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proposed. The volume changes due to local mesh adaptation are treated as continuous
deformations of the Pnite volumes and they are taken into account by adding bctitious
numerical RBuxes to the governing equation. This peculiar interpretation enables to avoid

Keywords: any explicit interpolation of the solution between different grids and to compute grid
Mesh adaptation velocities so that the Geometric Conservation Law is automatically fulblled also for
ALE scheme connectivity changes. The solution on the new grid is obtained through standard ALE
Finite volume discretization techniques, thus preserving the underlying scheme properties, such as conservativeness,
Tetrahedral grid stability and monotonicity. The adaptation procedure includes node insertion, node

Euler equations deletion, edge swapping and points relocation and it is exploited both to enhance grid

quality after the boundary movement and to modify the grid spacing to increase solution
accuracy. The presented approach is assessedby three-dimensional simulations of steady
and unsteady Bow belds. The capability of dealing with large boundary displacements is
demonstrated by computing the RBow around the translating inPnite- and Pnite-span NACA
0012 wing moving through the domain at the Right speed. The proposed adaptive scheme
is applied also to the simulation of a pitching inbPnite-span wing, where the bi-dimensional
character of the Row is well reproduced despite the three-dimensional unstructured grid.
Finally, the scheme is exploited in a piston-induced shock-tube problem to take into
account simultaneously the large deformation of the domain and the shock wave. In all
tests, mesh adaptation plays a crucial role.
I 2017 The Authors. Published by Elsevier Inc. This is an open accessarticle under the CC
BY license (http://creativecommons.org/licenses/by/4.0/ ).

1. Introduction

The numerical simulation of unsteady Ruid dynamics and continuum mechanics problems often requires to deal with
large deformations of the computational domain and, at the same time, to precisely represent the boundaries and/or the
interfaces of multi-material systems. The capability to cope with both requirements is determined by the choice of the
kinematic description, which expresses the relationship between the deforming continuum and the computational grid. The
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Arbitrary LagrangianBEulerian (ALE) method [1] is a popular framework used to tackle moving boundary problems. Within
this formulation, the mesh is neither bxed in space (as in the Eulerian viewpoint) nor attached to the material particle
(as in the Lagrangian one) but it moves independently so e.g.to follow the domain boundary or interfaces. The governing
equations are therefore enforced over deforming control volumes. This feature allows both to accurately track boundaries
and interfaces and to easily deal with distortions of the continuum domain, capabilities that make ALE approach widely used
in Buidbstructure interaction problems [2D8], in multi-material simulations [9D13] and in shock hydrodynamics [14D16].

The key points of standard ALE algorithms with Pxed grid connectivity consist in a classical Lagrangian step in which
the grid is moved to follow the continuum, a re-zone phase during which the grid points are displaced to enhance quality
and the re-mapping phase wherein the solution is advected or interpolated from the old to the enhanced grid. Several
contributions are available in literature about each single phases. For instance, a description of the most popular approaches
for re-zoning can be found in [17,7] and references therein. For what concerns the re-map step, the solution interpolation
must be conservative, accurate and must preserve monotonicity of the solution. A very effective approach that satispes
all this requirements is based on the integration of the volume swept by the cells during the re-zone phase, followed
by a repair step in which mass is re-distributed between neighboring cells to ensure local bound preservation [18D20].
Other techniques exploit the Flux-Corrected Transport method to enforce monotonicity, by combining low-order Ruxes with
high-order ones [21,14,22].

In addition to algorithms that implement separately the three ALE phases, schemes that do not perform explicitly the
re-map phase but embed it into the solution update are also available [2,23D25,15,26]. In this case, the governing equations
are solved directly within the ALE framework, by taking into account the motion of the control volumes. Also high-order
(more than second) schemes have been proposed, as for example [27,28].

Although it can be obtained quite straightforwardly from the standard Eulerian formulation, the ALE formulation includes
some time-dependent geometric quantities involving positions and velocities of the grid nodes that have to be properly eval-
uated. To this end, the Geometric Conservation Law (GCL)and its discrete counterpartNthe Discrete Geometric Conservation
Law (DGCL) [3]Nplay a crucial role. This consistency condition states that a numerical scheme designed to enforce the
governing equations over a moving grid should preserve a uniform [ow. The GCLcan be enforced by an appropriate com-
putation of the geometric quantities. Fulblling the DGCLis a sulcient condition to be at least brst-order time-accurate [29],
although it is neither a necessary nor a sulcient condition for high-order accuracy [23]. On the other hand, its fulbPllment is
a necessary and sulcient condition for preserving non-linear stability [5]. Therefore, it is generally accepted that satisfying
the DCGLimproves time accuracy, humerical stability and avoids spurious oscillations [30,24]. An updated and comprehen-
sive review of this subject can be found in [31]. Note that the scheme conservativeness is of paramount importance in
RBuidbstructure interaction and aeroelastic problems, where violating the DGCL may lead to an erroneous computation of
the Rutter velocity [3].

Most of the standard ALE schemes use bxed mesh topology, namely the re-zoning phase aims at modifying only the
position of the grid nodes without changing the connectivity. This constraint results in a limitation on the deformation that
the grid is able to tackle, because large displacements of the nodes may lead to entangled, and thus invalid, elements. More-
over, since the grid nodes are moved from one grid region to another, only a limited control over the mesh resolution can
be generally achieved [32]. To overcome this drawback, some adaptive re-zone approaches have been proposed. Adaptive
Mesh Rebnement within the ALE framework has been used to insert (or delete) grid nodes in structured grids by Ander-
son et al. [33] and by Morrell et al. [34], but both approaches are based on an underlying Pxed connectivity, because only
the cell of the initial grid can be sub-divided [32].In order to avoid mesh entanglement, the generation of a new dual mesh
at each time step is proposed by Springel [35]. This techniques relies upon the fact that the nodes of the Voronoi mesh
generated from a moving Delaunay triangulation experience always a continuous deformation, even if the mesh-generating
points move discontinuously. Alternatively, local mesh adaptation techniques [36D39] may be exploited to enhance grid
quality after mesh deformation and to improve solution accuracy in moving-boundary problems, as for instance in [40D43].
Unfortunately, this operation requires a non-trivial interpolation of the solution from the old grid to the new one, that may
originate problems in enforcing conservativeness and monotonicity and complicate the implementation of multi-step time
integration algorithms [44].

The extension of ALE schemes variable topology grids has been investigated instead in [32,45], where the edge swap-
ping techniques has been exploited to modify the grid without changing the number of grid nodes. Furthermore, several
techniques, see for instance [46,47] for 2D and [48D51] for 3D, propose to treat grid connectivity changes within the ALE
framework thanks to an explicit interpolation of the solution from the old to the new grid, which however may leads to the
same drawbacks highlighted before. An alternative approach, available only for 2D problems to authorsOknowledge, consists
in the so-called spacebtime meshes that allow to handle large boundary movements within the ALE formulation by treating
the time as the third spatial dimension [52,53]. Finally, the recent work of Barral and co-workers [54] proposes an ALE
formulation for moving boundary problems able to deal with connectivity changes due to mesh adaptation thanks to the
interpolation scheme described in [55], which, however, is conservative only if the volume of the domain does not change,
i.e. if its boundaries do not match between consecutive time steps an error in the global mass conservation is introduced.

A different approach has been recently proposed by Isola and co-workers [56,57], who developed a novel node-centered
bnite-volume ALE scheme for fully-adaptive bi-dimensional grids. Changes in both the grid connectivity and the number
of nodes due to edge-swapping, grid rebnement and coarsening are allowed. This strategy is here extended to adaptive
three-dimensional grids. Within the proposed approach, the insertion or deletion of a new node is interpreted as a series of
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bctitious continuous deformations of the Pnite volumes associated to the nodes involved in the modibcation. The additional
deformations due to grid adaptation result in additional Pctitious ALE Ruxes, which can be easily taken into account by
standard ALE techniques, without requiring any explicit interpolation of the solution over the new grid. Admittedly, as
observed in [56], the ALE mapping is indeed equivalent to an interpolation, but it does not require any special treatment to
guarantee the conservativeness, the monotonicity and accuracy of the scheme. Moreover, also geometric quantities involved
in this bctitious deformation are evaluated so that the DGCLis automatically enforced even in presence of topology changes.
No special treatments or interpolations are required to implement multi-step time-integration techniques.

A challenging aspect regarding the extension of the interpolation-free ALE scheme in [56,57] to unstructured three-
dimensional meshes concerns the variable local topology of the tetrahedral grids, which requires one to handle a variable
number of elements involved for the local grid modibcation (with the exception of the split of a single element in four).
Consider for example a node insertion by edge split. In a triangular grid, only two elements share an edge, so when the
edge is split only these two elements have to be modibed. Conversely, in tetrahedral grid, an edge can be shared by an
arbitrary number of elements, so an arbitrary number of Pnite volumes have to be included in the series of Pctitious
continuous deformations used to treat conservatively the connectivity change within the ALE framework. Furthermore, the
three-dimensional version introduced in this work is capable to deal with a broader suite of adaptation procedures than
the one described in [56], including node insertion by the Delaunay triangulation. This technique consists in re-generating
a local portion of the triangulation and new elements inserted in this way show usually better qualities than the ones
created through edge split [58]. In order to effectively deal with the different aspects that characterize mesh adaptation in
three dimensions, as for instance also the multiple options that are available for an edge swapping, the external re-mesher
Mmg3d [59] is exploited in the present work.

The paper is organized as follows. First, in Section 2 the Pnite-volume edge-base ALE scheme for dynamic grids with
bxed connectivity is presented to introduce the relevant concepts and the notation. The evaluation of some key guantities
is explained in Subsections 2.2 and 2.4. Section 3 describes the modibcation required for its extension to adaptive grid. In
particular, Subsection 3.1 details the three-steps procedure that enables the interpretation of the grid connectivity changes
as series of bctitious continuous deformations for a tetrahedral grid. Then, a brief outline of the mesh adaptation techniques
used in the numerical experiments is given Section 4. Afterwards, the results obtained with the proposed approach are
presented in Section 5. Subsections 5.4 and 5.3 illustrate the results for a Bow around an inPnite-span wing traveling
through the domain at the Right velocity for one chord and experiencing a pitching motion, respectively. In Subsection 5.4,
the experiment of a wing translating through the domain is presented for a Pnite-span wing. Subsections 5.5 and 5.6 show
the results obtained in tests characterized by large boundary displacements. Finally, the conclusions of the present work are
drawn in Section 6.

2. Finite-volume ALE scheme for dynamic meshes

The Euler equations describe the behavior of compressible inviscid Ruid Bows and for sulciently high Reynolds number
Bows around aerodynamic bodies they provide an accurate representation, except in the thin, boundary layer regions close
to solid walls. In the ALE framework for a control volume C(t)" ! contained in the domain !( t) and moving at velocity
v(x,t), the Euler equations read

| "

d
m udx + [f(u)# uv]ands= 0, (1)
c(t) "C(t)

where x" ! $ R® is the position vector, t " R* is the time, u is the vector of conservative variables, f(u) is the inviscid
Bux and n(s,t) " R® is the outward unit vector normal to the boundary "C of the control volume C, which is function
of the boundary coordinate s" "! $ R? and of time. The vector of conservative variables u:! %R* & R® is debned as
u=[#, m, E']", with # the density, m the momentum density and E' the total (internal plus kinetic) energy density, while
the Bux function f is debned as

0,
f(u):#m, m' m/#+ $(u)l3, $Et+$(u)A)m/#&r @)

where $(u) = $(#,m, E!) is the pressure function, which depends on the thermodynamic model, and I° is the 3 %3
identity matrix. In the present work, the polytropic ideal gas model is adopted to describe the behavior of the Ruid. To
make the governing equations (1) complete, suitable initial and boundary conditions must be specibed [60].

As anticipated in Section 1, when solving the governing equations over moving grids, the fulbliment of the GCL is
benebcial to avoid spurious oscillations and preserve non-linear stability [3,5,30,24]. To this end, the ALE scheme has to
compute exactly the trivial solution of a uniform Row over a moving domain. Applying this requirement to Equations (1)
leads to the following GCL:

| "

d
— dx = véands, (3
C(t) "C(t)
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Fig. 1. Cell interface debnition between two tetrahedral elements. The portion of the Pnite volumes surrounding the nodes i and k associated to the four
tetrahedral elements debned by the grid nodes i, k, vi, v2, v3, v4 are shown. In the left picture, domain grid elements are considered, while in the right

one the faces ibvybk and iBkbvy lie on the boundary "! . Grid edges are drawn by black lines. The portions of G and C; are painted respectively blue
and green ', while their boundaries "C and "C; are darker, i.e. ® and ™. The red color identibes the cell interface "Cy = "G ( "G, which is
shown entirely. For the boundary case (at right), the patterns 7 and 7 indicate the boundary interfaces "Ci ( "! and "G ( "! . (For interpretation of the

references to color in this bgure legend, the reader is referred to the web version of this article.)

which can be viewed as a supplementary constraint to the Bow equations (1) that the grid velocity has to fulbll during the
motion.

2.1. Finite volume discretization within the node-pair representation

The spatially-discrete counterpart of the Euler equations (1) over a dynamic unstructured grid is obtained here through
the Pnite volume formulation. A thorough description of this process can be found in [57,56]; here only the main steps are
brieBy recalled to introduce the nomenclature used in the following.

The domain is split into Ny non-overlapping volumes and a node-centered approach is adopted. As shown in Fig. 1,
the control volume G(t) that surrounds the node i is composed by a portion of all grid elements sharing the node i. The
portion of the boundary that it shares with its neighboring volume k, i.e. "Gy (t) = "G ( "G, is usually referred to as cell
interface and it is associated to the node-pair ik, that is the couple of interacting nodes i and k [61]. Then, given a general
approximation % of the integral of the numerical Rux across this interface, and a similar % for the eventual Rux across the
portion of "G that lies on the boundary, the node-pair representation of the Euler equations for each bnite volume reads

j—t[Viui] = % (Ui, Ui, &, By, i) + % (Ui, &, (i) *iv K @
k"Ki'):

where V; is the cell volume, u; is the cell-averaged value of the solution, K is the set of all pnite volumes and Ki,): is
the subset of those Pbnite volumes sharing a portion of their cell interface with i, ie. Kjy=={k" K,k)=i|"G ( "G )=4.
Moreover, the metric quantities !, &, "i, & have been introduced [62]. They are the integrated normal (!, ") and the
interface velocities (&, &) of the interface "Gy and of the boundary interface associated to the node i, respectively, and
are debned as
! ! ! !
i = ni dx, & = v an; dx, " nj dx &= v an; dx (5)

" Cik " Cik "G "G

and, according to the standard vector notation, ' =|!; ], B ="/ i, (i =|";] and '0, = "./(. Although it is not explicitly
written to lighten the notation, metric quantities depend on time as well asthe cell interfaces because of grid points motion.
Their expressions in terms of grid nodes position are given in Subsection 2.2.

In this work, the Total Variation Diminishing (TVD) approach is used to obtained the high-resolution expression for the
integrated numerical domain RBuxes [60,63]. The van Leer limiter [64] is used to switch from the second-order centered
approximation to the Pbrst-order upwind scheme of Roe [65] near discontinuities. Boundary conditions are enforced in a
weak form, i.e. by evaluating the boundary Rux % in a suitable boundary state [56].

The same spatial discretization is applied now to the GCLcondition (3), i.e.

! )

van; dx = & (1) + &(t) it K. (6)
"G(t) K" Kiy=

dvi(t) _
dt
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Te,, = Tpo

Fig. 2. Metrics debnition in node-pair representation for an element with a face on the boundary. The six triangular facets debning the domain contribution
of the considered element m to the "C; are depicted in blue m. Each interface portion has as vertices the barycenter of the element @, of a face 4 and of
an edge @. The red pattern highlights the triangular facet C:"k‘ ¢, related to the face iDjEk. Considering that the face ibvDj lies on the boundary and it
um”

forms the boundary element m", the green pattern xx depicts the boundary elemental portion over which the elemental contribution "™ is computed,

where the considered face f" is the edge ibv. Finally, the volume Vk ¢ of the sub-tetrahedron that has " Clr‘k‘f as base and the node i as opposite vertex is
shown in light blue =. (For interpretation of the references to color in this Pgure legend, the reader is referred to the web version of this article.)

The previous equation can be automatlcally satisped by spllttmg( the derlvatlve of the cell volume into the volume swept by
the interface "Gy and "G ( "! , respectively, namely vit) - Vi 4 dv—' The so-called Interface Velocities Consis-
tency (IVC) conditions [66] are so obtained

dt Kiy= dt

dV|k(t) (t)

= &(t) k" Kj)= and = &(t) if i" Ko, )
where K- is the set of boundary nodes. Relations (7), given a known grid motion, allow to compute a value of the interface
velocities that automatically satispes the GCL constraint and they complement the System (4) made of 5% Ny Ordinary
Differential Equations.

2.2. Metric computation on tetrahedral grids

The expression for the metric quantities and the cell volume in Equation (4) are now obtained in terms of the nodes
positions for tetrahedral grids, on which the node-pairs correspond to the edges. From Fig. 1, it could be noticed that the
generic cell interface "Gy is composed by different contributions pertaining to all grid elements that share the edge ik.
Considering only the elemental interface contribution "QE from the element m, it is composed by two triangular facets
" C.T,f stemming from the different faces f of the tetrahedron m to which the edge ik belongs. The three nodes of these
facets are the barycenters of the element xn, of the edge xj and of the face x; (Fig. 2). According to this partition of
the interface, the integrated normals are computed on each triangular facets and then summed together. The elemental
contribution to the integrated normal !;, of the element m for the face f can be therefore computed as

m S %
P =# 1/2 x¢ # Xm % (Xik # Xm) - (8)

Similarly, the boundary elemental contribution is computed over the triangle formed by the boundary node i, the
barycenters of the boundary element m" and of its face f, namely

ot $ % $ %
EH L2 X # Xy % X # X

The metric vectors ! and "; can be then computed by summing all the elemental contributions
—_ m [T " m”
Vi = it and i~ if ©)
m* )ik " Ficm m) FF

where ); and ) are the set of the elements sharing the node i and k, respectively, )I is the set of boundary elements
sharing the nodes i, Fixm (and Fi’m--) is the set of faces of m (m") sharing the edge ik (node i). The intersection ); ( )
denotes the set of all elements sharing the edge ik. When summing all contributions, particular care must be taken to
preserve the correct orientation of the metric vectors, because Equation (8) assumes that the contribution !i'E ¢ is oriented
as the local edge ik of the face f, which may be different to the global orientation of the edge. Conversely, fhe boundary

elemental contributions are computed always as oriented outwards the domain.
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Fig. 3. Volume swept by the elemental interface " Cle during the time interval t", t, t"1 asthe result of the displacement of the nodes from their

positions x" to x"*1. The red pattern * highlights the elemental interface " Ck ;. while the red area = depicts the swept volume * V‘rl?'; (For interpretation

of the references to color in this Pgure legend, the reader is referred to the web version of this article.)

Also the volume V; of the Pnite volume G is computed by summing elemental contributions. According to the subdivi-
sion described above, each tetrahedron is split into 24 sub-tetrahedra, each having the triangular facet "C:Ef as base and
the node i or k asthe opposite vertex. Thus, the volume of the Pnite volume G is computed as

Vi = V{E’f , with Virl?’f = %(xm %x;) & K. f o (10)
m")ik" KM 1" Fiem
where Ki”": are the three vertices of the tetrahedron m different from i.

The proposed node-pair Pnite volumes discretization is very standard and straightforward to be implemented. After the
median-dual mesh is generated and the edge structure computed, no information about elements is required by the Row
solver [67,68]. Note that the edge-based representation here described is independent from the type of element of the initial
grid and it is therefore very suitable for hybrid grids made of elements of different types [69]. Moreover, Selmin [61] and
Selmin and Formaggia [62] proved that for bPxed simplex grids (triangular in 2D and tetrahedral in 3D) the described Pnite
volume discretization is equivalent to a bnite element one with linear elements, except a different treatment of boundary
terms.

2.3. Timeintegration of the ALEequations

Equations (4) and (6) are integrated in time with the Backward Euler scheme. The fully-discrete system of the governing
ALE equations therefore, reads

) . ) :
i VARTRE AVATHER S %(ui, Uk, &k, By, " i)™+ % (U, &, 8, ()™, it K
+ K"K )=
(11)
; VARERE A K" Kie
’ *Vinrlz*t&rn+l, " Ke
where * ViT(+1 and * Vi”Tl are the volume swept by the interfaces "Gy and "G ( "! during the time step * t" = t"*1# ",

see Fig. 3. Explicit expréssions for the swept volumes are given in the following Subsection 2.4.

In the previous system, all quantities at time t" are known, aswell as all the grid-dependent quantities since grid motion
is known. Thus, the two last equations are not coupled to the Euler equations. However, the coupled form of this system is
preferred here to highlight the existence of the consistency constraints, see Equation (7), on the interface velocities.

A pseudo-time step method is used to solve the non-linear System (11) [70] . At each pseudo step, a modiped Newton
method is used to solve the linear system, in which, according to the defect-correction approach, the exact Jacobian of the
integrated RBux function is replaced by an approximated one [71].

2.4. Interface velocity computation on tetrahedral grids

The last two equations in System (11) are the so-called Discrete Geometric Conservation Laws (DGCL) [5], which are
obtained by integrating in time the GCL condition (3). The DGCL states that the variation in volume in a certain time
interval should balance the volume swept by its boundary during the same interval. In System (11), this constraint is
matched by computing each interface velocity, & and &, in terms of the volume swept by the corresponding portion of
the cell interface, i.e. * Vi and * V;~ respectively.
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The swept volumes are computed by recasting to the same interface partition introduced in Subsection 2.2. Thus, the
volume swept by a domain interface is

" . .
* V= v(t) an;(t)dx dt = * Vit
. )ik £ Fin
where * Vlr"(‘f is the volume swept by " C}E,f, as shown in Fig. 3. Assuming a constant velocity of the grid points during the

time step, it can be evaluated as

'n+1

* m,n_vrr:1+vr;+v?k,. Im
vils %4 1n 0O (12)

tl’\
where vfj1 = (x’j1+1 # xrj‘)/* t" are the velocities of the barycenters of the element xp,, of the face x; and of the edge X,

for j=m, f, ik, respectively. Considering a linear function for the point position, i.e. x;(t) = xrj‘ + vrj‘(t # t"), the integrated
normal portion !® (t) results

1 2,/ 0

t#t" "
2 n+1
o i # 2' + 1 (13)

/
'm(t)='”+ﬂ #310 + 4l o Pigintl 4o
"k, f Tk T e gn ik

+1
where the indices f and m are omitted in the right side to simplify the notation and !?k 2 is debned as

n+
ik

! =1/4( + 1N # 1/8 O] # x0) %Ot Xty + (T XY % (x, # xm) (14)
Finally, integrating in time and substituting the expressions for the velocities of the points, the equation for the volume
swept by the interface " C}' | during the time step * t" is obtained:

* m,n__ n+1 n+1 n+1 pmn . pmn+l |mn+§
Vik,t (X #oxm Xy H# X g # g Al T Al ) (15)

With a similar procedure, the following expression for the volume swept by a boundary interface is obtained

m’,n+ %%

n_ 1800 . Ly & a1 g
R AR U I M UM S B R W R (16)

if" 18 'm f i if" if if" !

1 - .
with :1+f2 = 14"+ " 2 18 (I # XD % # XY + (L XN % (XM # xT)  where the sign = depends on
whether i is the brst (#) or second (+) node of the node-pair corresponding to the face £

3. Conservative ALE scheme for adaptive meshes

In the previous section the IVC conditions, solved along with the Euler equations in System (11), were shown to guaran-
tee the fulbliment of the DGCLon dynamic grids with Pxed connectivity. More precisely, the change in position and shape
of the Pnite volumes can be easily taken into account by computing the interface velocities asthe sum of the volume swept
by the interfaces during the grid deformation. This technique is now extended to adaptive grids with variable connectivity
by means of the three-steps procedure proposed by Guardone and co-workers for bi-dimensional problems [57,56], that al-
lows to compute the swept volume also in presence of topology changes. This contribution, labeled * Viﬁ to highlight that it
originates from a connectivity modibcation, is then summed to the one due to simple deformation, labeled * Vi'i. Then the
IVC-compliant interface velocities are computed from the last two relations of System (11) considering * Vi = * ViE+ * ViAk.
A thorough description of this procedure for triangular grids in two dimensions can be found in [57,56], while here its ap-
plication to tetrahedral grids is detailed, followed by the Pnal systems of ALE governing equations for adaptive grids.

3.1. Continuous interpretation of topology modibcations

The fundamental idea of the three-steps procedure is to describe the grid modibcation as a sequence of bctitious con-
tinuous deformations for which the volumes swept by cell interfaces can be computed from Equations (15) and (16). This
can be accomplished by the following three-steps procedure, in which a Pctitious time + is used to better distinguish the

different phases, with the initial conbguration at += 0 and the bnal one at += 1.

1. Collapse 0 <+ < 0.5: all elements involved in the local modibcation collapse into an arbitrary point.
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