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AMERICAN OPTIONS IN AN IMPERFECT COMPLETE MARKET WITH
DEFAULT

ROXANA DUMITRESCU!, MARIE-CLAIRE QUENEZ? AND AGNES SULEM?

Abstract WARNING: — An English abstract is mandatory! —

Abstract. We study pricing and hedging for American options in an imperfect market model with
default, where the imperfections are taken into account via the nonlinearity of the wealth dynamics.
The payoff is given by an RCLL adapted process (£;). We define the seller’s price of the American option
as the minimum of the initial capitals which allow the seller to build up a (super)hedging portfolio. We
prove that this price coincides with the value function of an optimal stopping problem with a nonlinear
expectation £9 (induced by a BSDE), which corresponds to the solution of a nonlinear reflected BSDE
with obstacle (£:). Moreover, we show the existence of a (super)hedging portfolio strategy. We then
consider the buyer’s price of the American option, which is defined as the supremum of the initial
prices which allow the buyer to select an exercise time 7 and a portfolio strategy ¢ so that he/she is
superhedged. We show that the buyer’s price is equal to the value function of an optimal stopping
problem with a nonlinear expectation, and that it can be characterized via the solution of a reflected
BSDE with obstacle (§). Under the additional assumption of left upper semicontinuity along stopping
times of (&), we show the existence of a super-hedge (7, ¢) for the buyer.
Key-words: American options, imperfect markets, nonlinear expectation, superhedging, default, reflected
backward stochastic differential equations

1. INTRODUCTION

We consider an American option associated with a terminal time 7" and a payoff given by an RCLL adapted
process (£;). The case of a classical perfect market has been largely studied in the literature (see e.g. [16,18]).
Recall that the seller’s price (called also fair price in the literature), denoted by ug, is classically defined as the
minimal initial capital which enables the seller to invest in a portfolio which covers his liability to pay to the
buyer up to 7' no matter what the exercise time chosen by the buyer. Moreover, this price is equal to the value
function of the following optimal stopping time problem

sup Eq (&7), 1)
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where T is a set of stopping times valued in [0, T|. Here, 5} denotes the discounted value of &, equal to e~ "¢, in
the Black and Scholes model, where r is the instantaneous interest rate. Moreover, Eg denotes the expectation
under the unique martingale probability measure @ of the market model. In [9], the seller’s price is characterized
via a reflected BSDE with lower obstacle (&;).

The aim of the present paper is to study pricing and hedging issues for American options in the case of
imperfections in the market model taken into account via the nonlinearity of the dynamics of the wealth (or
equivalently, of the porfolio’s values), which are modeled via a nonlinear driver g. We moreover include the
possibility of a default. The market model we consider here is complete, in the sense that for each European
option, there exists a unique portfolio such that its value at the exercise time is equal to the payoff. A large
class of imperfect market models can fit in our framework, like different borrowing and lending interest rates,
and the case when the seller of the option is a "large trader” whose hedging strategy may affect the market
prices and even the default probability.

We provide a characterization of the seller’s price ug as the value of a corresponding optimal stopping problem
with a nonlinear expectation, more precisely

Up = sup gg(g'r)a (2)
TET

where £9 is the g-evaluation (also called g-expectation) induced by a nonlinear BSDE with default jump solved
under the primitive probability measure P with driver g. Note that in the particular case of a perfect market,
the driver g is linear and (2) reduces to (1). We also show that the seller’s price can be characterized via the
solution of the reflected BSDE with driver g and lower obstacle (&), as well as the existence of a (super)hedging
portfolio strategy for the seller.

We then consider the buyer’s price of the American option, denoted by wvg, defined as the supremum of the
initial prices which allow the buyer to select an exercise time 7 and a portfolio strategy ¢ so that he/she is
(super)hedged. We provide a characterization of the buyer’s price vy as the value of a corresponding optimal
stopping problem with nonlinear expectation. More precisely, we prove that

v = sup & (&-),
TET

where £9 is the g-expectation, associated with driver (¢, vy, 2, k) := —g(t, —y, —2, —k). Moreover, we show that
the buyer’s price can also be characterized via the solution of a nonlinear reflected BSDE with obstacle (&) and
driver g. Under the additional assumption of left upper-semicontinuity along stopping times of (&;), we show
the existence of a super-hedge (7, @) for the buyer.

Note that in the classical case of a perfect market, the buyer’s price is equal to the seller’s price, that is
Vo9 = ug, Since, in this case, g = g.

When —g(t, —y, —z,—k) < g(t,y, 2, k), then vy < ug. The interval [vg, ug] can then be seen as a non-arbitrage
interval for the price of the American option in the sense of [15]. In the example of a higher interest rate for
borrowing, this result corresponds to the one shown in [15] by a dual approach.

The paper is organized as follows: in Section 2, we introduce our imperfect market model with default and
nonlinear wealth dynamics. In Section 3, we study pricing and (super)hedging of American options from the
seller’s point of view. In Section 4, we address the pricing and (super)hedging problem from the buyer’s point
of view.

2. IMPERFECT MARKET MODEL WITH DEFAULT

2.1. Market model with default

Let (2,G,P) be a complete probability space equipped with two stochastic processes: a unidimensional
standard Brownian motion W and a jump process N defined by N, = 1y<, for all ¢ € [0,7T], where ¥ is a
random variable which models a default time. We assume that this default can appear at any time, that is
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P(® >t) > 0 for all t > 0. We denote by G = {G;,t > 0} the augmented filtration generated by W and N
(in the sense of [4, IV-48]). We suppose that W is a G-Brownian motion. We denote by P the G-predictable
o-algebra. Let (A;) be the predictable compensator of the nondecreasing process (N;). Note that (Azay) is then
the predictable compensator of (N¢ag) = (IV¢). By uniqueness of the predictable compensator, Agpg = Ay, ¢ >0
a.s. We assume that A is absolutely continuous w.r.t. Lebesgue’s measure, so that there exists a nonnegative
process A, called the intensity process, such that A, = fot Asds, t > 0. Since Aypg = A¢, A vanishes after . The
compensated martingale is given by

t
Mt = Nt —/ /\Sds
0

Let T' > 0 be the terminal time. We define the following sets:
e 5% is the set of G-adapted RCLL processes ¢ such that E[supy<;<r [¢¢]?] < 400
e A? is the set of real-valued non decreasing RCLL predictable processes A with Ay = 0 and E(A2.) < oo.

e M2 is the set of G-predictable processes Z such that || Z]? := ]E[fOT |Zt|2dt] < 0.
o M2 = L2(Q x [0,T),P, \, dP ® dt), equipped with scalar product (U, V)y = ]E[ I UtVtAtdt}, for all
U,V in H2. For all U € H2, we set ||[U]]2 := IE[]OT |Ut|2Atdt] <.

Since A vanishes after ¥, we can suppose that for each U in H3 = L?(2 x [0,T], P, \s dP @ dt), U (or its
representant still denoted by U) vanishes after ¢.
Moreover, T denotes the set of stopping times 7 such that 7 € [0,7] a.s. and for each S in T, Tg is the set of
stopping times 7 such that S <7 < T a.s.

Recall that in this setup, we have a martingale representation theorem with respect to W and M (see e.g.
Lemma 1 in [7]).

We consider a financial market which consists of one risk-free asset, with price process SY satisfying dSy =
S9r.dt, and two risky assets with price processes S, 5% evolving according to the following equations:

dS} = S}utdt + ot dWy]
dS} = SZ_[pidt + oFdW, — dM,].

The process S® = (S?)o<i<r corresponds to the price of a non risky asset with interest rate process r =
(re)o<t<r, S* = (S})o<t<r to a non defaultable risky asset, and S? = (S7)o<t<r to a defaultable asset with
total default. The price process S? vanishes after o).

All the processes o', 02, r, ut, u? are predictable (that is P-measurable). We suppose that the coefficients
ol,02 >0, and 7, o', 02, put, u?, A, )\_1,(01)71, (02)71 are bounded.

We consider an investor, endowed with an initial wealth equal to x, who can invest his wealth in the three
assets of the market. At each time t < 1, he chooses the amount ¢} (resp. ¢?) of wealth invested in the first
(resp. second) risky asset. However, after time ¢, he cannot invest his wealth in the defaultable asset since
its price is equal to 0, and he only chooses the amount ¢} of wealth invested in the first risky asset. Note
that the process p? can be defined on the whole interval [0,7] by setting @7 = 0 for each ¢t > 1. A process
. = (o1, 90%)6<t<T is called a risky assets strategy if it belongs to H? x H3. The value of the associated portfolio
(also called wealth) at time ¢ is denoted by V;*¥ (or simply V;).

The perfect market model. In the classical case of a perfect market model, the wealth process and the strategy
satisfy the self financing condition:

AV = (rVe + @i (e — 1e) + @3 (1 = r0)dt + (pioy + @iof)dW, — @M. (3)
Setting Ky := —¢?, and Z; := pjo} + o707, we get

d‘/;g = (Tt‘/t + Ztetl + Ktef)\t)dt + thWt + thMt,
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where 0} := al T ' and 0? .= il — My T
lop: At

Consider a European contingent claim with maturity 7' > 0 and Gp-measurable payoff ¢ in L2. The problem is

to price and hedge this claim by constructing a replicating portfolio. From [7, Proposition 2.6 |, there exists an

unique process (X, Z, K) € 8% x H? x H3 solution of the following BSDE with default jump:

1<y

—dX; = —(reX; + Zi0; + K02\ dt — Z,dW; — K dM;;  Xp = €. (4)

The solution (X, Z, K) provides the replicating portfolio. More precisely, the process X corresponds to its value,
and the hedging risky assets stategy ¢ in Hi is given by ¢ = ®(Z, K), where ® is the one-to-one map defined
on H? x H3 by:

Definition 2.1. Let ® : H? x H3 — H? x H3 be the one-to-one map defined for each (Z,K) € H? x H3 by
®(Z,K) := @, where ¢ = (o', p?) is given by

Zt + 0'2Kt
o7 =—K; ; of = —=—,
0t
which is equivalent to Ky = —p?; Z; = pio} + 07 02 = ¢, 0y

Note that the processes ¢? and K, which belong to Hi, both vanish after time 4.

The process X coincides with VX0:¢_ the value of the portfolio associated with initial wealth 2 = X, and
portfolio strategy . Since Xp = £ a.s., we derive that VTXO’@ = ¢ a.s.! From the seller’s point of view, this
portfolio is a hedging portfolio. Indeed, by investing at initial time O the initial amount X in the reference
assets along the strategy ¢, the seller can pay the amount £ to the buyer at time T (and similarly at each initial
time ¢ with initial amount X;). We derive that X, is the price at time ¢ of the option, called hedging price,
and denoted by X;(£). By the representation property of the solution of a A-linear BSDE with default jump
(see [7, Theorem 2.13]), the solution X of BSDE (4) is given by:

X4(6) = E[e™ I 43¢, 16| Gy, (5)

where (;,. satisfies d(; s = (; o- [—0LdW, — 02d M) with ¢, = 1. This defines a linear price system X: & — X (&).
Suppose now that

07 <1,0<t <9 dt®@dP — a.s. (6)
Then (;. > 0. Let @ be the probability measure which admits (o 7 as density on Gr. Using Girsanov’s theorem,
it can be shown that @ is the unique martingale probability measure. In this case, the price system X is
increasing and corresponds to the classical arbitrage free price system (see [2,14]).
The imperfect market model MY. From now on, we assume that there are imperfections in the market which
are taken into account via the nonlinearity of the dynamics of the wealth. More precisely, the dynamics of the
wealth V associated with strategy ¢ = (¢!, ¢?) can be written via a nonlinear driver, defined as follows:

Definition 2.2 (Driver, A-admissible driver). A function g is said to be a driver if

g: [0, TIx AxR® = R; (w,t,y,2,k) — g(w,t,y,2,k) is PRB(R?)— measurable, and such that g(.,0,0,0) € H2.
A driver g is called a A-admissible driver if moreover there exists a constant C > 0 such that dP ® dt-a.s. , for
each (y1, 21, k1), (y2, 22, k2),

9(t,y1, 21, k1) — g(t, y2, 22, k)| < Clyr — y2| + |21 — 22| + V Aelkr — k2l). (7)
A nonnegative constant C which satisfies this inequality is called a A-constant associated with driver g.

IThis property holds for any payoff ¢ € L?(Fr), which corresponds to the so-called completeness property of the perfect market.
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Note that condition (7) implies that for each ¢ > ¥, since A\; = 0, g does not depend on k. In other terms,
dP ® dt-a.s., for all (y, z, k), we have: g(t,y,z, k) = g(t,y,2,0), t > 0.

Let # € R be the initial wealth and let ¢ = (', p?) in H? x H3 be a portfolio strategy. We suppose now
that the associated wealth process V;”** (or simply V;) satisfies the dynamics:

—dV, = g(t, Vi, o 00, —p2)dt — o o0 dWy + ©2dM,. (8)

with Vo = 2.2 Equivalently, setting Z; = ¢,'0; and K; = —¢?, the dynamics (8) of the wealth process V; can
be written as follows:

—d‘/;g = g(t, ‘/t, Zt, Kt)dt — thWt — thMt. (9)
In the following, our imperfect market model is denoted by M?Y.
Note that in the case of a perfect market (see (3)), we have:

g(ty,z,k) = _rty_atlz_atzk)‘tv (10)

which is a A-admissible driver since by the assumptions on the coefficients of the model, the processes 8! and
6% are bounded.

2.2. Nonlinear pricing system &Y (for the seller)

Pricing and hedging European options in the imperfect market M9 leads to BSDEs with nonlinear driver g
and a default jump. By [7, Proposition 2.6], we have

Proposition 2.3. Let g be a A-admissible driver, let ¢ € L?(Gr). There exists an unique solution (X (T, &), Z(T, &), K(T,¢&))
(denoted simply by (X,Z,K)) in 8* x H?> x H3 of the following BSDE:

—dXt = g(t,Xt, Zt7Kt)dt — thWt — thMt; XT = f (11)

Let us consider a European option with maturity 7' and terminal payoff ¢ in L?(Gr) in this market model.
Let € R and and let ¢ € H? x H3. The process ¢ is called a hedging risky-assets portfolio strategy for the
seller (associated with initial capital x) if the value of the associated portfolio is equal to ¢ at time T, that is
V¥ =€ as.

Let (X, Z, K) be the solution of BSDE (11). The process X is equal to the value of the portfolio associated
with initial capital z = X and the risky assets strategy ¢ = ®(Z, K) (where ® is defined in Definition 2.1),
that is X = VXo¢_ Since X7 = &, the process ¢ is thus a hedging risky-assets strategy for the seller associated
with initial capital x = Xj.

Remark 2.4 (Completeness property of the market M?Y). By the above observations, we derive that for each
& € L?(Gr), there exists a unique initial capital x € R and a unique risky-assets strateqy ¢ such that the value
of the associated portfolio is equal to & at time T. By analogy with the classical case of a perfect market, this
property is called completeness property of the market MY.

Using the previous notation, the initial value Xo = Xo(T, ) of the hedging portfolio is thus a sensible price
(at time 0) of the claim & for the seller since this amount is the unique initial capital which allows him/her to
build a hedging risky-assets strategy. Similarly, X; = X, (T, ) satisfies an analogous property at time ¢, and is
called the hedging price (for the seller) at time ¢. This leads to a nonlinear pricing system, first introduced in [11]
(also called g-evaluation in [19]) and denoted by £9. For each S € [0,T], for each £ € L?(Gs) the associated
g-evaluation is defined by 5:75(5) = X(S, &) for each t € [0, 5].

In order to ensure the (strict) monotonicity and the no arbitrage property of the nonlinear pricing system
&9, we make the following assumption (see [7, Section 3.3]).

2Note that since g is Lipschitz continuous with respect to y, the process (V,’¥) is well defined as the unique solution of the
forward differential equation (8) with initial condition V"% = .
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Assumption 2.5. Assume that there exists a bounded map
7:[0,T] x Q@ x R* 5 R (w,t,y, 2, k1, ka) — 77552 (w)
P @ B(R*)-measurable and satisfying dP @ dt-a.s. , for each (y,z, k1, k2) € R*,
9ty 2, k1) = gt,y, 2, ka) > 45 (b = ko) Ay, (12)

and P-a.s., for each (y,z, ky, ko) € RY, A¥=Fukz 5 g

This assumption is satisfied e.g. when g is C! in k with 9rg(t,-) > —A; on {t < ¥}. In the special case of a
perfect market, g is given by (10), which implies that dpg(t,-) = —62);. Assumption 2.5 is then equivalent to
6? < 1 (which corresponds to the usual assumption (6)).

Remark 2.6. Assume that ¢(t,0,0,0) = 0 dP ® dt-a.s. Then for all S € [0,T], 5_9’5(0) =0 a.s. Moreover, by

the comparison theorem for BSDEs with default jump (see [7, Theorem 2.17]), the nonlinear pricing system &’
is nonnegative, that is, for all S € [0,T), for all ¢ € L*(Gs), if € > 0 a.s., then E,H’S(f) >0 a.s.

Definition 2.7. Let Y € S%. The process (Y;) is said to be a strong E-supermartingale (resp. martingale) if
Eor(Yr) <Y, (resp. =Y, ) a.s. ono <, forall o,7 € To.

Note that, by the flow property of BSDEs, for each S € [0,T] and for each ¢ € L%(Gs), the g-evaluation
£%4() is an E9-martingale. Moreover, since V,;"* = &£/ .(V3?), we have:

Proposition 2.8. For each x € R and each portfolio strategy ¢ € H? x H3, the associated wealth process V*%
is an E9-martingale.

Example 2.9 (Large investor seller). Suppose that the seller of the option is a large trader whose hedging
strategy ¢ and its associated value V' may influence the market prices (see e.g. [1,3]). Taking into account the
possible feedback effects in the market model, the large trader-seller may consider that the coefficients are of the
form oy(w) = (w,t, Vi, @) where 5 : Qx [0, T] xR3 — R?; (w,t,z,2,k) — 6(w,t,z, 2, k) is a PR B(R3)/B(R?)-
measurable map, and similarly for the other coefficients r, u', p?. This leads to a driver of the form:

g(tu ‘/t>§0::6—t(tu ‘/t?SDt)a _90?) = _,F(t7 ‘/bspt)‘/;f - SO% (ﬂtl - {Ft)(ta ‘/t?@t) - SD?(IEL? - Ft)(ty‘/t7§0t)~

Here, the map W : (w,t,y,¢) — (2, k) with z = ¢'G4(w,t,y,p) and k = —p? is assumed to be one-to-one with
respect to @, and such that its inverse \II;1 is P @ B(R3)/B(R?)-measurable.

We can also consider the case when the seller strategy influences the default probability via the default intensity
by taking a driver of the form 3

g(t7 Vrta Soz/falt(t ‘/ta Sot)7 _50?) - ’Y(ta ‘/757 (pt))\t@?7
where v : Q x [0,T] x R® — R? is P ® B(R?)/B(R?)-measurable.

For other examples such that the case of taxes and the case of different borrowing and lending interest rates,
the reader is referred to [8] or [10].

Note that when the market is perfect, the prices S°, 5! and S? are £9-martingales.? This is also true in
the examples of the large investor and different borrowing and lending interest rates. In the case of taxes, this
property is not necessarily satisfied.

4

3For details, see in [7] the example of the large investor seller, in particular equation (3.12).
4This corresponds to the well-kown property that the discounted prices of the reference assets are martingales under the
martingale probability measure Q.
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3. AMERICAN OPTION PRICING FROM THE SELLER’S POINT OF VIEW

Let us consider an American option associated with horizon T' > 0 and a payoff given by an RCLL adapted
process (&,0 <t <T). At time 0, it consists in the selection of a stopping time 7 € T and the payment of the
payoff &, from the seller to the buyer.

The seller’s price of the American option at time 0, denoted by uyg, is classically defined as the minimal initial
capital which enables the seller to invest in a portfolio which covers his liability to pay to the buyer up to 7" no
matter what the exercise time chosen by the buyer. More precisely, for each initial wealth z, we denote by A(x)
the set of all portfolio strategies p € H? such that V,;"¥ > &, 0 <t < T a.s. The seller’s price of the American
option is thus defined by

uo = inf{z € R, Jp € A(x)}.

Remark 3.1. Suppose that g(t,0,0,0) = 0. From Remark 2.6, we derive that if & > 0, the infimum in the
definition of ug can be taken only over nonnegative initial wealths, that is, ug := inf{x > 0, Jp € A(z)}.

We define the g-value associated with the American option as the value function (at time 0) of the £9-optimal
stopping problem associated with payoff (&;), that is

sup £, (¢,). (13)
TET

Proposition 3.2 (Characterization of the g-value). There exists a unique process (Y, Z, K, A) solution of the
reflected BSDE (RBSDE) associated with driver g and obstacle £ in 8? x H? x H3 x A2, that is

- d}/;g = g(t, }/t; Zt,Kt)dt + dAt - thWt - thMt, YT = £T, with (14)
Y >¢,
T
/ (Y; — &)dAS = 0 a.s. and AAY = AAfl{Yt—:ét—}’ (15)
0

where A° denotes the continuous part of A and A% its discontinuous part. Moreover, for each S € T, we have

Ys =esssup £F (&) as. (16)
TETs ’

In particular, Yy is equal to the g-value sup, ¢ & (&)

Note that this result was shown in [11] in a Brownian framework with a continuous obstacle, and generalized
in [20] to the RCLL case with jumps.

Proof. Let us first show that there exists a unique solution of RBSDE (14). As usual, we first consider the case
when the driver g(¢) does not depend on the solution. By using the representation property of G-martingales
(see e.g. Lemma 1 in [7]) and some results of optimal stopping theory, one can show, proceeding as in [9] (see
also [13] and [20]), that there exists a unique solution of the associated RBSDE (14). The proof in the general
case is the same as for non reflected BSDEs with default jump (see the proof of Proposition 2.6 in [7]). It is
based on a fixed point argument and the a priori estimates for RBSDEs with default given in the Appendix
(see Lemma 5.1).

Proceeding as in the proof of [20, Theorem 3.3] which was given in the framework of a random Poisson
measure, we can prove equality (16) in our framework, which completes the proof. O

Lemma 3.3. If £ is left-u.s.c. along stopping time, then A is continuous.

Proof. Let 7 be a predictable stopping time. By (14), we have AA, = (AY;)~. Using the Skorokhod conditions
(15), we get AA, = Iy —¢ y (Y=Y )T = Ly —¢ y(Yr —&.-)7 as. Now, since by assumption, £, < &,
a.s., we have Y; —&.- > Y, — & >0 a.s. We derive that AA, =0 a.s. It follows that A is continuous. O
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We now provide two characterizations of the seller’s price, which generalize those provided in the literature
in the case of a perfect market (see [9]) to the case of an imperfect market.

Theorem 3.4 (Seller’s price of the American option). The seller’s price ug of the American option is equal to
the g-value, that is

up = sup & (&) (17)
TET

Moreover, we have

Uup = }/07
where (Y, Z, K, A) is the solution of the nonlinear reflected BSDE (14) and the portfolio strategy ¢* := ®(Z, K)
(where ® is defined in Definition 2.1) is a superhedging strategy for the seller.

Note that in the case of a perfect market, equality (17) reduces to the well-known characterization of the
price of the American option as the value function of a classical optimal stopping problem, and the equality
ug = Yy corresponds to the well-known characterization of this price as the solution of the linear reflected BSDE
associated with the linear driver (10) (see [9]).

Proof. The proof is based on the characterization of the g-value as the solution of the reflected BSDE (14) (see
Proposition 3.2). It is sufficient to show that uy = Yy and ¢* € A(uy).
Let H be the set of initial capitals which allow the seller to be “super-hedged”, that is H = {x € R: Jp € A(z)}.
Note that ug = inf H.

Let us first show that

¢ € A(Yo). (18)

By (8)-(9), for almost every w, the trajectory of the value of this portfolio ¢ — VtY"’“?* (w) satisfies the following
forward differential equation:

t
Vo (w) = Yy - / 9(s,0, VIO (@), Zy(w), Ko(w))ds + f (), 0< < T, (19)
0

where f} = fg ZydWs + fg K dM;,. Moreover, since Y is the solution of the reflected BSDE (14), for almost
every w, the function ¢ — Y;(w) satisfies:

Yi(w) = Yo _/0 95,0, Yo(), Zs (@), Ko(w))ds + f2(w), 0< ¢ < T, (20)

where f? := f! — A;. Since f! > f?, by a comparison result for forward differential equations (see e.g. [8] in
the Appendix), we derive that Vty"’“a* (w) > Yi(w), 0 <t < T for almost every w. Since Yy > &, 0<t <T as.,
we thus have VtY"’“"* > &, 0<t<T as., which implies the desired property (18). It follows that Yy > wo.

Let us show the converse inequality. Let z € H. There exists ¢ € A(x) such that Vf’“’ >&,0<t<Ta.s. For
each 7 € 7 we thus have V¥ > £, a.s. By taking the £9-evaluation in this inequality, using the monotonicity
of £9 and the £9-martingale property of the wealth process V¥, we obtain x = & [V"?] > & [¢]. By
arbitrariness of 7 € T, we get © > sup <t 55,7[57}, which holds for any x € H. By taking the infimum over
x € H, we obtain uy > Yy. We derive that up = Yy. By (18), we thus have ¢* € A(up), which ends the
proof. O

Remark 3.5. In general, except when g does not depend on y, by (20), we have

Y. =Y, _/ 9(s,Ys, Zy, K)ds +/ ZdW, + / K,dM, — A. £ VY0¥ _ A
0 0 0
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Remark 3.6. The seller’s price ug is clearly an upper bound of the possible prices for the American option.
Indeed, no rational agent would pay more than ug since there is a cheaper way to achieve at least the same
payoff, whatever the exercise time is. Indeed, by investing the amount ug + € and following the strategy p*,
whatever the exercise time T is, he will make the gain VX0te#" > VU™ (> ¢) a.s. by a strict comparison
property for deterministic differential equations (see [8] in the Appendix). Moreover, if the price of the option
is equal to ug + €, then, by investing this amount following the strategy ¢*, whatever the exercise time T is, the
seller will make a gain VT“UJFE’“’* — & > 0 a.s. Hence if the price is strictly greater than ug, there exists an
arbitrage for the seller.

Remark 3.7. In [15], it is proved that the seller’s price of the American option is equal to the g-value in the
case of a higher interest rate for borrowing, by using a dual approach. This approach relies on the convexity
properties of the driver and cannot be adapted to our case, except when g is convexr with respect to (y,z, k).

We define now the seller’s price of the American option at each time/stopping time S € 7. We first define,
for each initial wealth X € L%(Fg), a super-hedge against the American option as a portfolio strategy ¢ €
H? x H3 such that VtS’X’“’ > &, 8 <t<Tas., where VS%# denotes the wealth process associated with initial
time S and initial condition X. The seller’s price at time S is defined by the random variable

u(S) 1= essinf{X € L*(Fs), Ip € As(X)},

where Ag(X) is the set of all super-hedges associated with initial time S and initial wealth X. Using equality
(16) and similar arguments to those used in the proof of Theorem 3.4 above, one can show the following result,
which generalizes the results of Theorem 3.4 to any time S € T.

Proposition 3.8 (Seller’s price process and characterization). For each time S € T, the seller’s price u(S) at
time S of the American option satisfies the equalities

u(S) =ess sup €§ (&) =Ys as.,
TETs ’

where (Y, Z, K, A) is the solution of reflected BSDE (14).
In other terms, the seller’s price family of random variables (u(S),S € T) can be aggregated by an RCLL
adapted process, which we call the seller’s price process of the American option. Moreover, this price process is

both characterized as the value function process of the E9-optimal stopping problem with payoff (&:), and also as
the solution (Yi) of the reflected BSDE (14).

Suppose now that the buyer has bought the American option at the selling price ug = Yy. We address the
problem of the choice of her/his exercise time. We introduce the following definition.

Definition 3.9. A stopping time 7 € T is called a rational exercise time for the buyer of the American option
if it is optimal for Problem (17), that is if it satisfies sup, 1 & (§7) = &7 (&7)-

By the optimality criterium provided in [20] (see Proposition 3.5), we have:

Proposition 3.10. (Characterization of rational exercise times) Let 7 € T. Then, 7 is a a rational exercise
time for the buyer if and only if Yy = &, a.s. and A; =0 a.s., where (Y, Z, K, A) is the solution of the reflected
BSDE (14).

Suppose now that the price of the American option is equal to the seller’s price not only at time 0 but at all
time S € T, that is, the price at time S is equal to u(S) = Ys (see Proposition 3.8). Suppose that the buyer
buys the American option at time 0 (at price ug = Yp). Let us show that it is not profitable for him to exercise
his option at a stopping time 7 which is not a rational exercise time. First, it is not in his interest to exercise
at a time ¢ such that Y; > & since he would loose a financial asset (the option) with value Y; and only receive
the lower amount &. Second, it is not in his interest to exercise at a stopping time 7 greater than 7, defined by
7:=1inf{s > 0, A; # 0}. Let us show that Y; = V;YO’“’* a.s. Note that by definition of 7, Az = 0 a.s. Hence, for
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a.e. w, the trajectories t — Y;(w) and ¢ VY""P* (w) are solutions on [0, 7(w)] of the same differential equation

(with initial value Yp), which implies that they are equal, by uniqueness of the solution. Hence, Y; = VY“’

a.s. Without loss of generality, we can suppose that for each w, we have Yz (w) = V;YO’ (w). Let 7 > 7. Let
B := {r > 7}. Suppose that P(B) > 0. Hence, A; > 0 a.s. on B. Then, by exercising the option at time
7, the option holder receives the amount Yz which he can invest in the market along the strategy ¢*. Since
Y: = V—YO’W* by the flow property of the forward differential equation (8) with ¢ = ¢* and x = Yp, the value of

Yo, 0" * *
the associated portfolio is equal to VY*’W = VV ¥ = VYo#" at time 7. Since A, > 0 on B, by the strict

comparison result for forward differential equations applied to (19) and (20) (see [8] in the Appendix), we get
VYo#" > Y, as. on B, which implies V,Y7¢ = VY0¢" > ¢ as. on B. We thus have V)7¢ > ¢, a.s. with
P(VTY*"/’* > &;) > 0. Hence, at time 7, it is more interesting for the buyer to exercise immediately than later.

Proposition 3.11. (Ezistence of rational exercise times) Suppose that the payoff € is left u.s.c. along stopping
times. Let (Y, Z, K, A) be the solution of the reflected BSDE (14).

Let 7% :=inf{s > 0, Yy = £} and 7 :=inf{s > 0, A, # 0}.°

The stopping time T (resp. T) is the minimal (resp. mazximal) rational exercise time.

Proof. The right continuity of (Y;) and (&;) ensures that Y;« = £,+ a.s. By definition of 7, we have Y; > & a.s.
on [0,7*[. Hence the process A is constant on [0,7*[ and even on [0,7*] because A is continuous (see Lemma
3.3).

By Proposition 3.10, 7* is thus a rational exercise time and is the minimal one. From the definition of 7,
and the continuity of A, we have A = 0 a.s. Also, we have a.s. for all t > 7, A; > A- = 0. Since A increases
only on the set {Y. = £}, it follows that Y; = &;. By Proposition 3.10, 7 is a rational exercise time and is the
maximal one. U

When ¢ is only RCLL, there does not exist necessarily an rational exercise time for the buyer. However, we
have the following result.

Proposition 3.12. (Ezistence of e-rational exercise time) Suppose § is RCLL. For each € > 0, the stopping
time 7. :=1inf{t > 0: Y; < & + ¢} satisfies

sup £§ (&) < &§,.(&.) + Ke  as., (21)
TET ve

where K is a constant which only depends on T and the A-constant C of g. In other words, 7. := inf{t > 0:
Y: <& +e} is a Ke-rational ezercise time.

The proof, which relies on similar arguments as those used in the proof of Theorem 3.2 in [20], is left to the
reader.

4. THE BUYER’S POINT OF VIEW

Let us consider the pricing and hedging problem of a European option with maturity 7' and payoff ¢ € L?(Gr)
from the buyer’s point of view. Supposing the initial price of the option is z, he starts with the amount —z at
time ¢ = 0, and wants to find a risky-assets strategy ¢ such that the payoff that he receives at time 7" allows
him to recover the debt he incurred at time ¢ = 0 by buying the option, that is such that V;*¥ 4+ £ =0 as.
or equivalently, V_Z’S‘3 = —¢ as.

The buyer s price of the option is thus equal to the opposite of the seller’s price of the option with payoff —¢,
that is —SO r(=¢) = — X, where (X Z K) is the solution of the BSDE associated with driver g and terminal
condition —¢. Let us specify the hedging strategy for the buyer. Suppose that the initial price of the option is
z := —Xj. The process X is equal to the value of the portfolio associated with initial value —z = X; and strategy

5Note that by Proposition 3.8, the process (Y%) is equal to the seller’s price process of the American option.
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@ = ®(Z,K) (where ® is defined in Definition 2.1) that is X = VX0# = V=% Hence, V; > = Xp = —¢
a.s., which yields that ¢ is the hedging risky-assets strategy for the buyer. Similarly, —SZT(—é )= — X, satisfies
an analogous property at time ¢, and is called the hedging price for the buyer at time t.

Let us now introduce the A-admissible driver g defined by

?](tvywzak) = _g(tv Y, _Za_k)' (22)

Note that for all ¢ € L?(Gr), we have —EjT(—f) = 5_51T(§).
This leads to the nonlinear pricing system &’ relative to the buyer (corresponding to the §-evaluation), defined

for each (S,&) € [0,T] x L?(Gs) by E_g’s(f), which is equal to the solution of the BSDE with driver g, terminal
time S and terminal condition &.

Remark 4.1. If we suppose that —g(t,—y, —z,—k) < g(t,y, z, k) (which is satisfied if, for example, g is convex
with respect to (y,z,k)), then, by the comparison theorem for BSDEs, we have Efs(f) < E_Q’S(E) for each
(S,€) € 10,T] x L*(Gs). In other terms, the hedging price of a European option for the buyer is always smaller
than the one for the seller.

Moreover, when —g(t, —y, —z,—k) = g(t,y, z, k) (which is satisfied if, for example, g is linear with respect to
(y,z,k), as in the perfect market case), then the pricing system for the buyer is equal the one for the seller, that
is, & =&°.

Note that by the flow property of BSDEs, the first coordinate of the solution of a BSDE with driver g is an
E9-martingale.

Moreover, the opposite of a wealth process is an £9-martingale, that is

Proposition 4.2. For each x € R and each portfolio strategy ¢ € H? x H3, the process (—V,"%) is an E9-
martingale.

Proof. Since g(t,y, 2, k) := —g(t, —y, —z, —k), we get that the wealth process (V,”’¥) satisfies:

d‘/tx#’ = g(t7 _‘/{T#F, _Zta —Kt)dt + thWt + thMt7 (23)
where (Z, K) = ¢~ *(¢). Hence, (-V®¥, —Z, — K) is the solution of the BSDE associated with driver g, terminal
time T and terminal conditon —V;’?. The result follows. O

Let us consider the case of the American option from the point of view of the buyer. Supposing the initial
price of the American option is z, he starts with the amount —z at time ¢ = 0, and wants to find a super-hedge,
that is an exercise time 7 and a risky-assets strategy ¢, such that the payoff that he receives allows him to
recover the debt he incurred at time ¢ = 0 by buying the American option. This notion of super-hedge for the
buyer can be defined more precisely as follows.

Definition 4.3. A super-hedge for the buyer against the American option with initial price z € R is a pair
(7,) of a stopping time T € T and a risky-assets strategy o € H? x H§ such that

V2946 >0 as.
We denote by B(z) the set of all super-hedges for the buyer associated with initial price z € R.
We now define the buyer’s price vy of the American option as the supremum of the initial prices which allow
the buyer to be super-hedged, that is ©
vo =sup{z € R, I(r,9) € B(2)}. (24)

6We have (0,0) € B(&o). Hence, g > &o. Moreover, if ¢g(¢,0,0,0) = 0 and & > 0, then 4o = sup{z > 0, 3(7,¢) € B(z)}.
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We first consider the simpler case when £ is left-u.s.c. along stopping times. In this case, we prove below that
the infimum in (24) is attained, which implies that the buyer’s price vy allows the buyer to build a super-hedge.
Moreover, a super-hedge strategy is provided via the solution of a reflected BSDE associated with driver g.
More precisely, we have

Theorem 4.4 (Buyer’s price and super-hedge). Suppose that (&) is left upper-semicontinuous along stopping
times. The buyer’s price vy of the American option satisfies:

vo = sup &5 (&) (25)
TET
Moreover, we have }
Vo = }/0, (26)

where (17, Z, f(,fl) is the solution of the reflected BSDE associated with driver §(t,y, z,k) := —g(t, —y, —z, —k)
and lower obstacle &, that is,

—dY, = §(t, Y1, Zy, Ky )dt + dA, — ZydW, — Ky dM,y; Yo = &p, with (27)

T
?Zfa/ (Y/t_gt)d"it:oa"s' )
0

where the non decreasing process A is continuous.

Let 7 :=inf{t >0: Y; =&} and ¢ := ®(—Z,—K) (where ® is defined in Definition 2.1). The pair (7, ()
is a super-hedge for the buyer, that is (7,9) € B(vg).
Proof. Note first that, by Remark 3.3 applied to the above reflected BSDE (27), since the obstacle (&) is
supposed to be left upper semicontinuous along stopping times, the process A is continuous.

Now, by Proposition 3.2 (applied to the driver g instead of ¢), we have sup.,. 5g77(57) =Y. In order to show

equality (25), it is thus sufficient to show that vy = Yo.
Set S:={z e R:3(1,p) € B(2)}.

Let us first show that Yy < vg. Since vy = sup S, it is sufficient to show that Yy € S. To this aim, we prove
that .
(7,¢) € B(Yo). (28)
By definition of 7, we have that }7,5 > & on [0, 7], which implies that the process A is constant on [0, 7[. Since
A is continuous, we derive that A is equal to 0 on [0,7]. By equation (27), we thus get

t t t
Y, =Y, —/ g(s,f@,Zs,Kg)dH/ stWer/ KM, 0<t<7 as. (29)
0 0 0

We now consider the portfolio associated with the initial capital —Y; and the strategy ¢ = (-2, -K ).
Using the equality g(t,y, z, k) = —§(t, —y, —z, —k), we derive that its value V ~Y0:% satisfies

- ~ t - ~ t 5 i _
B V(L 1 —/ g(s,—v;-YO»%Zs,Ks)der/ Z,dW, +/ KM, 0<t<T as. (30)
0 0 0

Hence, —V Y0 and V satisfy the same forward differential equation on [0, 7] with the same initial condition.
By uniqueness of the solution, they coincide. We thus get the equality V;%’“‘s = —f/f a.s. Moreover, the
definition of the stopping time 7 together with the right-continuity of the processes (Y;) and (&) yield the
equality ):/; =& a.s. We thus have the equality V;YO"Z = —&; a.s. The desired property (28) follows. Hence,
we have Yy € S, and thus Yy < vyg.
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It remains to prove that vy < Y. Let z € S. By definition of S, there exists (7,¢) € B(z) such that
—V =% <& as. By taking the £9-evaluation, using and the £9-martingale property of the process (—V, *¥)
(see Proposition 4.2) and the monotonicity of the g-expectation £9, we derive that z = Sgﬁ(—v;z’@) < 55,7(57),
which implies the inequality

z < sup Sg)T(fT) =Y.
TeT

Since this inequality holds for any 2 € S, by taking the supremum over z € S, we get vy < Yy. It follows that
vo = Yy. By (28), we get (7,9) € B(vg), which completes the proof. O

Remark 4.5. Note that the above characterizations of the buyer’s price cannot be directly derived from the
characterizations of the seller’s price given in Theorem 4.4, contrary to the case of game options. Indeed,
concerning the pricing and hedging problem of game options, there is in a way a symmetry between the buyer
and the seller (see [8]), which is not the case for American options.

We now consider the general case when ¢ is only RCLL. In this case, the characterizations (25) and (26) of
the buyer’s price vy still hold. However, the supremum in (24) is not necessarily attained; in other words, the
price vg does not necessarily allow the buyer to build a super-hedge against the American option.

We introduce the definition of an e-super-hedge for the buyer:

Definition 4.6. For each initial price z and for each e > 0, an e-super-hedge for the buyer against the American
option is a pair (1,¢) of a stopping time T € T and a risky-assets strategy p € H? x H3 such that

V7294 & > —€ as.

Theorem 4.7 (Buyer’s price and e-super-hedge). Suppose that & is only RCLL.
The buyer’s price vy of the American option satisfies

vo = sup & (&) = Yo,
TET
where (Y, Z, K, A) is the solution of the reflected BSDE associated with driver §(t,y, z,k) := —g(t, —y, —z, —k)
and lower obstacle &, that is,

— d}}t = ~(t,}~/t, Zt, f(t)dt + dzit — thWt — thMt; YT = §T7 U)Zth (31)
T
Y > ¢, (Y, — {t)dflf =0 a.s. and A/i‘ti = Aflfl{f, — 3}
0 t— =St~

Let ¢ := ®(—Z,—K) and for each & > 0, let
Te:=1inf{t > 0: Y, <&+ e} (32)

The pair (7e, @) s an e-super-hedge for the buyer (associated with the initial price v ).

Proof. Let ¢ > 0. We have Y. > £ + ¢ on [0,7.[. Since A satisfies the Skorohod condition, it follows that
almost surely, A is constant on [0, 7.]. Also, }7(75)_ > (7<)~ + € a.s., which implies that AATE =0 a.s. Hence,
A.e =0 as. It follows that Y (w) satisfies the forward differential equation (29) on [0,7.]. Now, the wealth
—VfYOﬂZ is the solution of the forward differential equation (30). Hence, Y satisfies the same forward differential
equation on [0, 7.] as —V"}O*‘Z’7 with the same initial condition Y. By uniqueness of the solution, they coincide,
which implies in particular that VT:?‘“@ = —f/TE a.s. Moreover, by definition of the stopping time 7. and the
right-continuity of (¥;) and (&), we have

Y. <& +¢e as. (33)
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We thus get the inequality V— Yo, + &, > —¢ as.Hence, the pair (7.,9) is an e-super-hedge for the buyer
associated with the initial prlce Y.

Let us now show that Yy = vo. First, by Proposition 3.2, we have sup, & T(fT) =Y. Using this property
together with the same arguments as those used in the second part of the proof of Theorem 4.4 (which do not
require the continuity of fl), we obtain that vy < Yp.

It remains to prove that vy > Yy. Let ¢ > 0. Let (Y’,Z', K') be the solution of the BSDE associated with
driver g, terminal time 7. and terminal condition &, A Y . Now, since A;e =0, the process (Y Z K) is the
solution of the BSDE associated with driver g, terminal tlme 7. and terminal condition YTE By an a priori
estimate on BSDEs with default jump (see [7, Proposition 2.4]), since by (33) we have Y, < & A Y, + ¢,
we derive that Yy < Yy + Ke, where K is a constant which only depends on T and where C is a A-constant
associated with driver § (or equivalently with driver g). Moreover, since by assumption Y’ =& N }775, we have
Y! < &... Now, one can show that Y’ = —V=Y0:%" where ¢/ := o(—2',—K'). We thus get —V,. (il <&
We derive that (7.,¢’) is a super-hedge (for the buyer) associated with initial price Y. The 1n1tlal price Yy
(> Yo — K ¢) thus allows the buyer to be super-hedged. By definition of vy, we derive that vy > Yy > Yy — Ke.
We thus get vy > Y, — Ke for each & > 0. Hence, vy > YO, which completes the proof. [l

Note that if the price of the option is equal to vy — €, then, by investing the amount —vy + € following the
strategy ¢, whatever the exercise time 7 chosen, the buyer will make a gain V,v0F&® 4 £ > V=v# 4 £ >
a.s. Hence if the price is strictly smaller than vy, then there exists an arbitrage for the buyer.

Moreover, if —g(t, —y, —z, —k) < g(t,y, 2, k), then, by Remark 4.1, we get vy < ugp. The previous observations
together with Remark 3.6 yield that, in this case, the interval [vg, ug] is a non-arbitrage interval for the price
of the American option in the sense of [15]. In the example of a higher interest rate for borrowing, this result
corresponds to the one shown in [15] by a dual approach.”

5. APPENDIX

We give here some a priori estimates for RBSDEs with default jump.

Lemma 5.1 (A priori estimate for RBSDEs). Let f! and f? be two A\-admissible drivers. Let C be a A-constant
associated with f*. Let & be an adapted RCLL processes. Fori = 1,2, let (Y, Z!, K, A%) be a solution of the
RBSDE associated with terminal time T, driver f* and obstacle £&. Let n,8 > 0 be such that B > % + 2C and

Let f(s) := f(s, Y2, 22, K2) — f?(s,Y2,Z2,K?). For eacht € [0,T], we then have

T
eﬁtml—ﬁfsm[/ e85 F(s)%ds | G a . (34)

t
112 112 ; 1 7112 112 7112
Moreover, [[Y||5 < Tn||f||5, and if n < Zz, we then have | Z||5 + | KX s < =ta= 1 /15
The proof is similar to the one given for DRSBDEs in the same framework with default (see the proof of
Proposition 6.1 in the Appendix in [8]), and left to the reader.
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