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A new stress resultant constitutive model for reinforced concrete plates under cyclic solicitations is
presented. This model is built by the periodic homogenisation approach using the averaging method
and couples damage of concrete and periodic debonding between concrete and steel rebar. In
one-dimensional situations, we derive a closed-form solution of the local problem useful to verify and
set up the plate problem. The one dimensional macroscopic constitutive model involves a limited number
of parameters, the sensibility of which is studied. Comparison to experimental results underlines the per-
tinence of the model by considering internal debonding in order to properly represent the mechanical
dissipation occurring during cyclic loadings on reinforced concrete panels.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Reinforced concrete (RC) is an intensively used material in civil
engineering. The structural strength analysis of RC buildings, both
at the conceptual design stage and for re-examination during the life
duration, demands more and more sophisticated means, but
adapted to engineering practice needs, especially when justifying
safety margins and eventually determining design weaknesses, for
existing structures and buildings. Thus Nonlinear Finite Element
Analyses are used to determine the load carrying capacity of RC
structures and buildings, for both monotonic and cyclic loading
paths, as needed by complex in-service or accidental loading scenar-
ios, as earthquakes. A lot of researches have been carried out to pro-
pose appropriate constitutive models, fitted to the kinematical
description of RC structural elements and their Finite Element
formulation. Most of these researches address RC members and
columns, for which efficient and robust modeling for engineering
purposes are available; nevertheless it seems that rather less
research works are devoted to RC panel (slabs and walls) modeling,
aiming at performing complex full scale building seismic analyses.
First, we propose in the following a quick literature survey in
order to outline the state of the art concerning both main RC struc-
tural element behavioural features and RC modeling and generic
constitutive modeling approaches, as a prerequisite to set out the
aims of our work.

1.1. Overall context and experimental observations

RC is a composite material, in which the needed strength in ten-
sion, which cannot be reached by the plain concrete alone, suscepti-
ble to cracking, is provided by steel rebar. Due to concrete matrix and
steel rebar behaviours and to the bond action between both materi-
als, complex redistributions of mechanical fields occur between
these two material phases; thanks to this effect, the cracked RC is
stiffer than steel rebar alone. However, this feature leads to stiffness
degradation and energy dissipation, of great consequence for the
seismic analysis. The contribution of steel rebar and their bond with
cracked concrete, in the overall behaviour of the RC section, is called
‘‘tension-stiffening’’, see for instance Feenstra and De Borst (1995)
and Marti et al. (1998). For many decades, each component of the
composite material that is RC, were studied closely and several con-
clusions can be sorted out:

– the concrete matrix undergoes stiffness degradation and strain
softening by cracking in tension. A non-symmetrical response
stems from opening and closing of cracks, and lateral confine-

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2013.07.021&domain=pdf
http://dx.doi.org/10.1016/j.ijsolstr.2013.07.021
mailto:christelle.combescure@edf.fr
mailto:helene.dumontet@upmc.fr
mailto:helene.dumontet@upmc.fr
mailto:francois.voldoire@edf.fr
http://dx.doi.org/10.1016/j.ijsolstr.2013.07.021
http://www.sciencedirect.com/science/journal/00207683
http://www.elsevier.com/locate/ijsolstr


3862 C. Combescure et al. / International Journal of Solids and Structures 50 (2013) 3861–3874
ment effect (Sheikh and Uzumeri, 1982) from steel stirrups,
ties and hoops affects concrete strength. Residual strains and
crushing appear in compression (Farrar and Baker, 1992), fol-
lowed by crack shear transfer (due to aggregate interlocking),
dilatancy, and dowel action effect for more complex loading
paths;

– the bond action between concrete matrix and steel rebar, which
can be analysed through bar pull-out tests, produces local
cracking, due to geometrical singularities. The elastic moduli
mismatch between both phases induces debonding beyond a
certain loading level. Those behaviours cause, under cyclic solic-
itations, a quick degradation of stiffness and strength, and
energy dissipation as shown in CEB-FIP code (1993) or by Fardis
(2009). Therefore, the bond action plays a major role in the hys-
teretic behaviour of RC structures as recognised for a long time
(Mörsch, 1909);

– the steel rebar itself involves elastoplasticity, and buckling, see
CEB-FIP code (1993) or Spacone et al. (1996). In usually
designed RC structural elements, these nonlinearities arise in
the vicinity of the overall collapse of the whole RC section.

Regarding the context imposed by the considered applications,
we need to draw the following phenomena-ranking table. First,
the analyses conducted are restrained to RC structural element
cyclic loading associated to engineering needs for low and moder-
ate seismicity regions. As a consequence, the collapse phenomena
are excluded. Therefore, it will be considered hereafter that nei-
ther yielding nor buckling of steel rebar, nor even crushing of
concrete occurs. It is assumed that the defect evolution – i.e. mi-
cro-cracks– in concrete during monotonic or cyclic stress state
transients addresses the elastic stiffness degradation as shown
by Farrar and Baker (1992), while the progressive debonding be-
tween concrete and steel rebar produces residual strains (CEB-FIP
code, 1993 ; Kobayashi et al., 1980). Of course, non symmetrical
behaviour observed in tensile–compressive loading directions in
the concrete phase has to be accounted for, stemming from the
alternate opening and closing of concrete cracks. Concrete con-
finement effect will be only considered as an input parameter
for strength values. As far as that goes, we do not consider geo-
metrical non-linearities (like P-Delta effect (Rutenberg, 1982)),
nor viscous or rate effects on concrete behaviour (velocities
remaining low in seismic range), nor specific inertial effects at
the microscopic scale (frequencies remaining low in seismic
range). Inertial forces are determined from a simple weighted
averaging mass density and overall accelerations in the RC
section.

According to experimental observations, quoted in Carpinteri
and Carpinteri (1984) and Favre et al. (1990) and Maekawa et al.
(2003), the bond stress-slip constitutive relation is the same what-
ever the direction of loading is, the rebar pulling-out criterion
being reached prior to the steel yielding one for usual designs.
Moreover, a simple yet rational bond-slip model for the bond
behaviour between reinforcement bars and concrete proposed by
Ingraffea et al. (1984) is adopted as a reference. According to this
work, and following other authors from this time, it is assumed
that non-linear bond-slip mechanism occurring is correlated to
an internal micro-cracks system, located in the vicinity of steel re-
bar in plain concrete between two successive transverse steel bars
where macro cracks can grow due to the singularity induced by the
elastic coefficient mismatch (Goto, 1971). As a consequence, the
bond slipping is induced by prior concrete cracking. As in classical
rebar pull-out test, we presume that this bond-slip mechanism can
be idealised by a two-scale approach. For ordinary ribbed rebar, a
simple stepped rigid-perfectly plastic bond stress-slip relationship
could be satisfactory as done by Marti et al. (1998) and Pimentel
et al. (2010).
1.2. Overall context of constitutive modeling

According to the different scales of analysis, many constitutive
models are proposed in scientific literature and disseminated to
practitioners for industrial applications on RC buildings or struc-
tural elements. In each case considered, the range of applications
and the one of loading levels (small nonlinearities or failure modes
determination. . .) are crucial criteria to avoid excessive or unsuit-
able computational burden or inappropriate results output. Such
models can be arranged in the following classes as proposed by
Spacone et al. (1996):

– for local refined analysis devoted to member joints or other
local geometric singularities, a two phases modeling is pre-
ferred, involving sophisticated constitutive relations for con-
crete (damage models and smeared cracking, softening-
induced uniqueness lost regularisation treatment. . .), for steel
rebar (plasticity. . .), and for steel–concrete bond (adhesion).
Nevertheless, this kind of FEM simulations needs refined
meshes and suffers from iterative procedures convergence
issues, due to the softening behaviour; therefore, in our view,
such approach cannot be reasonably proposed for whole build-
ing analyses;

– at the intermediate scale, it can be suggested, for instance, mul-
tilayer modeling for RC panels, slabs and walls, or multi-fibre
modeling for RC members, where simplified constitutive rela-
tions of both materials are implemented (Ngo and Scoderlis,
1967; Guedes et al., 1994; Spacone et al., 1996) and in which
the nonlinear behaviour of bond might be merged with the steel
reinforcement plastic behaviour;

– for overall building or main RC frame analyses, ‘‘homogenised’’
or ‘‘globalised’’ RC models for members, beams and columns,
and lumped hinge nonlinear models are often proposed. These
models summarise the main aspects of the nonlinear response
(e.g. Takeda et al., 1970) at the scale of the whole building,
and their parameters are calibrated with reference to experi-
mental results and a limited number of characteristic material
data.

Therefore, we can identify two main ways to formulate these
constitutive models for RC structure behaviour:

– for local refined analysis and intermediate scale models, the
usual way consists in developing a series of theoretical expres-
sions idealising each elementary phenomenon involved in the
overall behaviour and calibrated from a series of experimental
data. The RC constitutive model is then built by addition of each
elementary mechanism. RC panels, for instance, have to be
modelled as multi-component structural systems: concrete,
reinforcing bars and interaction between these two phases. This
is the way used by many authors, namely Lee (2011), Marti
et al. (1998), Okamura and Kim (2000), Pimentel et al. (2010),
Selby and Vecchio (1997), Soltani et al. (2005), Spacone and
El-Tawil (2004) and Vecchio and Collins (1986). The main
hypothesis of this first family of local refined analysis constitu-
tive models consists in the superposition of stress distribution
stemming from each phase and the interface stress; see for
instance Feenstra and De Borst (1995);

– for ‘‘globalised’’ RC models, the preferred approach consists in
developing the constitutive model from an a priori general
framework in order to formulate, in a consistent way, the state
equations and the evolution laws and to define the intrinsic
mechanical dissipation. Moreover, a homogenisation technique
or multi-scale analysis, see for instance Andrieux et al. (1986),
Caillerie (1995), Perić et al. (2011) and Suquet (1993), can be
used in order to transfer the physical variables and equations
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from the microscopic scale to the macroscopic one, i.e. from the
multi-phase description to the resultant state of the RC struc-
ture section.

Among all of these developments, some are conducted accord-
ing to the theoretical framework of Simple Materials presented
by Germain (1973a,b), Thermodynamics of irreversible processes,
see Coleman and Gurtin (1967) and Germain et al. (1983) and Gen-
eralised Standard Materials theory (GSM) see for instance Chab-
oche (2003), Dragon and Mròz (1979), Halphen and Nguyen
(1975) and Lemaı̂tre and Chaboche (1990).

The latter is the usual framework of the associated rate-inde-
pendent plasticity or damage mechanics. It is the way used by
many authors, for instance Alliche and Dumontet (2011), Badel
et al. (2007), Lorentz and Godard (2011), Dragon and Mròz
(1979), Gatuingt and Pijaudier-Cabot (2002), Rumanus and Mes-
chke (2007, 2008), Shao et al. (2006), to formulate their constitu-
tive models and especially to idealise the plain concrete
behaviour. The adequacy with experimental observations is used
to calibrate the model parameters, accepting a certain compromise
level. The GSM framework for nonlinear constitutive equations
incorporates a well-define energetic characterisation and is well
adapted to be implemented through an time integration algorithm
associated with a well-posed minimisation problem, by an implicit
way in any Finite Element software. This adequacy with the
numerical implementation persists even with the softening behav-
iour of concrete, which introduces an additional difficulty, by
uniqueness loss and localisation at the equilibrium equations
stage, consequently spatial mesh dependency. This peculiar feature
requires specific methods, among them nonlocal formulations:
Pijaudier-Cabot and Bažant (1987), Lorentz and Andrieux (2003)
and Lorentz and Godard (2011).

Most of constitutive models dealing with RC structures seismic
behaviour proposed in literature are devoted to members, beams
and columns, including the collapse prediction, see for instance Ba-
non et al. (1981), Carpinteri and Carpinteri (1984), Guedes et al.
(1994), Maekawa et al. (2003), Ngo and Scoderlis (1967), Spacone
et al. (1996), Spacone and El-Tawil (2004) Takeda et al. (1970). In-
deed, these structural elements are the most representative of ac-
tual RC building throughout the world, and are studied in
particular to assess the population protection against the seismic
risk. Due to this particular geometry, the most popular way is to
formulate constitutive models in the ‘‘intermediate scale’’ context
by means of multi-fibre beam models.

However, several authors addressed their works to formulate
RC panel constitutive equations, most of them using a ‘‘local re-
fined analysis’’ point of view: Brun et al. (2003), Kotronis et al.
(2003), Krätzig and Polling (2004), Mazars et al. (2002), Selby
and Vecchio (1997), Soltani et al. (2003). Indeed, especially in
industrial and large RC building, RC panels are often used in or-
der to increase both stiffness and dissipative properties of the
building, two properties desired for their aseismic design. Never-
theless, at the authors’ knowledge, there is very few available
constitutive models formulated in that general framework,
including GSM and multi-scale approach, addressing in a direct
way the stress resultant plus bending nonlinear hysteretic
behaviour of RC plates. The constitutive model devoted to the
collapse of RC plates under fast dynamical conditions (Koechlin
and Potapov, 2007) can be quoted; however, this model is not
appropriate for seismic loading computations. A first attempt
meeting the needs of the applications considered for our study
was proposed by Markovic et al. (2007), but limited to the only
elastic continuum scalar damage of RC plates under cyclic load-
ing conditions, and not accounting for other types of energy
dissipation.
1.3. Outline of this work

The aim of the work presented in this paper is to justify the for-
mulation of a stress resultant plus bending cyclic constitutive mod-
el for RC slabs and walls, in view of building seismic analyses. This
model must account for period elongation of RC buildings due to
cracking during earthquake ground motion, and energy dissipation
evaluation, needed to assess an equivalent damping effect, in case
of low and intermediate seismic ground shaking levels (seen with
respect to the load carrying capacity of the building).

One of our aims is then to enlarge the approach presented by
Markovic et al. (2007), namely by introducing steel–concrete deb-
onding effect, membrane-bending coupling and accounting for
any type of double steel-rebar grid in the thickness of the RC sec-
tion. Another aim is to build a better justification of model equa-
tions: in particular to introduce RC panel section modeling by
means of a control volume or ‘‘REV’’ (for representative elemen-
tary volume) within a micro–macro approach. In this multi-scale
context, a justification of the modeling by means of an averaging
homogenisation technique is chosen to deduce, in such way, the
overall behaviour of the RC section from local phenomena. In-
deed, thanks to the contribution of steel rebar, a positive post-
elastic slope can be a priori considered within the global resultant
behaviour, avoiding thereby well-known localisation issues as we
do not consider, in the analysis, the collapse of the RC section, see
Pijaudier-Cabot and Bažant (1987) and Badel et al. (2007). This
assumption can be justified by experimental evidence, as quoted
by Alliche and Dumontet (2011) and Feenstra and De Borst
(1995).

Due to the static indeterminacy of the concrete-steel assembly
in the RC section, it is expected that accounting for progressive
degradation of both concrete stiffness by cracking and bond at
the concrete/steel interface, will be sufficient to describe the com-
plex hysteretic behaviour of RC section, by means of a two-scales
approach, justifying the overall behaviour by a schematic descrip-
tion at the fine scale. As a consequence of physical phenomena to
be addressed, see §1.1, there is a need for two types of dissipative
internal state variables: damage variables and residual strain ones.

In the sense of the categorisation presented at Section 1.2, the
proposed model belongs to the homogenised models for RC struc-
tural elements, within the GSM framework for nonlinear irrevers-
ible behaviour constitutive relations.

The paper is organised as follow: in a first part, the three-
dimensional formulation of the concerned periodic homogenisa-
tion problem is presented and the proposed constitutive model,
coupling damage and debonding is set up. This problem is then
analytically solved in one dimension and the closed form of the
one-dimensional model is presented. Then, an equivalent rheolog-
ical modeling is proposed as a physical interpretation of the previ-
ously set one-dimensional model. Finally, typical behaviour of the
one-dimensional model is studied including parameters influence
and the model is applied on an engineering application: the SAFE
experimental tests that were conducted at the Joint Research Cen-
tre at Ispra, Italy (Pegon et al., 1998) on shear RC walls, see also
(Brun et al., 2010).
2. General formulation by Periodic homogenisation

Considering the particular context of the study, a simplified
periodic cell is defined and an averaging periodic homogenisation
approach for heterogeneous plates is implemented. Variational
form of the auxiliary problem is set up and homogenised free
Helmholtz energy as well as intrinsic mechanical dissipation are
presented. Finally, the macroscopic homogenised constitutive
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Fig. 2-1. (a) Debonding phenomena at concrete-steel rebar interface (Goto, 1971)
(b) Assumed debonding displacement distribution at the interface.

Fig. 2-3. Detail of the layer X3 [X4 including concrete and steel grid.
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model formulated within the framework of the GSM theory (Hal-
phen and Nguyen, 1975) is proposed.
2.1. From reality to the studied periodic cell

As cyclic loading and seismic solicitations far from collapse are
addressed, see Section 1.3, steel is considered as an elastic material
whereas concrete is considered as an elastic and damageable mate-
rial. Concrete can slide down longitudinal steel rebar of the rebar
grid beyond a certain threshold.

As shown on Fig. 2-1 (a), the debonding is considered as being
maximal at transverse primary-cracks in concrete, frequently initi-
ated by steel rebar being orthogonal to the debonding direction,
that is to say orthogonal grid rebar. Indeed, the Young’s moduli
contrast between concrete and steel induces stress concentration
near the steel–concrete interface, and the structural effect of the
grid localises this concentration at the grid corner. Moreover,
experimental observations by Pascu (1995) clearly show that, dur-
ing bending experiments on RC plates, the crack pattern matches
the position of the grid rebar, underlying the importance of steel
reinforcement in crack initiation.

Thus, in the presented study, debonding is considered as peri-
odic with a period equal to the distance between two consecutive
Fig. 2-2. Definition of the considered p
transverse primary-cracks or/and reinforcing bars of the steel grid
perpendicular to the debonding direction. Moreover, the concrete-
steel interface behaviour is considered as whether perfectly stick
whether perfectly debonding, according the distribution shown
on Fig. 2-1(b), consistent with the assumptions proned by Marti
et al. (1998) and Pimentel et al. (2010).

Periodic plate homogenisation will be conducted on the peri-
odic cell presented on Fig. 2-2, the thickness of which, H, being
the one of the RC plate, with periodicity along x1 and x2 directions.
Regarding usual RC plates, the ratio between the periodic cell lat-
eral dimensions, l1 and l2, and the entire RC plate ones, L1 and L2,
is about the same order as the ratio between the plate thicknessH
and its lateral dimensions, l1 and l2, and both are small. The effec-
tive model is then given by the simultaneous asymptotic limit of
these ratios resulting in a Love–Kirchhoff plate model (Caillerie,
1984).

In the following, a double steel grid RC plate is considered.
(X1,X2) defines the RC plate tangent plane, while X3 is the normal
vector to this tangent plane. The periodic cell can come down to a
multi-layer material constituted by a layer X1 [X2 of plain con-
crete and a layer X3 [X4 including both concrete and steel grid
(see Fig. 2-3), alternatively repeated in the plate thickness (see
Fig. 2-2). Upper and lower faces are free of charge. The C2 interface,
separating X1 from X2 as well as X3 from X4, corresponds to the
maximal value of the debonding displacement as presented in
Fig. 2-1 (b). Moreover, debonding is occurring both in X1 and X2

directions on the multiple C1 interface. For the time being, we re-
strict our analysis to the stress-resultant (membrane) behaviour
without bending; hence debonding is considered as equal on each
C1 interface.

Finally, in order to represent concrete damage, it is considered
that the concrete layer is constituted of two distinct domains X1

and X2, with two different states of damage for concrete. Indeed,
the actual state of damage for concrete in the studied plate is non
eriodic cell from the real RC plate.
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uniform in the concrete volume. As shown in Suquet (1982),
keeping the whole generality of the damage local state would re-
sult in an infinite number of macroscopic internal variables after
the homogenisation process, excluding the possibility to build a
practicable Generalised Standard macroscopic model from the
microscopic ones. However, Suquet also shown that the number
of internal variables can be come down to a finite number if
the microscopic internal variables are chosen (or proved to be)
piecewise. As a consequence, a piecewise microscopic damage
field d is so defined within the whole periodic cell and two values
of damage for concrete are chosen. Following the same idea,
debonding distribution will be described by only one internal
variable, uniform in the whole periodic cell. Thus, the macro-
scopic and microscopic internal variables (damage and debond-
ing) are identical, thanks to the simple field averaging on the
periodic unit cell, and the GSM properties of the macroscopic
model are insured.

One might notice that debonding as well as microscopic dam-
age distribution and evolution should be a result of mechanical
energy minimisation and not an assumed data of the elastic cell
problem. However, these fields depend on the whole RC structure
loading history so that microscopic cell non linear equilibrium
should be solved for each time increment of global loading. Yet,
the aim of our study is to build a macroscopic constitutive model
from an a priori homogenisation process. Therefore, the debond-
ing at the interface C1 is considered as assumed and identical
for each loading pattern and damage repartition is considered
as uniform. Thus, an approximated macroscopic constitutive
model is built, depending on the assumed debonding function
and the damage distribution used to compute homogenisation
stages.

2.2. Membrane cellular homogenisation problem

Notations: The indices of tensor components specify the dimen-
sion: latin indices (i,j,k = 1,2,3) denote 3D-space tensors while
Greek ones (a,b = 1,2) denote tensors in the plate tangent plane.

In this section the problem considered on the periodic cell (also
called ‘‘unit cell’’ due to the periodicity) shown on Fig. 2-2 will be
set. The effective constitutive plate model resulting from the peri-
odic plate homogenisation process, and formulated within the
framework of GSM (Halphen and Nguyen, 1975) and asymptotic
plate (Caillerie, 1984) theories, will be presented using the averag-
ing method (Sanchez-Palencia et al., 1987). Indeed, following these
authors, the macroscopic model resulting from averaging homoge-
nisation method is the same as the limit model obtained by the
asymptotic approach, assuming elasticity and given anelastic
strains. Then, it is assumed (see the proof given in the two previ-
ously quoted papers) that, at the macroscopic scale, the state vari-
ables are the membrane strain tensor E (for the moment, we do not
consider bending), and internal state variables D and Eg, which will
be defined from the microscopic state variables: the three-dimen-
sional strain tensor e, the piecewise damage variable d, the deb-
onding tangential displacement discontinuity on C1 denoted by
the function g(x) (see Fig. 2-1(b)), all fields being defined within
the unit cell.

Regarding periodic homogenisation method, both stress and
strain approaches are equivalent (Suquet, 1993); as a consequence,
strain approach will be developed with a macroscopic membrane
strain tensor E applied on the whole unit cell, E being defined only
in the (O,X1,X2) macroscopic tangent plane and related to the
microscopic strain tensor e by the averaging of the plan
components:

Eab ¼
1
jXj

Z
[Xi

eabðuÞdX ð2-1Þ
The damaged concrete in X2 domain is represented by a damaged
elastic stiffness tensor a2ðdÞ depending on the microscopic damage
variable field d considered as piecewise in this domain. Elastic stiff-
ness tensors a1;a3 and a4 represent the sound concrete in X1 do-
main and the steel grid plus concrete in X3 and X4 domains,
respectively. The debonding on the C1 interface, is considered as
equal to an assumed function g of the (O,x1,x2) microscopic plane,
depending on the microscopic variables x1 and x2. On both inter-
faces C1 and C2, the following notations are adopted for
displacement:

u ¼ uT þ uN:n ð2-2Þ

where n is a fixed normal vector to the interface surface.
The macroscopic debonding strain Eg is defined as the average

of debonding displacement on the interface C1:

Eg ¼ 1
jXj

Z
C1

suTt�sx3dS ð2-3Þ

where �s denotes the symmetrised tensorial dyadic product and
where u is the displacement solution of the problem (2-4) and
s � t stands for the jump operator on any interface C:
svt ¼ limx!CþvðxÞ � limx!C�vðxÞ.

Moreover, the debonding displacement distribution g is pre-
scribed on C1 interface, so that Eg ¼ 1

jXj
R

C1
gðx1; x2Þ�sx3dS. As a con-

sequence, the only non-vanishing components of the macroscopic
debonding strain Eg are the Eg

a3. Therefore, Eg is a first-order tensor
of the tangent plane which component will be noted Eg

a.
Then, the following elastic mechanical problems in membrane

have to be solved on the periodic cell presented on Fig. 2-2, with
assumed internal microscopic variables d and g(x), and mean
membrane strain over the unit cell Eab:

Find ðr;uÞ regular enough such as :
divrðuÞ ¼ 0 in Xi

rðuÞ ¼ aiðdÞ : eðuÞ in Xi

eðuÞperiodic on @Xlat

rðuÞ:n antiperiodic on @Xlat

r:n ¼ 0 on @Xsup and @Xinf

srt � n ¼ 0 on C2

sut ¼ 0 on C2

srt � n ¼ 0 on C1

suNt ¼ 0 on C1

suTt ¼ gðxÞ on C1

eðuÞ ¼ 1=2ðtgradðuÞ þ gradðuÞÞ inXi

heabðuÞiX ¼ Eab

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2-4Þ

where h � iX ¼ 1
jXj
R
[Xi
� dX stands for the average value of the consid-

ered field on the periodic cell. Usual regularity assumptions are
adopted for (r,u).

The local problem (2-4) can be cut down to five problems con-
cerning auxiliary periodic displacement fields denoted by v, called
the auxiliary problems, through the following decomposition in X
(Andrieux et al., 1986; Sanchez-Palencia, 1980):

uaðxÞ ¼ Eabxb þ Ebcvbc
a ðxÞ þ Eg

bvgb
a ðxÞ and u3ðxÞ

¼ Ebcvbc
3 ðxÞ þ Eg

bv
gb
3 ðxÞ ð2-5Þ

Eab is then the mean strain over the unit cell, vbc is the auxiliary
periodic displacement field resulting from the application of a uni-
tary mean strain Ebc over the unit cell and vgb is the auxiliary dis-
placement field resulting from the application of a unitary
macroscopic debonding strain Eg

b over the unit cell.
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Finally, the following variational form of the auxiliary problems
is then set up for assumed unitary membrane strain tensor Eab,
normalised debonding function ĝaðxaÞ, and damage distribution d:

Find vab 2 U0
ad such as :Z

[Xi

epqðvabÞai
pqrsðdÞersðvÞdX ¼ �

Z
[Xi

ai
abrsðdÞersðvÞdX 8v 2 U0

ad

Find vga 2 Ua
ad such as :Z

[Xi

epqðvgaÞai
pqrsðdÞersðv � vgaÞdX ¼ 0 8v 2 Ua

ad

ð2-6Þ

where U0
ad ¼ fv regular; periodicon @Xlat ; continuous in Xg and

Ua
ad ¼ fv regular; periodic on @Xlat ; svNt ¼ 0 and svTt ¼ ĝa ðxaÞ

on C1g where the normalised debonding function ĝaðxaÞ is defined
as gaðxaÞ ¼ Eg

a:ĝaðxaÞ. Usual regularity assumptions are adopted for
the two functional spaces U0

ad and Ua
ad.

Even though the auxiliary problems (2-6) could contain non-
linearity through internal state variables, they remain linear as
long as these internal variables are assumed to have an assigned
value, which is the situation in our study.

The assumed debonding function ga(xa) can have any distribu-
tion as long as it is assigned and identical for each loading pattern.
An example of a debonding function is presented in Fig. 2-1 (b).
Authors will justify in Section 3 that this particular distribution
of debonding is consistent with the one-dimensional damage deb-
onding problem. More generally, this is also consistent with usual
assumptions on bond-stress distribution presented, for instance,
by Marti et al. (1998).

2.3. Homogenised constitutive model

The homogenisation procedure used in the following lies on the
assimilation property of the asymptotic boundary values problem
at macroscopic scale with the averaged problem on the unit cell
through the extended Hill-Mandel mechanical principle (Hill,
1972; Sanchez-Palencia et al., 1987; Suquet, 1993). The balance
equations written at the microscopic scale ensure the relation be-
tween macroscopic stress resultant R and microscopic stress field
r. Thanks to the decomposition (2-5), the microscopic strain
becomes:

eðuÞ ¼ E þ EbceðvbcÞ þ Eg
beðvgbÞ ð2-7Þ

So, once the five (vab and vga) independent linear elastic auxiliary
problems (2-6) solved (e.g. by FEM), the homogenised free Helm-
holtz energy surface density is given by:

2WðE;D;EgÞ ¼ hheðuÞ : aðdÞ : eðuÞiiX ¼ E : hhaðdÞX
: E � EabeðvabÞ : aðdÞ : eðvcdÞiiXEcd þ 2E

: hhaðdÞ : eðvgcÞiiXEg
c þ Eg

ahheðvgaÞ : aðdÞ
: eðvgcÞiiXEg

c ¼ E : AðDÞ : E þ 2E : BðDÞ
: Eg þ Eg : CðDÞ : Eg ð2-8Þ

where hh�iiX ¼ H
jXj
R
[Xi
�dX stands for the average value of the consid-

ered field on the periodic cell time its height H, and A;B;C are
homogenised symmetric fourth, third and second order tensors of
the tangent plane, respectively, defined by:

AabcdðDÞ ¼ hhaabcdðdÞiiX þ hheðvabÞ : aðdÞ : eðvcdÞiiX
BabcðDÞ ¼ hhaabijðdÞeijðvgcÞiiX
CacðDÞ ¼ hheðvgaÞ : aðdÞ : eðvgcÞiiX
The stress resultant differentiated from this free energy density
reads then:
R ¼ @W
@E
¼ AðDÞ : E þ BðDÞ : Eg ð2-9Þ

We observe that this free energy density introduces a damage-
dependent anelastic strain, unlike many usual expressions as in
Chaboche (2003) or Nedjar (2001), Shao et al. (2006) but similar
to expressions from Andrieux et al. (1986).

According to the thermodynamics of irreversible processes, the
free energy density (2-8) can be differentiated to get the following
thermodynamical forces (debonding stress and energy restitution
rate):

Rg ¼ � @W
@Eg ; G ¼ � @W

@D
ð2-10Þ

Finally, once the elastic cellular problem solved and the free Helm-
holtz energy set up, the overall internal variables evolution has to
be dealed. First of all, microscopic dissipative laws have to be de-
fined. We will consider dissipation processes as simple as possible
(constant thresholds parameters (k0,rcrit), no hardening . . .) and
microscopic GSM models with the following threshold functions
for damage and debonding, respectively (g being the microscopic
energy restitution rate for damaged concrete of domain X2 and
ra3 being the tangential components of the stress vector r.n on
the interface C1):

fdðgÞ ¼ g � k0 6 0 and f a
g ðra3Þ ¼ r2

a3 � r2
crit ð2-11Þ

Microscopic associated flow rules are so written as:

_d ¼ _kd
@fdðgÞ
@g

and s _uta ¼ _ka
g

@f a
g ðra3Þ
@ra3

ð2-12Þ

where _kd and _ka
g are positive scalars.

Regarding the work of Stolz (2010) on interfaces and according
to the theory developed by Suquet (1993), macroscopic intrinsic
mechanical dissipation is built as follows:

Dð _D; _EgÞ ¼ hhr : _eiiX � hhw;e : _eþw;d
_diiX �

H
jXj

Z
C1

w;g _gdS

¼ G _Dþ Rg � _Eg ð2-13Þ

where w(e,g,d) denotes the microscopic free Helmholtz energy den-
sity for each material constituting the unit cell.

As a consequence, macroscopic threshold functions are identi-
fied from the macroscopic intrinsic mechanical dissipation as:

fdðGÞ ¼ G� Hk0 6 0 and f a
g Rg

a3

� �
¼ Rg

a3

� �2 � H2r2
crit 6 0 ð2-14Þ

At last, the macroscopic evolution laws take the form of normality
rules:

_D ¼ _kd
@fdðGÞ
@G

and _Eg
a3 ¼ _ka

g

@f a
g Rg

a3

� �
@Rg

a3

ð2-15Þ

where _kd and _ka
g are positive scalars.

The two functionsW – the free Helmholtz energy density – and
D – the macroscopic intrinsic mechanical dissipation, from which
can be defined the dissipation potential – define the effective mac-
roscopic constitutive model of the homogenised material, which is
formulated within the framework of the GSM theory. This macro-
scopic constitutive model comprises only two internal state vari-
ables D and Eg, given the fact that is assumed that microscopic
damage d is piecewise, and Eg is defined as an average of the deb-
onding function g, on the whole unit cell. Of course, even if the free
energy density presented in Eq. (2-8) has a quite general expres-
sion, the values of A;B;C tensor components are closely depend-
ing on the assumed microscopic damage field in the unit cell and
the debonding distribution at the C1 interface.
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3. Closed-form solution of the cellular problem in one
dimension

Considering the homogenisation approach presented previ-
ously, a constitutive model for RC beams under tensile-compres-
sive loading conditions, coupling damage and debonding is built
based on an analytical solution of the cellular problem in one
dimension. Thanks to this analytical solution, original macroscopic
free energy and dissipation potential, coupling damage and deb-
onding, are sorted out. This one dimensional homogenisation is
then re-interpreted through an equivalent rheological model that
allows us to define a very simple approach of homogenisation.
Thus, the so-built well defined closed-form model exhibits easy-
to-determine properties.

3.1. One dimensional simplifications and hypothesis

Considering a one dimensional approach, the unit cell presented
in Fig. 2-2 can come down to the one proposed in Fig. 3-1. The pre-
ferred dimension for this study will be the x1 axis.

In one dimension, the Poisson’s coefficient is assumed equal to
zero, hence microscopic stiffness tensors ai are reduced to the
Young’s moduli of each considered material noted ai. It will be con-
sidered that the Young’s modulus of X2 domain depends on the
internal damage variable d as follows: a2(d) = a2f (d);f being an as-
sumed decreasing convex damage function of C2 class. Finally, con-
sidering one dimensional auxiliary displacement fields v11

1 for
elasticity and vg1

1 for debonding, only dependent on the x1 variable,
the five independent auxiliary problems presented in (2-6) can be
simplified to only two auxiliary problems:

The elastic auxiliary problem

Find v11
1 2 U0

ad such as :Z
[Xi

v11
1;1aiðdÞv1;1dX ¼ �

Z
[Xi

aiðdÞv1;1dX 8v1 2 U0
ad

ð3-1Þ

where
U0

ad ¼ fv1 regular=v1 periodic on� l1 and l1; sv1t ¼ 0 on C1g
The debonding auxiliary problem:

Find vg1
1 2 U

1
ad such as :Z

[Xi

aiðdÞvg1
1;1ðv1;1 � vg1

1;1ÞdX ¼ 0 8v1 2 U1
ad

ð3-2Þ

where
U1

ad ¼ fv1regular=v1 periodic on� l1 and l1; sv1t ¼ ĝ1ðx1Þ on C1g
Fig. 3-1. Definition of the one dimensional periodic unit cell.
In this section, the normalised debonding function ĝ1 is consid-
ered as assigned but with an unknown distribution.

Moreover, according to (2-11), two microscopic threshold func-
tions – one for each dissipative variable – are assumed. They are
chosen to be as simple as possible, without any hardening and with
a constant threshold parameter k0 for damage and rcrit for
debonding:

fd ¼ g � k0 and f g ¼ rg2

1 � r2
crit 6 0 ð3-3Þ

where g ¼ �1
2 a2f0ðdÞv2

1;1 is the energy restitution rate for the micro-
scopic damage model of X2 domain. Prime ( � 0) stands for the stan-
dard derivation of function with one variable.

Microscopic associated flow rules are then written as:

_d ¼ _kd
@fdðgÞ
@g

and s _u1t ¼ _kg
@fgðrg

1Þ
@rg

1

ð3-4Þ

where _kd and _kg are positive scalars.
This particular choice of threshold functions can be discussed

but appears to be the simplest one for the present study. In order
to improve the model, more sophisticated microscopic threshold
functions can be chosen if desired, but authors wish to underline
that they often induce additional parameters difficult to apprehend
for engineers.

3.2. Homogenised one dimensional damage-debonding coupled model

Considering that X1 and X2 domains are filled with sound and
damaged concrete, respectively, and that X3 and X4 domains are
filled with the same steel, the following notations for Young’s mod-
uli will be adopted: a1 = ac,a2 = acf(d),a3 = as = a4. The two super-
scripts c and s denote the ‘‘concrete’’ and ‘‘steel’’, respectively.

A judicious choice of trial functions v1 in the two auxiliary prob-
lems (3-1) and (3-2) leads to v11

1;11 ¼ 0 and vg1
1;11 ¼ 0 in each domain

Xi. Therefore, microscopic strain is constant in each domain Xi and
noted ei. To be consistent with this distribution of microscopic
strain, the normalised debonding function ĝ1 has to be bilinear
and periodic, so it is defined by:

g1ðx1Þ ¼
Eg

13ðl1 þ x1Þ 8x1 2 ½�l1; 0�
Eg

13ðl1 � x1Þ 8x1 2 ½0; l1�

(
ð3-5Þ

So the distribution of microscopic debonding function corresponds
to the one of the debonding displacement presented in Fig. 2-1
(b).

Then the two auxiliary problems (3-1) and (3-2) can be solved
in a closed-form and lead to the following auxiliary displacement
fields.

Elastic auxiliary displacement field:

v11
1;1 ¼

E11
ach1ðfðdÞ � 1Þ

2ash2 þ ach1ð1þ fðdÞÞ in X1

�e1
11 in X2

e1
11 in X3

�e1
11 in X4

8>>>>><
>>>>>:

ð3-6Þ

Debonding auxiliary displacement field:

vg1
1;1 ¼

�Eg
1

2ash2

2ash2 þ ach1ð1þ fðdÞÞ in X1

�e1
11 in X2

Eg
1

ach1ð1þ fðdÞÞ
2ash2 þ ach1ð1þ fðdÞÞ in X3

�e3
11 in X4

8>>>>>>>>>><
>>>>>>>>>>:

ð3-7Þ

Once the auxiliary fields expressions are set up, it is then possible to
express analytically the macroscopic Helmholtz free energy density
from (2-8):



Fig. 3-2. Rheological model representing schematically the unit cell of Fig. 2-2 in
one dimension.
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2WðE;D; EgÞ ¼ AðDÞE2
11 þ 2BðDÞE11Eg

1 þ CðDÞEg2

1 ð3-8Þ

where A, B and C are homogenised factors explicitly expressed as a
function of Young’s moduli ac and as, height of concrete domain h1,
height of steel domain h2 and damage function f:

AðDÞ ¼ ða
sh2 þ ach1Þðash2 þ ach1fðDÞÞ

2ash2 þ ach1ð1þ fðDÞÞ ð3-9Þ

BðDÞ ¼ ash2ach1ðfðDÞ � 1Þ
2ash2 þ ach1ð1þ fðDÞÞ ð3-10Þ

CðDÞ ¼ ash2ach1ð1þ fðDÞÞ
2ash2 þ ach1ð1þ fðDÞÞ ð3-11Þ

It can be underlined that, given this expression of B(D), there is no
coupling between elasticity and debonding until damage takes non
zero values. Indeed, if D = 0, then f(D) = 1 and B(D) = 0.

From this macroscopic Helmholtz free energy density (3-8), the
following thermodynamic forces, stress R, debonding stress Rg

and energy restitution rate G can be derived:

R¼ @W
@E11

¼ ash2þach1ð Þðash2þach1fðDÞÞ
2ash2þach1ð1þfðDÞÞ E11þ

ash2ach1ðfðDÞ�1Þ
2ash2þach1ð1þfðDÞÞE

g
1

ð3 -12Þ

Rg¼�@W
@Eg¼�

ash2ach1ðfðDÞ�1Þ
2ash2þach1ð1þfðDÞÞE11�

ash2ach1ð1þfðDÞÞ
2ash2þach1ð1þfðDÞÞE

g
1

ð3 -13Þ

G¼�@W
@D
¼�ach1f

0ðDÞ
2

ðash2þach1ÞE11þ2ash2Eg
1

2ash2þach1ð1þfðDÞÞ

� �2

ð3-14Þ

The macroscopic debonding threshold function fg remains
unchanged:

fg ¼ Rg2

1 � H2r2
crit 6 0 ð3-15Þ

With the help of the closed form solutions presented in (3-6) and
(3-7), it is possible to rewrite the damage threshold function fd as
a function of macroscopic strain E11 and macroscopic internal vari-
ables D and Eg

13:

fdðGÞ ¼
�ach1f

0ðDÞ
2

ðash2 þ ach1ÞE11 þ 2ash2Eg
1

2ash2 þ ach1ð1þ fðDÞÞ

� �
� Hk0

¼ G� Hk0 ð3-16Þ

Finally, according to (2-15), the intrinsic mechanical dissipation is
set up as:

Dð _D; _Eg
1 ¼ G _Dþ Rg

1
_Eg

1 ð3-17Þ

where G and Rg are the associated dual variables of D and Eg
1,

respectively.

3.3. Equivalent rheological modeling

In order to provide a simpler perspective of the work presented
hereafter, an equivalent rheological modeling is proposed. The rhe-
ological approach appears to be an efficient way to explain the
microscopic physical mechanisms ruling the homogenised model.
Such kind of lumped approach was already used for instance by
Amadio and Fragiacomo (1993) to study the specific problem of
connections of composite steel–concrete beams. The underlying
idea of this rheological model is to explain, in the simplest way
and with easily identifiable parameters, the behaviour of the
homogenised model representing a RC member subjected to ten-
sion or compression in the direction of its steel rebar.

The RC member is considered as an assembly along its thickness
of periodic elementary volumes similar to the one presented on
Fig. 2-1. The periodicity is based on the periodic distribution of stir-
rups in RC members. The periodic unit cell is constituted of two
main materials (concrete and steel) represented by two springs
working in parallel. The concrete-steel bond generating debonding
is represented by a sliding pad with a specific threshold located at
point M (Fig. 3-2). In order to load this sliding pad, it is necessary to
damage only one part of concrete area. Therefore, the springs rep-
resenting concrete and steel are divided into two springs in series,
the sliding pad being localised at the separation, and only one
spring of concrete (arbitrary the right-handed one) is damaged. Fi-
nally, the following assembly, presented Fig. 3-2, is built, produc-
ing a second rank statically indeterminate system of four springs
with six links, one of which being a sliding pad.

The study of this simple model is conducted in the way it would
be with a periodic homogenisation approach, separating macro-
scopic variables from microscopic ones, the main goal being to
determine macroscopic behaviour from a microscopic description
of the system.

The two superscripts c and s denote the ‘‘concrete’’ and ‘‘steel’’
components, respectively. At the macro-scale, the system is con-
trolled by one of the two macroscopic variables E or R and at the mi-
cro-scale, each spring is defined by its own strain or stress: ei or ri.

The stiffness of concrete and steel springs (respectively kc and ks)
are determined directly from the Young’s modulus and the propor-
tions of each material: kc = ach1 and kc = ach2. The sliding pad is de-
fined by the debonding amplitude Eg, the debonding stress rg and a
threshold stress rcrit given by experiments. The damaged stiffness
of the right-handed concrete spring kcf(d) is based on the elastic
stiffness kc multiplied by a decreasing damage function f.

The Table 1 summarises all macroscopic and microscopic vari-
ables and their associated dual variables. Moreover, there is a need
to underline that loading is applied through one of the two macro-
scopic variables R or E while d and eg are two assigned internal
variables, each one being associated to a dissipative process, dam-
age and debonding, respectively. Those two internal variables are
chosen to be piecewise at the microscopic scale and, considering
the fact that the present study is conducted in one dimension;
the microscopic (d,eg) and macroscopic (D,Eg) couples of internal
variables have identical values, respectively, so as their associated
dual variables (g,rg) and (G,Rg) have.

The static equilibrium, the macroscopic load R being given,
reads:

R ¼ r1 þ r3 ¼ r2 þ r4; Rg ¼ rg ¼ r3 � r4 ¼ r2 � r1 ð3-18Þ

The two compatibility equations give, for the macroscopic strain E
and the debonding amplitude Eg:

E ¼ e1 þ e2 ¼ e3 þ e4; Eg ¼ eg ¼ e3 � e1 ¼ e2 � e4 ð3-19Þ

Considering these equations, microscopic strain is constant in each
spring, imposing a debonding distribution similar to the one



Table 1
State variables of the rheological model.

Microscopic state variables Macroscopic state variables
Internal internal

Primal d eg e1 e2 e3 e4 D Eg E
Associated g rg r1 r2 r3 r4 G Rg R

C. Combescure et al. / International Journal of Solids and Structures 50 (2013) 3861–3874 3869
proposed in (3-5) for the one dimensional solution of the homoge-
nisation problem.

The macroscopic mechanical state variables are deduced from
the minimisation of the complementary energy of the system
shown on Fig. 3-2:

R ¼ ðk
s þ kcÞðks þ kcfðdÞÞ
2ks þ kcð1þ fðdÞÞ

Eþ kskcðfðdÞ � 1Þ
2ks þ kcð1þ fðdÞÞ

Eg ð3-20Þ

Rg ¼ � kskcðfðdÞ � 1Þ
2ks þ kcð1þ fðdÞÞ

E� 2kskcð1þ fðdÞÞ
2ks þ kcð1þ fðdÞÞ

Eg ð3-21Þ

These two thermodynamic forces are the same as the ones corre-
sponding to the one-dimensional cellular problem, see Eqs. (3-12)
and (3-13).

The presented rheological model is so equivalent to the one-
dimensional solution of the homogenisation problem presented
in section (2-6), and provides an easier way to illustrate the general
modeling proposed before.
4. Application to reinforced concrete

The previously described problem is generalised and can be ap-
plied to whatever heterogeneous material with damageable matrix
and periodic internal debonding between matrix and inclusions. In
the following section, a range of specific hypotheses for the appli-
cation to RC is set up and the model typical behaviour is presented.
Then parameter identification is explained and a parametric study
is conducted.

In this section, for the sake of simplicity, the notations are the
one used in the rheological modeling presented in Section 3.3.

4.1. Definition of the microscopic damage model

It is well-known that damaged concrete behaviour under ten-
sion loading differs from the one under compression loading, so
that a non-symmetrical description of damage has to be intro-
duced. Damage is so defined through a damage function f based
on the one proposed by Badel et al. (2007), giving a bilinear
stress–strain response in damage one dimensional cyclic loading
Fig. 4-1. Stress–strain cyclic response of concrete damaged through the damage
function f.
paths as presented in Fig. 4-1. Indeed, the stress rate is given by
(4-1) for a damage elastic constitutive relation r = Af(d)e and asso-
ciated flow.

_r ¼ A _e fðdÞ � 2ðf0ðdÞÞ2

f00ðdÞ

 !
ð4-1Þ

So the f function has to be a rational fraction of the polynomials of
first order in d to give a bilinear strain–stress response for mono-
tonic loadings.

This dissymmetric damage function addresses the two main
physical phenomena governing the concrete response under ten-
sion and compression loadings: dissymmetric behaviour under
tension and compression loadings as well as stiffness recovery
through crack closure.

The closed-form expression of the damage function f is the
following:

fðdÞ ¼ 1þ cþd
1þ d

Hðe2Þ þ
a� þ c�d
a� þ d

Hð�e2Þ ð4-2Þ

where H denotes the Heaviside function, a� a positive material
parameter representing the ratio of compression contribution re-
lated to tension one, and where (c+,c�) are two material parameters
representing the asymptotical stiffness alteration for tension and
compression, respectively. The stiffness recovery corresponding to
crack closure is based on the difference between c+ and c�.

It should be highlighted that, within the framework of this for-
mulation for the convex decreasing damage function f, the damage
variable d ranges from 0 to infinite. A qualitative representation of
the function f is proposed in Fig. 4-2.

One can notice that local damage function f is based on Heavi-
side function of e2 variable. Thanks to the closed form expression of
e2, resulting from the study of the rheological model presented in
Section 3.3, it is possible to write e2 as a function of the macro-
scopic strain E and the internal variable Eg:

e2 ¼
ks þ kc

2ks þ kcð1þ fðdÞÞ
Eþ 2ks

2ks þ kcð1þ fðdÞÞ
Eg ð4-3Þ

As a consequence, homogenised factors A, B and C present a dissym-

metry based at e2 = 0, i.e. E ¼ �2ks

ks þ kc Eg and not E = 0. So there is no

more an usual and simple tension–compression dissymmetry but a
debonding strain dependent one. This will represent the delay due
Fig. 4-2. Qualitative representation of the damage function f.
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to the closing of the debonding caused by concrete cracks as ob-
served experimentally.

Finally, considering this peculiar damage function, it can be
determined that the considered Helmholtz free energy density
(3-8) is convex under the following conditions on local material
parameters (c+,c�):

�ks

2kc þ ks 6 cþ; c� 6 1 ð4-4Þ

Thanks to these conditions, local damage parameter c can be nega-
tive, producing decreasing concrete stress–strain response and
exhibiting local softening behaviour, while homogenised factors A,
B and C remain positive, describing macroscopic weakening behav-
iour without softening. This peculiarity of the model will be quite
useful to describe the global behaviour of RC material in tension. In-
deed, concrete behaviour is fragile in tension (Reinhardt et al.,
1986), so that softening has to be locally considered for concrete
behaviour, whereas steel rebar ensures a positive post-elastic slope
for the overall RC section.

4.2. Parameters identification

Considering the damage function presented in Section 4.1, and
specific threshold functions proposed by (3-3), the homogenised
rheological model is parameterised with seven mechanical
parameters:

– ks: elastic modulus of steel times proportion of steel in RC
section,

– kc: elastic modulus of concrete times proportion of concrete in
RC section,

– c+: damage parameter for concrete under uni-axial tensile load-
ings related to the asymptotical behaviour of concrete when
damage is infinite (a priori:c+ 6 0 to represent concrete softnen-
ing behaviour in tension),

– c�: damage parameter for concrete under uni-axial compressive
loadings related to the asymptotical behaviour of concrete
when damage is infinite,

– rd+: first damage stress threshold for concrete in tension
– rd�: first damage stress threshold for concrete in compression
– rcrit: first slip threshold for concrete-steel bond

Given those parameters, most of them being easily identified
from section geometry and material data (except perhaps
rd� which is less usual), macroscopic threshold constants are
determined as follows. As presented in Section 2, macroscopic
threshold constants are the same as local ones. So they are
determined by local behaviour of components. Therefore, the
debonding threshold constant rcrit is the one of already given
parameters and the damage threshold constant k0 is determined
by:
Fig. 5-1. Typical behaviour in tension (left) and com
k0 ¼
ð1� cþÞr2

dþ

2kc ¼ ð1� c�Þr2
d�

2kca�
ð4-5Þ

where a� stands for the ratio between tension and compression
contributions:

a� ¼
ð1� c�Þr2

d�
ð1� cþÞr2

dþ
ð4-6Þ
5. Typical responses and parametric study of the 1D model

The presented one-dimensional global model has been numer-
ically implemented using a fixed-point algorithm and gives useful
results in terms of energy dissipation, irreversible strains and
shape of hysteretic cycles.

5.1. Typical behaviour under loading–unloading paths

The loading–unloading strain–stress curves representing the
typical loading–unloading response of the one-dimensional model
are presented on the Fig. 5-1. These curves present various typical
characteristics:

– three phases in loading describing elasticity, damage alone then
damage plus debonding,

– an elastic release,
– a residual strain when loading is completely released,
– a non-symmetrical behaviour between tension and compres-

sion, depending on the residual strain.

5.2. Typical behaviour under cyclic loading

The presented model is aimed at representing RC behaviour un-
der cyclic solicitations. In this section we detail the typical re-
sponse of the model under cyclic solicitations by an alternate
symmetrical tensile then compressive then tensile cyclic loading
path under strain-control. The strain loading history is drawn in
Fig. 5-2.

Fig. 5-3 presents the typical stress–strain response of the model
submitted to the strain loading cycles shown on Fig. 5-2.

The stiffness restitution, when the loading evolves from tension
to compression, can be observed on Fig. 5-3. This behaviour is re-
lated to experimental results where cracks, opened in tension,
are progressively closed by the unloading due to the previous steel
concrete debonding so that RC seems to be undamaged when the
tensile residual strains are equal to zero. Moreover, the observation
of hysteretic cycle areas underlines that the major part of dissipa-
tion occurs during the first cycle and more precisely during tensile
loading step. Indeed, due to the non-symmetrical thresholds in
tension and compression, damage process does not occur in
pression (right) for damage-debonding model.



Fig. 5-5. Parametric study on the influence of steel/concrete elastic moduli ratio ks/
kc.

Fig. 5-6. Parametric study on the influence of damage parameter c.

Fig. 5-2. Strain loading history and definition of cycles.

Fig. 5-3. Stress–strain curve for a symmetric alternate strain loading with 2 cycles.

Fig. 5-4. Damage (blue), debonding (green) and total (red) dissipated energy over
time for a symmetric alternate loading on two strain-controlled cycles. (For
interpretation of the references to colour in this figure caption, the reader is
referred to the web version of this article.)
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compression because the damage compression threshold is not
reached, being much further than the damage tension one.

In order to assess the dissipative properties of this model, the
evolution of damage (blue dotted line), debonding (green line)
and total (red continuous line) dissipated energies are plotted on
Fig. 5-4.

On Fig. 5-4, one can observe that damage only occurs during the
first tension cycle while debonding also occurs at the end of each
cycle. Thus the introduction of debonding is an efficient way to
represent dissipation during the whole cycles. The previous
remarks on dissipated energies outline the overall threshold
hardening behaviour of the model which is different for debonding
and damage thresholds.

5.3. Parametric study

Once explained the meaning of each parameters and the way to
choose it in Section 4, the present section will study their influence
on the general shape of typical response curves. In the following,
each parameter studied has been modified from 0.5 to 2 times its
reference value.

The Table 2 gathers all the reference values used for the para-
metric study.

The first presented parametric study lies on the ratio ks/kc. In-
deed, the study of the variation of each stiffness parameter kc

and ks alone has no real interest for future user and one should fo-
cus rather on the study of the ratio steel–concrete stiffness, repre-
sented by ks/kc. Thanks to these curves, see Fig. 5-5, it is noticeable
that this ratio has an influence not only on the post-elastic slope
and, consequently on residual strains, but also on the values of
both damage and debonding global thresholds. As a consequence,
the more steel is present in the studied plate, the more sliding oc-
curs. The proposed model seems so more suitable for representing
the behaviour of highly reinforced members.

As for the second study, it focuses on the influence of damage
parameter c. The study has been conducted under tension loading
with a reference value of c+ = 0.25. One can see anew the influence
of this parameter on the post-elastic slope as well as on the value
of debonding threshold, see Fig. 5-6.

Other studies have been conducted on each other parameter
listed at the beginning of this section. They only confirm the



Table 2
Model parameters reference values.

kc(MPa m2) ks (MPa m2) ratio ks/kc c+(�) c�(�) rd+(MPa) rd�(MPa) rcrit(MPa)

40,000 10,000 4 �0.05 0.5 1 2 1
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previous remarks: the two parameters rd+ and rd� influence the
tension and compression first damage global thresholds, and rcrit

influences the debonding macroscopic threshold.
6. Application of the 1D model: SAFE shear wall experiments

In order to know further about the ability of the presented mod-
el of Sections 3 and 4 to properly represent RC panels behaviour
subjected to cyclic solicitations and in relation with the final aim
of this work (application to RC plates under seismic solicitations),
a comparison with experimental results is presented below. This
comparison will conclude on the interest of the homogenised plate
model presented in Section 2 to be implemented and properly
identified.
Fig. 6-1. Equivalent RC connecting rods representing SAFE RC wall T5.

Fig. 6-2. SAFE shear-wall experimental program: wall T5; comparison between test
(dotted red line) and model (continuous blue line) results. (For interpretation of the
references to colour in this figure caption, the reader is referred to the web version
of this article.)
6.1. Presentation and modeling choices

The chosen application is the SAFE experiments (Brun et al.,
2010; Pegon et al., 1998) that were carried out at JRC, Ispra, Italy,
on RC walls subjected to pure cyclic shear. Comparisons lean on
the results of wall T5 subjected to the first run. This mock up is
composed of two stiff RC flanges and a RC web wall 3.00 m long
times 1.20 m high, corresponding to a very low aspect ratio equal
to 0.4. The web thickness is equal to 20 cm. The wall is constructed
with strong blocks up and down, with a large thickness of 1.25 m.
Loads are applied by two sets of actuators connected to a steel cas-
ing bolted to the upper block. There are 5 hydraulic jacks on the
right side and 5 on the left, for a maximum total force of 7 MN.
Forces are applied to the steel casing at the mid height of the wall
so as to limit rotation of the upper block. In addition, rotation of the
upper block is prevented by two vertical actuators at the lateral
borders of it. An additional device is introduced in order to gener-
ate a normal vertical stress of 0.34 or 1 MPa in shear wall. The low-
er block is clamped to the laboratory strong floor. The horizontal
displacements prescribed at every time-step of the pseudo-dy-
namic test are measured by optical transducers. Even if the two
flanges are loaded by an alternate bending motion, the main struc-
tural element, that is the RC web wall, is loaded by an alternate
membrane shear.

Considering that the one dimensional presented model of Sec-
tion 3 is only working in tension–compression and that the SAFE
experiments is a shear test, several simplifications are used to ide-
alise the web wall. First of all, based on the work of Kotronis et al.
(2003), shear wall is assimilated to two one dimensional RC
connecting rods, Poisson’s effect being neglected. Through a very
simple change in reference frame, the imposed horizontal displace-
ment is so prescribed to these connecting rods at their upper ends
A and B whereas their lower ends C and D are clamped. Flanges are
not modelised. (see Fig. 6-1).

Parameters are then identified considering Young’s moduli for
concrete and steel of 28.6 GPa and 200 GPa respectively. Steel pro-
portion of 0.8% and compression and tension concrete failure limits
of respectively fcm=46.4 MPa and fct=3.32 MPa are given by experi-
mental data and from these last values are defined first damage
stress limits in compression and tension: rd� = 10% fcm and
rd+ = 40% fct. Those values are defined arbitrary but related to the
following reasonable assessments: concrete in compression starts
to damage early but appears to be ductile so the first damage stress
limit can be set up at 10% of the compression failure limit, whereas
concrete in tension is considered as quasi-fragile and its first dam-
age stress limit should be set up closer to the failure limit in ten-
sion. However, the post elastic slope parameter c+ for concrete in
tension has to respect the condition ( 4-4 ) and as a consequence
has to be greater than �0.027. The post elastic slope is so very
weak and the first damage stress limit is set up at a smaller value
than expected. As for first debonding stress for concrete and steel
interface, rcrit, it is set up at a value of 1.5 MPa, according to liter-
ature and to the consideration that what creates debonding is fail-
ure of concrete in tension. Finally, tension and compression
damage parameters c+ and c� are set up thanks to reference curves
of concrete in tension and compression to the respective values
�0.01 and 0.8.

6.2. Results

Fig. 6-2 presents the macroscopic force–displacement response
of the SAFE T5 shear wall with comparison between experimental
global force–displacement (dotted red line) and results obtained
with simulation using the presented model (continuous blue line).
There is a good agreement between experimental response and
presented model, especially regarding the envelope, the maximal
force and the decrease of global stiffness. However, the residual
displacement is underestimated by the model. As a consequence,
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in terms of dissipated energy, the presented model is still insuffi-
cient, but yet satisfactory. This could be explained by the simplicity
of the one dimensional rods modeling and should be corrected by
the use of a two-dimensional plate model, based on the analysis
proposed in Section 2.

Several other comparisons have been conducted with the dam-
age-only version or a debonding only version of the model. It ap-
pears that the combination of these two mechanisms is
necessary to properly represent the global behaviour of RC shear
wall. Indeed, residual displacements results of debonding whereas
the decrease in global stiffness mainly results of damage and the
experimental data show these two phenomena. Furthermore, even
though the number of parameters could be seen as large (and can-
not be reduced), their identification, presented in 4.2, appears to be
very accessible to engineers because it lies on measurable vari-
ables. As a consequence, the proposed one-dimensional homoge-
nised model of Section 3 seems to present good characteristics to
be used easily and efficiently, not only as a validation tool, but also
as a prediction one. This validates the interest for implementing
the stress resultant RC plate constitutive model obtained by the
homogenisation technique presented at Section 2.
7. Conclusion and work in progress

In this paper, we proposed a stress resultant constitutive model
representing RC plates global behaviour, coupling damage and
debonding, built through averaging periodic homogenisation tech-
nique within the framework of the GSM theory. This model is
explicitly defined in one dimension (for members) and outlines
interesting characteristics as no debonding before damage, a lim-
ited number of parameters and a convex free energy. It runs prop-
erly on basic numerical tests as well as more sophisticated ones
and its typical behaviour shows good agreement to what can be
physically observed (stiffness degradation, dissymmetrical behav-
iour and stiffness restitution between tension and compression,
residual strains . . .). The influence of its parameters on the global
shape of the stress–strain response has been studied. Finally, a
comparison with an experimental wall subjected to quasi-pure
shear, through the example of the SAFE experiments, is satisfac-
tory; however, a small lack of energy dissipation is observed. In-
deed, this one dimensional version of the constitutive model is a
first approach of periodic homogenisation for RC one dimensional
member, so the comparison with a RC panel cannot be so realistic.

On the basis of this study, the implementation of the constitu-
tive model dedicated to plates presented in Section 2 is in progress.
As a closed-form resolution of the five cellular three-dimensional
problems (2-6) appears to be impossible, FEM numerical simula-
tions will be run on the periodic unit cell and homogenised factors,
with their dependence on D, will be identified from them by a basic
least square identification. The three-dimensional periodic unit cell
will be defined from the material and geometric characteristics of
the studied RC plate. Regarding the primary results of the
one-dimensional model, the so-created plate model is expected
to present satisfying behaviour as well as quite limited number
of parameters necessary to determine macroscopic behaviour of
RC panels in membrane plus bending coupling damage and deb-
onding under cyclic loading.
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