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Sampling methods for reconstructing the geometry of a local
perturbation in unknown periodic layers

Houssem Haddar* Thi-Phong Nguyen*
July 15, 2017

Abstract

This paper is dedicated to the design and analysis of sampling methods to reconstruct the shape of a
local perturbation in a periodic layer from measurements of scattered waves at a fixed frequency. We first
introduce the model problem that corresponds with the semi-discretized version of the continous model with
respect to the Floquet-Bloch variable. We then present the inverse problem setting where (propagative and
evanescent) plane waves are used to illuminate the structure and measurements of the scattered wave at
a parallel plane to the periodicity directions are performed. We introduce the near field operator and
analyze two possible factorizations of this operator. We then establish sampling methods to identify the
defect and the periodic background geometry from this operator measurement. We also show how one can
recover the geometry of the background independently from the defect. We then introduce and analyze
the single Floquet-Bloch mode measurement operators and show how one can exploit them to built an
indicator function of the defect independently from the background geometry. Numerical validating results
are provided for simple and complex backgrounds.

Keywords: Inverse Scattering problems, Linear Sampling Method, Factorization Method, Periodic layers,
Floquet-Bloch Transform

1 Introduction

We investigate in this paper the inverse problem where one is interested in reconstructing the support of
a perturbation of the periodic layer from measurements of scattered waves at a fixed frequency. We are
primarily concerned with the design of a sampling method that furnishes the support of the inhomogeneities
without reconstructing the index of refraction. The development of sampling methods has gained a large
interest in recent years and many methods have been introduced in the literature to deal with a variety
of problems. We refer to [10, 11, 15, 25] for an account of recent developments of these methods. The
case of periodic media has been treated by several authors and without being exhaustive, we refer to
[1,2,17,22,30,31,33,36]. For the inverse problem in locally perturbed periodic waveguides we refer to [8,34]
and references therein.

Up to our knowledge, the sampling methods for locally perturbed infinite periodic layers have not been
treated in the literature. Even thought this problem is the one that motivates our study, we shall consider
here a slightly different problem that will be referred to as the M L—periodic problem: it corresponds
with a locally perturbed infinite periodic layer with period L that has been reduced to a domain of size
ML (with M a sufficiently large parameter) with periodic boundary conditions. This is mainly due to
technical reasons since our analysis for the newly introduced differential imaging functional heavily rely
on the discrete Floquet-Bloch transform. According to [20] the M L—periodic problem can be seen as
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the discretized problem with respect to the Floquet-Bloch variable using M discretization points in the
trapezoidal rule.

As an inversion method, we shall employ the recently introduced Generalized version of the Linear
Sampling Method GLSM (see [4, 6, 11]) and also consider the Factorization method (see [23-25]). We
consider the case where the data correspond with Rayleigh sequences of the scattered field associated with
propagative and evanescent incident plane waves. For similar inverse problems in waveguides we refer
to [8,9,30,34]. We shall prove in a first part how the GLSM and also the factorization method can be
applied to our setting.

The main contribution of our work is the design of a new sampling method that enables the imaging of
the defect location without reconstructing the L periodic background. This method is in the spirit of the
so-called Differential LSM that has been introduced in [5] for the imaging of defects in complex backgrounds
using differential measurements. However, in our case we shall introduce a method that does not require
the measurement operator for the background media. We exploit the L periodicity of the background and
the Floquet-Bloch transform to design a differential criterion between different periods. This criterion is
based on the study of sampling methods for the M L—periodic media where a single Floquet-Bloch mode
is used. This study constitutes the main theoretical ingredient for our method. The sampling operator
for a single Floquet-Bloch mode somehow plays the role of the measurement operator for the background
media. Indeed the main interest for this new sampling method is that it is capable of identifying the defect
even thought classical sampling methods fail in obtaining high fidelity reconstructions of the (complex)
background media.

For this first study we shall only consider the scattering problem modeled by the Helmholtz equation.
The performance of the introduced sampling methods are tested in space dimension 2 against synthetic
data generated by the solver developed in [20].

The outline of this paper is as follows. We introduce in Section 2 the forward M L—periodic scattering
problem and briefly outline the formulation of the Rayleigh radiation condition and the variational formu-
lation of the problem. We present in Section 3 the setting of the inverse problem for incident plane waves
and measurements constituted by the Rayleigh coefficients of the scattered waves. We then introduce the
near field operator as well as the factorizations of this operator that will be needed for the sampling meth-
ods. Some key properties of these operators are then proved as preparation for the analysis of sampling
methods. Section 4 is dedicated to the theoretical analysis of sampling methods for retrieving the geometry
of the background media and the defect. We also explain in this section how these methods can be used to
identify the L-periodic background media. Section 5 is dedicated to the analysis of sampling methods using
a single Floquet-Bloch mode. This analysis is the last main ingredient for the differential imaging functional
presented in Section 5.3. In order to make this work self-contained we included in Appendix A a summary
of the main abstract theoretical results that are used for the foundations of the sampling methods.

2 Setting of the direct scattering problem

Consider a parameter L := (Ly,---,Lq_1) € R, L; >0, j=1,---,d—1 that will refer to the periodicity
of the media with respect to the first d — 1 variables and M := (My,--- ,M4_1) € N?=1 that will refer to the
number of periods in the truncated domain. A function defined in R¢ is called L periodic if it is periodic with
period L with respect to the d — 1 first variables. We consider in the following the M L—periodic Helmholtz
equation (vector multiplications is to be understood component wise, i.e. ML = (ML, -+, Mg_1L4—1)).
In this problem, the total field satisfies

{Au+k2nu:0 in R? d=2,3 )
1

u is M L—periodic
where the wavenumber k is positive and real valued. We assume that the index of refraction n € L>(R%) has

a non negative imaginary part and is M L—periodic. Moreover, we assume that n = n, outside a compact
domain w where n, € L>°(R?) is L-periodic and assume in addition that there exists h > 0 such that n = 1



for |xq| > h (see Fig. 1).
Thanks to the M L—periodicity, solving equation (1) in R? is equivalent to solving it in the period

Q= | Q=M M/TxR

mel-¥]+1

where M, = ([-2]+4)L, M = ([&] + 1)L and Q,, == [-% + mL, % + mL] x R. We here use
the notation [a,b] := [a1,b1] X -+ X [ag—1,bq—1] and [-] to denote the floor function. We denote by D
(respectively D, ) a bounded domain composed by simply connected components and such that n = 1
(respectively n, = 1) outside D (respectively D,) and D = D, Uw.

n=n,=1
h ®
Dp Dy Dp Dy
—h
L
ML

Figure 1: Sketch of the geometry for the M L—periodic problem

We shall consider down-to-up or up-to-down incident plane waves of the form:

Ui (z) = el ()TEBL(G)za

where
ag(j) ==igfps  and  By(j) = /k? —a%(j), Im(By(j)) >0, jez!!
and where 2 = (T, 74) € R¥™! x R. Then the scattered field u® = u — u’ verifies
Au® + k*nu® = —k*(n — Du!  in RY,
{ u® is M L—periodic
and we impose as a radiation condition the Rayleigh expansions:
(T, ) = 3 pega s [L‘s+(g)ei(a#(é)i-&-ﬁ#(é)(wd—h))7 Vag>h

Ut (T, xq) = Y pega ws (0)ellenOT=BuO)@ath)) = gp < —h,

where the Rayleigh coefficients u° i(6) are given by

~—t 1 L\ i 4
u (f) = —————— u® (T, h)e ' o# (DT qF

Mg, MET| gy gy (4)
w0 : ! u® (T, —h)e 1 #OT 4z |

T ML MY g

We shall use the notation
Qh =M, M x] — h,h]



Thpi= [My, M x {h}, Tyt i= [My, M x {=h}.
For integer m, we denote by HJ; (Q%,) the restrictions to Q% of functions that are in H{ (|z4| < h) and are
M L—periodic. The space H;/Z(F}](/[) is then defined as the space of traces on I'%, of functions in H, Q)

and the space H;1/2(F’](/I) is defined as the dual of H;/Q(F%). Similar definitions are used for Hilm(l“;f).
Using the radiation condition (3) we can define the Dirichlet-to-Neumann operators T as

T () — ()
o Tro=1 Y pu(0)gT (DT

{eZd—1
T - H;/Z(r&h) — H;/?(r;;)
o= T o=i ) Bu()p ()07

Lezd—1
It is easy to check that T% are bounded operators and:

Im (T*¢,¢) >0, Re(T*¢,¢) <0, (6)

where (-, -) denotes the sesquilinear duality products H;;lﬂ(l"}](/[) —H;&/Z(F%[) and Hq;l/Q T —H;#/Q T30
The scattering problem can be reformulated as: Find u® € Hi (Qh,) such that

Au® + k*nu® = —k*(n— 1)u in QF,
s (7)
gzd = +T%(u®) for xq = £h

and u® is extended to Qj; using (3). Multiplying equation (7) with v € H#(Q’]}/[) and using the Green
theorem we arrive at the variational formulation of the problem as

VurVT — B2t dz — (T (u), 0) — (T~ (u), v) = K / (n— 1)uivde (8)

Qy Uy

forallve H 7}HQ%) Problem (8) is of Fredholm type since the sesquilinear form

A(u’,v) = VUV — E*nustde — (T (u®),v) — (T~ (u®),v)

h
Q M

is continuous on H, () x H}(Q},) and satisfies the Garding inequality

A, 0)] = s g, ~ /Q (FRen + 1)[uf? dz (9)
M

which follows from (6). The uniqueness of solutions to this problem can be studied using Rellich type
identities under some monotonicity conditions on the refractive index or by imposing that the maginary
part of the refractive index is positive in an open ball (see for instance Chapter 1 of [32]).

For the purpose of this paper we shall assume that the index of refraction n is such that Problem (8) is well
posed. More precisely, let f € L%(Q%,) and consider the following variational problem: Find w € H# (Qh)

such that for all v € H}, (Qr),

J

Then we make the following assumption:

. Vw -V — E*nwodz — (T (w),v) — (T~ (w),v) = k? /Qh (n—1)fvdz. (10)



Assumption 2.1. We assume that n and k are such that problem (10) is well posed for all f € L*(Q%,).

We remark that the solution w € H#(Q’IQ) of (10) can be extended to a function in Qs satisfying
Aw+k*nw = —k*(n—1) f, using the Rayleigh expansion (3). Let G be the M L—periodic Green function
satisfying AGy + k2Gayr = —§ in Q7 and the Rayleigh radiation condition (3). Then w can also be
represented as

w(z) = K2 /D Gar(a — y)(n — 1)(f +w)(y) dy. (11)

This implies in particular that w € HZ 1, (), i.e. w € H;(Qh) for all h > 0. In all the following we shall

assume that the wavenumber k is such that S84 (¢) # 0 for all £ € 741 ie. it does not correspond with a
Wood anomaly. In that case G s has the representation

1 . i
Z 7 ela#(z)z‘i‘lﬁ#(e)‘md" (12)

Gy(x)
" Lezd-1 (6)

T o[MI]

where [[ML]] = M1L1 s MdflLdfl.

3 Setting of the inverse problem

We first use as incident waves all down-to-up (scaled) incident plane waves u“*(z;j) defined as
—i
28,(5)

Then our measurements (data for the inverse problem) will be formed by the Rayleigh sequences (see (4))

ubt (z5) = glon(DE+By()(@a=h) ¢ 7d-1 (13)

@ (65), (.0 ezZi x 20

where j is related to the incident wave index and / is related to the Rayleigh sequence index. We can also
use as incident waves all up-to-down (scaled) incident plane waves u>~(x;j) defined as

W (55) = ool 0~ Bl et @ 71, (14)
25#(3)

and as measurements (data for the inverse problem) the Rayleigh sequences (see (4))

s (6), (5,0) € xzZ

3.1 Definition of the sampling operator
Let us consider the (Herglotz) operators H* : £2(Z4~1) — L?(D) and H~ : £?(Z9~') — L?(D) defined by

Heai= 3 aGE(55)| 0 Va={a()}jemir € (Z). (15)

jezd—1

Then H* is compact, injective (will be proved later) and its adjoint (H*)* : L?(D) — ¢2(Z%~') is given by
(H*) 0 :={Z"()}jezer, where &y := /D p(x)ub*(5j)(x)dz. (16)

Let us denote by H:X (D) the closure of the range of H* in L?(D). We then consider the (compact) operator
G* : HE (D) — £2(297") defined by

mnc

G=(f) = {@" (O} reza-1, (17)



where {@WF(¢)}seza-1 is the Rayleigh sequence of w € H#(Qﬁ/[) the solution of (10). We now define the
sampling operators N* : 2(Z4=1) — ¢2(Z971) by

N*(a) = GT H*(a). (18)
By linearity of the operators G* and H* we also get an equivalent definition of N* as
NE@le= Y aG) @ () ezt (19)
jezd-1

Let us introduce the operator T : L?(D) — L?(D) defined by
Tf :=k*(n—1)(f +w|p) (20)
with w being the solution of (10). We then have the following:
Lemma 3.1. The operators G* defined by (17) can be factorized as
G* = (HH)*T.

Proof. Let f € L*(D) and w € H}(Q},) be solution to (10). By definition of the Rayleigh coefficients and
combining with (12) we have

() = — oy ()F / L oy (0)F9) +1B4 (0)IhFyal =
w—) = e e fy)dy dz
)= ST Sy b, 2 B0 N

lelﬁ#(])h . S\ H 1
= [ e TF B D () dy (21
/D 28%(5) v -

Observing that ieP# " oy )y F By (1)ye — u»*(y; j), we then have

284 (9)
750) = [ TR0 dy,
D
which proves the lemma. O

Using Lemma 3.1 we end up with
NE = (HE)* THE (22)

The justification of the Sampling Methods that will be introduced later uses the solvability of the so-called
interior transmission problem defined as: Seek (u,v) € L?(D) x L?(D) such that u — v € H?(D) and

Au+Ek*nu=0 in D,
Av+ kv =0 in D,

(23)
U—V =@ on 0D,

(u—v)/ov=1 on 0D,

for given (p,v) € H3/2(0D) x H'/?(0D) where v denotes the outward normal on dD. Values of k for which
this problem is not well posed are referred to as transmission eigenvalues. For a detailed discussion on the
solution to this problem we refer to [11-13,35]. For our purpose we shall assume that this problem is well
posed.

Assumption 3.2. We assume that the refractive index n and the real wave number k are such that (23)
defines a well posed problem.

We recall that the well-posedness of (23) requires at least that n # 1 in a neighborhood of 9D and that
k is outside a countable set without finite accumulation points.



3.2 Some useful properties for sampling methods

Let us define
Zﬁlw_l = {j:(jh'"ajd—l)eZdilv[fﬂ] 1<]Z [Agf]’éz]_’...’dfl}'
Most of our results are based on the assumption that
Qar \ D is connected an 92, N D = () for all m € Z‘f\jl.

The last assumption can be avoided with minor adaptations by changing the structure of the interior
transmission problem. This assumption also justifies the use of N* or N~ and not both of them. We made
the choice to adopt this assumption in order to avoid unnecessary additional technicalities.

A first step towards the justification of the sampling methods is the characterization of the closure of
the range of H*.

Lemma 3.3. The operator H* is compact and injective. Let Hic( ) be the closure of the range of H* in
L?(D). Then
HZE (D) = Hine(D) := {v € L*(D): Av+k*v =0 in D}. (24)
Proof. We shall prove this lemma only for H* since the proof for H~ is similar. Let a = {a(j)};ez4-1 €
¢%(Z41) and assume that H*a = 0 in D. Since,
AHTa) +k*(HTa)=0 in R®

then by the unique continuation principle, H*a = 0 in R3. This implies that

0= (H"a)(T,h __1 ﬂ i (j) T
( 0,)(33 ) 2j€;:_1 ﬁ#(j)e

for all Z € R?"L. This implies, using the inverse Fourier transform that a; = 0 for all j € Z9~!, which
proves the injectivity of HT.

We now prove identity (24). We first obviously see that H;' (D) C Hic(D). To prove the identity (24) it

is then sufficient to prove that the adjoint (H™1)* is injective on Hine(D). Let f € Hine(D) and assume that
(HT)*(f) = 0. We set

0= [ Guten) ) dn. xR (25)
where Gy is the M L—periodic Green function that has the expansion (12). From the regularity properties

of volume potentials, we infer that u € Hi loe(Q2a7) and satisfies

Au+ku= —f in D,
(26)

Au+ku= 0 in Qu\D.

From expansion (12) and the definition of w in (25) we have that

/ M+]]/ 2[[ML]] Z
= J, 50

Lezd-1 (27)
la#(j)fiﬂ#(j)(wrh) — ((}ﬁ)*(f)) (),

. (HD)*(f) = {ﬂ*(])}ﬁzd 1, the Rayleigh sequence of u. Therefore, the assumption (H)*(f) = 0

1mphes that 27 (j) = 0 for all j € Z%! and therefore u = 0 for all z4 > h. By the unique continuation

la#(@ (=) +iB% () (h—ya) f(y) dy e~iex ()T 47



principal and since Q3 \ D is connected, we have that u = 0 in Q7 \ D. The regularity u € Hi)lOC(QM)
then implies u € H3(D). Taking the L?(D) scalar product of the first equation in (26) with f we obtain

[ (@us k) Fdo = 132
D
Since Af + k?f =0 in D in the sense of distributions and since u € HZ(D), then
/ (Au + kzu) fdx =0,
D

which proves that f = 0 and yields the injectivity of (HT)* on His(D). O

Lemma 3.3 shows in particular that the closure of the range of #* are identical and will be denoted in
the sequel by Hj,e(D). The following reciprocity lemma will also be useful.

Lemma 3.4. Let fo, fi € L?>(D) and let wo and wy, € H#(Q%) be the corresponding solutions satisfying
(10) with f = fo, f = f1 respectively. Then

[ @ =muofide = [ (1= njunfoda. (28)

D

Proof. Taking v = wy and v = w; in the variational formulation (10) satisfied by w; and wg respectively
then taking the difference yields

Owg Oown Owyg Ow;

— —wg ds(z) —

— d
" . w1 D2 wop ds(x)

roh Ox2 o Oz
= I“?z/ (L=n)fowr — (1 —n)frwo dz. (29)
D

Obviously T* are symmetric, since (using Parceval’s theorem)

+ /F %wlds(x)z > iBgO)@e T (OwrT (—0) (30)

Lezd—1

and By (0) = By (—F) for all £ € Z4~1. Therefore,

8w0 8’[1}1 -
:l:\/ri!h <87x2w1 — 871‘2“}()) ds(l') = 07

which proves the lemma. O

We now prove one of the main ingredients for the justification of the inversion methods discussed below.
From now on, for z € Q% we denote ®(-;z) := Gyr(- — z) which has the Rayleigh sequences ®*(-; 2) :=
{q)i(g, Z)}gezd—l with

L. - i —i(og(£)z— )|zaFh

DE(l;2) = Pl 08 MO (o (OZ—By ()] zaFhl)
Theorem 3.5. Assume that Assumptions 2.1 and 3.2 hold. Then the operator G* : Hy, (D) — £?(Z471)

defined by (17) is injective with dense range. Moreover &)i(-; 2) belongs to R(GF) if and only if z € D.

Proof. We only give here the proof of theorem for the operator GT since the proof for the operator G~ is
similar. We start by proving that Gt : Hy,.(D) — ¢2(Z971) is injective with dense range. Let f € Hi, (D)
and let w € H#(Qﬁ/j) be the associated scattered field via (10). As observed earlier, w € H;lOC(QM).
Assume that GT(f) = 0. Then w = 0 for 4 > h. By unique continuation principal we then deduce that

w=0 in Qu\D,



and therefore w € H2(D). We now set, u := w + f, then the pair (u, f) is a solution to (23) with zero data.

Assumption 3.2 then ensures that f = 0, which proves the injectivity of GT. We now prove the denseness
-
of the range of G*. Let g € R(GT) . Then

(G+(f)7g)52(zd—l) =0, Vf € Hinc(-D)~

Consider f of the form f = H*(a) for some a € £2(Z3~!). Since G* = (H*)*T, we then have

(T(HF (@), H (9)) r2(m) =0, Va € 2(Z4). (31)

Let w(a) and w(g) solution to (10) with respect to H*(a) and H*(g). From Lemma 3.4 we get

(2 @)1 ), =K /D (n — 1)(HTa + w(a)) HTg da

L2(D)
= [ (= )G + wle) Wy da.
D

Therefore,

(T ) H (@)

We deduce from (31) that

(THT@). 1 (), o Ve Az,

L*(D) L*(D)

(6r (@) .a),, ,, =0 Vae 2@,

which implies GT(H*(g)) = 0. The injectivity of GT ensures that H*g = 0 in D and consequently g = 0
(by Lemma 3.3). This proves the denseness of the range of GT.

We now prove the last part of the theorem. We first observe that @*(-; z) is the Rayleigh sequence of
®(-; 2) satisfying A®(-;2) + k2®(-;2) = —6. in Qyy and the Rayleigh radiation condition. Let z € D. We
consider (u,v) € L?(D) x L?(D) as being the solution to (23) with

o(x) = ®(x; 2) and Y(z) = 0P(x; 2)/Ov(z) for x € OD. (32)
We then define w by
w(z) = u(z)—ov(z) inD,
w(z) = D(x; 2) in Qp \ D.

Due to (32), we have that w € H;IOC(QM) and satisfies (10). Hence Gtv = 6"‘(-; 2).

Now let z € Q3 \ D. Assume that there exists f € Hine(D) such that G f = &+ (-;z). This implies that
w=®(;z) in {x € Qp,txg > h} where w is the solution to (10). By the unique continuation principle
we deduce that w = ®(-;2) in Qy; \ D . This gives a contradiction since w is regular (locally H?) in the
neighborhood of z while ®(+; z) is not. O

Lemma 3.6. Let O be an open domain such that O C D and assume that there exists a real valued function
ng € L*°(D) such that (no(x) —1) > 0 >0, x € D (respectively (1 —ng(z)) > o >0, x € D) and Ren = ng
in D\ O. Then the operator T : L?>(D) — L?(D) defined by (20) satisfies

Im (T¢7 d)) > Oa vd) € Hinc(D> (33)

and ReT = Tg+ Ty, where To (respectively —Tq) is self-adjoint and coercive and Ty is compact on
Hine(D). Moreover, assume in addition that Assumption (3.2) holds or (n —1)~t € L®(D). Then T is
injective on Hine(D)



Proof. Let ¢ € L?(D) and w, be solution to (10) associated with f = ¢. By definition of the operator T
we have

(T¢,8) 12(py = ¥° /

D

(n—1)( + wy)d = k> /D<n 1)+ w2 /D<n “(wy+ )T (34)

where, using the variational formulation (10),
2 [ (0= 1)(wo + 05 = [ (Aws+ wy)wg
D D

= (T wg, w) + (T wg, wg) — /D Vsl — K lwg2dz (35)

Therefore,
(T6.0) = ¥ [ (n=1l6 +ugf
B /D [Vwg|* — k?lwg|® + (T wg, we) + (T~ wg, wg)  (36)

Thanks to the non-negative sign of the imaginary part of 7% and the assumption Im (n) > 0 we deduce
that

Im (T¢,p) = kQ/DIm(n)|w¢ + ¢ + Im{(TTwy,wy) + Im (T wy,wy) > 0. (37)

Define Tg : L?(D) — L*(D) by

To¢ := k*(ng — 1)¢. (38)
Clearly, T (respectively —Ty) is self-adjoint and coercive. Moreover, T; = T — Ty satisfies, T1¢ =
k%(1 —n)wy + k?(ng — Ren)¢. The application ¢ — wy is continuous from L?(D) into H?(D) and since for
¢ € Hine(D), Ap + k?¢ = 0 in D, the application that ¢ — ¢|o is continuous from Hi,.(D) into H?(O).
Therefore, the operator Tq : Hi,.(D) — L?(D) is compact thanks to the Rellich compact embedding
theorem.

Assume that ¢ € Hinc(D) and T = k?(n — 1)(¢ + wg) = 0. This implies that wg = 0 by uniqueness of
solutions to problem (10) with n = 1.
If we assume that in addition (n —1)~! € L>°(D). Then T'¢ = 0 also implies ¢ +wy = 0 in D and therefore
¢ =0.
The injectivity of T is remains true if Assumption 3.2 holds. With ¢ € Hj,.(D) verifying A¢ + k%¢ = 0 in
D we get that u := ¢ +wg and v := ¢ are such that u —v € HZ(D) and satisfy the interior transmission
problem (23) with ¢ = ¢ = 0. We then deduce that v = v = 0. This concludes the proof of the injectivity
of the operator T. O

Lemma 3.7. Assume that Assumptions (2.1) and (3.2) hold. Then the operators N* are injective with
dense ranges.

Proof. The injectivity and the denseness of the ranges of N* directly follow from the same properties
satisfied by H* (Lemma 3.3) and G* (Theorem 3.5). O

4 Application to Sampling methods

We shall provide here the theoretical justifications of three sampling methods : the Linear Sampling Method,
the Factorization Method and the Generalized Linear Sampling Method, to reconstruct the domain D from
one of the near field operators N*. These justifications are mainly a direct application of the results of the
previous section and the abstract theoretical framework of these methods that is recalled in the appendix.
This section is preparatory to the next section where we propose a new algorithm capable of reconstructing
directly the domain w from N*.
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4.1 The Linear Sampling Method (LSM)

We give here the classical justification for the use of so-called Linear Sampling Method (LSM). This jus-
tification is a consequence of Theorem 3.5 and the Lemma 3.3. Since the operator H* is compact, the
characterization of D in terms of the range of G* in Theorem 3.5 does not imply a similar characterization
in terms of the range of N*. However one can deduce the following.

Theorem 4.1. Assume that Assumptions (2.1) and (3.2) hold. Then:

e Ifz € D then there exists a sequence aX (z) € £2(Z3~1) such that lin% INE (0t (2)) — E(; 2)|l2(za-1y =
a—

0 and lim [|H*ag (2)||22(p) < oo

e Ifz ¢ D then for all at(z) € £?(Z%~1Y) such that lim0 IN®(at(z)) — @i(-;z)sz(del) — 0,
a—
; + k —
lim [H=0Z (2) 2 ) = 0.
Proof. The proof is classical but we give it here for the reader’s convenience.
If z € D then let f € Hine(D) be such that G f = ®*(-; 2) which exists by Theorem 3.5. From Lemma
3.3 there exists a sequence a? € (?(Z4~1) such that H*a2 — f as a — 0, and the first statement follows

from the fact that N* = G* H*. R
Let z ¢ D and aX(z) € ¢*(Z%') be such that lin%HNiaf(z) — ®%(:;2)||p2(za-1) — 0. Assume that
a—

[H*ak (2)| 12(p) is bounded as o — 0. We can assume that H*aZ (z) weakly converges to some f € Hine(D).

Since G* H* = N* then we get as a — 0, G¥f = <i>i(-;z) which contradicts the last part of Theorem

3.5. O
This theorem does not indicate how to construct the sequence aX(z) when z € D. In practice one relies

on the use of Tikhonov regularization and considers a(z) € £2(Z9~1) satisfying
(o (N¥)"NF) G () = (V)" (B%(52)) - (39)

Since N* has dense range, (l;mO INTat(z)— (- 2) |¢2(z4-1) = 0. However, one cannot guarantee in general
that lin%J |HEaE (2)||12(p) < o0 if z € D. In addition, one cannot compute |H*aZ (2)||r2(p) since D is not
a—

known. In practice one uses z — ||aX (2)]| ¢2(z4-1) as an indicator function for D. A possible method to fix
the Tikhonov regularization parameter « in (39) is to use the Morozov discrepancy principle. Assume that
N#:9 is the noisy operator corresponding to noisy measurements, i.e

INE2 - NE|| < 0.
Then for each sampling point z, the parameter « is chosen such that
IN2az (2) = 85 (5 2)lle2 za-1) = Sllag (2)lle2 a1y

This leads to a nonlinear equation that determines « in terms of the noise level § [16].

4.2 The Factorization Method

We here proceed with the justification of the Factorization method that has been introduced in [23] and
that was applied in a number of papers to various configurations [2,3,7,14,18,19,21,24-29,33]. Our setting
is similar to the case of guided waves that has been treated in [8] or the case of periodic media in [30] where
the half space problem was considered. We include the analysis of this method here since we shall prove
the counterpart for a single Floquet-Bloch mode later. Let us define the operator

N7 := |Re (NF)| + [Im (N*)| (40)

where Re (NT) := 1 (N* + (N*)*), Im (N*):= L (N* — (N*)*). Then we have the following theorem:

1
2 2i

11



Theorem 4.2. Under the hypothesis of Lemma 3.6, the following factorization holds:

Ny = (HF)" Ty H*, (41)
where T;t : L*(D) — L*(D) is self-adjoint and coercive on Hiy.(D). Moreover, z € D if and only if
5 (52) € R ((NF)V2).

Proof. The proof of this theorem is a direct application of the abstract framework given in Theorem A.2
using the results of Lemma 3.6 and Lemma 4.3 below. O

Lemma 4.3. For z € Qp, 2 € D if and only if &Ji(; z) belongs to the range of (H*)*.

Proof. For z € D choose a cut-off function p € C*°(€2,) which vanishes near z and equals one in Q;\ D. We
define v(z) := p(z)G ... Then the Rayleigh sequence of v(x) are ®*(+; 2). We observe that f := —(Av+k?v)
has compact support in D and f € L?(D). Since v satisfies the Rayleigh radiation condition, then

o) = [ Gute =) fw)a. (12)
We hence have from expansion (12) and the fact the Rayleigh sequences of v and ®(-; z) are identical that
B*(52) = (H)"S.

We now assume that z ¢ D (without loss of generality we can assume that D U {z} C Q%) and dE(z) =
(H*E)* f for some f € L*(D). We also consider v which is defined by (42). Since ®(;z) and v satisfies the
Rayleigh radiation condition then ®(-;z) = v in domain +z4; > h. By unique continuation principal we
deduce that ®(+; z) = v in the exterior of D U {z}. This gives a contradiction since v is smooth near z but
®(-; 2) is singular at z. O

We can also reformulate the second part of Theorem 4.2 by using Picard’s criterion: z € D if and only

if the series )

(@ (52), W) ey
Ain

>

m=1

(43)

converges, where {\* W%} is the eigensystem of the self-adjoint and positive defined N;t. This criterion

can also be used in the numerical implementation of the factorization method with a suitable choice of the
cut-off parameter with respect to the noise level. One can also rely on the use of Tikhonov regularization
as explained above for the linear sampling method.

4.3 The Generalized Linear Sampling Method (GLSM)

This section is dedicated to the third family of sampling methods that has been introduced in the literature
[4,6,11] and that somehow combines the benefits from the two previously presented sampling methods. The
GLSM constructs a nearby solution as predicted by the LSM theorem by considering minimizing sequences
of a cost functional with data fidelity the LSM residual and a penalty term the norm of the Herglotz
function. The latter is constructed exploiting the factorization method. The first advantage of the GLSM
is indeed to have a more convincing theoretical justification than LSM. Compared to the factorization
method, the GLSM keep the link with the so-called interior transmission problem as for LSM which will
be exploited later for the design of the new imaging functional capable of directly identifying a defect in a
periodic background. We here restrict ourselves to the simplest version of GLSM that exploits “symmetric
factorizations” of the data operator. For the treatment of other type of factorizations we refer the reader
to [4].

12



We first present the noise free version of GLSM. We denote by (-,-) the £2(Z4~1) scalar product and
by |.]| the associated norm. Let a > 0 be a given parameter and ¢ € £2(Z%!). We introduce functional
Jo(;) 1 2(Z971) — R where

JE(¢r0) = a(Nfa,a) + |[NFa - ¢||*, Vae Pz, (44)

and define

. L . 4+ .

Ja (d)) T aGZZI?Zfdfl) Ja ((bv CL). (45)
Let ¢(a)) > 0 be such that ¢(a)/a — 0 as o — 0.

Theorem 4.4. Assume that Assumptions 2.1, 8.2 and the hypothesis of Lemma 3.6 hold. Let z € Qp; and
define aiG(z) € (2(Z4=1Y) such that

TE@®(52)105,6(2)) < Ja(@F(52)) + (o). (46)
Then z € D if and only if OIZLII%)(Ngtai:’G(z),aiG(z)) < 00. Moreover, if z € D then HiaiG(z) — v(;2)

in L?(D) where (u(-;z),v(:;2)) € L?*(D) x L?(D) is the solution of problem (23) with ¢ = ®(-;2) and
¢ =09(-;2)/0v on OD.

Proof. The proof of this theorem is a direct application of the abstract framework given in Theorem A.4 in
combination with Theorem A.2 O

For the case with noise in the operators, one has to change the functional JF. More precisely, consider
the noisy operators N9 : ¢2(Z4=1) — ¢2(74=1) and N;té 27971 — 02(Z971) such that

S §
INF? — N¥|| < §IN®|and [IN7" = N || < 6|IN;"), (47)

for some ¢ > 0 and assume that the operators N*% and N;HS are compact. We then consider for o > 0 and
® > 0 the functional J(¢;-) : £2(Z4') — R defined by

s _ 5 2 _
JES($ra) = a (NFa,0) + 60 INE | al*) + [N=Fa = o]*, ¥ae @), (48)

with 0 <7 < 1 a fixed parameter. Then we have the following result:

Theorem 4.5. Assume that Assumptions 2.1, 3.2 and the assumptions of Lemma 3.6 hold. For z € Qp
denote by aai,é(z) the minimizer of JE°(®%(+;2);-) over £2(Z2~1). Then,

z € D if and only if lin%) lim sup <’(N§[6a§5(z),a§5(z)) + 504_”HN3[6|| ‘
a—=0 550 ’ ’

2
aié(z)H ) < 0.

Moreover, if z € D then lir%limsup |H*TaE s(2) —v(; 2)||L2(py = 0 where (u(-; z),v(-; 2)) € L*(D) x L*(D)
a=0 550 ’

is the solution to problem (23) with ¢ = ®(-;z) and ¥ = 0P(-;2)/0v on OD.

Proof. This is a direct consequence of Theorem A.6. O

We remark that (for numerics) the minimizer aii 5(2) in Theorem 4.5 can be computed as the solution
of
4 — 0 * * 3
(aNG" + ! T[N [T + (NF0) N=0)ag 5(2) = (N50) D5 ( 2). (49)

Unfortunately, there is no a posteriori rule for the choice of the parameter « as for the LSM method. In
practice, one can follow the empirical rule proposed in [6] by taking

a = a(®)/(INF’ (1 +6)) (50)
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where «(9) is the LSM regularization parameter determined by the Morozov principle as indicated in
Section 4.1. The parameter 7 has little incidence on the numerics and can be set to 0. Therefore an
approximate indicator function of the domain D is given by the function

)

4.4 Reconstruction of the periodic domain D, from N*

1

Z 5 s
<(N;t ay 5(2), ay 5(2)) + 0N}

(51)

We here explain how one can reconstruct the periodic background D,, from N* without knowing the refrac-
tive indices n and n, using the same sampling operators as above. To reconstruct D, we do not need the
local perturbation w to be located in only one period but we need to assume that for all z € w there exists
m € Z% 1 such that z + me € Qu \ D. Here and in the following we denote by e one of the vectors L;e;,
i=1,...,d—1 where eq,...,eq is the canonical basis of R¢.

We shall exploit the decomposition of the M L—periodic fundamental solution into L quasi-periodic
fundamental solutions.

Definition 4.6. A function u is called quasi-periodic with parameter € = (£, ,€q—1) and period L =
(L1, -+, Lg—1), with respect to the first d — 1 variables (briefly denoted as £—quasi-periodic with period L)

W+ (L), zq) = S UD(T, xq), VjezZit

We remark from using discrete Floquet-Bloch transform that an M L—periodic function can be de-
composed into the sum of M quasi-periodic functions with period L and quasi-periodicity parameters
oy =2mq/(ML), q€ 73"

u= HMH Z Ug (52)

9€Ziy !
where u, is a;—quasi-periodic with period L. More precisely, for u € L? (Q’M) that is decomposed as
w(T,xq) = Z (], xq)eo# T
jezi—1
where
(g, zq) = [[ML]] /M ] w(T, xq)e # DT,

we define u4 as:

ug(T,vq) = [M] Y i(q+ Mj,zq)el#THMIT,
jezd-1

O(52) = [[M]] Z

qEZM

Writing the decomposition

the functions ®,(-; z) satisfies A®,(;2) + k*®,(+;2) = —J, in Qp and is o, quasi-periodic with period L.
Moreover, _
D, (2 +e)=e P, (2), zecRL

The Rayleigh coefficients &qu(-; z) of ®,4(+; z) are given by

e~ il (q+M O)Z—Py (q+M 0)|24Fh]) if j=q+ M, ez,

St(:.) — J 2[LIB 1(q+M€)
(I)q (]72) - { *

0 if j#q+ Ml Ve 74t
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Lemma 4.7. Assume that Assumptions (2.1) and (3.2) hold. Then Cfflt(,z) belongs to R(GT) if and only
if 2 € Dy.
Proof. Consider first the case z € D, and let (u,4(+;2),v4(;2)) € L*(D) x L*(D) be the solution to the
interior transmission problem (23) with

p(x) = @4(z;2) and P(x) = 0P, (z; 2)/Ov(x) for x € OD. (53)

We then define wg by:
ug(w; 2) —wvg(x;2) in D,
wy(r) = .
D, (x;2) in Qu \ D.

Due to (53), wq € H;E,IOC(QM) and since ®,(-; 2) satisfies A®,(+;2) + k2P, (+;2) = =0, in Qpr \ D, and the
Rayleigh radiation condition (3), then w, satisfies (10). Moreover, we get that ZI;qi(,z) are the Rayleigh
coefficients of w, and consequently GFv,(z;2) = 5;‘3(-; z).

Consider now the case z € Qps \ Dp. Assume that there exists f € Hinc(D) such that GTf = ZISéE(,z)
This implies that w, = ®,(+;2) in {& € Qpr, £x4 > h} where w, is the solution to (10). By the unique
continuation principal we deduce that w, = ®,(+;2) in Qs \ D . Since there exists m € Z4~1 such that
z+me € Qp \ D then ®,(+;2) is not locally H? in Q7 \ D (since ®4(+; 2) is singular at all points z + me).
This contradicts the fact that w is locally H? in Q \ D. O

Lemma 4.8. For z € Qu, z € D, if and only if ‘bi( z) belongs to the range of (H*)*.

Proof. For z € Dy, we choose a cut-off L—periodic function p € C°°(;,) that vanishes in a neighborhood
of z and equals one in Qs \ D,. We define v(x) := p(x)®,(:;2). Then v(z) is ayz—quasi-periodic and the
Rayleigh sequence of v(x) is equal to <I>flt(~; 2). We observe that f := —(Av + k?v) has compact support in
D, and f € L*(D). Since v satisfies the Rayleigh radiation condition and is M L—periodic, then

oa) = [ - )(dy—[[M]]/ @0ty =] [ - 69

Dy

For the first equality we used the fact f is ay—quasi-periodic function and therefore

o(z) = / By(z—y)f)dy =0, Vg €2, ¢ #q (55)

Dy

while for the second equality we simply used f =0 in D\ D,. From the expansion

(p iy (q+MLE)T+iBy (qg+ME)|xq) 56
=301, 2 R (5

and the fact that the Rayleigh sequences of v and ®4(-; z) are identical we obtain that
O (2) = (H*) (M),

q

We now assume that z ¢ D, (without loss of generality we can assume that D, U{z} C Q%) and &\)qi(-; z) =
(H*)* f for some f € L*(D). We also consider v which is defined by (54). Since ®,(+;2) and v satisfies
the Rayleigh radiation condition then ®,(-;z) = v in the domain +x4 > h. By the unique continuation
principle, we deduce that ®,(-; z) = v in the exterior of DU{z+mL}, m € Z%;'. This gives a contradiction
since v is a smooth function in the neighborhood of the points {z +mL}, m € Z%* but ®,(+; 2) is not. O

The previous two results allow us to conclude that one can reconstruct the domain D), using the sampling
methods introduced above by replacing the sampling function ®*(-; z) with (pqi(.; z).

Theorem 4.9. Let q be a fized parameter in Z‘]i\jl. Assume that Assumptions 2.1, 3.2 and the assumptions
of Lemma 3.6 hold. Then Theorems 4.2, 4.4 and 4.5 hold true if D is replaced by D,, and O+ (-; 2) is replaced
by CT%(@ z).
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5 Sampling methods for a single Floquet-Bloch mode

The first step toward the construction of our indicator function of w without the need for a measurement
operator for the background is to construct a sampling operator that would roughly speaking plays the
role of the background sampling operator. A natural candidate for this operator is the one obtained from
the operator H by restricting to single Floquet-Bloch modes. This choice comes from the fact that in the
periodic case, i.e. n = n,, this type of operators have been used to reconstruct the background medium
(see [31]). As we can shall see later, for the case of perturbed periodic media, this operator reconstruct the
background media and the perturbation with periodic copies of period L.

5.1 Near field operator for a fixed Floquet-Bloch mode

We shall present in this section how to define the sampling operator for one fixed Floquet-Bloch mode. Let
a € 2(2471), we define for ¢ € Z4, !, the element a, € ¢2(Z9') by

aq(j) = alq + jM).

We then define the operator I, : £2(Z3~1) — ¢*(Z4~1), which transforms a € (2(Z3~1) to a € £2(Z3~!) such
that
ig=a and ay =0 if ¢#4.

We remark that I?(a) = ag, where I} : (2(Z%~') — (*(Z%') is the dual of the operator I,. The single
Floquet-Bloch mode Herglotz operator H : (2(Z4~') — L*(D) is defined by
Hia:=H*Ta=> a(lu"*(;q+iM)p (57)
J
and the single Floquet-Bloch mode sampling operator NqjE (2071 — 02(Z971) is defined by
Nfa=1I;N*I,a. (58)

We remark that 'Hqia is an oy —quasi-periodic function with period L. The sequence Nqi a corresponds with
the Fourier coefficients of the «;—quasi-periodic component of the scattered field in the decomposition (52).
This operator is then somehow associated with «,—quasi-periodicity.

One immediately see from the factorization N* = (H*)* TH* that the following factorization holds.

Ny = (H7)"TH. (59)

For later use we also define the operator GF : R(Hg) — (2(Z4~?) by

Gy = (Hqi)*ﬂm (60)

where the operator T is defined by (20).

5.2 Some properties of the operators -, N> and G}

We prove in this sections the needed properties in order to establish the theoretical justifications of sampling
methods. This Section is somehow the equivalent of Section 3.2 but for the case single Floquet-Bloch mode
operator. We recall that we make the assumption that

Qs \ D is connected an 982, N D = {) for all m € Z‘i/l_l.
For the support of the perturbation w we assume that

W C Qg
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for some mgy € Z); and
DpNw=10.

The latter assumption is important in many aspects of the following proofs and indeed a main perspective
of the current work is extend our results to the cases D, Nw # (. The first assumption on w is not restrictive
on the size of the perturbation (since one can increase L) but implies for the inverse problem that one has
a priori knowledge on the size of w.
We define for later use the domain

wp 1= U w+mL (61)

d—1
m—mo€Zy,

which is the union of L periodic copies of w. In all the following of this section
q € Z‘fw_l
is a fixed parameter.

Lemma 5.1. The operator ’Hf; defined by (57) is injective and

R(HE) = HL (D):={veL*D), Av+k*=0inD and v|p, is ag—quasi-periodic} (62)

mc

Proof. ”Hf]t is injective since H* is injective and I, is injective. We now prove that (Hqi)* is injective on

H (D). Let ¢ € HY (D) and assume (HF)*(¢) = 0. We define

mc mnc

1
u(x) == (] /D Qy(z —y)p(y)dy .

From the expansion of ®,(z) as in (56) and using the same calculations as for (27) we have that 7*(j) = 0
for all j # g+ M{ and @*(q+ M) = (H*)*(¢)) (¢ + ML) = (HF)*(¢))(¢) = 0. Therefore u has all
Rayleigh coefficients equal 0, which implies that

u=0, for +x4>h.

We now observe that for all y € D, A®,(-;y) + k*®,(;y) = 0 in the complement of D, Uw,. This implies
that
Au+Kku=0 in R*\ {D,Uw,}.

Using a unique continuation argument we infer that v =0 in Q\ D, Uw,. Therefore, u € H? (Dp Uwyp) by
the regularity of volume potentials.
Since ¢|p, and ®, are ay—quasi-periodic functions with period L, then for m & Z‘fvj_l,

u(z) = m /w Q4 (x5 y)(y) dy + /Dprmm Q4(z;y)e(y)dy =€ DpNQyy.

We recall that A®,(+;y) + k*®,(+;y) = —d, in Q. Using in addition the fact that D, Nw = 0, we obtain
for m € 23,
Au(z) + k*u(z) = —p(z) in D, N Q. (63)

Let us set for m — mg € Zﬁl\zl

om(x) = %L yp(z —mL) for x € w+ mL.

Then we have, using the a,—quasi-periodicity of ®,

u(z) !

1
=T Oy (z;9)om(y) dy + 7/ D, (z;9)p(y)dy = €w+mL
[[M]] w+mL D

[M]
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with m —mg € Z‘Ii\/fl. Using again the fact that D, Nw, = 0 and A®,(+;y) + k2P, (+;y) = —d, in Q,,, We get
Au(z) + k*u(z) = —@m in w + mL. (64)
Now define the function ¢ by
¢ = in D, and ¢ = ¢, in w4+ mL.

Clearly
AP+ k?p=0in D, Uw, with m —mg € Zjlw_l.

Since u € HZ(D, U w,) we then have
/ (Au + k*u)p = 0.
D

This implies according to (63) and (64) that

/D o d + [M] / o =0,

P

which implies ¢ = 0 in D, Uw. This proves the injectivity of (H*)* on H{ (D) and hence proves the

mc
Lemma. ]

The following two Lemmas are probably the most important results. They form two of the important
cornerstones for the justification of the GLSM and the differential imaging functional that we shall define
later.

Lemma 5.2. Assume that Assumptions 2.1 and 3.2 hold. Assume in addition that Assumption 2.1 hold
with n = ny,. Then the operator szt : HY (D) — 2(Z71) is injective with dense range.

mc

Proof. We here give the proof of the lemma for the operator Gj{ since the proof for the operator G, is
similar.

Assume that Gf (f) =0 for f € H (D). Let w € H;&(Q}M) be the associated scattered field via (10) and
consider the decomposition w into

1
Y= > e, (65)
where wg is ag —quasi-periodic with period L. We recall that
Aw + Enyw + k*(n — ny)w = k*(n, —n) f + k*(1 —n,) f. (66)

Since (1 — ny,)f is az—quasi-periodic with period L and w C €,,, we obtain that (projecting the latter
equation on the L?(Q,,,) Fourier basis which is o, —quasi-periodic with period L)

Aw, + k*nyw, + B2 (n —np)w =k*(1—n)f in Q. (67)

In particular we have that Aw, +k2wq = 01in Qa \{DpUw,}. Using a similar unique continuation argument
as the one at the beginning of the proof of Lemma 5.1 we deduce that

we=0 in Qu\{DpUuwp}.

This implies in particular (since D, Nw = ) w, € H3(D,) and

Aw, + k*nyw, = k*(1—n,)f in D,
Af+E*f 0 in D,
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Denoting by ITP(n, D, ®) the interior transmission problem (23) with ¢ = ® and ¢ = g—f, assumption 3.2
implies in particular that ITP(n,, D, 0) is well posed. We then obtain that f = 0in D, and wy = 0in D).
On the other hand, using the fact that n, =1 in w we also have w, € Hg(w) and

{ Awg + FPwg+k*(n—1Lw = k*(1—n)f in w. (68)
The fact that w, € HZ(w) gives for instance that
/ (Aw,, + k*w,)0 = 0, (69)

for all 0 € H;po(w) := {6 € L?(w), A + k*0 = 0}. Now, taking the L? scalar product of (68) with 6 we
arrive at

/(kz(l—n)erkz(l—n)w)?:O (70)

for all 6 € H;p.(w). Recall that the solution w of (10) can be represented as
w@) = [ KD+ DBy ey (M)
Since y — ®(z;y) € Hipe(w) for x ¢ w and f =0 in D,,, we then obtain from (70) that
w(z) = /D E*(1 —ny)w(y)®(z;y)dy  for z ¢ w. (72)
Let us define w € H?(w) by
w(z) = /D E*(1—ny)w(y)®(z;y)dy = € w.

Then obviously u = w + f and f satisfy
Au+Ek*nu=0 in w
Af+k2f=0 in w

u—f=w on Ow (73)
ou—f) Oow
0 on Ow
Since
AW+ k*w =0inw
and ITP(n,w,w) is well posed (by Assumption 3.2 and the fact that D, Nw, = () we get that
f=—w and u=0 inw.
We then conclude that w4+ f =0 in w, i.e. w = w in w. This implies for instance that
w(z) = / E* (1 —ny)w(y)®(z;y)dy  for x ¢ Qp (74)
D

P

which means in particular that w is solution to (10) with n = n, and f = 0. We then infer that w = 0 by
uniqueness of the solution to the scattering problem for n = n, (third assumption of our Lemma). This
proves that f = 0 in w and finishes the arguments for the injectivity of the operator Gq+.

19



Using the injectivity we now prove the denseness of the range of Gflt. The proof can be done as in
— 1
Theorem 3.5. Let g € R(G4) . Then

(G;_(f)7g>€2(zd—l) =0, Vf € HinIC(D)'

Consider f of the form f = H{ (a) for some a € (*(Z4~1). Since G} = (H])*T, we then have

(T(H{ (a)), He (9))12(p) = 0, Va € P(Z771), (75)

Let w(a) and w(g) solution to (10) with respect to Hq (a) and Hg (g). From Lemma 3.4 we get

(T @)1 @) ) = F [ (0= D+ wla) W g de

e / (n—1)(Hi g +w(g) Hg da.
D

Therefore,

(T @)1 @), ) = (TG @) (@), Yo @),

L*(D)
We deduce from (75) that

+ F _ 2 7d—1
(G T @) 0, = 0 V€ EE),

which implies G (Hd (9)) = 0. The injectivity of G/ ensure that Hfg = 0 in D and consequently g = 0
(using Lemma 5.1). This proves the denseness of the range of G;‘. O

Before continuing with the characterization of D, U w, in terms of the range of qu let us make the
following simple observations. Let f € Hj,.(D) and let w be the solution of problem (10) associated with
f and consider the decomposition

1
S PPN

d—1
qEZ)y,

as in Lemma 5.2. Let us denote by a®(w) € ¢2(Z%~1) be the Rayleigh sequences of w. Then for fixed ¢

o (we)(a + jM) = a*(w)(q + jM), Vjez™!
et (we)(0) =0, Ve #q+jM.

Therefore,

(and in particular IZ;ISi(-; z) = Ll*ffi(g z2)).

Lemma 5.3. Under the same assumptions as in Lemma 5.2 we have that I;%Qi(-; z) € R(qu) if and only
if 2 € Dy Uwp.

Proof. We recall that %flt(g z) is the Rayleigh sequence of ®,(; z).
Let z € D,. We the consider (uq,v,) solution of ITP(n, D, ®,(-;2)). Let us define

w— 4 %V in D,.
N o, in Qup\ D,

20



Then w € H;lOC(QM) and satisfies the scattering problem (10) with f = v, (remark that v, = —®, in w).
Therefore G*(v,) = Cf)flt(g z). Applying I} to the two sides of the equality we get szt (vg) = IZ@;‘E('; z).

Now let z € w and consider v € Hin(D) is such that G(v) = ®*(+;2) as in Lemma. By construction
* _ xptq . _ yxgdt .
[,G(Mv) = [[M]]IqCI) (52) = 1,05 (- 2) (76)

However the function v ¢ H{ (D) since the function v is constructed such that (u,v) € L?(D) x L?(D) is a
solution of ITP(n, D, ®(+; 2)) and therefore v = —®(-; z) in D, which is not an «,—quasi-periodic function
with period L. We describe in the following how one can construct from v a function o = H{ (D) such
that G (v) = G4(v). We first decompose v|p, into

where vy is o —quasi-periodic function with period L as in 52. Each of the vy is also a folution to
Avg + k*vy =0 in D,,. Remark that for our case vy = @y (-, 2). We set 0 = v — qu. Now consider the

solution w € Hi(Q%) to problem (7) with n replaced by n, and u’ by v. In particular
AW + k2nyd = k*(1 —n,)0 in Qf

with the Rayleigh radiation condition. Using the L*(Q%,) orthogonality of (1—n,)? with a,—quasi-periodic
functions and uniqueness the solution of the scattering problem for we simply get that

W, = 0.

If we denote by a* the Rayleigh sequences associated with @, then the latter ensures that IZ(di) = 0. Now
observe that we can also write the equation for w as

AW+ kb = k2(1 —ny)0 4+ k2 (n, —n)(—w) in QF

and since w N D, = ), we have Aw + k?w = 0 in w. Therefore the function ¢ defined by ¥ = o in D, and
0 = — in w satisfies © € Hiye(D) and

G*(0) = a*t.
Therefore I'G*(9) = 0, (v — 9) € H{, (D) and

* vt ~ * vt
LGT(v—0) =[G (v).

(Remark that if © # 0 then G* (v — ) # G*(v)). Applying this procedure to the v in (76) we obtain that,
[M](v—12) e H! (D) and

mc

Go([M](v —8)) = BE(;2).

Now consider the case where z € w-+mL with m—mg € Z%,'. We recall that (/IS(:;(.; z) = emlaaq @;‘E(-; z—mL).
Therefore, if we consider v € H{ (D) such that G,(v) = I;@jlt(q z —mlL), which is possible by the previous

step since z — mL € w, then . N
Gye™bn0) = T5(BE(52).

We finally consider the case z ¢ D, Uw,. If G4(v) = I;:I;fzt(-; z), then using the same unique continuation
argument as in the proof of Lemma 5.2 we get that w, = @4 in Qp\{DpUw,} where w is the solution of (10)
with f = v and w, is defined by (65). This gives a contradiction since w, is locally H? in Q; \ {D, Uw,})
while ®,4(+; 2) is not. O

The following Lemma allows us to infer some reconstruction results for the domain D, U w, using the
Factorization method but is not important for the differential imaging functional we shall introduce later.
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Lemma 5.4. 1; 0% (-;2) € R((HE)*) if and only if z € Dy Uw,.
Proof. We first consider z € D, Uw,. We define p a C* cut-off function such that
p=1 in Q\D,Uw
p - Wp (77)
p=0 in aneighborhood of {z+mL, m € Z% '}

and p is periodic with period L. We set v := p ®4(; z). Obviously v is a;—quasi-periodic with period L and

7E(j) = DE(js 2).

Moreover, since f := —(Av + k?v) is ay—quasi-periodic and with support in D, Uw, then
1
U= 0 oy, f)®q(z —y)dy
Obviously,
P M) = [ f@)uE g+ M)y,
[M] Jp, e,
We see that

/

since f and u>*(-;¢ + Mj) are a,—quasi-periodic functions with period L. Therefore,

)T (s g + Mj)dy = [M] / F o) TE (s g + Mi)dy

P

. , 1 — . — ,
oE (g + Mj) = i / fy)us*(y; g+ Mj)dy + / fly)ut*(y; q + Myj)dy.
D, w
We then obtain I}5% = I} (H*)*¢ with

g)::{ Mf in D,

f inw.
Therefore R
(Hy)'e = 1,95 (+2)
If z ¢ D, Uwy, using the same unique continuation argument as in the proof of Lemma 5.1 we see that if
(Hff)*go = IZ@?(-; z) then the function defined by

w(x) = /D B — y)ply) dy

verifies wy = @4(+; 2) in 0\ D, Uw,U{z} where w, is defined as in (65). This gives a contradiction since wy is
smooth in a neighborhood of z but ®,(-; z) is singular at z. We then get the contradiction if z ¢ D,Uw,. O

We now end this section with direct applications of the sampling methods that have been introduced
in Section 4 to the case where one uses the operator Nqi. The previous technical results allow us to phrase
theorems related to reconstructing the domain D, Uw,. The first one is related to the factorization method
that employs the operator Ny 4 that we shall define here as

+ . N\
Ny =Ny L
The proof of the following theorem is based on the same arguments as the proof of Theorem 4.2 and is
a consequence of the factorization 59, the properties of the operator T' formulated in Lemma 3.6 and the
technical Lemma 5.4.
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Theorem 5.5. Under the same assumptions of Lemma 3.6 we have that
£ (qEye gt
NE, = (HE)" TF HE, (78)
where T;t : L2(D) — L3(D) is the same as in Theorem 4.2. In particular it is self-adjoint and coercive on
HY (D). Moreover, I!®%(-; 2) € R((Niﬁ)lm) if and only if z € Dp Uw,.

inc 7 TqTq

Proof. The proof of the factorization (78) follows directly from (41). The second part of the theorem follows
from the technical Lemma 5.4 and Theorem A.2. O

‘We remark that we could also have defined Niu as in the definition of N, ﬁi and derived the same results.

However, proving in this way that the middle operator T;t is the same as for Nﬁi would have been less
straightforward.

The second useful corollary is the application of the GLSM algorithm. Indeed the following theorem can
be proved in a similar way as Theorem 4.4 using Theorem 5.5, and the technical Lemmas 5.1, 5.2 and 5.3.

Theorem 5.6. Assume that Assumptions of Lemmas 3.6 and 5.2 hold. Then the results of 4.4 are 4.5 still
true if D is replaced by D, Uw,, the operators HE, GE, N+ and N;E are replaced by the operators HE, G;‘:,

q
Nfzt and Nf;ﬁ respectively and ®F(-; ) is replaced by I;@fl‘:(~; z).

5.3 A new differential imaging functional

We now have all the ingredients to introduce the new differential imaging functional for retrieving the
domain w using the measurement operator Nt or N~. Compared to the algorithm presented in [5] there is
no need here for a measure of the background operator. The latter will be replaced by using the operator
N;‘ (or respectively Nq_) for a fixed q € Z‘X;l. In addition to the assumptions on the geometry that was
made in the previous section we assume that for all z € w there exists m € Z%! such that z+mL € Qu \D.
This means in particular that M > 1 and therefore there is a least one period that does not contain a defect.

We hereafter assume that the hypothesis of Theorems 5.5 and 5.6 are verified. In order to simplify the
notations we only present the results for the operator NT. We obtain exactly the same results by changing
the exponent + with the exponent —. We then consider for ¢ and a in £2(Z%1) the cost functionals

J&(9,a) == a(Nfa,a) + [N*a - ¢,

T + o ol (79)
Ja,q(d)a Cl) = Oé(Nq’ﬁCL, Cl) + HNq a— ¢H .
We remark that we also have
I3 4(6,0) = a(Nf1ya,1,a) + |[NFa — ¢||*.
Let a®*, ag"* and ag® be in {(Z971) verifying
Ja @520 < mf | JH@F(52),a) + @)
JJ(@;;E(-; z),as*) < inf J;r@qi(-; z),a) + c¢(a) (80)

7T ger(za)

TGO (.3 € it T G8E(52).0) + (o)

with % — 0 as @ — 0. We then consider the following imaging functional to characterize w:

—1
(N+aa,27 aa,z)

Z+ — N+ o,z o,z 1 # 81

(e% (Z) (( f a , @ ) ( + D+(ag,27&?,2) ( )

where for a and b in ¢2(Z91),

D*(a,b) == (N;(a —1,b), (a — Iqb)) .
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Theorem 5.7. Under the assumptions of Theorem 5.6, we have that

z € w if and only if lin%I;f(z) > 0.
a—r

Proof. If z ¢ D then from Theorem 4.4 applied to N we get that (N;aa’z,aa’z) — +o00 as @« — 0 and
therefore lim0 Zo(z) =0.
a—

If z € D,, we remark that according to Theorems 4.9 and 5.6, when o — 0, the sequences ’H*ag"z and
HFa%* respectively converge in L?(D) to v € Hine(D) and @ € H{. (D) such that

mc

G(v) = Bf (+12) and Gy(v) = LOF (- 2).

According to the proof of Theorem 3.5 and Lemma 5.3, the functions v and ¢ are solutions to ITP(n, D, ®,(-; z))
and therefore are the same. From the factorization of N;‘ and the definition of ’H; we get

#) = (Ty(HTag® = HFag?), Hag® — Hlag?)

and therefore

DT (ag?,ay?) < |Tyll|H ag? = HFag*|72p = 0, asa—0.

From Theorem 4.4, (Nya®?,a™?) converges as o« — 0 to (Tyvg,v9) < 0o where vy # 0 is the solution of
G(vog) = @1 (;2). We then conclude that

iig%)li(z)infzer.

Finally, if z € w then again by Theorem 4.4, (Nya™?,a%?*) < +o00 converges as o — 0 to (Tyvg,vg) < 00
where vy # 0 is the solution of G(vg) = @ (; z). However,

D*‘(a&‘“’z7 ag®) — o0, a—0

since by Theorem 4.9 (N&"ag"z,ag"z) — 400 while (N;qu?’z,lng’z) — (T,0) < +oo where ¥ € H{!

lnC(D)
is such that G,(v) = I;ZI;;‘(-; z). Therefore,

lim Zf (2) #0if z € w

a—0
and the Theorem is proved. O

Let us conclude this section by indicating that indeed, following Theorem 4.5 in the case of noisy
measurements, one has to redefine the functionals J and J  as

JE3(0,0) == a (NP0, @) + 60N [[lal|?) + [N*a — |,

(82)
)6 - )
JES(0.) = o (N] Ty, T,a) + 50N la]]2) + |NF 0 — o]
where 7 < 1 is a fixed positive parameter and ¢ the relative noise level. We then consider ag™, ag’s and
G, in ¢(Z4~1) as the minimizers of respectively
TN@ (5 2),a), JEY(BF(52),a) and JE2(DF (+2),a).
We define the indicator function in the noisy case as
G5 V)
Oas’
IH(z) = [ G7°(a5") | 1+ mr5at=am (83)
) D+75(aq7’5 7aq775 )
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where for a and b in ¢2(Z91),
D+ (a,b) = (N;"s(a —1,b), (a — Iqb)>

and

G™(a) == (N} °a,a) + 50~ "N a]|*.

Then following the lines of the previous proof one can prove (thanks to Theorem 4.5 and equivalent version
for NT)
q

Theorem 5.8. Under the assumptions of Theorem 5.6, we have that

z € w if and only if lir% lign iglfl'i"s(z) > 0.
a— —

6 Validating Numerical Experiments

We here give some numerical examples for testing the sampling methods introduced in Section 4 and the
sampling method using a single Floquet-Bloch mode introduced in Section 5. We only consider here two
dimensional examples. In order to obtain the data for the inverse problem, we consider N;j,. incident down-
to-up or up-to-down plane-waves given by formula (13) or (14). The synthetic data has been generated
by solving the forward scattering problem using the spectral discretization scheme of the volume integral
formulation of the problem presented in [20].

We denote by

28 = {j=q+ Mt qe 2%, €€ 2% and £ € [~ Npin, Nonaz]}

mc

the set of indices for the incident waves (which is also the set of indices for measured Rayleigh coefficients).
The values of all parameters will be indicated below. The discrete version of the operators N* are given by
the matrices of size Njpe X Nine,
~+
N* = (us l; g ) . 84
), o (84

inc

We add some noise to the data as:

N=9(4,0) .= N*(j,0) (1 + 6A(j,0), VY(j,0) € 28! x 78} (85)

mc mc

where A = (A(4,%))N,,.xN,,. is a matrix of uniform complex random variables with real and imaginary
parts in [—1,1]? and § > 0 is the noise level. We use in all following examples § = 1%.

]
Let aiG(z) € (%(Z%71) be solution of (49) with the parameter  defined in (50). We define

I8P (2) =

5 3
[(N;"af 6(2),af ()| + 81N, lllaf o (2)12

IE}LSM(Z) _

~— = — | =

B

-5 — — —
|(Nﬁ aa,G(z)’aa,G(z) ||aa,G(Z)||2

and the indicator function
TOISM () 1= ZGLSM () | TOLSM ()
that we shall use later.
aqclz) € ?%(Z4=1) be defined similar to ai:’G(z) with ®+(-;z) is replaced by
<T>,=;(.; z). We then similarly define Z$%™9(2) and then ZGHSMa(z)

Let q € Z‘}Vfl. Let aF

In addition to the indicator function Z+9(2) defined by (83) and the similarly defined indicator function
T9(2), we also define
To(2) :==TT(2) + IT7°(2).
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Example 1:

In the first example, we restrict ourselves to a simple setting for the geometry represented in the left of
Figure 2. The background geometry D, is constituted by discs of radii 71, ro and the geometry of the
perturbation is a disc of radius r,,. The physical parameters are set as

k=m/3.14, n, =2in D, and n=4in w. (86)
Set A\ := 27/k as the wavelength. Then the geometrical parameters are
L=x\ h=15) r =02\, ro =0.3)\ and 7, = 0.2)\. (87)

The coordinate system is chosen such that the center of one disc of D, is (0,0.8)\) and the center of w is
(1.2X, A). Finally we choose as parameters for the discrete model

M =2, Npin =5 and Nyaz = 5. (88)

Figure 2-right shows the reconstruction of the domain D. The reconstruction of the domain w is given in
Figure 3-left where one observes that it is indeed isolated from the background structure. In this example
we observe that the defect could have been identified using 2-right and 3-right that corresponds to the
reconstruction of the background geometry.

Figure 2: Left: The exact geometry for Example 1. Right: the reconstruction of this domain using z —
IGLSM ( Z)

26



Figure 3: Exact geometry is given in Figure 2. Left: The reconstruction of the local perturbation using
2+ T°(2). Right: the reconstruction of periodic background using z +— ZG*SMa(z) with ¢ = 1.

Example 2.

In this example we consider a more complicated background geometry as depicted in Figure 4-left. The
physical parameters and the parameters for collecting the data are the same as in the previous example.
The geometry of the perturbation is also the same. We observe that simultaneous reconstruction of the
background and the perturbation as given in Figure 4-right does not allow to have a clear identification of
the defect, even if a combination with Figure 5-right is used. However, the reconstruction of the geometry
of the perturbation using the differential indicator function as shown in Figure 5-left still provides a similar
accuracy as in the first example.

Figure 4: Left: The exact geometry for Example 2. Right: the reconstruction of this domain using z
7GLSM ( Z)
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Figure 5: Exact geometry is given in Figure 4. Left: The reconstruction of the local perturbation using
2~ Z%(z). Right: the reconstruction of periodic background using z + ZGSMa(2) with ¢ = 1.

A Abstract theoretical foundations of the sampling methods

We summarize in this appendix the main theoretical results of the literature that allows us to establish
the sampling methods for the locally perturbed periodic domains. We here follow the formulations of the
theorems as given in [11] with obvious simplifications in the case of Hilbert spaces which is sufficient for our
problem.

A.1 Main theorem for the F; method

This method is one of two versions of the Factorization method, which was introduced by A.Kirsch in [24] and
detailed in [25]. Consider a separable Hilbert space X and an operator N : X — X such that factorization

N = (H)*TH (89)

where H : X — Y and T : Y — Y are bounded operators and Y is also a separable Hilbert space. In the
following we shall denote by (-, ) the scalar product and by || - || the associated norm in X and use the same
notation for Y since there is no risk of confusion.

We first make the following assumption on the operator T.

Assumption A.1. We assume that operator T :' Y — Y satisfies
Im (Tp,¢) 20 or Im(Tp,p) <0 (90)

for all p € R(H), ReT =T+ C where C is compact on R(H) and

(Top,¢) > all¢|? (91)

for all o € R(H) and some « > 0. Moreover, we assume that one of the following assumptions holds:

(i) T is injective on R(H);
(ii) Tm (T) is injective on R(H) Nker Re T.
Define the opertaor Ny as
Ny = %\N+N*| + %|N - N*|.

Then the main theorem for the factorization method can be formulated as:
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Theorem A.2. Let N be given by (89) and assume that H : X — 'Y is compact and injective and that T

satisfies Assumption A.1. Then
N, = (H)"TyH (92)

where Ty : Y =Y is self-adjoint and satisfies the coercivity property on R(H)

(Typ, ) 2 ellol® Vo € R(H).
Moreover, the ranges R((H)*) and R((Ny)'/2) coincide.

A.2 Theoretical foundations of GLSM

This method has been introduced in [4,6] and we provide here the main theorems that are used in our
case. They are mainly extracted from [5,11]. We consider two separable Hilbert spaces X and Y (as in the
previous section) and two operators Let N : X — X and B : X — X which have the following factorizations

N=GH and B=(H)"TyH. (93)

where H: X - Y and T : Y — Y are bounded operators and where

G:RMH)— X

is also bounded. We consider first the GLSM for noisy free operators. Let a > 0 be a given parameter and
¢ € X. We define the functional J,(¢; ) : X — R by

Jo($;0) := a|(Ba,a)| + |[Na — ¢||° Vae X (94)
and set
Jal9) = inf Ja(¢59). (95)
The first main theorem for GLSM is the following:
Theorem A.3. Assume that
o G is compact and N has dense range.

o Ty satisfies the coercivity property
2
[(Tye, 0)| > wllell” Vo eR(H), (96)

where (1 > 0 is a constant independent of ¢. Let c(a) such that c(a)/a — 0 as o — 0 and ¢ € X, an
element a, € X such that

Ja(95aa) < ja(@) + c(a). (97)
Then the following holds.

o If ¢ € R(G) then limsup |(Ba,a)| < oo.
a—0

o If ¢ ¢ R(G) then limi(r)lf |(Ba, a)| = occ.
a—
In the previous theorem nothing is said on the convergence or not of (Ba,a). The latter is possible if
the operator T} is seladjoint (meaning that B is also selfadjoint).

Theorem A.4. We assume, in addition to the hypothesis of Theorem A.3, that N is injective and that Ty
is selfadjoint. Consider for a >0 and ¢ € X, ao € X such that

Ja(¢;aa) < ja(9) + (@) (98)

where €2 5 0 as o — 0. Then ¢ € R(G) if and only if lirnO(Baa,aa) < 00. Moreover, in the case ¢ = G,
a—r

«
the sequence Ha, strongly converges to ¢ in'Y as a goes to zero.
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Remark A.5. In the case B = F', one can avoid the extra assumption on the operator Ty in Theorem A.4
by replacing the cost functional J, with

Ja(¢39) == a|(Ng,g)| + o' "|(Ng — ¢,9)| + |[Ng — ¢||> Vg€ X, (99)

with n €]0, 1] being a fixed parameter. This type of functional is more suited for the case of limited aperture
data which is not considered in our case.

We now state the RGLSM theorem for the case of noisy data. More precisely, we shall assume that one
has access to two noisy operators B® and N? such that

IN°~N|| <6 and ||B°-B| <6

for some § > 0. We also assume that the operators B, B’ N° and N are compact. We then consider for
a>0and ¢ € X* the functional J(¢;-) : X — R defined by

Jg(<b; a) = a(|(B6a,a)\ + da " ||a||2) + HN‘sa — ¢H2 Vae X, (100)

where 17 < 1 is a fixed positive parameter.

Theorem A.6. Assume that the assumptions of Theorem A.4 hold. Let al be the minimizer of J3(¢;)
(defined by (100)) for « > 0, § > 0 and ¢ € X*. Then ¢ € R(G) if and only if 1111% limsup |(B%a%, ad)| +
a=0 50

a? o

da " ||ai“2 < 00. Moreover, in the case ¢ = Gy, lim limsup |Haqs — || = 0.
a=0 50

Remark A.7. If B? is a positive selfadjoint operator one can directly compute the minimizer a9, of J3(¢; )
(defined by (100)) for & > 0, 6 > 0 and ¢ € X* as the solution of

(aB® + adl + (N°)*N%)al = (N%)*¢. (101)
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