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Motivation and goals. In many practical situations, geometric objects
are only known through a finite set of possibly noisy sample points. A natu-
ral question is then to recover the geometry and the topology of the unknown
object from this information. The most classical example is probably surface
reconstruction, where the points are measured on the surface of a real world
object. A perhaps more surprising example is the study of the large scale
structure formed by the galaxies, which cosmologists believe to be an inter-
connected network of walls and filaments. In other applications, the shape of
interest may be a low dimensional object embedded in a higher-dimensional
space, which is the basic assumption in manifold learning [102]. This is for
example the case in time series analysis, when the shape of study is the at-
tractor of a dynamical system sampled by a sequence of observations. When
these structures are highly nonlinear and have a non trivial topology as it is
often the case, simple dimensionality reduction techniques do not suffice and
must be complemented with more geometric and topological techniques.

A lot of research was done in this direction, originating from several sources.
A bunch of contributions came from the field of computational geometry,
where much effort was done to elaborate provably correct surface recon-
struction algorithms, under a suitable sampling condition. We refer to [64]
for a thorough review of this approach. However most of this research fo-
cused on the case of sampled smooth surfaces in R3, which is by now fairly
well covered. Extending these results to higher dimensional submanifolds
and to non smooth objects is one of the objectives of this book. Such an
extension requires new data structures to walk around the curse of dimen-
sionality. Handling more general geometric shapes also requires concepts
from topology and has provoked an interest in the subject of computational
topology. Computational topology has recently gained a lot of momentum
and has been very successful at providing qualitative invariants and effi-
cient algorithms to compute them. Its application to data analysis led to
the rapidly evolving field of topological data analysis that provides a general
framework to analyze the shape of data and has been applied to various
types of data across many fields.

This book. This book intends to cover various aspects of geometric and
topological inference, from data representation and combinatorial questions
to persistent homology, an adaptation of homology to point cloud data. The
aim of this book is not to provide a comprehensive treatment of topological
data analysis but to describe the mathematical and algorithmic foundations



CONTENTS 13

of the subject.

Two main concepts will play a central role in this book : simplicial com-
plexes and distance functions. Simplicial complexes generalize the notion of
triangulation of a surface and are constructed by gluing together simplices :
points, line segments, triangles and their higher dimensional counterparts.
Simplicial complexes can be considered, at the same time, as continuous ob-
jects carrying topological and geometric information and as combinatorial
data structures that can be efficiently implemented. Simplicial complexes
can be used to produce fine meshes leading to faithfull approximations well
suited to scientific computing purposes, or much coarser approximations,
still useful to infer important features of shapes such as their homology or
some local geometric properties.

Simplicial complexes have been known and studied for a long time in math-
ematics but only used in low dimensions due to their high complexity. In
this book, we will address the complexity issues by focusing on the inherent,
usually unknown, structure in the data which we assume to be of relative low
intrinsic dimension. We will put emphasis on output-sensitive algorithms,
introduce new simplicial complexes with low complexity, and describe ap-
proximation algorithms that scale well with the dimension.

Another central concept in this book is the notion of distance function. All
the simplicial complexes used in this book encode proximity relationships
between the data points. A prominent role is taken by Voronoi diagrams,
their dual Delaunay complexes and variants of those, but other simplicial
complexes based on distances like the Cech, the Vietoris-Rips or the witness
complexes will also be considered.

The book is subdivided into four parts.

Part I contains two chapters that present background material on topological
spaces and simplicial complexes.

Part II introduces Delaunay complexes and their variants. Since Delau-
nay complexes are closely related to polytopes, the main combinatorial and
algorithmic properties of polytopes are presented first in Chapter

Delaunay complexes, to be introduced in Chapter @ are defined from Voronoi
diagrams which are natural space partitions induced by the distance func-
tion to a sample. Delaunay complexes appear as the underlying basic data
structure for manifold reconstruction. The extensions of Voronoi diagrams
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and Delaunay complexes to weighted distances are also presented together
with their relevant applications to kth-nearest neighbor search and Breg-
man divergences which are used in information theory, image processing
and statistical analysis.

Although Delaunay triangulations have many beautiful properties, their size
depends exponentially on the dimension of the space in the worst-case. It is
thus important to exhibit realistic assumptions under which the complexity
of the Delaunay triangulation does not undergo such a bad behaviour. This
will be done through the notion of nets. Another issue comes from the fact
that, in dimensions greater than 2, Delaunay simplices may have an arbitrar-
ily small volume, even if their vertices are well distributed. Avoiding such
bad simplices is a major issue and the importance of thick triangulations has
been recognized since the early days of differential topology. They play a
central role in numerical simulations to ensure the convergence of numerical
methods solving partial differential equations. They also play a central role
in the triangulation of manifolds and, in particular, the reconstruction of
submanifolds of high dimensional spaces as shown in Chapter [8] Chapter
defines thick triangulations and introduces a random perturbation technique
to construct thick Delaunay triangulations in Euclidean space.

Chapter [0] introduces two filtrations of simplicial complexes. Filtrations are
nested sequences of subcomplexes that allow to compute persistent homology
as described in Chapter We first introduce alpha-complexes and show
that they provide natural filtrations of Delaunay and weighted Delaunay
complexes. We then introduce witness complexes and their filtrations. The
witness complex is a weak version of the Delaunay complex that can be
constructed in general metric spaces using only pairwise distances between
the points, without a need for coordinates. We will also introduce a filtration
of the witness complex.

Part III is devoted to the problem of reconstructing a submanifold M of
R? from a finite point sample P € M. The ultimate goal is to compute a
triangulation of M, i.e. a simplicial complex that is homeomorphic to M.
This is a demanding quest and, in this part, we will restrict our attention
to the case where M is a smooth submanifold of R

In Chapter 7| we introduce the basic concepts and results, and state a the-
orem that provides conditions for a simplicial complex M with vertex set
P C M to be both a triangulation and a good geometric approximation of

M.
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Chapter |§] is devoted to the problem of reconstructing submanifolds from
point samples. This problem is of primary importance when M is a surface
of R? (it is then known as the surface reconstruction problem). It also
founds applications in higher dimensions in the context of data analysis
where data are considered as points in some Euclidean space, of possibly
high dimension. In this chapter, we first exhibit conditions under which the
alpha-complex of P C M has the same homotopy type as M, a weaker
property than being homeomorphic to M. We then consider the problem
of reconstructing a smooth submanifold M embedded in a space of possibly
high dimension d. We then cannot afford to triangulate the ambient space
as is being routinely done when working in low dimensions. A way to walk
around this difficulty is to assume, as is common practice in data analysis
and machine learning, that the intrinsic dimension k& of M is small, even
if the dimension of the ambient space may be very large. Chapter [§] takes
advantage of this assumption and presents a reconstruction algorithm whose
complexity is linear in d and exponential only in k.

The assumptions made in Part III are very demanding: the geometric struc-
tures of the data should be smooth submanifolds, the amount of noise in
the data should be small and the sampling density should be high. These
assumptions may not be satisfied in practical situations. Part IV aims at
weakening the assumptions. Chapter [J] studies the stability properties of
the sublevel sets of distance functions and provide sampling conditions to
infer the underlying geometry and topology of data.

Approximations in Chapter [9] are with respect to the Hausdorff distance.
This is a too strong limitation when the data contain outliers that are far
away from the underlying structure we want to infer.To overcome this prob-
lem, Chapter [10] introduces a new framework where data are no longer con-
sidered as points but as distributions of mass or, more precisely probability
measures. It is shown that the distance function approach can be extended
to this more general framework.

Although Chapters [9] and [I0] provide strong results on the topology of the
sublevel sets of distance functions, computing and manipulating such sub-
level sets is limited in practice to low dimensions. To go beyond these limi-
tations, we restrict our quest to the inference of some topological invariants
of the level sets, namely their homology and the associated Betti numbers.
Chapter introduces persistent homology and provides tools to robustly
infer the homology of sampled shapes.
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Efficient implementations of most of the algorithms described in this book
can be found in the CGAL library (http://www.cgal.org/) or in the GUDHI
library (http://gudhi.gforge.inria.fr/).
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20 CHAPTER 1. TOPOLOGICAL SPACES

Basic mathematical notions useful in the sequel of this book are given in this
chapter. For conciseness, the definitions and results are not always given in
their full generality. They are restricted to the simplest version necessary to
follow and understand the results and proofs of this book.

1.1 Topological spaces

This section quickly recalls a few basic notions and definitions from general
topology. Most of the topological objects encountered in this book are metric
spaces whose definition is also recalled.

A topology on a set X is a family O of subsets of X that satisfies the three
following conditions: encountered in this book are metric spaces whose def-
inition is also recalled.

Definition 1.1 (Topological space) A topology on a set X is a family
O of subsets of X that satisfies the three following conditions:

1. the empty set O and X are elements of O,

2. any union of elements of O is an element of O,

3. any finite intersection of elements of O is an element of O.

The set X together with the family O, whose elements are called open sets,
is a topological space. A subset C' of X is closed if its complement is an
open set. If Y C X is a subset of X, then the family Oy = {ONY : O € O}
s a topology on Y, called the induced topology.

Definition 1.2 (Closure, interior and boundary) Lat S be a subset of
a topological space X. The closure S of S, is the smallest closed set con-
taining S. The interior S of S is the largest open set contained in S. The
boundary 95 of S is the set difference S = S\ S.

Definition 1.3 (Metric space) A metric (or distance) on a set X is a
map d : X x X — [0,400) such that:

1. for any z,y € X, d(z,y) = d(y,z),
2. for any x,y € X, d(z,y) =0 if and only if x =y,
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3. for any x,y,z € X, d(z,z) < d(x,y) + d(y, 2).

The set X together with d is a metric space. The smallest topology containing
all the open balls B(z,r) = {y € X : d(z,y) < r} is called the metric
topology on X induced by d.

Definition 1.4 (Continuous map) A map f : X — X' between two
topological spaces X and X' is continuous if and only if the pre-image
YO = {x € X : f(x) € O'} of any open set O' C X' is an open
set of X. FEquivalently, f is continuous if and only if the pre-image of any
closed set in X' is a closed set in X.

Definition 1.5 (Compact space) A topological space X is a compact spa-
ce if any open cover of X admits a finite subcover, i.e. for any family {U; }ier
of open sets such that X = U;crU; there exists a finite subset J C I of the
index set I such that X = U;c;Uj.

For metric spaces, compacity is characterized using sequences: a metric
space X is compact if and only if any sequence in X has a convergent
subsequence.

Definition 1.6 (Connected spaces) A topological space X is connected
if it is not the union of two disjoint open sets: if O1,O2 are two open sets
such that X = O1 UOq then O1 =0 or Oy = 0.

A topological space X is path-connected if for any x,y € X there exists a
continuous map 7y : [0,1] — X such that v(0) = z and y(1) = y.

A path-connected space is always connected, but the reverse is not true in
general. See Exercise [1.1

Euclidean spaces. The space R?, d > 1 and its subsets are examples of
particular interest. All along the book, for = (z1,--- ,24) € R?

d
lzfl =) a?
i=1



22 CHAPTER 1. TOPOLOGICAL SPACES

denotes the Fuclidean norm on R, Tt induces the Fuclidean metric on RY :
d(x,y) = ||z — y||. The standard topology on R? is the one induced by the
Euclidean metric.

A subset K C R? (endowed with the topology induced from the Euclidean
one) is compact if and only if it is closed and bounded (Heine-Borel theorem).

1.2 Comparing topological spaces

There are many ways of measuring how close two objects are. We distinguish
between topological and geometric criteria.

1.2.1 Homeomorphism, isotopy and homotopy equivalence

In topology, two topological spaces are considered to be the same when they
are homeomorphic.

Definition 1.7 (Homeomorphism) Two topological spaces X andY are
homeomorphic if there exists a continuous bijective map h : X — Y such that
its inverse h™' is also continuous. The map h is called a homeomorphism.

As an example, a circle and a simple closed polygonal curve are homeomor-
phic. On the other hand, a circle and a segment are not homeomorphic. See
Exercise [L.6l

The continuity of the inverse map in the definition is automatic in some
cases. If U is an open subset of R? and f : U — R% is an injective continuous
map, then V' = f(U) is open and f is a homeomorphism between U and V'
by Brower’s invariance of domainﬂ The domain invariance theorem may be
generalized to manifolds: If M and N are topological k-manifolds without
boundary and f : U — N is an injective continuous map from an open
subset of M to N, then f is open and is an homeomorphism between U and

fU).
If X is homeomorphic to the standard unit ball of R?, X is called a topological
ball.

1See T. Tao’s blog https://terrytao.wordpress.com/2011/06/13/
brouwers-fixed-point-and-invariance-of-domain-theorems-and-hilberts-fifth-problem/
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The notions of compacity and connexity are preserved by homeomorphism.
See Exercise [1.4l

Let h be a map between two topological spaces X and Y. If h is a homeo-
morphism onto its image, it is called an embedding of X in Y.

When the considered spaces X and Y are subspaces of R%, the notion of
isotopy is stronger than the notion of homeomorphism to ditinguish between
spaces.

Definition 1.8 (Ambient isotopy) An ambient isotopy between X C R
and Y C R is a map F : R x [0,1] — R? such that F(.,0) is the identity
map on R, F(X,1) =Y and for any t € [0,1], F is a homeomorphism of
R,

Intuitively, the previous definition means that X can be continuously de-
formed into Y without creating any self-intersection or topological changes.
The notion of isotopy is stronger than the notion of homeomorphism in the
sense that if X and Y are isotopic, then they are obviously homeomorphic.
Converselym two subspaces of R? that are homeomorphic may not be iso-
topic. This is the case for a knotted and an unknotted torus embedded in
R3 as the ones in Figure Note that, although intuitively obvious, prov-
ing that these two surfaces are not isotopic is a non obvious exercise that
requires some background in algebraic topology.

Figure 1.1: Two surfaces embedded in R? homeomorphic to a torus that are
not isotopic.

In general, deciding whether two spaces are homeomorphic is a very difficult
task. It is sometimes more convenient to work with a weaker notion of
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equivalence between spaces called homotopy equivalence.

Given two topological spaces X and Y, two maps fo,f1 : X — Y are
homotopic if there exists a continuous map H : [0, 1] x X — Y such that for
all z € X, H(0,z) = fo(x) and H(1,z) = fi(z). Homotopy equivalence is
defined in the following way.

Definition 1.9 (Homotopy equivalence) Two topological spaces X and
Y have the same homotopy type (or are homotopy equivalent) if there exist
two continuous maps f : X =Y and g:Y — X such that go f is homotopic
to the identity map in X and f o g is homotopic to the identity map in Y .

As an example, the unit ball in an Euclidean space and a point are homo-
topy equivalent but not homeomorphic. A circle and an annulus are also
homotopy equivalent - see Figure and Exercises|1.8

Jo(z) =z
homotopy equiv.
—
L]

file) = (1 - t)a
—

homotopy equiv.
fi(z) =0 »
L]

Figure 1.2: An example of two maps that are homotopic (left) and examples
of spaces that are homotopy equivalent, but not homeomorphic (right).

not homot¢py equiv.

Definition 1.10 (Contractible space) A contractible space is a space that
has the same homotopy type as a single point.

For example, a segment, or more generally any ball in an Euclidean space
R? is contractible - see Exercise [L.71

It is often difficult to prove homotopy equivalence directly from the defini-
tion. When Y is a subset of X, the following criterion reveals useful to prove
homotopy equivalence between X and Y.

Proposition 1.11 If Y C X and if there exists a continuous map H :
[0,1] x X — X such that:
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1.Vxe X, H0,x) =z,
2.Vee X, Hl,z) €Y,
3. Vyey, vte|0,1], H(t,y) €Y,

then X andY are homotopy equivalent.

Definition 1.12 (Deformation retract) If, in Proposition the last
property of H is replaced by the following stronger one

VyeyY, vte[0,1], H(ty) =y,
then H is called a deformation retract of X to Y.

A classical way to characterize and quantify topological properties and fea-
tures of spaces is to consider their topological invariants . Theses are mathe-
matical objects (numbers, groups, polynomials,...) associated to each topo-
logical space that have the property of being the same for homeomorphic
spaces. The homotopy type is clearly a topological invariant: two homeo-
morphic spaces are homotopy equivalent. The converse is false: for example,
a point and a segment are homotopy equivalent but are not homeomorphic.
See Exercise Moreover, most of the topological invariants considered in
the sequel are indeed homotopy invariants, i.e. they are the same for spaces
that are homotopy equivalent.

1.2.2 Hausdorff distance

The set of compact subsets of a metric space can be endowed with a metric,
called the Hausdorff distance, that allows to measure how two compact
subsets are far away from each other. We give here the definition for compact
subspaces of R? but it immediately adapts to the compact subsets of any
metric space.

Definition 1.13 (Offset) Given a compact set X of RY, the tubular neigh-
borhood or offset X¢ of X of radius €, i.e. the set of all points at distance
at most € from X :

X¢& = R : inf ||z —y|| < e} = B
{yeR": inf lz—y| <e} g{ (z,e)}
€T

where B(z,¢) denotes the closed ball {y € R : ||z — y| < e}.
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Definition 1.14 The Hausdorff distance dg(X,Y") between two closed sub-
sets X and Y of R is the infimum of the ¢ > 0 such that X C Y¢ and
Y C X*. Equivalently,

dy(X,Y) = max | sup(inf || — y||), sup(inf ||z — .
H(X.Y) (yeg(mexll vl sup(inf | ym)

The Hausdorff distance defines a distance on the space of compact subsets
of RY. See Exercise [1.10]

1.3 Exercises

Exercise 1.1 Let X be a path connected space. Show that X is connected.
Let X C R? be the union of the vertical closed segment {0} x [~1,1] and the
curve {(t,sin(})) € R? : t € (0,1]}. Show that X is compact and connected
but not path-connected.

Exercise 1.2 Let S be a subset of a metric space X. Show that:
1. x € X € S if and only if for any r >0, B(xz,7) NS # 0.
2. x € X €S if and only if there exists r > 0 such that B(x,r)C S.

Exercisie 1.3 Let X be a metric space. Given x € X and r > 0, show that
the set B(x,r) = {y € X : d(z,y) < r} is a closed set which is indeed the
closure of the open ball B(x,r) ={y € X : d(x,y) <r}.

Exercise 1.4 Let X,Y two homeomorphic topological spaces. Prove the
following equivalences:

1. X is compact if and only if Y is compact.

2. X is connected (resp. path-connected) if and only if Y is connected
(resp. path-connected).

Exercise 1.5 Show that the FEuclidean space is not compact (without using
the Heine-Borel theorem).
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Exercise 1.6 A continuous polygonal curve P C R? with consecutive edges
e1 = [p1,p2], €2 = [p2, 3], - €n = [Pn, Pny1] is simple and closed if and only
if eiNej = ) whenever 2 < |i—j| mod (n), e;Ne;y1 = pit1 fori=1,---n—1
and e, Ne1 = p1. Show that P is homeomorphic to a circle.

Show that a circle and a segment are not homeomorphic.

Exercise 1.7 Let X be a segment (i.e. a space homeomorphic to [0,1])
and let Y be a point. Prove that X and Y are homotopy equivalent but not
homeomorphic. More generally prove that any ball in R is contractible.

Exercise 1.8 Let X be the unit circle in R? and let Y C R? be the annulus
of inner radius 1 and outer radius 2. Prove that X and Y are homotopy
equivalent.

Exercise 1.9 Let X and Y be two topological spaces that are homotopy
equivalent. Show that if X is path-connected, then Y is also path-connected.

Exercise 1.10 Show that the Hausdorff distance is a distance on the space
of compact subsets of R:. Show that this is no longer true if we extend the
definition to non compact sets (give an example of two different sets that are
at distance 0 from each other).

1.4 Bibliographical notes

All the notions introduced in this chapter are classical, but fundamental,
and presented with many details in the classical mathematical litterature.
For more details about basic topology, the reader may refer to any standard
book on general topology such as, e.g. [IT1]. The geometry of metric spaces
is a wide subject in mathematics. The reader interested in the topics may
have a look at [30]. More details and results about the notions of homotopy
and homotopy equivalence can be found in [86, pp. 171-172] or [110, p. 108].
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Geometric shapes like curves, surfaces or their generalization in higher di-
mensions Com are “continuous” mathematical objects that cannot be di-
rectly encoded as a finite discrete structure usable by computers or comput-
ing devices. It is thus necessary to find representations of these shapes that
are rich enough to capture their geometric structure and to comply with the
constraints inherent to the discrete and finite nature of implementable data
structures. On another side, when the only available data are point clouds
sampled around unknown shapes, it is necessary to be able to build some
continuous space on top of the data that faithfully encode the topology and
the geometry of the underlying shape. Simplicial complexes offer a classical
and flexible solution to overcome these difficulties.

2.1 Geometric simplicial complexes

The points of a finite set P = {po,p1,--- ,pr} in R? are said to be affinely
independent if they are not contained in any affine subspace of dimension
less than k.

Definition 2.1 (Simplex) Given a set P = {pg,...,pr} C R? of k +1
affinely independent points, the k-dimensional simplex o, or k-simplex for
short, spanned by P is the set of conver combinations

k k
> Xipi, with Y Ai=1 and A >0.
=0 =0
The points pg,...,pi are called the vertices of o.

Notice that o is the convex hull of the points P, i.e. the smallest convex
subset of R? containing po,p1,--- ,pr. A O-simplex is a point, a 1-simplex
is a line segment, a 2-simplex is a triangle, a 3-simplex is a tetrahedron.

The faces of the simplex o whose vertex set is P are the simplices spanned
by the subsets of P. Any face different from o is called a proper face of o.

For example, the faces of a triangle spanned by 3 independent points {pg, p1, p2} €
R? are the simplices 0, [po], [p1], [po, 1], [p1. p2], [p2, o] and [po, p1,p2]. Ob-
serve that, by convention, ) is usually added to the faces as the simplex
spanned by the empty subset of the vertices.
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Definition 2.2 (Simplicial complex) A (finite) simplicial complex K in
R is a (finite) collection of simplices such that:

1. any face of a simplex of K is a simplex of K,

2. the intersection of any two simplices of K is either empty or a common
face of both.

All the simplicial complexes considered in this book are finite. The simplices
of K are called the faces of K. The dimension of K is the highest dimension
of its simplices. A complex of dimension k is also called a k-complex. A
subset of the simplices of K which is itself a simplicial complex is called
a subcomplex of K. The j-skeleton Sk;(K) of K is the subcomplex of K
consisting of the simplices of dimension at most j.

Figure 2.1: Left: an example of a simplicial complex. Right: a union of
simplices which is not a simplicial complex

For a simplicial complex K in RY, its underlying space | K| C R? is the union
of the simplices of K. The topology of K is the topology induced on |K|
by the standard topology in R¢. When there is no risk of confusion, we do
not clearly make the distinction between a complex in R? and its underlying
space.

2.2 Abstract simplicial complexes

Notice that when its vertex set is known, a simplicial complex in R? is fully
and combinatorialy characterized by the list of its simplices. This leads to
the following notion of abstract simplicial complex.
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Definition 2.3 (Abstract simplicial complex) Let V' = {v, - v,} be
a finite set. An abstract simplicial complex K with vertex set V is a set of
finite subsets of V' satisfying the two conditions :

1. The elements of V belong to K.
2. Ifreff and o C T, theno € K.

The elements of K are called the simplices or the faces of K. If ¢ € K has
precisely k + 1 elements, the dimension of ¢ is k and we say that o is a
k-simplex. The dimension of K is the maximal dimension of its simplices.

Any simplicial complex K in R? naturally determines an abstract simplicial
complex K, called the vertex scheme of K: K and K have the same set of
vertices and the simplices of K are the sets of vertices of the simplices of K.
Conversely, if an abstract complex K is the vertex scheme of a complex K
in R%, then K is called a geometric realization of K. Notice that any finite
abstract simplicial complex K has a geometric realization in an Euclidean
space in the following way. Let {vi,vo,---,v,} be the vertex set of K
where n is the number of vertices of K, and let ¢ C R” be the simplex
spanned by {ej,eq,--- ey} where, for any i = 1,--- ,n, e; is the vector
whose coordinates are all 0 except the i*” one which is equal to 1. Then K
is the subcomplex of o defined by [e;,- - , ;] is a k-simplex of K if and
only if [v;y, -+ ,v;, ] is a simplex of K. It can also be proven that any finite
abstract simplicial complex of dimension d can be realized as a simplicial
complex in R+ (Exercice .

Definition 2.4 (Isomorphism of abstract simplicial complexes) Two
abstract simplicial complexes K, K' with vertex sets V and V' are isomor-
phic if there exists a bijection ¢ : V. — V' such that {vy,---vx} € K if and

only if {¢(vo),--- $(vy)} € K.

The relation of isomorphism between two abstract simplicial complexes in-
duces homeomorphism between their geometric realizations.

Proposition 2.5 If two simplicial complezes K, K' are the geometric re-
alizations of two isomorphic abstract simplicial complezes K, K', then |K|
and |K'| are homeomorphic topological spaces. In particular, the underlying
spaces of any two geometric realizations of an abstract simplicial complex
are homeomorphic.
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In this book, we will often encounter abstract simplicial complexes whose
vertices are points in R%. Let K be an abstract complex with vertex set
V c RY. If the convex hull of each k-simplex o = {vg, -, v} € K is a
geometric k-simplex in R? and if the collection of these simplices defines a
simplical complex K, then we say that K naturally embeds in R% and that
K is the natural embedding of K . When there is no ambiguity, the same
notation is used for K and K.

An important remark about terminology: as the underlying spaces
of all geometric realizations of an abstract simplicial complex are homeo-
morphic to each other, it is usual to relate the topological properties of
these underlying spaces to the complex itself. For example, when one claims
that an abstract simplicial complex K is homeomorphic or homotopy equiv-
alent to a topological space X, it is meant that the underlying space of any
geometric realization of K is homeomorphic or homotopy equivalent to X.

2.3 Nerve

As noticed in previous the section, simplicial complexes can be seen at the
same time as topological spaces and as purely combinatorial objects.

Definition 2.6 (Covers) An open cover of a topological space X is a col-
lection U = (U;)ier of open subsets U; € X, i € I where I is a set, such
that X = U;crU;. Similarly, a closed cover of X is a collection of closed sets
whose union is X.

Definition 2.7 (Nerve) Given a cover of a topological space X, U = (U;)icr
we associate an abstract simplicial complex C(U) whose vertex set is U and
such that

o = Uiy, Uiy, ,Ui,] € C(U) if and only if N_, U;, # 0.
Such a simplicial complex is called the nerve of the cover U.
When all the sets U; are open and all their finite intersections are con-

tractible, i.e. are homotopy equivalent to a point, the Nerve Theorem relates
the topology of X and C(U).
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Theorem 2.8 (Nerve Theorem) Let U = (U;)icr be a finite open cover
of a subset X of R such that any intersection of the U;’s is either empty or
contractible. Then X and C(U) are homotopy equivalent.

The nerve theorem also holds for closed covers under a slightly more re-
strictive assumption on X. The following version is general enough for our
purpose.

Theorem 2.9 (Nerve Theorem for convex covers) Let X C R? be a
finite union of closed convex sets F = (F})icr in R%. Then X and C(F) are
homotopy equivalent.

A cover satisfying the assumptions of the Nerve Theorem is sometimes called
a good cover . The Nerve Theorem is of fundamental importance in compu-
tational topology and geometric inference: it provides a way to encode the
homotopy type of continuous topological space X by a simplical complex
describing the intersection pattern of a good cover. In particular, when X
is a (finite) union of (closed or open) balls in R?, it is homotopy equivalent
to the nerve of this union of balls.

2.4 Filtrations of simplicial complexes

Simplicial complexes often come with a specific ordering of their simplices
that plays a fundamental role in geometry inference.

Definition 2.10 A filtration of a finite simplicial complex K is a nested
sequence of sub-complezes ) = K C K ¢ --- c K™ = K such that

K* = K'U o™ where o' is a simplex of K.

Equivalently, a filtration of K can be seen as an ordering of the simplices
such that for any ¢ > 0, the collection of the first ¢ simplices is a simplicial
complex. To ensure this later condition, it is sufficient to know that every
simplex ¢ appears in the filtration after all its faces.

As a filtration of K is just an ordering of the simplices, in some cases, it
might be more natural to index the simplices by an increasing sequence
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(a;), of real numbers: § = K C K C --- C K = K. In this case, it
is often convenient to extend the filtration to the whole set of real numbers
by defining K¢ = K" for o € [a;,ai41), K = () for a < ag and K* = K
for a > K%m,

For example, when a function is defined on the vertices of K, on can define
a sublevel set filtration in the following way.

Filtration associated to a function defined on the vertices of a
complex. Let K be asimplicial complex and let f be a real valued function
defined on the vertices of K. For any simplex o = {vg,--- v} one defines
f(o) by

flo) = max f(vi)

Ordering the simplices of K according to the values of each simplex defines
a filtration of K. Note that different simplices can have the same value. In
this case, they are ordered according to increasing dimension and simplices
of the same dimension with same value can be ordered arbitrarily. The
filtration induced by f is the filtration by the sublevel sets f~1(] — 0o;t]) of

f.

2.5 Vietoris-Rips and Cech filtrations

Filtrations are often built on top of finite sets of points to reveal the un-
derlying topological structure of data (see Chapter . Let P C R? be a
(finite) set of points.

Definition 2.11 Given a > 0, the Cech complex with vertex set P and
parameter « s the nerve Cech(P, a) of the unions of balls centered on P
with radius . The simplices of (VJech(P7 «) are characterized by the following
condition:

k
{xg,21,...,21} € Cech(P,a) & m B(x;, ) # 0.
i=0

As o goes from 0 to +00, the nested sequence of complexes Cech(P, a) defines
the Cech complex filtration.
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Given a k-dimensional face o of the simplex of dimension | P|—1, the smallest
« such that o € Cech(P, ) is the radius of the smallest ball enclosing the
vertices of 0. As a consequence, the k-dimensional skeleton of the Cech
filtration can be computed by computing the O(]P|¥) minimum enclosing
balls of all the subsets of at most k£ points of P. Although the computation
of the minimum ball enclosing a set of k points can be done in time O(k)
(see the bibliographic notes), the computation of the whole Cech filtration
quickly becomes intractable in practice. Given a > 0, the computation of
the k-skeleton of Cech(P, «) can be done by first computing all the cliques
of at most (k + 1) vertices of the 1-skeleton of Cech(P, ) which is a graph,
and second by selecting the cliques whose minimum enclosing ball has its
radius upper bounded by a.

Figure 2.2: The Cech (left) and Vietoris-Rips (right) complexes built on top
of a finite set of points in R?. Note that they both contains a 3-simplex and
are thus not embedded in R?.

A simplicial complex which is closely related to the Cech filtration is the
Vietoris-Rips  filtration, Rips(P).

Definition 2.12 Given « > 0, the Vietoris-Rips complex Rips(P, «) with
vertext set P and parameter a is defined by the following condition

{zo,z1, -+ , 25} € Rips(P, ) & |z; —zj|| < foralli,jeA{0,... k}.

As a goes from 0 to +00, the nested sequence of complezes Rips(P, «) defines
the Vietoris-Rips filtration.

The Vietoris-Rips complex is much simpler to compute than the Cech fil-
tration as it just involves distance comparisons. The Vietoris-Rips complex
is the largest simplicial complex that has the same 1-skeleton as the Cech
complex. It is thus completely characterized by its 1-skeleton. The whole
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k-dimensional skeleton of the Vietoris-Rips filtration can be computed by
computing the diameter of all the subsets of at most k points of P.

The Cech and the Vietoris-Rips filtrations are related by the following in-
terleaving property that plays a fundamental role in Chapter

Lemma 2.13 Let P be a finite set of points in R, for any a >0,

Rips(P, o) C Cech(P, a) C Rips(P,2a)

Proof If 0 = {zg,z1, -+, 21} € Rips(P, a) then zg € ﬂfZOB(xi,oz). So,
o € Cech(P, ). This proves the first inclusion.

Now, if o0 = {xg,z1,--- , 2%} € Cech(P,a), there exists y € R? such that
y € NE_ B(z;, ), ie. |[z; —y| < afor any i = 0,---k. As a consequence,
for all 4,5 € {0,...,k}, ||z; — z;|| £ 2« and o € Rips(P,2«). O

Remark that the Cech and Vietoris-Rips filtrations can be defined for a set
of points in any metric space and that the above interleaving property still
holds. When the points P are in R?, the interleaving of Lemma is not
tight and can be slightly improved (see Exercise .

2.6 Combinatorial manifolds triangulations

Definition 2.14 (Star and link) Let K be a simplicial complex with ver-
tex set P. The star of p € P is the set of simplices of K that have p as a
vertex. We denote it star(p, K). The link of p is the set of simplices T C o
such that o € star(p, K) but T & star(p, K). We denote it by link(p, K).

Observe that the star of a simplex is not a complex while the link is. We
will use the name closed star of p in K to denote the subcomplex of K that
consists of the simplices of star(p, K) and their subfaces.

Definition 2.15 (Pure complex) A simplicial k-complex K is pure if ev-
ery simplex in K is the face of a k-simplex.

Definition 2.16 (Boundary complex) Let K be a pure simplicial k-com-
plex. The boundary of K, denoted OK is the (k—1)-subcomplex of K whose
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(k—1)-simplices are the (k —1)-simplices of K that are incident to only one
face of dimension k.

Definition 2.17 (Combinatorial manifold) A simplicial complex K is
a combinatorial k-manifold if

1. K is pure k complex,
2. the link of any vertex of K \ 0K is a triangulated (k — 1)-sphere
3. the link of any vertex of 0K is a triangulated (k — 1)-ball.

We define the adjacency graph of a combinatorial k-manifold K as the graph
whose nodes are the k-simplices of K and two nodes are joined by an edge
in the graph if the two simplices associated to the two nodes have a (k — 1)-
simplex in common.

An example of a combinatorial manifold is the boundary complex of a poly-

tope (see Section [3.1)).

Definition 2.18 (Triangulation of a point set) A triangulation of a fi-
nite point set P € R% is a geometric simplicial complex K whose vertex set
is P and whose underlying space is the convex hull of P.

The triangulation of a finite point set P € R is a combinatorial mani-
fold whose boundary is the boundary complex of the convex hull of P (see

Exercise .

Definition 2.19 (Triangulation of a topological space) A triangulation
of a topological space X is a simplicial complex K and a homeomorphism
h:|K|— X.

2.7 Representation of simplicial complexes

To represent a simplicial complex K, we need a data structure that rep-
resents the simplices of the complex and is able to provide efficient imple-
mentations of elementary operations such as face and coface retrieval, and
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maintainance of the data structure upon elementary modifications of the
complex, insertion or removal of a new simplex. In addition, we may want
to attach a filtration to each simplex and iterate over the simplices of a
filtered complex by increasing values of filtration. We present below several
data structures to represent simplicial complexes.

We say that two simplices ¢ and 7 of a simplicial complex are incident if
one is included in the other. We say that ¢ and 7 are adjacent if they are
incident and if their dimensions differ by exactly 1. The Hasse diagram of a
simplicial complex K is a graph whose nodes represent the simplices (of all
dimensions) and two nodes are joined by an arc if the associated simplices
are adjacent.

The Hasse diagram provides an explicit representation of all the simplices of
K. If the dimension of the complex is considered as a constant, it is easy to
see that all elementary operations on K can be performed efficiently. How-
ever the size of the Hasse diagram may be problematic in practice when
considering big complexes. A more compact data structure that still pro-
vides an explicit representation of all the simplices of K is the so-called
simplex tree which is a minimal spanning tree of the Hasse diagram. The
simplex tree is constructed as a prefix tree of the simplices considered as
words on the alphabet vy, ..., v, where vy, ..., v, are the labels of the vertices

of K (see Figure and Exercice .

Both the Hasse diagram and the simplex tree are convenient to store and
retrieve information attached to a simplex, e.g. a filtration value. Neverthe-
less, in some applications, we may content ourselves with less expressive but
more compact representations. Instead of representing all simplices, one can
represent only the maximal ones, i.e. the simplices that have no coface in
the complex. This may lead to a dramatic saving in memory size as can be
seen from the following simple example : the complex consisting of a unique
simplex has one maximal simplex but 2¢ simplices in total.

Representating only the maximal simplices is especially well suited for com-
binatorial manifold. A combinatorial manifold K can be represented by
its maximal simplices, together with the adjacency graph of those maximal
simplices. We will simply call this graph the adjacency graph of the combi-
natorial manifold. When K is of dimension d, the adjacency graph of the
maximal simplices is a connected graph of degree d + 1 that be efliciently
traversed. Such a graph will be used in Section[3.4] when constructing convex
hulls.
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Figure 2.3: A Hasse diagram and a Simplex Tree with their associated
simplicial complexes.

2.8 Exercises

Exercise 2.1 A simplicial complex C' is said to be (path-)connected if for
any pair of points (z,y) € C there exists a continuous path v : [0,1] — C
such that v(0) = x and (1) = y. Prove that a simplicial complex C' is
connected if and only if its 1-skeleton is connected.

Exercise 2.2 Give examples of simplicial complexes in R? that are home-
omorphic to a ball, a sphere, and a torus.

Exercise 2.3 Prove that any abstract simplicial complex K of dimension
d can be realized as a geometric simplicial complex in R?¢*!. (Hint : map
the vertices of K to points on the moment curve C = {(x, 22, ..., 2%+ ¢
R24+1 2 € R}. Show that any subset of 2d 4 2 points on C are affinely
independent and that the image of K is a realization of K in R?¥*1. See

also Exercise )

Exercise 2.1 (Simplex Tree) Let K be a d-simplicial complex whose ver-
tices are labelled 1,...,n. Each simplex is represented by a word which is
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the sorted list of its labels. We then store all simplices of K as a prefix
tree called the simplex tree of K. The simplex tree is characterized by the
following properties:

1. The nodes of the simplex tree are in bijection with the simplices (of all
dimensions) of the complex. The root is associated to the empty face.

2. Each node of the tree, except the root, stores the label of a vertex.
Specifically, a node associated to a simplex o stores the last label of o.

3. The vertices whose labels are encountered along a path from the root to
a node associated to a simplex o are the vertices of o. Along such a path,
the labels are sorted by increasing order and each label appears no more
than once.

Show that the simplex tree of K is a spanning tree of the Hasse diagram of
K. Let o be a i-simplex. Show that we can be decide whether o is in K or
insert o in K (assuming all its subfaces are in K) in time O(ilogn). Show
also how to locate the faces and the cofaces of ¢ in the simplex tree and how
to remove o from K.

Exercise 2.2 Show how to compute the Vietoris-Rips filtration of a set of
points P in some metric space using the simplex tree.

2.9 Bibliographical notes

Our presentation of simplicial complexes follows the one in Munkres [109].
The nerve theorem and its variants are classical results in algebraic topology.
A proof is given in Hatcher [96], Section 4G].

The computation of the Cech filtration of a finite set of points relies on the
computation of minimum enclosing balls. Welzl has proposed an elegant
randomized algorithm of linear complexity to compute the minimal ball en-
closing a set of n points. The algorithm can be adapted to compute the
minimal enclosing ellipsoid [I129]. The Vietoris-Rips filtration can be ob-
tained by computing the cliques in the 1-skeleton of the Vietoris-Rips com-
plex. This is an NP-complete problem but efficient solutions exist for sparse
graphs [77]. The Vietoris-Rips filtration can be constructed and stored us-
ing a simplex tree, a data structure proposed by Boissonnat and Maria [20].
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The simplex tree is implemented in the GUDHI library [103]. More compact
data structures can be found in [5] [11].

The problem of deciding if two abstract complexes are homeomorphic is
undecidable Markov 1958. Deciding if a d-simplicial complex is a homeo-
morphic to a d-sphere is undecidable for d > 5 [Novikov]. It is trivial for
d = 2 and decidable for d = 3. The question remains open d = 4.
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Convex polytopes and convex polyhedra are fundamental structures that
play an essential role in computational geometry, linear programming, op-
timisation and many other fields. In this book, they also play a central
role because of their close relationship with Voronoi diagrams and Delaunay
complexes, introduced in Chapter [4] and used throughout the book. This
chapter presents here the combinatorial and algorithmic aspects of convex
polyhedra to be used in the following chapters. For a more complete treat-
ment of the rich theory of convex polytopes, the reader is referred to classical
textbooks (see the bibliographic notes).

3.1 Definitions

3.1.1 Convex polytopes

Definition 3.1 A convex polytope in R? is the convex hull of a finite set of
points. In this book, we only consider convex polytopes and the word polytope
1s used as a synonym for conver polytope.

Hence, a convex polytope is a closed bounded subset of R%. The dimension
of a convex polytope is the dimension of the affine subspace spanned by the
polytope. Simplices (see Section [2)) are particular cases of polytopes.

3.1.2 Facial structure of polytopes

A hyperplane h of R? is a subset of R? defined by a linear equation :
h={zeR: hiz)=a-z+b=0},
where a € R%, b € R. A hyperplane h divides R? in two half-spaces:
ht = {zeR:h(z)=a-z+b>0}
h™ = {zeR¥:h(z)=a-z+b<0}

Note the half-spaces h™ and h™ are defined as closed subsets, so that h, h™
and h~ do not form a partition of R? but h, h* \ h and h~ \ h do.

Definition 3.2 A hyperplane h of R® is a supporting hyperplane of the
polytope P iff the intersection P N h is non empty and P is included in one
of the two half-spaces defined by h.
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The intersection of P with a supporting hyperplane h is called a face of P.
Lemma 3.3 A face of a polytope is a polytope.

Proof Let P = {pi,...,pn} be a finite set of points in R? and let P =
conv(P) be the polytope which is the convex hull of P. Any face f of P is
the intersection of P with a supporting hyperplane h. We prove that the
face f = P N h is the convex hull conv(P N h) of the subset of points of
P included in h. The inclusion conv(P N h) C f comes from the convexity
of f. Indeed, f is convex since it is the intersection of two convex sets.
Furthermore f contains P N h, so it contains the convex hull conv(P N h).
To prove the reverse inclusion, we assume without loss of generality that
P C ht. Then we have h(p;) > 0 for any p; € P. Any point p included
in P is a convex combination p = > ;| \; p; of points in P. If furthermore
p belongs to f, h(p;) = > Ai h(pi) vanishes and this can happen only if
A; = 0 for all points p; that are not in h. Thus, if p belongs f, it belongs to
conv(PnNh). O

The proof of the previous lemma, shows that the faces of the polytope P are
the convex hulls of subsets of P. A polytope has therefore a finite number
of faces. The boundary of the polytope P is the union of its faces. The
faces of dimension 0 are called vertices. The faces of dimension 1 are called
edges. If P has dimension d, the faces of dimension d —1 and d —2 are called
respectively facets and ridges.

The vertices of the polytope P = conv(P) are points of P. The following
lemma, whose proof is left as an exercise (Exercise[3.1]) is a well known result
of the theory of polytopes.

Lemma 3.4 Any polytope is the convex hull of its vertices.

The facial structure of a simplex can be easily described. Indeed, if o is a
simplex that is the convex hull of the set S = {p1,...,pr} of k+ 1 indepen-
dent points, any subset of .S is a set of independent points whose convex hull
is a simplex and, except in the case of S itself, this simplex is a face of o.
k+1

Therefore a k-simplex has k 4 1-vertices, and ( i+l ) faces of dimension

j, for j=0to k— 1.

Another fundamental result of the theory of polytopes is the following lemma
whose proof is also left as an exercise (see Exercises and ).
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Lemma 3.5 Any polytope is the intersection of a finite number of half-
spaces. Reciprocally, any intersection of a finite number of half-spaces that
1s bounded, is a polytope.

Therefore any polytope can be described either as the convex hull of a finite
set of points or as the intersection of a finite number of half-spaces. More
precisely, the proof of Lemma [3.5| shows that the minimal set of half-spaces
whose intersection is identical to the polytope P is the set of half-spaces
bounded by the hyperplanes supporting P along its facets and containing
P.

3.1.3 Convex polyhedra

In the sequel, we extend the notion of polytopes to describe unbounded
intersections of half-spaces as well as polytopes.

Definition 3.6 A convex polyhedron is the intersection of a finite number
of half-spaces.

A convex polyhedron may be bounded or not. From Lemma [3.5] a convex
polytope is just a special case of convex polyhedron. The notion of support-
ing hyperplanes and faces introduced above for convex polytopes extend
naturally to convex polyhedra. The faces of a convex polyhedron are them-
selves convex polyhedra and may be unbounded if the convex polyhedron is
unbounded.

3.1.4 Simplicial polytopes and simple convex polyhedra

A point set P in R? is said to be in general position when any subset of P
with size at most d + 1 is a set of affinely independent points. When the
points of P are in general position, any hyperplane h includes at most d
points of P and the points in P N h are affinely independent. Therefore all
the faces of the polytope P = conv(P) are simplices and the polytope P is
called a simplicial polytope.

A set of n hyperplanes in R? is said to be in general position if the intersec-
tion of any subset of k of them is an affine subspace of dimension d — k. A
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convex polyhedron defined as the intersection of n half-spaces bounded by
hyperplanes in general position is called simple.

3.1.5 The boundary complex

Let P be a convex polyhedron. Any face of a face of P is a face of P and
the intersection of two faces of P is either empty or a common face of both
faces.

Therefore, if P is simplicial polytope, its faces form a geometric simplicial
complex (see Chapter . This complex is called the boundary complex of P.
It can be shown (see Exercise that the boundary complex of a simplicial
polytope is a combinatorial manifold (see Definition .

If P is not a simplicial polytope, its faces may not be simplices. Still, they
are convex polyhedra and they form a cell complex as defined now.

Definition 3.7 (Cell complex) A cell complex is a set C of convex poly-
hedra, called the faces of C, that satisfies the two following properties

— Any face of a face of C' is a face of C.

— The intersection of any two faces of C is either empty or a common

face of both faces.

The cell complex formed by the faces of a convex polyhedron P is still called
the boundary complex of P. We adapt to cell complexes and therefore to
convex polyhedra the notions of incidency and adjacency defined in Sec-

tion 2.

e Two faces of a convex polyhedron are said to be incident if one is
included in the other.

e Two facets of a convex polyhedron are said to be adjacent if they share
a (d — 2)-subface.
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3.2 Duality

3.2.1 Point-hyperplane duality

We introduce a duality between points and hyperplanes that makes use of
the unit paraboloid of R? and gives a special role to the last coordinate axis,
called the wvertical azis. We denote by x(i),7 = 1,...,d, the coordinates of
a point z € R%.

The unit paraboloid Q is defined as :
d—1
Q= {az eR?: z(d) = Zx(i)Q} .
i=1
In the rest of this section, we write for short 3’ for Z?;ll.

Let p be a point of the paraboloid Q. The duality associates to point p the
hyperplane p* tangent to Q at p:

pt = {zeR:z(d)=2"p(i)((i) — p(i)) + p(d)
= {zeRy:z(d) —2>p(i)z(i) + p(d) = 0}.

More generally, duality associates to any point p of R? the non vertical
hyperplane p* defined by:

" ={z € R w(d) — 257 'p(i)a(i) +p(d) = 0}.

Conversely, let h be a non vertical hyperplane of R%. The equation of h can
be written in normal form:

h={z cR®: 2(d) + >'h(i)x(i) + h(d) = 0},

and duality associates to h the point Ah* with coordinates

<_h2(1),..., _h(é_ 1),h(d)> .

Since p** = p, duality is an involutive bijection between points of R? and
non vertical hyperplanes of R?. Duality preserves incidences of points and
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hyperplanes: if p and ¢ are two points in R¢ with dual hyperplanes p* and
q* respectively, we have

gep’ < q(d)—2Y"p(d)g(d) +p(d) =0<=peq".

Let h be a non vertical hyperplane whose equation in normal form is h(z) =
0. We say that point p is above h or that h is below p if h(p) > 0. We
say that point p is below h or that h is above p if h(p) < 0. For a non
vertical hyperplane h, we call upper half-space and denote by h™ the half-
space bounded by h that is above h. We call lower half-space and denote by
h~ the half-space below h:

ht = {xeR?:h(z) >0}
h~ = {zeR?:h(x)<0}.

Duality reverses the above-below relations between points and hyperplanes :
if p and ¢ are two points in R% with dual hyperplanes p* and ¢* respectively,
we have:

gep™t = q(d)—2Y"p(d)g(d) +p(d) >0<=pe g™
qgep’” < q(d)—2>"p(d)g(d) +p(d) <0<=peq.

3.2.2 Lower hulls and upper envelope

Let P = {p1,...,pn} be aset of n points in R?. The lower hull of P, denoted
by lowerhull(P), is a subcomplex of the boundary complex of the polytope
P = conv(P). Let H(P) be the set of hyperplanes supporting the polytope
P. We distinguish the subset H(P) of lower supporting hyperplanes where
a hyperplane h of H(P) is a lower supporting hyperplane if h is a non vertical
hyperplane and P is included in the upper half-space h™. The lower hull of
P is then defined as the subcomplex of the convex hull boundary, formed
by faces of P included in lower supporting hyperplanes:

lowerhull(P) ={PNh:hec H. (P)}
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Consider now a set H = {hq,...,h,} of non vertical hyperplanes in R,
and let H™ be the convex polyhedron which is the intersection of the upper
half-spaces bounded by the hyperplanes of H:

HY =hinhd...0ht.

The boundary complex of the convex polyhedron HT is called the upper
envelope of the set of hyperplanes H.

Two complexes K and K* (simplicial or cellular complexes) of dimension d
are said to be dual complexes if there is a bijective correspondence between
the faces of K and the faces of K* such that

e the k-faces of K correspond to the (d — k)-faces of K*

e the correspondence preserves incidences and reverses inclusion rela-
tions, meaning that if if f C g are incident faces of K, the correspond-
ing faces f* and ¢* of K* are incident and such that ¢* C f*.

Observe that the lower envelope of a set of points in R? and the upper
envelope of a set of hyperplanes are both (d — 1)-complexes. The duality
between points and hyperplanes of R¢ introduced in Section yields a
duality between the lower hull of a set of points and the upper envelope of
the set of dual hyperplanes.

Lemma 3.8 (Lower hull - upper enveloppe duality) Let P be a set of
points in R and let P* be the set of dual hyperplanes. The lower hull of P
and the upper envelope of P* are dual (d — 1)-complezxes.

Proof We assume here for simplicity that the points of P are in general po-
sition and leave the proof for the general case as an exercise (Exercise [3.10]).

Let P = conv(P) be the convex hull of P and by P** be the convex polyhe-
dron which is the intersection of the upper half-spaces bounded by the dual
hyperplanes:

P =pitnpit. o npit.
Let f be a k-face of lowerhull(P). Face f is a k-face of the polytope P and,
since general position is assumed, f includes (k + 1)-vertices of P which are

points of P. Let us assume, without loss of generality, that {p1, ..., pxy1} are
included in f. We consider a lower supporting hyperplane h that intersects
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P along f. Hyperplane h includes {pi,...,pr41} and, since it is a lower
supporting hyperplane, the other points of P are included in the upper half-
space h™. Let h* be the point dual to h. Then, from the properties of the
point hyperplane duality introduced above, we get:

piEht = hrept, Vi=1,...,n (3.1)
pi€h < h'ep;, Vi=1,....,k+1 .
pi¢h <= h'¢p;, Vi=k+2,...,n (3.3)

Equations and show that the point h* belongs to the (d — 1 —
k)-face f* of P*T which is the intersection of P** with the k& + 1 hy-
perplanes {p;,i = 1,...k + 1}. Therefore, duality maps the k-face f =
conv({p1,...,pr+1}) of lowerhull(P) to the (d — 1 — k)-face f* = pi Np5 N
< Npp . NP of P

In the other way, any (d — 1 — k)-face of P** is the intersection of P** with
k+ 1 hyperplanes in P* (see Exercise[3.6). Let us consider a (d— 1 — k)-face
f* of P*T and say that f* is the intersection of P** with the k hyperplanes
{pf,i = 1,...k + 1}. Equations , and show that any point
h* in f* is the dual of a hyperplane h which supports P along the face
f = conv({p1,...,pr+1}). Moreover, h is a lower supporting hyperplane.

Therefore, duality maps back f* to f and the correspondence is bijective.
O

3.3 Combinatorial bounds

The following theorem bounds the total number of faces of a convex poly-
hedron in R? which is known to have either n facets or n vertices. The
theorem is known as the upper bound theorem, though the bound is tight in
the worst case.

Theorem 3.9 (Upper Bound Theorem) The total number of faces of a
convez polyhedron in R, defined as the intersection of n half-spaces or as

the convex hull of n points, is © <nL%J>

Proof We prove here the upper bound. The lower bound is the topic of
Exercise 13.12)
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Let P be a convex polyhedron defined as the intersection of n half-spaces of
R?. To prove the upper bound on the number of faces of P, we may assume
that the hyperplanes bounding the half-spaces defining P are in general
position. Indeed, otherwise, we can slightly perturb those hyperplanes to
bring then in general position. During this process, the number of faces of
‘P can only increase, see Exercise[3.11] Hence, any upper bound that is valid
for hyperplanes in general position holds for any set of hyperplanes. We also
assume that the polyhedron has at least one vertex. Indeed, otherwise the
number of bounding hyperplanes is at most d — 1 and the total number of
faces is at most 2971, In addition, we may assume, without loss of generality,
that two vertices of P do not have the same x4 coordinate.

We first bound the number of vertices of P and then extend this bound to
faces of any dimension. Let p be one of the vertices of P. Because general
position is assumed, p, as any other vertex of P, is included in exactly d of
the bounding hyperplanes. Therefore p is incident to exactly d facets and d
edges of P. Thus at least [%] edges incident to p are included in either in
the half-space h* : x4 > z4(p) or in the half-space h™ : x4 < z4(p). Since
the bounding hyperplanes are in general position, P is simple and the affine
hull of any subset of k < d edges incident to a vertex of P contains a k-face
of P (Exercice . Therefore, each vertex p of P is a vertex with extremal
x4-coordinate for at least one face of dimension (g] Since any face has
at most one vertex of maximal z, coordinate and one vertex of minimal
zg-coordinate, the number of vertices of P is at most twice the number of

[47-faces of P.

From the general position assumption, a k-face of P is the intersection of
d — k of the bounding hyperplanes (see Exercise . We deduce that the

number of k-faces is at most > = O(n%%), which is O(nL%J) for

n
d—k
k= (%} From the above discussion, we conclude that the number of vertices
of P is O(nLgJ).

Let us bound now the number of k-faces for £ > 0. The number of k-faces

incident to any vertex of P is , which is a constant for fixed d.

d
d—Fk
Hence the upper bound O(nL%J) holds also for the number of faces of any
dimension.

The duality introduced in Section immediately implies that the same
upper bound holds for the lower hull of a set of n points and finally (by
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symmetry) to the number of faces of a polytope defined as the convex hull
of n points. [

3.4 Convex hull algorithms

We present here two algorithms to build the convex hull of a set of points
P. Both algorithms are incremental, meaning that they insert the points
of P one by one, while maintaining the convex hull of the currently subset
of inserted points. Convex hulls are represented by the Hasse diagram of
their boundary complexes (see Section . Incremental algorithms make
also use of the adjacency graph of convex hull facets which, as noticed in
Section , is encoded in the Hasse diagram. Both algorithms also work
while maintaining only the adjacency graph of the facets of the convex hull.
To make the description of the algorithms simple and to focus on the main
ideas, we assume here that the input set of points P is in general position.
However this is not a limitation of the presented convex hull algorithms.

3.4.1 An incremental algorithm

Assuming that points in P are added in the order p1,ps,...,ps, we denote
by P; the subset of the first i-points. Before presenting the whole algorithm
and its analysis, we explain how the convex hull is updated when inserting
point pj.

From conv(F;) to conv(P;1)

When point p;11 is considered, the faces of conv(P;) may be classified in the
following way (see Figure :

o A facet f of conv(FP;) is red if the hyperplane hy supporting conv(F;)
along f separates p;11 from conv(P;) meaning that p; belongs to the
open half-space h;{ that does not intersect conv(P;). Otherwise, as

general position is assumed, p; is included in the half-space h]T whose
closure contains conv(F;), and the facet f is said to be blue.
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Pi+1

Figure 3.1: Incremental convex hull algorithm. Top: d = 2. Bottom: d = 3.

e A k-face with k < d is said to be red if all its incident facets are red,
blue if all its incident facets are blue, and purple if it is incident to
both red and blue facets.

The incremental algorithm and its analysis relies on the three following facts,
all related to the transformation of conv(P;) into conv(P;;+1) when adding

point pjt1.

1. The set of red facets induces a connected subgraph of the adjacency
graph of conv(P;).

2. The set of faces of conv(P;11) includes the blue and purple faces of
conv(F;) together with additional new faces which are all incident to
pi+1. Each new face is formed by the convex hull conv(gUp;41) where
g is a purple face of conv(P;). See Figure

3. The set of purple faces of conv(F;) with their incidence relation is iso-
morphic to the set of new faces of conv(P;41). Both sets are isomorphic
to the set of faces of a (d — 1)-polytope with at most ¢ vertices.
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Di+1

Figure 3.2: When adding point p;1, the set of purple facets of conv(P;) is
isomorphic to a (d — 1)-polytope with at most i vertices.

Fact 1 and Fact 2 are illustrated on Figure [3.1] Fact 3 is illustrated on
Figure showing that the purple faces of conv(F;) and the set of faces of
conv(Pj41) incident to p; 1 are both isomorphic to the set of faces of a (d—1)-
polytope obtained as the intersection of conv(P;41) with any hyperplane h
that separates conv(P;) from p;y;.

In summary, updating conv(F;) to conv(P;11) requires to identify the red
and purple faces of conv(P;). The Hasse diagram of conv(P;11) is then ob-
tained form the Hasse diagram of conv(F;) by removing red faces of conv(P;)
and creating a new face conv(g U p;11) for each purple face g of conv(F;).
Incidence relations among new faces are deduced from incidence relations
among purple faces in conv(P;).

The algorithm

The incremental convex hull algorithm is summarized in the pseudo-code of
Algorithm

The incremental algorithm sorts the points in P by lexicographic order of
their coordinates and insert them in that order. Let pi,po,...p, be the
sorted sequence of points in P and let P; be the subset of first ¢ points.

The lexicographic ordering ensures that when point p; 1 is inserted, at least
one of the facet of conv(F;) incident to p; is red. Indeed point p;y; is
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Algorithm 1 Incremental convex hull algorithm

Input: A set P of n points in R?
Sort the points of P by lexicographic order of coordinates
Let p1,pa...pn be the points of P in lexicographic order
Let P; be the subset of first i points
Build the Hasse diagram of conv(Pyy1)
for i = d+1 to i=n-1 do
Find a red facet of conv(P;) {with respect to p; 41}
Find all red and purple faces of conv(P;)
Update the Hasse of conv(F;) into the Hasse diagram of conv(Pi41).
Output: The Hasse diagram of the convex hull of P

separated from conv(P;) by a hyperplane h through p;. Let h' be the
half-space bounded by h that does not contain conv(F;). Let, in addition,
H denote the set of hyperplanes which are the affine hulls of the facets
of conv(P;) incident to p;. Write H* for the union of the half-spaces not
containing conv(P;) that are bounded by the hyperplanes in H. Since h™
is included in H™, p;;1 is separated from conv(P;) by at least one of the
hyperplanes of H. Thus to find a first red facet, the algorithm walks in the
adjacency graph of the facets of conv(P;), visiting only facets of conv(F;)
that are incident to p;, until a red facet is encountered.

Then to find all red and purple faces, the algorithm traverses the adjacency
graph visiting all red facets of conv(P;) and, from each read facet, it traverses
the Hasse diagram to identify all red and purple faces of conv(P;). The Hasse
diagram is then updated as explained in the previous paragraph.

Complexity Analysis

Theorem 3.10 The incremental convex hull algorithm computes the convex
hull of n points in R% in © (n logn + nt%w time.

Proof First notice that the only numerical predicates involved in Algo-
rithm 1] are the orientation predicates called to decide if a facet of conv(F;)
is red or blue when inserting point p;11. The orientation predicate amounts
to evaluate the sign of a (d + 1) x (d + 1) determinant (see Exercise [3.16]).

To find the first red facet, the algorithm visits only facets of conv(P;) incident
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to the last inserted point p;. Therefore each facet will be visited only once
for this purpose during the whole algorithm.

Identifying red and purple faces is also clearly proportionnal to the number
of these faces. As a red face disappears from the convex hull, each face is
visited only once as a red face, and the cost of visiting a purple face g can
be charged on the new face conv(g U pit1).

Updating the Hasse diagram has a complexity proportional to the number
of new and removed faces which are respectively the number of purple and
red faces of conv(F;).

In summary, the cost of step i+ 1 where point p; 11 is inserted is proportional
to the number of new and removed faces. Since a face is created only once
and removed at most once, the total cost of the incremental algorithm,
except for the initial sorting of the points, is proportionnal to the total
number of created faces.

From Fact 3 above and the upper bound theorem (Theorem , the number
of faces created when inserting p;1 is O (z L%J) and the total cost of

updating the Hasse diagram is:

1=d+1

Taking into account the initial sorting of the points according to the lexico-
graphic order, the complexity of the incremental algorithm is:

0 (nlogn + nL%J) = O(nlogn) if d =2
= o(nlF ) ifa>2
d+1
Furthermore, the complexity bound O (n logn + nLTJ) is tight for any

incremental convex hull algorithm. See Exercise for examples of points
where the incremental convex hull requires Q(nL 2 J) times. [

The upper bound theorem gives a lower bound of €2 (nL%J> for computing

the convex hull of n points in R

Moreover, Q(nlogn) is also a lower bound of complexity for computing the
convex hull of n points since it is known that sorting » number reduces in
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linear time to the computation of the convex hull of n points (See Exer-

cise [3.15)).

We deduce that computing the convex hull of n points in R? has a complexity
which is at least €2 (n logn + nlz) ) The incremental algorithm is therefore

worst-case optimal in even dimensions. However, it is not optimal in odd
dimensions.

3.4.2 A randomized algorithm
The algorithm

The randomized incremental algorithm is quite similar to the above incre-
mental algorithm : points are inserted one by one in the convex hull. At each
insertion the set of red and purple faces of the current hull are identified and
the convex hull is updated accordingly. The main difference with respect to
the incremental algorithm of Section is that the points are no longer
introduced in lexicographic order but in random order. We will show that
the expected complexity of the random algorithm matches the lower com-
plexity bound for convex hull computation. Expectation here concerns only
the random insertion order and assumes that, for an input set of n points,
all the n! possible insertion sequences occur with the same probability.

In the following, points in P are assumed to be indexed according to their
insertion order. We denote by P; = {p1,...,p;} the subset formed by the i
first inserted points. As in the deterministic algorithm presented before, the
randomized algorithm has to find a first red facet. However, we cannot rely
now on the lexicographic order of the input points and restrict our attention
to the faces incident to the lastly inserted point. To walk around this issue,
we will use an additional data structure called the conflict graph.

A facet f of the current convex hull conv(F;) is said to be in conflict with
the not yet inserted point p; with j > i iff the hyperplane hy supporting
conv(P;) along f separates p; from conv(F;). The conflict graph maintained
by the algorithm is a bipartite graph including for each not yet inserted point
pj an edge between this point and a facet of the current hull in conflict with
p;. Note that when a new point p; 1 is inserted, the current hull is conv(F;)
and the facets of conv(F;) in conflict with p;1 are precisely the red facets
of conv(P;). Therefore, when inserting point p;11, the conflict edge incident
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to pi+1 gives in constant time access to a red facet of conv(P;). Then the
algorithm finds all the red and purple faces of conv(P;) and updates the
Hasse diagram of the convex hull exactly as in the deterministic algorithm.
The only difference is that now, after each insertion, the algorithm needs, in
addition, to update the conflict graph. Before explaining how this is done,
we summarize the randomized algorithm as Algorithm

Algorithm 2 Randomized convex hull algorithm

Input: A set P of n points in R?
Choose randomly a subset P11 of d + 1 points in P
Build the Hasse diagram of conv(Pyy1)
Initialize the conflict graph
for i = d+1 to i=n-1 do
Choose randomly p;+1 € P\ P,
Py = PiU{pit1}
Follow the conflict edge of p;+1 to find a first red facet
Find all red and purple faces of conv(P;)
Update the Hasse and compute the Hasse diagram of conv(FP;41).
Update the conflict graph
Output: The Hasse diagram of the convex hull of P

Updating the conflict graph

The algorithm needs to restore conflict edges between the face