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Tight Bounds for Coalescing-Branching Random Walks on Regular Graphs

Petra Berenbrink*!

Abstract

A Coalescing-Branching Random Walk (CoBRA) is a natu-
ral extension to the standard random walk on a graph. The
process starts with one pebble at an arbitrary node. In each
round of the process every pebble splits into k£ pebbles, which
are sent to k random neighbors. At the end of the round all
pebbles at the same node coalesce into a single pebble. The
process is also similar to randomized rumor spreading, with
each informed node pushing the rumor to k£ random neigh-
bors each time it receives a copy of the rumor. Besides its
mathematical interest, this process is relevant as an infor-
mation dissemination primitive and a basic model for the
spread of epidemics.

We study the cover time of CoBRrA walks, which is
the time until each node has seen at least one pebble. Our
main result is a bound of O (¢~ 'logn) rounds with high
probability on the cover time of a CoOBRA walk with £ = 2
on any regular graph with n nodes and conductance ¢. This
bound improves upon all previous bounds in terms of graph
expansion parameters (Dutta et al. [13], Mitzenmacher et al.
[27], Cooper et al. [8, 9]).
any connected regular graph the cover time is O (nlogn)

Moreover, we show that for

with high probability, independently of the expansion. Both
bounds are asymptotically tight.

Since our bounds coincide with the worst-case time
bounds for PusH rumor spreading on regular graphs until
all nodes are informed, this raises the question whether
CoBRra walks and PusH rumor spreading perform similarly
in general. We answer this negatively by separating the cover
time of CoBRrA walks and the rumor spreading time of Pusu
by a super-polylogarithmic factor on a family of tree-like
regular graphs.

1 Introduction

A Coalescing-Branching Random Walk with branching
factor k, also called k-COBRA walk, is a generalization
of the simple random walk on a graph and was intro-
duced by Dutta et al. [12, 13]. The process starts with
one particle on an arbitrary node of a connected graph.
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At the beginning of each round, every particle splits
into k parts which move independently to a randomly
chosen neighbor (branching). Particles that arrive at
a node during the same round merge into one particle,
such that there is at most one particle on each node after
that round (coalescing). Note that a branching factor
of k =1 gives the standard random walk on graphs.

Random walks and their variants are a natural
choice for processes that spread information in networks
in a simple and robust manner. In particular, random
walk particles are stateless and spread information with-
out knowledge about the global network topology. A
standard random walk takes polynomial time to dissem-
inate information from one to all nodes (cover time).
In particular, on any connected graph of n nodes it
needs at least 2 (nlogn) rounds in expectation. In the
worst case, this number can become quadratic on reg-
ular graphs [24] and cubic on non-regular graphs [17].
One way to speed up the cover time is the use of parallel
random walks, where multiple particles start from the
same source and perform independent random walks.
On many graphs, this leads to a speedup that equals
the number of particles [15]. COBRA walks represent
another natural idea to speed up the cover time. In
contrast to parallel random walks, the number of ac-
tive particles in COBRA walks changes during the pro-
cess. This allows COBRA walks to “adapt” to the graph
topology and limits the number of neighbors contacted
by any one node during a round. However, complex de-
pendencies arise between the particles’ positions, which
complicates their analysis.

Another process that is closely related to CoOBRA
walks is randomized rumor spreading [19, 25]. Here, a
rumor is planted on an arbitrary node of the graph.
In the simplest protocol, the so-called PUSH rumor
spreading, every node that has learned the rumor
pushes the rumor to a randomly chosen neighbor in
each round. Notice the similarity to k-CoOBRA walks,
which can be seen as pushing the rumor to k& randomly
chosen neighbors instead of one. However, unlike in
rumor spreading, where a node pushes the rumor in
every round after it gets informed, in CoBRA walks
a node pushes the rumor only if it received (a copy
of) the rumor by one of its neighbors in the previous
round. It is immediate that the rumor spreading time



of PUSH, i.e., the number of rounds before all nodes are
informed, is at most & times larger than the cover time of
CoBRraA walks. In particular, for constant k, the rumor
spreading time of PUSH is asymptotically a lower bound
on the cover time of COBRA walks. However, COBRA
walks require potentially fewer messages.

CoBRrA walks are also relevant to modeling the
spread of epidemic diseases. In particular, the dual pro-
cess of a k-COBRA walk, called the biased infection with
persistent source process, or k-BIPS, was introduced by
Cooper et al. [8]. Tt is a discrete epidemic process of
the susceptible infected susceptible (SIS) type. In the
k-Bi1ps process, there is a persistent source of the virus,
which remains infected at all times. In each round, ev-
ery node (infected or not) samples k random neighbors.
If some of these neighbors are infected, u becomes in-
fected at the end of the round. Any node (except for
the persistent source) which did not sample an infected
node will become uninfected at the end of the round. As
noted in [8], a similar process has been used to model
the spread of the BVDV (Bovine Viral Diarrhea Virus)
in animals [23]. It was shown in [8] that the time to
infect the whole graph in the k-BIPS process is of the
same order as the cover time of the k-CoBRA walk.

Several recent papers have been devoted to the
analysis of the cover time of 2-CoBRA walks. Dutta
et al. [12, 13] showed an O(log®n) bound that holds
w.h.p. (with high probability') for regular constant-
degree graphs with sufficiently high expansion parame-
ters. They also provided tight bounds for the complete
graph, trees, and the d-dimensional grid. Mitzenmacher
et al. [27] gave a w.h.p. bound of O(d* - ¢~2 - log’n)
for d-regular graphs with conductance ¢, and gen-
eral bounds of O (n?>~*/?.logn) for d-regular graphs
and O (n11/4 -log n) for non-regular graphs. The last
two bounds show that COBRA walks beat the cor-
responding © (n?) and © (n®) worst-case cover time
of random walks [17, 24]. Cooper et al. [8] showed
that the cover time on d-regular graphs is bounded by
O((l — )\)7‘3 - log n) w.h.p., where 1 — X is the absolute
spectral gap of the graph’s random walk matrix. Very
recently, Cooper et al. [9] complemented this result by a
bound of O ((d* 4+ d/(1 — X)) - logn). They also proved
a bound of O(m+ A?-logn) w.h.p. for arbitrary graphs
with m edges and maximum degree A. Both [8, 9] base
their analysis on the duality between the k-COBRA pro-
cess and the k-BIPS process, while earlier papers use
techniques from the analysis of parallel random walks.

Despite the intense research on the problem, no
general tight bounds are known so far for the cover

TThe expression with high probability refers to a probability of
1—n—20),

time of COBRA walks. This is in contrast to the rumor
spreading process, for which tight upper bounds are
known in terms of various expansion measures [20, 21],
and a tight upper bound of O (nlogn) is known to hold
for all graphs [19].

Contribution. In this paper, we provide the first tight
bounds for the cover time of COBRA walks on general
regular graphs. Our first main result is the following:

THEOREM 1.1. For any connected reqular graph G with
n nodes and conductance ¢, the cover time of a 2-
CoBRA walk on G is O (¢_1 -log n) w.h.p.

This result improves all previous bounds on regular
graphs in terms of expansion: the O(d4 S92 log2 n)
bound in [27], the O((1 — PV logn) bound in [8],
and the O ((d* + d/(1 — X)) -logn) bound in [9]. Note
that ¢ is an upper bound on 1 — A, but the latter can
be much smaller than ¢. It is A = max{ )y, |\4|},
where )\; is the ith largest eigenvalue of the random
walk transition matrix on GG. The well-known Cheeger’s
inequality states that (1—X2)/2 < ¢ < 1/2(1 — Ag), thus
1 — A9 can be up to quadratic in ¢. However, 1 — |A\4]
can be even smaller than that. For example, in regular
bipartite expanders, ¢ is lower bounded by a positive
constant, while \; = —1 and, thus, 1 — A = 0.

The bound of Theorem 1.1 is tight since there are d-
regular graphs with diameter (2 ((;5’1 - log n) for a wide
range of parameters d and ¢ [6]. We note that it is not
possible to show an O (¢! -logn) upper bound for 2-
CoBRrA walks for non-regular graphs; the n-node star
graph has conductance ¢ = 1, but the expected cover
time is © (nlogn).

Our second result is a general upper bound that
applies to all n-node regular graphs, independently of
their expansion.

THEOREM 1.2. For any connected reqular graph G with
n nodes, the cover time of a 2-COBRA walk on G is
O (nlogn) w.h.p.

This result improves the previous bounds of
O (n?>~Ylogn) for d-regular graphs [27], and the re-
cent O (n*logn) bound which however applies also to
non-regular graphs [9]. Our bound is tight, as demon-
strated by the example of an n-node graph obtained by
two cliques of size n/2, by removing one of the edges
in each clique, and adding two new edges between the
cliques such that the graph remains regular. It is an
intriguing open problem whether the O (nlogn) bound
holds also for non-regular graphs.

Our bounds in Theorems 1.1 and 1.2 coincide with
the worst-case time bounds for PUSH rumor spreading



on regular graphs until all nodes are informed. This
raises the question whether COBRA walks and PusH
rumor spreading perform similarly in general. We
answer this question negatively, by showing that the
rumor spreading time of PUSH is smaller by a super-
polylogarithmic factor than the cover time of a COBRA
walk on a family of tree-like regular graphs.

THEOREM 1.3. There is a d-regular graph G with n
nodes and d = 2vioenloglogn —ych that the rumor
spreading time of PUSH on G is O (dlogn) w.h.p., while
the expected cover time of a 2-COBRA walk on G is
d - 29(Vlogn/loglogn)

Techniques. We summarize our main techniques for
the proof of Theorems 1.1 and 1.2. Our analysis
exploits the duality between COBRA walks and the Biprs
process [8], which allows us to analyze the infection time
of Bips instead of the cover time of COBRA walks.

The proof of Theorem 1.1 is conceptually similar
to the analysis for the O ((b’l log n) bound for rumor
spreading [20], but with some important differences.
Both the analysis of rumor spreading and the analysis
of Birs look at the expected per round change in
the number of informed nodes and infected nodes,
respectively. This expectation is then bounded in terms
of the conductance. However, for rumor spreading
it is straightforward to see that the expected number
of informed nodes increases by a factor of 1 + ¢(S5)
(until informing half of the graph), where ¢(S) is the
conductance of the set S of currently informed nodes.
For Bi1ps this is not the case: We show that the expected
number of informed nodes increases by a factor of 1+ ¢,
where ¢ is the minimum graph conductance. To show
this bound we relate the conductance ¢(I) of the current
set I of infected nodes to that of a different set, I’.
The set I’ is obtained by an iterative process of adding
to I nodes from V \ I with many neighbors in I. A
second difference is that the above mentioned increase
by a factor of 1 4+ ¢ is not maintained until half of the
graph is infected; the expected increase starts dropping
from around the point when n/3 nodes are infected
until n/2 are infected (see Figure 1). Another difference
compared to the rumor spreading analysis is that Bips is
a non-progressive process, such that it is naturally more
difficult to bound its evolution. To cope with this we
prove our own set, of Chernoff-like bounds for stochastic
processes.

To prove Theorem 1.2, roughly speaking, we show
the following: If the size of the cut between infected and
uninfected nodes is 2 (d), then the expected increase
in the number of infected nodes in a round of BIPS is
Q (1) (under certain assumptions). If there are fewer,
say ad edges (for a small, possibly sub-constant o > 0),

we show that in expectation it takes at least 1/a?
rounds before some of the nodes in I become uninfected,
while within 1/« rounds the number of infected nodes
increases by Q (1/«). It follows that we have an increase
of Q(1) on the number of infected nodes on average
per round. Theorem 1.2 then follows by a version of
Wald’s theorem. In the formal proof, we need to address
also the case in which the cut between infected and
uninfected nodes is large but the expected increase is
0 (1). This happens if the endpoints of the edges in the
cut form an almost bipartite graph. We show that this
case can be reduced to the case of a small cut.

2 Other Related Work

In the following we survey some related work from the
random walk and rumor spreading literature.

Random walks provide a fundamental mathematical
model for many processes in networks. For example,
they are used to analyze diffusion load balancing in
networks [30], to analyze rumor spreading [19], and as
a model to spread infections in social networks [29].
It is known that the cover time of a random walk on
any graph lies between Q (nlogn) and O (n®) [17, 18].
Other works have studied how to speed up random
walks by using information about node degrees [10, 22],
by using neighborhood exploration [3], or by avoiding
already visited edges [4]. Parallel random walks were
first studied in [1]. Tight bounds on the cover time
for parallel random walks on several graph classes were
given in [7, 15]. Biased random walks were considered
in [2], where the authors studied the effect of a non-
uniform choice between neighbors.

Randomized rumor spreading protocols are simple
and efficient protocols for information dissemination in
networks. The three standard rumor spreading strate-
gies are PusH, PuLL, and PusH-PULL [11]. As already
mentioned, COBRA walks share some similarities with
the PUsH protocol. In [19], it was proven that the worst-
case PUSH rumor spreading time is © (nlogn) w.h.p.
In [20], it was shown that the worst-case PUSH-PULL
rumor spreading time is © (¢! logn) w.h.p. The same
bound holds for both PUSH-only and PuLL-only ru-
mor spreading on regular graphs. In [21], a bound of
O (logn -log (A) /a) was proven for PUSH-PULL rumor
spreading in arbitrary graphs with vertex expansion a
and maximum degree A. In another line of research, [5]
and [14] tried to minimize the number of message trans-
missions for rumor spreading. These protocols tend to
restrict communication: nodes are only allowed to com-
municate a couple of times after receiving the rumor for
the first time. In [16], a close relation was established
between the cover time of random walks and the broad-
cast time in the phone-call model. It was shown that,



for any graph with m edges and maximum degree A, the
cover time of random walks (and, hence, the cover time
of CoBRA walks) is at most O (m/A -logn) times the
broadcast time. The authors also showed that this fac-
tor is a lower bounded by Q (d?/(n - log n)) for d-regular
graphs.

3 Preliminaries

Consider an undirected graph G = (V, E). For a node
u € V, let N(u) denote the set of u’s neighbors in G, and
let deg(u) :== |[N(u)| be u’s degree. Given aset A CV,
we define Ng(u) = N(u) N A4, degy(u) = |[Na(u),
and 7,4 = deg,(u)/d. For a pair of sets A,B C V,
let E(A,B) == ) ,c1degp(u). Note that E(A, B) =
E(B, A) and that, if AN B = (), then E(A, B) equals
the number of edges connecting A and B. Define the
volume of A CV as vol(A) :=E(A,V) =) 4 deg(u).
The conductance ¢ of graph G is

: E(4,V\ 4)
min —_—
ACV vol(A)
0<vol(A)<vol(V)/2

0=

k-CoBRrRA Walk: Assume we are given a connected
graph G = (V, E), anumber k € N, and a set Ag C V of
initially active nodes. The k-COBRA walk is a random
process (A),cy, over the state space P(V). The set A,
is the set of active nodes at the end of round ¢. In round
t + 1, each node u € A; samples k nodes independently
and uniformly at random from N(u) (with replacement).
The set of all chosen nodes forms the set A;;; of active
nodes at the end of round ¢ + 1.

The cover time of the k-COBRA walk is the mini-
mum number of rounds after which each node has been
active at least once (i.e., min {t: |Jl_,A; =V }).

k-Bips Process: Assume we are given a connected
graph G = (V, E), a number k € N, and a set Iy C V of
initially (and persistently) infected nodes. The k-Bips
process is a random process (It)teNo over the state space
P(V). The set I is the set of infected nodes at the end
of round ¢. In round ¢+ 1, each node u € V'\ I samples
k nodes independently and uniformly at random from
N(u) (with replacement). The union of I and the set of
all nodes that sampled at least one node from I; forms
the set I; 11 of infected nodes at the end of round ¢ + 1.

The infection time of the k-BIPS process is the
minimum number of rounds after which all nodes are
infected, i.e., min{t: I; =V }.

The following result from [8] allows us to analyze the
infection time of the BiPS process instead of analyzing
the cover time of a COBRA walk directly.

THEOREM 3.1. ([8]) For any graph G = (V,E) and
any nodes u,v € V, the time for a k-COBRA walk
starting from w until v is active for the first time is
distributed identically to the time for the k-BIPS process
with source v until node u is infected for the first time.

From Theorem 3.1, and a union bound over all
n possible nodes v, it follows that a high probability
bound on the infection time of k-BIPs implies a high
probability bound on the cover time of k-CoBRA walk.

4 Probability Tools

In this section we provide some probability results that
we will use in our analysis in the following sections.

The next lemma is a variant of Wald’s equation.
The more familiar version of this result is obtained by
letting X; = 1 below.

LEMMA 4.1. Consider a filtration F = (F;);cy and two
sequences (X;);cy and (Y;),cy of random variables that
are adapted to F. Suppose that X; and Y; are bounded
for all i € N, that X; is F;_1 measurable, and that
E[Y; | Fi—1] = a - X; for some constant o > 0. Let
T be a stopping time with respect to F and suppose that
T has bounded expectation. Then

=1 i=1

Proof. For i € N, let Z; := Y; — aX;. Observe that
(Zi);en is a submartingale difference sequence with
respect to F and that Z; is bounded for all i € N.
Since, additionally, E[r] < oo, we can apply the
optional stopping theorem to obtain E[Y.[_, Z;] > 0.
Substituting the definition of Z; and using linearity
of expectation yields the desired statement. Note
that we can apply the linearity of expectation because
E[D7_, Xi;] < oo and E[Y ]_, Y] < oo, since X; and
Y; are bounded and E [7] < oo. O

E >a-E

The next Chernoff-like bound gives concentration
guarantees for the difference between two sums of
(possibly not independent) binary random variables.
It follows from a simple generalization of standard
Chernoff bounds to the dependent setting. Its proof
can be found in Appendix A.

LeMMA 4.2. Let n € N. Consider a filtration F =
(Fi)i, and two sequences (X;)!_, and (Y;)!_, of binary
random wvariables that are adapted to F. For i €

{1,...,n}, define the random variables
X =Y _X;, Pug=Y E[X;|Fi],
1<j<i 1<j<i
Yig= Z}/jv Q) = ZE (Y5 | Fica].
1<j<i 1<j<i



Let T C {1,...,n} and suppose there exists a constant
a > 0 such that P ;) > (1 +a)- Q) for all i € 1.
Then for any 0 <e <1l and0<§ <1,
Pr I:VZ el: X[l,i] - Yv[l,i]
> (1=6) (P — Qu.g

52.(1-96)
=1-0(62. eva+2/a)?

—loge )]

5 Bound with Conductance

Our first main result, Theorem 1.1, follows from the
following bound on the infection time of the 2-Bips
process.

THEOREM 5.1. For any connected regular graph G =
(V,E) with n nodes and conductance ¢, the infection
time of the 2-BIPS process on G is O (qb_l -log n) w.h.p.

Theorem 1.1 follows by combining Theorem 5.1
with Theorem 3.1 on the duality between COBRA walks
and the BipPs process. The rest of this section is devoted
to the proof of Theorem 5.1.

5.1 Expectation Bounds for Bips. In this section,
we derive lower bounds on the expected change in the
number of infected nodes, during a single round of the
2-BIPS process on graph G.

In the following, we assume G = (V, E) is a con-
nected d-regular graph, Iy C V is the set of persistently
infected nodes, and I; is the set of infected nodes after
the first ¢ rounds of the 2-BipPs process on G.

LEMMA 5.1. Lett e N and S C V. Then

E[[lea| = [Le| | I = S]
= Z ’YU,S(]- - Wu,S) + Z (]- - ’YU,S)2~
ueV u€ely

Proof. Suppose I; = S. Recall v, s = degg(u)/d. A
node u € S\ Iy becomes uninfected in round ¢ + 1 with
probability (1 — vuys)Q. Similarly, a node u € V \ S
becomes infected with probability 1—(1 — %,5)2. Using
that, we calculate

E o] = L] | It = 5]
=D (1= (1= 7us)) = (1= 7us)’
ueV\S u€S\Io
=Y Cus—1s) =D (1—7s)
ueV\S u€es
+ Z - VY, S
u€elp
= ZV’U«,S + Z'Yu,s . (1 - ’Yu7S)
ueV\S u€V\S

-2.0

ues

’YuS +Z

uelp

’YuS

1
uEV\S u€esS
) us (= qus) + D> (1= us)’
ueS u€ly
1 1
=3 E(V\S,S)— - E(SV\S)
+ Z’Yu,S‘ 17771,5)‘{’ Z (17’}%,5)2
ueV u€ly
*ZFYuS 1*%5 +Z FYuS
ueV u€lp
This finishes the proof. O

The next result is an immediate corollary of
Lemma 5.1.

LEMMA 5.2. Lett € N and S C V. Then
E{Mesa| = L] | I = 5] = 1/(2d).

Moreover, if (S,V \ S,E) is a bipartite graph, then
E{lfepa| = L [ I = S5] = 1.

Proof. Suppose that I; = S C V. If (S,V\ S,E) is a
bipartite graph, then v, , =0 if u € S, and vy, = 1 if
w € V' \' S. Then Lemma 5.1 implies

:0+Z121.

u€lp

E([liq1] = [Ie| | I = S]

If (S,V'\ S, E) is not a bipartite graph, then there is a
node v € V'\ S that has at least one neighbor in each of
the sets S and V' \ S. By Lemma 5.1, the contribution
of this node to E [|Iy41| — |I¢| | It = S] is

1 1 1
Zl1==)>=,
d < d)?d

finishing the proof. |

Yu,8 - (1 —Yu,8) >

The next key claim provides lower bounds on the
first of the two sums in Lemma 5.1, in terms of the
conductance ¢.

LEMMA 5.3. Let SC V.

(@) 3 s (1= 7us) > min{]5],n 28]},

ueV

(b) If |S| = n/2 and there is a u € S with v,.5 > 1,
then 3= s+ (1= 7us) 2 2,



Proof. (a) Let B :== {u eV \S:7,5>1/2}, and let Then the desired inequality follows:
b:=min { |S|,|B|}. Define set S as the union of S with

an arbitrary b-subset of B. We have E(S,V\S)+E(S\S,V\5) <2-E(5\S,V\S)
ZQ.Zd. (1= 7us)
(5.1) E(S,V\ ) =E(S,V\ S) +E(S5\S,V\S) ues\s
<ES,V\S) +EB\SV\S), <4d-> yus (1= Yu,s)
ueld\S

where the inequality holds because, by construction of <4d- Z a5+ (1= 7u,5)-

S, V\S CV\S. On the other hand, by definition of ueV

the conductance and since b < |S|, we have (b) Let B == {u€S:yus>1/2} C S. By the
lemma’s assumptions, 1 < |B| < n/2. Together with

~d-min{|3], V|- 5]} vol(B) = d - |B| and the definition of conductance, this

¢ gives
¢-d-min{|S|+bn—|S|—b}
¢-d-min{|S|,n—2|S|}.

(5.2) B(S,V\ 5)

v

E(B,V\B)2>¢-d-[B|>d ¢.
We can also bound E(B,V \ B) from above as follows:

v

From (5.1) and (5.2), E(S,V\ S) + E(S\ S,V \ §) > E(B,V\B) =E(B,V\ ) + E(B, 5\ B)

¢ -d-min{|S],n —2[S|}. Hence, to prove the claim it < E(B,V\S)+E(S,5\B)
suffices to show that E(S,V \ S) +ES\S,V\S) < — d-(1- )
- Vu,S) + d Yu,S
4d - Y ey Yus(1 = yu,s). We do so by distinguishing uGZB ueg\B
two cases.
<2 d yus(=Yus) +2)d-Yus(l = Yus)
Case 1: b < s. . u€B u€S\B
In this case, we have v, s < 1/2 for all uw € V \ S. _
Moreover, by construction we have 7, ¢ > 1/2 for all - QdZS’Y“’S (=)
u e S\ S. Using that, we obtain e
<24 Yus (1= Yus)-
~ ~ ueV
E(S,V\S)+E(S\S,V\YS) ) .
Here, the first inequality uses B C S and the second
—Z%S d+Z = Yu,5) inequality uses v, > 1/2foru € Band 1 —7, ¢ > 1/2
ueV\S ueS\S for u € S\ B. Combining the above lower and upper
bounds for E(B,V \ B) proves the claim. O

< 2d Z Yus(1 = Yu.s) +ZV“’S(1 ~Yu.s) Combining Lemmas 5.1 and 5.3, we obtain the

ueV\S u€S\S following lower bounds on the expected increase in the
< 2d- Z Yu,5 (1 — Yu,8)- number of infected nodes in a round (see also Figure 1).
ueV
© LEMMA 5.4. Let § CV and s == |S|.
(a) Ellesa] = L] | I = 5]
Case 2: b=s. R &
By construction of S, we have E(S \ S,V) = b - d. > 1 -min{s,|n—2s|,n—s}.

Together with the case assumption this implies that
E(S,V\S) <ES,V)=s-d=b-d=ES\S,V). (O Fs=n/2 thenE[[lii| = |L]| 1 =5]=>
With this, we calculate

~ -

Proof. (a) We have two cases: If s < n/2, then
Lemma 5.3(a) implies that D, .y Yu,s - (1 = Yu,5) >

E(S,V\S) =E(S,V\S) —E(S, 5\ 9) % -min{s,n—2s}. If s > n/2, then Lemma 5.3(a)
<B(S\S,V)-ES,85\59) applied to the set V'\ S instead of the set S implies
=E(S\ S V)-E(S\S,S ,
(A\ ) ~E(S15,5) > runs(1=runs) = %mln{n—&n—?(n—s)}v
:E(S\S,V\S) ueV



and this is equivalent to

Z ’Yu,S(l - ’Yu,S) > %

ueV

-min{n —s,2s—n}.

Combining both cases with Lemma 5.1 proves (a).

(b) We have two cases: If there is a u € S with v, ¢ >
1/2, Lemma 5.3(b) gives > v Yu,5(1 — Yu,5) > ¢/2.
Otherwise, we have v, s <1/2 for all u € Iy C S. This
implies >, (1 — Yu.5)° > 1/4 > ¢/4, where we used
[Ip] > 1 and ¢ < 1. Therefore in both cases,

2 ¢
> tus (U= us)+ > (1= us)’ > T

ueV u€ly

Combining that with Lemma 5.1 proves (b). O

5.2 Tail Bounds for Bips. In this section, we
derive high probability lower bounds on the increase in
the number of infected nodes, over the course of several
rounds of the 2-BIPs process on graph G.

The next result is obtained by using Lemma 4.2.

LEMMA 5.5. For ty,ty € Ny, let

ta

Aty o] = Z El1e| = [Le—1| | It—1] -

t=t1+1

Foranyty e Ny, SCV,0<e<1,and0<d <1,

Pr [Vt > to: |Iy| — |1,
> (1-0) (Mg ~loge™") | 1y, = 5]
=10 (572000,

Proof. As already mentioned, we will apply Lemma 4.2
to derive the above tail bound. For that, we must
decompose the change |I| — |I;—1| in the number of
infected nodes during a round ¢, into a difference
> X ®_s i Y") for suitable binary random variables.

The natural choice would be to let Xq(f) = 1if u is
uninfected and becomes infected during round ¢ (such
that it contributes positively to |I;| — |I;—1|) and, sim-
ilarly, Yu(t) = 1 if u is infected and becomes uninfected
during round ¢ (such that it contributes negatively to
[I:| = |I:=1]). Unfortunately, this might yield situations

where no suitable « exists, in particular, if both >, Xq(f)

and Zu Yu(t) are large but their difference is small. To
deal with this problem, we choose more carefully which
nodes are seen as contributing positively or negatively
to |I| — [I;—1]. The idea is that a node u with large
Yu,I,_, is very likely to be infected at the end of round
t, so we will consider it as a negative contribution if u

is not infected, while if +y,, 7, , is small, we will consider
it as a positive contribution if u is infected at the end
of the round.

We formalize this idea as follows. For any set
S CV,let T(S) be the set of the |S| (“top”) nodes u € V
with the largest value v, g, breaking ties arbitrarily (but
deterministically). For any ¢t € N and u € V, define the

(t)

random variables X’ and Yu(t) as follows.

oIfu¢ T(I1): X\ =1ifuel; X =0if
u ¢ I; and Yu(t) =0.
elfue T(L_): Vi) = 1ifu¢I; Vi) =0if

u € Iy; and Xl(f) =0.

We can now express |I;| as

L= Y xP+ 3 (1 —Yu(t))
u@T(Ii—1) weT ([1—1)
=Y XP = VO + [T
ueV ueVvV
= > (X9 = v) |1l
ueV
Thus
(5.3) L] =Ll =) (X - YD),

ueV
Next we show
(54 S E [th> ‘IH} > g S E [Yu(t) ‘IH] .
ueVvV ueVvV

Taking the expectation in (5.3) while conditioning on
I;_1 =85 CV yields

S E [Xff) —y®
ueV

(5.5)

I, = S}

=E[|L| = [Li-1] | -1 = 5]
> Z Yu,S - (1 - "Yu,S)a
ueV

where the last inequality follows from Lemma 5.1. We
also have

STEYD [ Li=S= > (1-7us)

ueV w€eT(S)

We bound the right side of this identity by distinguish-
ing two cases: If vy, ¢ > 1/2 for all u € T(S), then the
right side is at most Zue—l-(s) Yu,5 (1 —=7u,5). Otherwise,
we must have 7, ¢ < 1/2 for all w € V'\ T(S), and thus,

Y =79’ <> (1 =s) =TS =Y s

wET(S) ueT(S) wET(S)

= Z,Yu,s < QZ'Yu,S ' (1 - 7%5)’

weV\T(S)  weV\T(S)



where in the penultimate step we used >, .y Yu,s =
|S] = |T(S)|, and in the last step we used 1—~,, s > 1/2.
We conclude that in both cases, we have

DEVI L =8<2Y qus (1—us):

ueV ueV

Substituting that to (5.5) and rearranging, gives (5.4).

We now specify the random variable sequences on
which we apply Lemma 4.2, and show that they satisfy
the necessary conditions. Suppose I;, = S and assume,
without loss of generality, that V' = {1,...,n}. For
each round t > ¢ty and node v € V we define the
single subscript variables X; = Xz(f) and Y; = qut),
where i = (t —tg — 1) - n + u. Note that the nodes’
random choices generate a filtration 7 = (F;);cy such
that (X;),cy and (Y;),cy are adapted to F. Using
this notation in (5.3) and summing over all rounds
to <t<tg+kfor ke N, we get

k-n
|It0+k| - |Ito| = Z(XZ - Y;)

i=1

(5.6)

Moreover, since for any k € Ngp and k-n < i < (k+1)-n
the random set I[;,yx is fully determined by Fy., C
Fi—1 and, given I; ik, the random variables X; and
Y; are independent of F;_i, we have E[X; | I;j4r] =
E [Xl | Fi—l] and E [Y; | Ito—i-k] = E[Y; | fi—l]- Combin-
ing this with (5.3) and (5.4) we get respectively

k-n
(6.7 D E[X; =Y | Fiil
=1
t+k
=Y E[L] = Loal | 1] = Ay o415
t=to+1
and
k-n 3 k-n
5.8 E(X; | Fii]>2- S EY; | Fi_dl.
(5.8) ;[lJTl]Q;[\fﬂ

We now apply Lemma 4.2 to the random variable
sequences (X;)", and (Y;)}", for an arbitrary large A
(the results will not depend on A, so we can let A — 00).
Using the notation of Lemma 4.2, we can restate (5.6),
(5.7), and (5.8), respectively, as

X kn) = Ytk = tgrrl — el
Piikn) = Qi) = Diio,to+4]5

1
Py gm) = (1 + 2> Q1 kn)»

for k € N. Thus, forany 0 < e < 1 and 0 < § < 1

Lemma 4.2 yields

Pr [Vk |Ito+1€| - |It0|
> (1=0) - (Aotor —loge™") | I = 5]

2. —
:1_0(5—2.651(510‘”)7

finishing the proof. |

The next lemma uses Lemmas 5.4 and 5.5 to show
high-probability lower bounds on the spread of infection
in various different “regimes,” depending on the number
of currently infected nodes.

LEMMA 5.6. Assume Iy, = S, and let s = |S|. Let
o= c-logn for a sufficiently large constant c.

(a) min{k: |I;y1] > min{s +o,n}} = O (¢ 'logn)
w.h.p.
(b) If s € [0, %] then w.h.p.
min { k: [I;y4x| > min{2s,2}} =0 ((b_l).
(c) If s €[5, 5 — o] then w.h.p.
min{k: 2 — L4 < 2221 =0 (o).
(d) If s € [% + 0, %] then w.h.p.
min{k: |[I;y4r]—% > min{2(s— %), 2}} =0 (¢71).
(e) If s € [3*,n — o] then w.h.p.
min {k:n — [Iy,4x] < 252} =0 (o71).

t
Proof. Let Agy.q = D iz 11
in Lemma 5.5. By applying Lemma 5.5 with e = n

and § = 1/2, we obtain
_ 0)}

-1-0 (nfc/moo) '

E[|L] = [Li-a| | Li=1], as

—C

(5.9) Pr|Vt>tg: || —s>

We will use this probability bound to prove the lemma’s
statements.

(a) Let T :=min{t > 0: || =n}, i.e, T is the total
number of rounds before all nodes are infected. If ¢ < T,
Lemma 5.4 implies E[|I;| — |I;—1| | Ii—1] > ¢/4. Thus,
Atyy) = (t—to) - ¢/4, for to <t < T. Combined with
(5.9) this yields

(5.10) Pr [Vt e{ty,...,T}:
1
=23 (-5 -0)]
—1-0 (n—c/moo) .
Fort = tg+ 120 - ¢t =t + O (qﬁ‘l -logn), (5.10)

implies that with probability 1 — O (n’c/lzoo), we have
|It] —s > o or t > T. This implies (a).



(b) Let Ty = min{t>tg: [[;| > % or |[[t] <s—F},
i.e., Ty is the first round after tg in which either at least
n/3 nodes are infected or the number of infected nodes
dropped by more than ¢/2 compared to S. If t; <
i < Ty, Lemma 5.4(a) implies E[|I;| — [I—1]| | Ii—1] >
|Lia| - ¢/4 > (s — 0/2) - ¢/4. Thus, Ay, > (t —to) -
(s —0/2)-¢/4, for tg < t < Ty. Combined with (5.9)
this yields

(511) Pr |:Vt€ {to,...,Tl}Z

|It|52;<(tto)(s;>io)]

—1-0 (nfc/moo) ‘

For t =ty +24¢~1, (5.11) implies that with probability
1 - O(n*C/IQOO), we have |I;] —s > 3s — 20 > s
or t > Ty However, t > Ty implies |I;| > n/3 or
|I:| < s —o0/2. But since Ay, > 0 for all ¢ > ¢
(which follows from Lemma 5.1), (5.9) implies that with
probability 1 — O (n=¢/1200) we have |I;| > s — 0/2 for
all t > ty3. Together with a union bound, we obtain
that with probability 1 — O (nfc/1200)7 |I;] —s > s or
|I;| > n/3. This implies (b).

(c) Let Ty := min{t > to: § — |I;| < % or [I;] <
s—3%h Ity < i < Ty, Lemma 5.4(a) implies
B L] = [Liea| [ Liea] > min{[Li],n —2|Li 4]} - ¢/4.
By our definition of T3, the right side of this inequality
isat most min{s —o/2,n/2 —s}-¢/4 = (n/2—3s)-¢/4,
where we used the assumption n/3 < s < n/2 — 0.
Thus, Ay > (t—to) - (n/2 —s) - ¢/4 for tq <t <T7.

Combined with (5.9) this yields

(5.12) Pr[VtE{to,...,Tg}:

IR (RACRL)

-1-0 (n—c/uoo) .

For t = tg + 8¢, (5.12) implies that with probability
1 — 0 (n=¢/1209) | we have n/2 — |I;| < # or |I;| <
s — o/2. Since with probability 1 — O (n_c/1200), we
have |I;| > s — o/2 for all t > ¢, (as argued earlier
in (b)), it follows that with probability 1—0 (n=¢/1290),
n/2 —|I] < % This implies (c).

(d) Let T3 := min{t > to: [I;| > 2 or [I}] < s — $}.
If to < i < T3, Lemma 5.4(a) implies that, since
n/2 <s 70/2 < |Ii_1| < 2n/3, EHIZ‘ — |I7;_1| | Ii—l} >
(2[li—1| —n)-¢/4 > (258 — 0 —n) - ¢/4. Thus, Ay, g >
(t—1t9) - (2s — 0o —n)-¢/4 for tg <t < T3. Combined

with (5.9) this yields

(513) Pr |:vt€ {to,...,Tg}:

L] — s> % ((t—to)(zs—a—n)j’—a”
1= ().

For t = tg + 12¢~1, (5.13) implies that with probability
1 — O (n=¢/1209) we have |I;| — n/2 > 2(s — n/2) or
[I;| > 2n/3 or |I;] < s — 0/2. Since with probability
1 — 0 (n=¢/129) we have |I;| > s — 0/2 for all t > tg
(as argued in (b)), it follows that with probability
1—0 (n=¢/1200) |I,| —n/2 > 2(s —n/2) or |I;| > 2n/3.
This implies (d).

(e) Let Ty = min{t > to:n — [I;] < "5% or || <

s — 2} If t < ¢ < Ty, Lemma 54(a) im-
plies that, since s — o/2 < |Li_1] < n — 52,

E(lLi| = [Lica| | Lica] = min{2|Li 1 —n,n =[] } -
¢/4 > min{2s -0 —n,"F2} - p/4 > 252 . ¢/4, since
we assume 2n/3 < s < n —o. Thus, Ay, >
(t — to) . n;s

- ¢/4 for tg < t < Ty. Combined with
(5.9) this yields

(5.14) Pr {Vte{to,...,ﬂ}:

1 _
|It522<(tt0)n25.ia>}

—1-0 (n—c/1200) ‘

For 7 = to+ 1647, (5.14) implies that with probability
1-0 (n=¢/129) we have n—|I;| < 5% or |I;| < s—0/2.
Since with probability 1 — O (n=¢/1200), we have |I;| >
s—o/2 for all t >ty (as argued in (b)), it follows that
with probability 1 — O (n—c/1200), n — |I;| < 25*. This
implies (e). O

5.3 Proof of Theorem 5.1. We divide the process
into phases, as illustrated in Figure 1. The theorem then
follows by combining the bounds we get from Lemma 5.6
for the length of the different phases.

Formally, let o = Q (log n) as defined in Lemma 5.6,
and let 7(¢) = min{t: |I;| >i}. We consider the
following phases.

Phase 1: 0 — 7(0)

Applying Lemma 5.6(a) with ¢g = 0 yields that, w.h.p.,
(o) = O(gb’l - log n) Thus, the total time spend in
this phase is O(gb’l - log n) w.h.p.

Phase 2: 7(0) — 7(n/3)

Applying Lemma 5.6(b) with tg = 7(27 - o), for each j €
{0,...,[log 3= | } yields that 7(min{2/*'.0,n/3}) —



log (£2) x O(¢~1) log (gL) x O(¢~ 1)

Fg = rounds
5o~
5=
g L O(¢71 log n)
g T rounds
Hh
i ; + ; 5
(Vs n n 2 n
3 2 3n # infected nodes |I]
Figure 1: Illustration of the seven phases used to

bound the infection time of 2-Bips, in the proof of
Theorem 5.1. The z-axis shows the number of infected
nodes, and the y-axis shows the lower bound on the
expected change in the number of infected nodes per
round given by Lemma 5.4. We show that each phase
last for O (¢! - logn) rounds w.h.p.

7(27 - 0) = O(¢~') w.h.p. Thus, the total time spend
in this phase is [log 7=]- O(¢™!) w.h.p.
Phase 3: 7(n/3) = 7(n/2 — o)
Applying Lemma 5.6(c) with tg = 7(n/2—277-n/6), for
each j € {0,..., [log g |} yields that 7(n/2 —27771.
n/6) — 7(n/2 =277 -n/6) = O(¢') w.h.p. Thus, the
total time spend in this phase is [log g | ~O(¢*1) w.h.p.
Phase 4: 1(n/2 — o) = 7(n/2 + o)
Applying Lemma 5.6(a) with tg = n/2—o0 and tg = n/2
yields that 7(n/2 + o) — 7(n/2 — o) = O (¢~ -logn)
w.h.p. Thus, the total time spend in this phase is
@) (¢_1 -log n) w.h.p.
Phase 5: T(n/2+0) — 7(2n/3)
Applying Lemma 5.6(d) with t, = 7(n/2 + 27 -
o), for each j € {0,...,[loggs|} yields that
T(min{n/2+ 20 . 5,2n/3})—7(n/2427.0) = O(¢~ ")
w.h.p. Thus, the total time spend in this phase is
[log 2£7-0(¢™!) w.hop.
Phase 6: 7(2n/3) = 7(n — o)
Applying Lemma 5.6(e) with tg = 7(n — 277 - n/3),
for each j € {0,...,[log 4% ] } yields that 7(n —27771.
n/3)—7(n—277.n/3) = O(¢~') w.h.p. Thus, the total
time spend in this phase is [log 3% - O(QS*I) w.h.p.
Phase 7: 7(n — o) — 7(n)
Applying Lemma 5.6(a) with tp = n — o yields that
7(n) —7(n—0) = O(¢~!-logn) w.h.p.. Thus, the total
time spend in this phase is O(dfl -log n) w.h.p.
Combining all the above and using a union bound,
we obtain that, w.h.p.,

7(n)=3-0 (¢_1 -logn)

+ (2 [bg %} + 2[log %D L0 (¢71)
=0 ((;5_1 . logn) .

This completes the proof. O

6 General Bound

Our second main result, Theorem 1.2, follows from the
next bound on the infection time of the 2-Bips process.

THEOREM 6.1. For any connected d-regular graph G =
(V, E) with n nodes, the infection time of the 2-Bips
process is O (n) in expectation and O (nlogn) w.h.p.

Theorem 1.2 is obtained by combining the above
result with Theorem 3.1. The rest of this section is thus
devoted to the proof of Theorem 6.1.

We describe a partition of the 2-BIPS process into
phases, such that, roughly speaking, the expected in-
crease in the number of infected nodes in a phase is at
least proportional to the length of the phase. We then
show that an expected number of O (n) rounds suffice to
infect all nodes, by using the variant of Wald’s theorem
we showed in Lemma 4.1. This variant can deal with
the complication that the length of a phase is itself a
random variable.

We distinguish two types of phases, depending
on the expected increase in the number of infected
nodes in the first round of the phase. Suppose that
a phase starts in round ¢, and I;_; = S. Consider
E(|I;| = |I;=1] | ;-1 = S]; more precisely, we consider
a quantity ¢ (S) which is very close to that expectation.

If 4(S) = ©Q(1) then the phase consists of a single
round, round ¢. This satisfies the requirement that the
expected increase in the number of infected nodes in a
phase is at least proportional to the phase length.

If (S) = 0(1) then Lemma 5.1 implies that one of
the following two cases applies: (1) the number of edges
in the cut between S and V' \ S is small, namely o (d);
or (2) the number of edges with both endpoints in S or
both in S\ V is o (d).

If case (1) holds, then the phase lasts until one of
the following happens: (i) the number of infected nodes
increases by 1/1(S); or (ii) some node from S becomes
uninfected; or (iii) 2/4(S) rounds have passed since the
beginning of the phase. In Lemma 6.1 we show that (i)
happens with at least some constant probability, while
the probability that (ii) happens and k¥ > 1 nodes from S
are uninfected at the end of the phase is w(S)Q(k). These
two imply that the expected increase in the number of
infected nodes in the phase is at least proportional to
the length of the phase.

In the above case (1), it is unlikely that some node
from S becomes uninfected during the phase, because
there are very few edges between S and the rest of the
graph. If case (2) holds, it is no longer true that nodes
in S are likely to remain infected during the phase.
Instead they are likely to switch between the infected
and uninfected states in each round. It turns out that



this case can be treated similarly to case (1), if in place
of set S we consider the set {u: ~,s>1/2} in odd
rounds from the beginning of the phase. The conditions
for terminating the phase are the same as the conditions
(i)—(iii) from case (1), except that condition (ii) now
states that: some node from S is uninfected at the end
of an even round from the beginning of the phase, or
some node from set {wu: vy, s >1/2} is uninfected at
the end of an odd round. Using Lemma 6.1 as before,
we conclude that the expected increase in the number
of infected nodes in the phase is at least proportional to
the length of the phase.

We now give the detailed proof. For any S C V, let

7;[}(5) = Z min{%,s,l - Yu,S },

ueV

and
ES) ={ueV:iy,s>1/2}.

Note that ¥(S) = >, ce(s) (1 = Yu,8) + 2 uerve(s) Yu,s-
Note also that 1(S) is within a factor of two of the sum
Y wey Yu,s(1 = 7u,5) from Lemma 5.1,

We consider the following partition of the 2-Bips
process into phases. Let ¢;, for i € Ny, denote the total
length of the first ¢ phases. So, phase i € N consists of
the rounds ¢;,_1 + 1 up to ¢;. Assuming I, , = S,
we define ¢; inductively as follows. Let ¢ > 0 be a
sufficiently small constant (to be chosen later).

o If (S) > e or ¥(S) = 0, then ¢; = £;_1 + 1, ie.,
phase 7 consists of just a single round.

e If 0 < 9(S) < ¢, then ¢; is the smallest round that
is greater than ¢;_; and satisfies at least one of the
conditions below:

(i) [Ie,| = |S] +1/9(5);
(i) S"\ Iy, # 0, where

if E(S,V\S) <d/2
or £; — {;_1 is even;
otherwise.

57
5(5)7
(iif) € > i1 +2/9(9).

The next lemma analyzes the case where 0 < ¥(S) < e.

(6.15) S =

LEMMA 6.1. Consider a phase i > 1. Let S CV such
that 0 < (S) < ¢, and let S” be defined as in (6.15).

(a) Pr[|S"\Ip,| > k| I, , = S] < 20(S)**™", for any
k>1.

(b) Pr |l > |S|+1/9(S) | LI,_, = S] = €, for some
constant € > 0.

6.1 Proof of Lemma 6.1. First we prove the result
for the case in which E(S,V \ S) < d/2, and then for
the case of E(S,V'\ S) > d/2.

The Case of Small Cut: E(S,V \ S) < d/2
In this case, we have S’ = S. Moreover, 7,5 > 1/2 for
allue S,and v, s <1/2forallueV\S.

We prove (a) first. For a round ¢ > 1, fix I;_; and
assume S C I; 1. We show by induction on k£ > 0 that
(6.16) Pr[|S\ L] > k] < (S)*.

This holds trivially for k = 0, because the right side is 1.
Suppose that Pr[|S\ I;| > k] < 1(5)*" for some k > 0.

We show that Pr[|S\ ;| > k + 1] < ¢(8)2*
Pr{[S\ 1| > k+1]
<Y PrlugL]-PrS\{u}\ L] > k]

uesS

<Y (L—,s)* - Pr{iS\ I > K|
uesS

<3 (1 7us) 9™,
uesS

by the induction hypothesis. Also,

2
> (= qus)’ < (Z(l — %,s)> <(9)%,

uesS uesS

where the last relation is obtained by using the case
hypothesis, which implies that 1 — ~, s < 1/2 for all
w € S. Tt follows that Pr [|T\ I,| > k + 1] < 1(S)>* Y,
completing the proof of (6.16).

From (6.16) and a union bound, the probability that
|S\ It| > k for at least one of the ¢; < 2/4(S) rounds of
phase i is at most (2/4(S)) - ¥(S)*". This implies (a),
since S’ = S.

Next we prove (b). For a round ¢ > 1, fix I;_; and
suppose that S C I;_y and |[;_; \ S| = k. Given that,
we compute in the conditional distribution of |I; \ S|.

First, suppose that |I;_1\ S| =0, ie, ;1 = S.

6.17) Prn\S|>1]=1- [ (1-us)?

ueV\S
>1—e ZuEV\S 2Yu,s

>1—e 2%
> 24(S) — 24(S)?,

where the penultimate inequality is obtained using the
case hypothesis, which implies v, s < 1/2if u e V'\ S.
Suppose now that |[;_; \ S| = k > 1. We have

> (- 0= n)?)

ueV\S

= Z ’yu7lt—1(2_’yu71t—1)'

u€V\S

E[[Z:\ S| =



For any u € V'\ S,

Yu ooy SP(S) +k/d,

because u has a fraction v, g < ¥(S) of its neighbors in
S, and at most k neighbors in I;_1 \ S. Also,

Z Yu,Ii_1 > k.

ueV\S
Substituting these two bounds above gives
E[L\ S| > k- (2—-9(S) - k/d) > 3k/2,

for ¥(S) < € < 1/4 and k < d/4. Then a Chernoff
bound gives,

(6.18)  Pr[ll\ S| > 4k/3]
=Pr[|I;\ S| >(1-1/8)-3k/2]
>1— G_Ck,

for c = L <« (1/8)%3/2
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We now combine the above results to show (b). For

k>0, let &y = min{¢>£€_1:|L\S| >k}, and let
Tpag =min{t > 4;_1: S\ I # @}

Let & denote the following event: “z; < Zpeq and
1 < W”. The expectfmtion of min { 1, Zpad } is
at most W, by (()] ().1 Thus, by Markov’sl ?n_
equality, min{ 1, Zpeq } < TE G with probability
at least 1/2. Moreover, by (6.16) (applied for £ = 1)
and (6.17), the probability that x7 < zp.q is at least

2

1—3 w(S) . It follows

P(S)—2¢(5)?
1
> (1=
>3- (
for (S) < e <1/4.

Suppose now that & occurs. Let & be the event:
“T1/c < Tpaq and in each of the rounds x1 +1 up to zy .
the number of infected nodes increases by at least one.”
Then by (6.18) and (6.16),

[

1<k<1/c—1

II

1<k<1/c—1
> (¢/2)"¢- (1/¢)!
> (1/2¢)"°,

(6.19)

Pr[&] H5) > >

1
2 — 21(9) 3’

(6.20) Pr[&] > (1— e~k —4(8)%)

v

ck/2

where the second inequality above holds for 4(S)* <
€2 < ¢/4 and is obtained using 1 — e=* > ck — (ck)?/2;

and the last inequality above is obtained using Stirling’s
formula.

Given the event & N &, let & be the event:
“Z1/4(5) < Tpaa and in each of the rounds x;,. +1 up to
714 (s) the number of infected nodes v € V'\ S increases
by at least a factor of 4/3.” Then by (6.18) and (6.16),

(6.21) Pr[&)

> I

0<i<log,,5(1/%(S))—1

> 1= e W 4(8)7 logy 5(1/(S))
>0

> 1/25 = (5)? - logy /5 (1/4(S))

> 1/30,

(1—e WA —y(5)%).

for 1(S) < ¢, for a small enough constant e.
Finally, we observe that event & N & N &3 implies
[Le,| = [S]+1/4(S) and

1 1
li—4t; 1 < Tt log,/3(1/9(5)),

P(S) = (9)
which is less than 2/¢(S) for ¥(S) < e, for a small
enough constant e. Finally, from (6.19), (6.20), (6.21),

(1/2¢)"/¢

>
Pr[flmggﬁ&g]i 90

It follows that the same lower bounds applies also
to Pr{|ly| > |S| 4+ 1/%(S)]. This completes the proof
of (b).

The Case of Large Cut: E(S,V \ S) > d/2
The analysis for this case is a straightforward adapta-
tion of the proof for the case of E(S,V'\ §) < d/2 (pre-
sented earlier), given the following claim which relates
S and £(S). Note that the claim does not assume that
E(S,V\S) > d/2.

CLAM 6.1. For any S C V, if ¥(S) < 1/2, then
§(&(S9)) =5, ¥(£(5)) = ¥(S), and [£(S)] = [S].

Proof. Suppose, for contradiction, that there is some
u € S\ &&(S)). Since u ¢ £(£(S)), we have that
Yu,es) < 1/2. That is, for at least d/2 of the neighbors
v of u, we have v ¢ £(S) and thus v, s < 1/2. Moreover,
for each of those nodes v, we have v, s > 1/d, as they
are neighbors of u € S. Counting just the contribution
of these nodes v to ¥ (S) we obtain

¥(5) > (d/2) - (1/d) = 1/2,

which contradicts the assumption that ¢(S) < 1/2. We
conclude that S C £(£(9)).



Suppose now that there is some u € £(£(S)) \ S;
we use a similar argument as above. Since u € £(£(95)),
we have that v, ¢5) > 1/2. That is, for more than d/2
of the neighbors v of u, we have v € £(S) and thus
Yo,s > 1/2. Moreover, for each of those v we have
Yo,s < 1—1/d, as they are neighbors of u ¢ S. Counting
just the contribution of those nodes v to 1(S) we obtain

¥(5) > (d/2) - (1/d) = 1/2,
which contradicts the assumption that ¥(S) < 1/2.
Therefore £(£(S)) C S, and since we have shown earlier

that S C £(&(S)), we conclude that £(£(S)) = S.
Next we prove ¥(£(S)) = ¢(S). Define

v(S) ={(u,v): {u,v} € E,uec&(S),veV\Ss}

U{(wv): {u,v}r e E,ueV\ES),veS}.

Observe that
¥(9) = [v(S)|/d.
From the definition of v and the property £(£(5)) = S
we showed earlier, it follows that (u,v) € v(£(9)) if and
only if (v,u) € v(S), thus
v (§(9))] = [v(S)]-
Therefore,
P(E(S)) = [(EONI/d = [v(F)]/d = ¢(S).
Last, we prove [£(S)| = |S|. We have
|€(S>| = nyu,s + Z(l - 'YU,S)
u€g(S) u€g(S)
< |S[+ ¥ (9).
By substituting S with £(.5), we get

[EESHI <€)+ p(E(5))-
Substituting also £(£(S)) = S and ¥(£(S)) = ¥(S) (as
shown earlier), yields
S| < €(S)] + (9).

Combining this with (6.22), and using that (S) < 1,
we obtain |£(S)| = |S|]. This completes the proof of
Claim 6.1. O

(6.22)

To prove part (a) of Lemma 6.1, we show similar to
(6.16), that if S C I;_q then Pr[|€(S)\ It| > k| I;—1] <
(8)*, and if £(S) C I_q then Pr(|S\ I,| > k | 1] <
1/1(5)%. To show that we also use the properties
£(€(9)) = S and ¥(£(S)) = ¥(S), from Claim 6.1.

To prove (b), we show that (6.17) and (6.18) still
hold if we replace S by £(S), or if we condition on
&(S) C I, instead of S C I;_;. For that again
we use that £(£(S)) = S and ¥(£(S)) = ¥(S5), and
also that |£(S)| = |S|, by Claim 6.1. The rest of
the proof is essentially the same as for the case of
E(S,V\S) <d/2. O

6.2 Proof of Theorem 6.1. We apply Lemma 4.1
for the random variable sequences (X;), .y and (Y;),cn,
where X; is an upper bound on the length ¢; — ¢; 1 of
phase 7, and Y; is the increase in the number of infected
nodes during that phase. Formally, for i € N,

Xi = {2/770(127:_1), 0 <9(le.,) <&

1, otherwise,

Yi = |1y,

- |Ifz‘71 |

Let T := min{¢: I; = V } be the number of rounds until
all nodes are infected (i.e., the infection time), and let
7 :=min{i: Iy, =V } be the number of phases until all
nodes are infected. Then

TXiZT, and TYi:n—l.
i=1 i=1

Consider the filtration (F;),.y that describes the out-
come of the first ¢ phases. Let ¢ € N and assume
i < 7. We distinguish three cases: If (I, ,) > ¢,
then ¢; =/¢;_1 + 1, and

(6.23)

EIY; | Ficl =Y vur, (1=, )
ueV
> w(lzi—l)/Q
> €/2,

where the first inequality follows from Lemma 5.1, and
the second inequality follows from the definition of .
If0 < ¢(Iy,_,) < e then Lemma 6.1 implies

6/

E [Y; | ]:ifl} > Z(_k) : 21&(‘[21‘—1)2]@71 +

keN w(leifl)
> — k262<k*1)7j;(1@_1) + 67/
kEZN ’(/}(Ili—l)
¢
=3y (1,
> W) 5
. _ €
- 27/}(121‘—1),

where the last two inequalities hold if constant € is
sufficiently small. The last case we need to consider
is the case in which (I, ,) = 0. In this case, ¢; =
i1+ 1, and (Iy, ,,V \ Iy, ,,E) is a bipartite graph.
Lemma 5.2 then gives E[Y; | F;_1] > 1. Therefore, in
all three cases above, E[Y; | F;_1] > a-X, for a suitable
constant > 0. From Lemma 4.1 then we obtain that
EDT_ Y] >a-E[> ], X;]. Substituting to that the
equations from (6.23), gives n—1 > «-E [T], completing
the proof of Theorem 6.1. O



7 Comparison with Rumor Spreading

Our bounds on the cover time of a 2-CoBRA walk from
Theorems 1.1 and 1.2 coincide with the worst-case time
that PUSH rumor spreading needs to inform all nodes
on a regular graph [19, 20]. This raises the question
of whether 2-CoBRA walks and PUSH rumor spreading
perform similar in general. Our next theorem, a slightly
reformulated version of Theorem 1.3, implies that this
is not the case. To show this, we construct a family of
tree-like regular graphs for which the cover time of the
2-CoBRA walk exceeds the PUSH rumor spreading time
by a super-polylogarithmic factor.

THEOREM 7.1. Let n € N be sufficiently large and let
d = 2Vlcenlogloen There js q (d+1)-reqular graph with
2n nodes such that:

(a) The 2-COBRA walk has an expected cover time of
d- 29(\/103; n/loglog n)’ and

(b) PusH rumor spreading informs all nodes in time
O(d -log n) w.h.p.

We prove Theorem 7.1 for a family of almost regular
graphs Sgp, where d,h € N and d > 2. Here, Sy, is
obtained from a full d-ary tree of height i by replacing
each leaf u by a clique of d + 1 nodes and adding an
edge between u’s parent and one (arbitrary) node of the
clique. This graph has n = (d"*! —1)/(d—1) nodes and
is almost (d + 1)-regular (only the root and d nodes per
leaf-clique have degree d). To obtain a regular graph
from Sgp, one can, for example, consider two copies
of Sqp and match the two roots as well as the clique
nodes of degree d from the two copies. Our analysis
immediately generalizes to this (d + 1)-regular graph
with 2n nodes.

We prove that the lower bound from Theorem 7.1(a)
holds for the 2-CoBraA walk on Sg ), (Lemma 7.2) and
that the upper bound from Theorem 7.1(b) holds for
PusH rumor spreading on Sy, (Lemma 7.1). The latter
follows easily from a result by Feige et al. [19] and is
given in the next lemma.

LEMMA 7.1. Starting from an arbitrary node, the PUSH
protocol informs all nodes in Sqp in time O (d-logn)
w.h.p.

Proof. From [19, Theorem 2.2] we get a bound of
O (A - (diam(G) + logn)) for PUSH rumor spreading to
inform all nodes on any graph with n nodes, maximum
degree A, and diameter diam(G). The lemma’s state-
ment follows since deg(Sg,) = d+ 1 and diam(Sg ;) =
2-(h+1)=0((ogn). O

The lower bound for 2-COBRA on Sy p, is stated it
in the following lemma.

LeEMMA 7.2. Let n € N be sufficiently large, let d =
gVilcgnloglogn = gnd Jet h = \/logn/loglogn — o(1).”
The expected cover time of the 2-COBRA walk on Sq
is d - 9{(VIogn/loglogn)

Our main tool to prove Lemma 7.2 is Lemma 7.3,
which provides a recursive lower bound on the time
Ty it takes a node u at depth ¢ to activate its parent.
Slightly simplified, we show that T, ~ Q (logd) - Tyy1.
To build up the intuition behind this lower bound,
consider a 2-CoBRA walk starting from node w. In
any round in which w is active, the probability that
it activates its parent is roughly 2/d. Thus, if u is
active for O(v/d) rounds, the probability that its parent
got activated at least once is relatively low (of order
O(l/\/;i)) Thus, to bound the time until u activates
its parent with a good probability, it is sufficient to
bound the time until u was active for Q(v/d) rounds. In
the first round, the 2-COBRA walk most likely activates
two of u’s subtrees. Node u becomes inactive and it
takes roughly T 1/2 rounds before one of the two active
subtrees reactivates u. Each time w is reactivated, the
number of active subtrees increases by at most two.
With k active subtrees, the time until u is reactivated is
roughly Ty41/k. Thus, it takes about ZSS{E) Toi1/k =
© (logd) - Tp41 rounds for u to be activated for at least
©(v/d) rounds.

The formalization of this proof idea needs some
care, since we have to deal, for example, with occasional
subtrees that are much faster in reactivating u. Taking
such technicalities into account, we can prove the actual,
slightly more involved recursive lower bound stated in
the following lemma.

LEMMA 7.3. Consider the wvalues n,d,h € N from
Lemma 7.2. Let the random variable Ty denote the time
until a 2-COBRA walk started from a node u of Sy at
depth ¢ activates its parent for the first time. For any
tef{l,....,h—1}, Pr[Ty > 1] > 1—d /2, where

Q(d-logd), ifl=h—1;
=19 (1-0(1))logd .
e, ifl1<f<h-—1.
2log(es1/d) T /

It remains to prove Lemma 7.3 and, with its help,
Lemma 7.2. We start with the comparatively easier
proof of Lemma 7.2, and provide the proof of Lemma 7.3
afterward.

ZThe o (1) term in the expression for h ensures that the number
of nodes equals n = (d"*t* — 1)/(d — 1), as required by our

construction of Sg p,.



Proof of Lemma 7.2. By unfolding the recurrence for
T¢ in Lemma 7.3, we obtain

_q d-logd (1-0(1)) - logd o1t
"= (h—1-20)! 2loglogd ’

Substituting ¢ = 1, and using Stirling’s formula n! <

e-y/n-(nfe)", gives
B d-logd ((1—0(1))- logd he2
7—1Q<(h—2)!.( 2loglogd ) )
B d-logd [e-(1—0(1))- logd h-2
_Q< h—2'<2loglogd-(h—2)) >

Finally, by substituting d = 2vlesnloglogn and p =
V/logn/loglogn — o (1), we obtain 7, > d - 2", With
this, Lemma 7.3 implies Ty > d - 2(") with probability
1—d~'/? and, thus, E [T}] > d-2°("). Therefore the same
d - 222" Jower bound holds for the expected cover time
of the 2-CoOBRA walk, when the start node is a child of
the root in Sy, completing the proof of Lemma 7.2. O

Proof of Lemma 7.3. In the rest of the analysis, we
assume that n (and, thus, also h and d) is at least some
suitably large constant. The proof is by induction over /.
We start with the inductive step; the base case / = h—1
is considered at the end of the proof.

For the inductive step, assume there is an ¢ €
{1,...,h—2} for which Pr[Tyy; > 7p11] > 1—d" /2
We have to show that Pr [T, > 74] > 1 —d~'/2. To this
end, consider a 2-COBRA walk that starts from a node
u at depth £. Let C denote the set of u’s children and let
p be u’s parent. By definition of the 2-CoBRraA walk, T}
is the first round in which w is active and p is among the
2 samples of u. Without loss of generality, we assume
each v € C becomes permanently active as soon as

e v samples its parent u for the first time or
e v is sampled by u for the second time.

Note that this assumption can only speed up the process
and, thus, strengthens the lower bound.

For v € N, let ¢; be the ¢th round in which node u
is sampled by at least one of its children. We also set
to '= 0. Thus, for each i € Ny, node u is active at the
beginning of round ¢; + 1. Define P as the event that u
does not sample its parent p in any of the rounds ¢; + 1
with 0 < ¢ < \/&/4 This event implies Ty > t\/g/4 + 1.
If w is active, the probability that p is not sampled is

(1—1/(d+1))*. This yields

|\ 2V
.24 P =(1—-——
a2 Pl (1- )
1\ 2 (V44
>(1-=
= (-3)

2
> 1 .
o 2.vd d

where the last step used Bernoulli’s inequality.

Define D as the event that the total number of
distinct nodes sampled by wu during rounds ¢; + 1,
0 <i<Vd/4,is at least 2- (v/d/4+ 1) —logd. Observe
that u performs in total N := 2-(v/d/4+ 1) independent
samples in those rounds. The probability that the ith
of these samples equals one of the at most i — 1 previous
distinct samples is at most (¢ — 1)/(d + 1). Thus the
expected number of samples that equal some of the
previous samples is at most Zf\il cil;+11 < 1. A standard
Chernoff bound gives

1

(7.25) Pr[D] 21—2—1°gd=1—g.

Assume a child v € C of u is sampled by u for the
first time in round x and for the second time in round
y. Moreover, let z be the first round in which v samples
u (note that z > x). We say v is fast if z < y and
z —x < 7y41. Consider the event H that the number of
fast (distinct) nodes v € C sampled by u during rounds
t, +1,0<1 < \/Zl/4, is at most logd. The induction
hypothesis states Ty41 > 741 with probability at least
1—d~1/2. Using a standard Chernoff bound, this implies

(7.26) PriH]>1—-2""8=1_-1/d.

Let m, denote the round in which a child v € C
becomes permanently active. That is, v sampled u
for the first time or u sampled v for the second time.
Counsider the list (v1,71), (v, 7r2), ... of all tuples v; € C
and r; > m,, + 1 order non-decreasingly by r; (breaking
ties by node IDs). Let

ar = |{ (vi,r5): 1 <i < k,v; samples u in round r; }|,

for £ € Nyg. The probability for v; to sample u in a
round r; is (1 — (1 — ﬁ)Z). Thus, Efax] = k- (1 —

(1- ﬁ ) < 2k/d. Define the event C that aj, < 8k/d
1

2
)
for all £k > d-Ind. Using the union bound over all £ and



applying a standard Chernoff bound for each k gives

21—26_%

8k
(7.27) PrC]>1-) Pr [ak > d]

k>d-Ind k>d-Ind
_2d:lnd _2i
= 1—8 d . E e d
>0
_ 1 1
=1-d? —>1—-.
1—e"a d

Next we show that the event P N DNH NC implies
Ty > 7. Once this is proven, the lemma’s statement
follows by observing that Pr([PNDNHNC] > 1 —
d~1/2, which follows from (7.24) to (7.27) by a union
bound. In order to prove that P N D NH N C implies
T, > 7, define s; for j € Ny as the number of the
first j - 7¢+1 rounds in which w is sampled by at least
one of its children. By definition (of s; and ¢;) we have
ts; < J-Ter1 < ts;+1. We use the following auxiliary
result, whose proof can be found at the of this section.

CramM 7.1. Assume the event P N D NH NC occurs.
For any j € N, either s; < 33j - (s;—1 +1logd) - Te41/d
or the quantity on the right side is at least \/(3/4

Now suppose that event P N D N H N C occurs.
By recursively applying Claim 7.1, we obtain that the
smallest j for which s; > /d/4, satisfies (34; - 7441/d)’ -
logd > +/d/4, where we used sy = 0 and that the logd
factor in Claim 7.1 is negligible except for j = 1. Solving
the above inequality gives

logd/2 —2 —loglogd (1 —o0(1))-logd
~ log(re41/d) +10g(345)  2log(resa/d)

It follows

(1—-0(1))-logd
2log(1e41/d)

and, since Ty >t 5 (by event P), we have

t\/g/4 2 cT0+1,

(I1-0(1))logd

T, .
©7 Rloglrepajd) Y

finishing the induction step.

It remains to consider the base case of the induction,
¢ = h—1. That is, the start node u is at depth h—1. We
assume, without loss of generality, that each node v € C
becomes permanently active as soon as it is sampled by
u for the first time. We will use event P defined earlier,
stating that u does not sample its parent in rounds ¢;+1,
0<i<Vd/4

Given event P, we lower bound the number of
rounds until u is sampled by its children in v/d /4
different rounds. Each time u gets sampled, it samples

(and, thus, permanently activates) at most two children
in the next round. If 2k nodes v € C are active at the
beginning of a round, the probability w is activated is

1 2-2k
1—(1-— <
(-a1) =

It follows that the number of rounds until u is sampled
by its children in v/d/4 rounds stochastically dominates
the sum of vV/d /4 geometric random variables, where the
kth of these variables has success probability 4k/(d+1).
This sum has the same distribution as the number of
remaining rounds until all coupons are collected, in
a coupon collection problem in which all but \/3/4
out of d + 1 coupons have been collected and four
random coupons are sampled per round. Then standard
analyses for coupon collection give that the number of
rounds needed is € (d - logd) with probability 1 — 1/d.
Combined with (7.24), we get T,_1 = Q(d - logd) with
probability at least 1 —d~'/2. This completes the proof
of Lemma 7.3. O

4k

d+1°

Proof of Claim 7.1 We prove the statement via
induction over j € N. Define ¢ := min{j- 741,275, }
and s} := min { s;, V/d/4}. Note that, by this definition,
we have ts; <t< ts;+1~

If s;_1 > \/d/4, then the statement follows trivially
from 335 - (Sj_l —|—10gd) 'Tg+1/d > 8j-1 > \/a/4, where
the first inequality uses 711 = Q (d - logd). So assume
sj-1 < \/(Wél During the first (j—1)- 7441 rounds, node
u is activated s;_; times (by its children). Being the
start node, u is also active in the first round. Moreover,
since the event P holds, u’s parent was not active during
these (j—1)-7¢4+1 rounds and could not sample u. Thus,
in total u was active during at most s;_; + 1 rounds of
the first (j — 1) - 7441 rounds and could activate at most
2(sj—1 + 1) of its children.

Consider the nodes v € C that u samples for the
first time during the rounds (j — 1) - 7441 + 1 up to ¢.
Since event D holds, at most log d of them are sampled
twice by u. Moreover, by event H, at most log d of them
are fast. In particular, at most these 2logd become
permanently active before round j - 7441 + 1.

Summing up, at most 2(s;_1 + 1) + 2logd nodes
v € C become permanently active during the first ¢
rounds. This implies that the total number of pairs
(vs,73) with r; < tis at most (2(sj—1+1)+2logd)-2t <
(2(sj—1+1)+2logd)-2j-7¢+1. Then event C implies that
at most (2(sj_1+1)+2logd)-2j-7¢41-8/d times is node
u sampled in the first ¢ rounds by nodes v € C' that are
permanently active. Also, at most 2(s;_1 + 1) + 2logd
times is u sampled by nodes v € C' before they become
permanently active, as each v € C samples u at most



once before becoming permanently active (precisely, in
round 7,). Therefore,

5 < (2(sj-1 + 1) +2logd) - 25 - T¢41 - 8/d
+2(sj_1 4+ 1)+ 2logd
<335 (sj—1 +logd) - Te41/d,

where the last inequality holds for all sufficiently large
d. Since s; = min { s;,v/d/4}, if the quantity in
the last line above is less than v/d/4, then sj = s,
and thus s; < 335 - (sj_1 + logd) - T¢41/d; otherwise,
33j - (sj_1+logd) T¢41/d > V/d/4, and the claim holds
trivially. This completes the proof of Claim 7.1. O

APPENDIX
A  Proof of Lemma 4.2

First we show a Chernoff-like bound for a single sum of
(possibly not independent) binary random variables.

LEMMA A.1. Let n € N. Consider a filtration F =
(Fi)iy and a sequence (X;);_, of binary random vari-
ables that is adapted to F. Define the random variables
X[l,n] = Z?:l )(z and M = Z;n:lE[XZ | ]:1;1]. The
following statements hold for any 6 € (0,1] and b > 0:

(a) If M is bounded from above by b then
Pr [Xpin > (1+6)-b] < e /3.
(b) If M is bounded from below by b then

Pr[Xp ) < (1-8)-b] <e00/2,

Proof. We follow the standard proof technique for Cher-
noff bounds (see, e.g., [28, Chapter 4.1] or [26, Chap-
ter 4.2]). In the following we only prove (a). The proof
of (b) is along the same lines.

For any t > 0 we have Pr[X[; ) > (1+6)-b] =
Pr [t Xum > et (149)8] Markov’s inequality yields

E [etX1,n
Pr (X1 = (140) 8] < o]

(A1) S b

Next we show that

(AQ) E [et'X[Ln]] < €b~(et—1).

Once this is proven, combining (A.1) and (A.2) yields
Pr[Xp ) > (1+6)-b] < e Choosing ¢ = In(1+

d) > 0 and performing standard calculations (see [26,
Theorem 4.4]) gives (a).

It remains to prove (A.2). To this end, we

define the sequence (z;)_, iteratively as fol-
lows: Given z1,...,2;-1, let x; € {0,1} be
such that Pr[X;==;|z1,...,2;-1] > 0 and
E[et'ziq‘in Xilay, .., 2] s maximized; here,

conditioning on z; is a shorthand for condi-

tioning on X; = ;. For i € {1,...,n} let
p; = E[X;|x1,...,2;—1]. We now argue that for
ie{1l,...,n} we have

(A3) E [etzism Xi

L1y 7xi—1:|

< em'(et—l) K [etZian X

L1y - ,J}i:| .
To see this, compute

E {et Zigjgn X

xla"'axi—l]
:PI‘[X,LZ 1|LL’1,...7$¢,1]

. ]E |:et+tAZi<j§n X]

mlv"'vxiflei = 1]
—l—PI‘[Xi =0 | xl,...,xi_l]

-E |:€t.277<j§”XJ 1‘1,...,(1)2‘,1,X1‘ = 0]

=p;- et . ]E |:et'2i<j§n Xj

xl,"';xiflei = ]-:|

+(1—p)-E [et'2i<jgn X

3717-”71'1'—1’Xi:0}

<(1+4pi-(e"=1))-E [etzwén X

‘r17"'7xi71awi:|

< epi'(etfl) .E {et 2ici<n Xj

xla"'ami]a

where the penultimate inequality holds by our choice of
x;. This proves (A.3).
Applying (A.3) iteratively for i = 1,...,n yields

E [et Yi<i<n XJ} < Hepi'(et—l) — eXi<i<n pi-(ef—1)
1<j<n

S eb~(et71)’

where the last inequality uses > ,.,., pi < b, which
follows from the lemma’s assumption that M < b. This
yields (A.2) and, as argued above, concludes the proof
of (a). O

We will use the following corollary of Lemma A.1.

LEMMA A.2. Let n € N. Consider a filtration F =
(Fi)iy and a sequence (X;);_, of binary random vari-
ables that is adapted to F. Fori € {1,...,n}, de-
fine the random wvariables X ; = ZlSjSin and
Pug =3 01<j<i BIX; | Fj—1]. For any 0 <e <1 and
0 < 0 <1, the following equations hold:

(a) Pr[Vi: Xpq < (1+6) (P +loge™)]
=1-0(572- 7).

(b) Pr I:VZ X[l,i] > (]. - (5) . (P[l,z] - lOgE_l)}
=1-0(572¢°/?).



Proof. We only prove (a). Part (b) follows similarly (by
using Lemma A.1(b) instead of Lemma A.1(a)). Fix
keNgand j€{1,...,n}. Define

0 )X P < ks
7710, otherwise.

n

Note that sequence (XJ("C))j=1 is adapted to F. Let
S k) 5 k

X*) = 213j§n X](' ): pk) — Z1§jgn]E[Xj(' ) |~7:j71}-
By definition P(f) < k, so we can apply Lemma A.1(a)
forb=k+p > ]:7(’“), where 5 > 0 will be specif2ied later.
This yields Pr[X®) > (1 +0)- (k+B)] < e~ (k+8)/3,
Applying a union bound over all k& € Ny yields

(A4) Pr [Vk: €Ng: XB) < (146)- (k+ 5)}

e—52-B/3

_ —8%(k+p)/38 _ 1 _ &
=1 Z ¢ =1 1 —e—92/3

keNy

—1-0 (5—2 : 6—52'6/3) .

Observe that if X*) < (14 ) - (k + f8) for all k € Ny,
then for any i € {1,...,n}, we have X[, ; < (1+4)-
(P15 + B+ 1). To see this, fix P ;) and choose k € Ng
such that k — 1 < Py < k. Then X < X by
definition of X*), and thus,

X <X < (146)- (k+8) < (146) - (P +1+8).
From this and (A.4) we get
Pr[Vi: X1 < (1+6) (Pug+6+1)]
> Pr [Vl € Nox X0 < (140) - (k+ )]
—1-0(572. e 0),
The claim follows by letting 3 = loge ! — 1. O

Proof of Lemma 4.2. We apply Lemma A.2(a) and
Lemma A.2(b) to (X;);—, and (Y;);_,, respectively.
Thus, forany 0 <e <land 0 < ( <1,

PrViel: Xp >1-¢) (Puyg—loge™")]
—1-0(¢2 ),
PriViel: Yy < (1+¢)(Qu,+loge™")]
=1-0 (C_2 -542/3) .
By the union bound, this implies
(A5)  Pr|Viel:Xpy,)—Yny
>(1=¢) - (P —loge™")
— (140 (Qu +loge™)]
=1-0 (C‘Q P + (72 -542/3) .

(1-6)/2

By setting ( = ﬁ and € = ¢ and using

P, > (14 @)Qp1 4, we calculate

(1=0¢) (P, —loge™") = (1+¢) - (Qpu,q +loge™)
> (1—=08) (P — Qpu,ij —loge™),

and

52(1-9)

(7282 4 (2B <272 = 0 (5266<1+2/0<>2> .

Substituting these to (A.5) completes the proof of
Lemma 4.2. O
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