug we have
((B6 - Bo)UQ, Uo) S CE% (57)
1
and with u = ug and ¢ = C§ up, we obtain

((Oe% - O()%)u()a Coéuo) < Cé. (58)

Applying Lemma 4.10 with u = Agug (therefore zy = ug) and ¢ = ugy, we get, using the
fact that Ag is selfadjoint,

<m:—A5mWme=eA(W‘mAww@mmmwwmwm4m%

1-— Tl())z
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We finally obtain

1 1 B L po—m 3
A do Aug(p(s,0))[2ds + O(e2 59
Ae Ao Boo /0 (1-— n0)2| o(¢(s,0))] (e2) (59)

which corresponds with the formula announced in the theorem and concludes the proof.
O

Lemma 4.9. — Under the assumptions of Theorem 4.8 one has
((B: = Bo)u, ¢) < Cez||¢l| 2 and ((CZ = CF u, ¢) < C€|6]| 2oy
for some C' independent of € and ¢.

Proof. — Since

((B. — Bo)u, ¢) = / (= — ) und + Aug)ds,

1—7’Ll 1—TLO

Using the local coordinates in (2., we obtain

/Q< 11 )Augbdx:/OL/OlmAu(gp(S,Eg))gg(s,gg)e(l+§e/<o)d8d§

1—711 ]_—7’L()

= /OL /01 mAu(p(s, O))( 065 %E(s, n)dn) €(1 + Eer)dsdE

3
< Cez |9 2

Hence ((B. — By)u, ) < Cez||¢|| m2()- Similarly, we compute the asymptotic formula of

((C. — Cou, 6) = / / ™ (s, ¢€))blpls, c6))e(1 + Eer)dsde

].—TLO

= /OL /01 - ﬁono (/0eg g—z(s,n)dn /(:g %f(s,n)dn)e(l + Cer)dsd€

< C€||9] r2(0)

Using the square root Lemma in [24] and the fact that C” converges to Cf at the same
1 1

order O(€?), we conclude that C2 converges to CZ at the same order O(e?). Thus we have
((C& = CF)u. ¢) < Ce(|9ll 2y
[

Lemma 4.10. — Under the assumptions of Theorem 4.8 one has for any ¢ € H3(2) N
c'(Q)
L g — N1 3
(Ao(AT" = Ag)u, 0) = 6/ WAZO<90<37 0))Ad((s,0))ds 4 O(e?)
o _

where zy := Ao_luo.
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Proof. — With z. := A7y,

1 1 1
/ A(ze — 20)Agpdx = / ( — )AzeAcﬁda: = / mAz. Aodx
al—no Q Qe

1—-ng 1—n,

:/ mA(ze — zo — €27) A¢dx + / mA(zp + €2]) Apdx
Qe Qe
Applying Lemma 4.5 we obtain

/ ! A(ze — 20)Apdx = / mA(zp + €27) Apdx + O(e%)
ol—mng Q.

= / mAzgA¢dxr — e/ mAYApdr + O(e%).
Qe Qe

Making use of the local coordinates we show
L 1
mAnAdds = / / mAzo(i(5, €)) A(p(s, €€))e(1 + e€r)dsde
Qe

/ mAz((s,0)) Ad(p(s, 0))ds + O(e3).

For the second term

€ /Q mAYApdr = G/Qe YAMAPdr — E/Fmg—ngbds(a:) +e :

0 1—
Or¢|p—0anda—wp—<1_zo

/ mAGAGdz — ¢ / PAMAGT — € / m—Aqbds( )
= [ [ . 0ama0pts,c€etr + ccnrasi
— [T 1) At 006t )i
— e / (= = 1) Azo((p(s, 0) Ad(p(s,0))ds + Ofe

— 1>Az0( (s,0)). Then we have

w\o/

:)

Consequently

/Q : jnOA(ze — 20)A¢dr = 6/0 (TO——nO)AZO< o(s,0))Ad(p(s,0))ds + O(e?)

which implies

(Ao(A" = 45" 0) = ¢ [ HO Aso(p(s.0) A(p(s.0))ds + O(e)

and concludes the proof.
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