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WARING LOCI AND THE STRASSEN CONJECTURE

ENRICO CARLINI, MARIA VIRGINIA CATALISANO, AND ALESSANDRO ONETO

ABSTRACT. The Waring locus of a form F' is the collection of the degree one forms appearing in
some minimal sum of powers decomposition of F. In this paper, we give a complete description
of Waring loci for several family of forms, such as quadrics, monomials, binary forms and plane
cubics. We also introduce a Waring loci version of Strassen’s Conjecture, which implies the original
conjecture, and we prove it in many cases.

1. INTRODUCTION

Let S = Clzo, ...,z = @, Si be the standard graded polynomial ring. An element in S;, that
is a degree i homogeneous polynomial, is called a form.
A Waring decomposition, also called a sum of powers decomposition, of F' € S; is an expression of
the form
F=L{+.. +L%
for linear forms L; € S1. The Waring rank, or simply rank, of F is
rk(F) =min{r: F=L¢+ ...+ L% L; €8 for 1 <i<r},

and we say that a Waring decomposition of F' is minimal if it involes rk(F') summands.

In the last decades, an intense research activity focused on computing Waring ranks and (minimal)
Waring decompositions of homogeneous polynomials. A celebrated result in this field is due to
J.Alexander and A.Hirschowitz who determined the rank of a generic form [AH95], but still very
little is known for given specific forms. The main abstract tools to deal with Waring ranks are in
[LT10, CCCGW15b].

One of the main reason for the great interest in Waring ranks and Waring decompositions is due
to the relations with the theory of symmetric tensors and their decompositions as sums of rank one
tensors which have applications in Algebraic Statistics, Biology, Quantum Information Theory and
more, see [Lanl2].

In this paper we investigate minimal Waring decompositions. Of particular interest are the cases
when the minimal Waring decomposition is unique, called in the literature the identifiable cases,
see [CC06, Mel06, Mel09, BCO14, COV15, GM16]. Since finding a minimal Waring decomposition
is usually beyond our computational capabilities, we decide to investigate properties of all minimal
Waring decompositions of a given form at once.

Definition 1.1. Given a form F', we define the Waring locus of F' as the set of linear forms that
appear, up to scalar, in a minimal Waring decomposition of F', namely

Wr ={[L] €P(Sy):3Ly,...,L, €Sy, Fe (L% L3 ...,LY, r=1k(F)}.

We define the locus of forbidden points as its complement, Fp = P(S7) \ Wg.
1
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In [BC13], the authors suggested the importance of the study of the Waring loci of homogeneous
polynomials. In particular, they proved that Wy has no isolated points if F' € Sy is not identifiable
and if tk(F) < 3¢

One of our main result is a description of Wg, or equivalently of Fr, in the following cases:

(1) quadrics, that is degree two forms, see Corollary 3.2;

(2) monomials, see Theorem 3.3;

(3) binary forms, that is forms in two variable, see Theorem 3.5;

(4) plane cubics, that is degree three forms in three variables, see Section 3.4;

(5) sums of particular families of homogeneous polynomials in different set of variables, see
Theorem 4.6 and Section 5.

In Section 2, we introduce the basics facts and our main tool: the Apolarity Lemma, Lemma
2.1. The Apolarity Lemma provides a very explicit recipe to find Waring decompositions of an
homogeneous polynomials F'. In particular, it states that Waring decompositions of F corresponds
to ideals of reduced points contained in the ideal F*, namely the ideal of polynomials annihilating
F by acting as differentials. The reason why we succeeded in finding Waring loci in the cases listed
above is that those are the cases when we can give a very precise description of all the possible
minimal set of reduced points contained in the annihilating ideals.

In Section 3, we present our main results about Waring loci.

In Section 4, we discuss relations with Strassen’s conjecture.

In Section 5, we present some more technical results and open problems.

Acknowledgment. The authors want to thank Jarostaw Buczynski and Brian Harbourne for
comments on an earlier version of the paper. The first and second author are members of GNSAGA
of INDAM. The third author wants to thank the first author and the School of Mathematical
Sciences, Monash University, for the hospitality during a visit of three months while the work has
been mostly done. The visit has been partially supported by G S Magnuson Foundation from
Kungliga Vetenskapsakademien.

2. BAsiIcs
We introduce some basic notions on Apolarity theory, see also [1K99, Ger96].
We consider two polynomial rings S = Clxo, ..., 2z, = @, Si and T' = C[Xo, ..., Xy,] = P,;>( Ti
with standard gradation, where S has the structure of a T-module via differentiation; namely, we
consider the apolarity action given by

goF =g(0yy,...,05,)F, forgeT, Feb.
Given F' € S§; we define the apolar ideal of F' as
FL={0eT:00F =0}

We say that F € Clxo, ..., x,] essentially involves t + 1 variables if dim(F+); = n —t. In other
words, if F essentially involves ¢+ 1 variables, there exist linear forms lo, ..., l; € C[zo,...,z,] such
that F' € Clly,...,l], see [Car06].

We are interested in describing the minimal Waring decompositions of a form F € S; and our
main tool is the following.
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Lemma 2.1 (APOLARITY LEMMA). Let X = {Py,...,Ps} C P" be a set of reduced points where
P, = [p[()i) D pg)], foralli=1,...,s, and let L; = péi):z:o +...+p£f)xn, foralli=1,...,s.
Then, if F' is a degree d homogeneous polynomial, the following are equivalent:

(1) Ix C F*;

(2) F:clLCf—i—...chsLs, forey,...,cs €C.
A set of points X such that the conditions of Apolarity Lemma hold is said to be apolar to F.

Example 2.2. Consider the monomial M = zyz € Clx,y,2]. It is easy to check that M+ =
(X2,Y?% Z%). Hence the ideal I = (X? — Y2, X% — Z?) Cc F+ corresponds to the four reduced
points [1 : £1 : £1] and we have the Waring decomposition

1 .

M=_l@ty+2)’—(@-y+2)’ = (@+y—2+@-y-2)°].

We can describe the Waring locus of a form F' in terms of the apolar points to F', namely
Wrp={PeP':PecX, IxC F!and |X| = rk(F)}.

The following result, also given in [BL13] in the case of tensors, allows us to study a form F' in the
ring of polynomials with the smallest number of variables. In particular, we want to show that, if
F € Clyo, - - ., ym| essentially involves n + 1 variables and X is a minimal set of points apolar to F,
then X C P™ is contained in a n-dimensional linear subspace of P™. Hence, Wr C P" contains all
points belonging to any minimal set of points apolar to F.

Proposition 2.3. Let F € Clxg,...,Tn, Tni1,---,Tm)| be a degree d form such that (F1); =
(Xn+17"' 7Xm) If

where r = rk(F') and the L; are linear forms in Clxog, ..., Tn, Tnil, ..., Tm], then
L; € (C[.T}o,...,xn] C C[xo,...,xn,xn+1,...,xm]
foralli,1 <i<r.

Proof. We proceed by contradiction. Assume that L1 = x,11+ Z#n 41 @i, that is to assume that

Ly actually involves the variable z,,11. By assumption rk(F — L¢) < r = rk(F). However, since L;
is linearly independent with x1,...,z, we can apply the following fact (see [CCC15a, Proposition
3.1]): if y is a new variable, then

rk(F + y?) = rk(F) + 1.
Hence, rk(F — LY) = rk(F) + 1 and this is a contradiction. O

Remark 2.4. Using the previous result, performing a linear change of variables, and restricting
the ring, we may always assume that F' € Sy essentially involves n + 1 variables; hence, we always
see Wr and Fr as subsets of P".

3. WARING LOCI

In this section, we give our results about Wpg and Fp.
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3.1. Quadrics. We begin with the study of elements of S5, i.e. quadrics in P". We recall that to
each quadric () we can associate a symmetric (n + 1) X (n + 1) matrix Ag and that rk(Q) equals
the rank of Ag.

Proposition 3.1. If Q =22+ ... + 22, then Fo = V(Q) CP?, where Q = X2 + ...+ X2 € Ts.
Proof. A point P = [ag : ... : ay] is a forbidden point for @ if and only if
rk(Q — A\L%) =n+1, forall A\ € C

where Lp = Y ( a;z;. Thus, P is a forbidden point for @ if and only if the symmetric matrix
corresponding to the quadratic form @ — AL% has non-zero determinant for all A € C. Thus, P
is a forbidden point if and only if the symmetric matrix A;2 corresponding to L? only have zero
eigenvalues (note that, over C, Ay is not necessarily similar to a diagonal matrix).

We now prove that A2 only have zero eigenvalues if and only if ) a? = 0.

Assume that zero is the only eigenvalue of Ar2. Leta=( ap ... a, ) and note that

ad = (a3 +...4+a?)a,

n

thus > a? = 0 since it is an eigenvalue.

Now assume that Y i a? = 0. Note that

n
A%Q = (Za?) AL2.
0
thus A%Q = 0 and hence zero is the only eigenvalue.

Hence, P is a forbidden point if and only if > a? = 0 and the proof is now completed. (|

Corollary 3.2. Let Q(xo,...,2y) € S2 be a rank n+ 1 quadric and let B be an (n+1) X (n + 1)
matriz such that the change of variables

(x(]v"' 7$n) = (yO»- . ayn)B
gives Q =y + ...+ y2. Then, Fg = V(Q) C P*, where Q(Xy, ..., X,) is the quadratic form
(Xo...X,)B'B(Xy...X,)".

Proof. Let P =ag :...:a,] and Lp = > ¢ a;z; = (ao, - .., an) (2o, ..., zn)"
By the the linear change of variables (zo,...,2s) = (Yo,...,yn)B, we get

Lo = (a0, an) B o -,y

Let (ag,...,an)Bt = (by,...,by), so that Lp = boyo + - - - + bpy,. Using Proposition 3.1 we know
that a point [bg : ... : bu] € Fgy,,....y,) if and only if > b2 = 0. That is,

(CLO, ceey an)BtB(CLO, ey an)t = 0.

and the result follows. O
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3.2. Monomials. In this section, we consider monomials z° ...z% € C[zo,...,z,]. We always
assume that the exponents are increasingly ordered, that is dg < ... < d,. In [CCG12], the authors
proved an explicit formula for the Waring rank of monomials, i.e.

n

1
do dny _ .
rk(zp? ... apr) = ] Z‘|:0| (d;i +1).

We also know from [BBT13] that minimal sets of apolar points to monomials are complete intersec-
tions, namely they are given by the intersection of n hypersurfaces in P" of degrees d1+1,...,d,+1
intersecting properly. Moreover, it is known that, using our new terminology, the points lying on
the hyperplane {X; = 0}, for ¢ = 0,...,m, where m = max{i | d; = dy} are forbidden. This is
implicitly proved during the proof of [CCG12, Proposition 3.1] and can also be found in [BBT13,
Corollary 19]. Here, we prove that these are actually the only forbidden points of monomials.

Theorem 3.3. If M = xgo coogdn e S then
Fvu=V(Xo---Xp) CP",
where m = max{i | d; = dp}.

Proof. The perp ideal of M is M+ = (XgO'H, ..., XdF1) Consider any point P = [pg : ... : p,] ¢
V(Xo---Xm), we may assume pp = 1 and we will prove that P € Wy, that is P & Fy;. We
construct the following hypersurfaces in P"

ditl  ditl vditl )
XHH - pf T XGT i p £ 0

H =
XEH X X if p; = 0.
Note that, for any i = 1,...,n, the hypersurface H; = 0 is the union of d; + 1 hyperplanes.
Theideal I = (Hj, ..., H,) is contained in M~ and V(1) is the set of reduced points [1 : g : ... : gy]
where '
{&pi | j=0,....d;}, if p; # 0, where &1 = 1;
q; €

(e 1j=0,...,di —1}U{0}, ifp; =0, where £ =1.
Thus, we have a set of rk(M) distinct points apolar to M and containing the point P; hence,

P € Wy and V(Xo .- Xm) D Fu-
To conclude the proof we need to prove that

V(X0 Xm) CFu
and this readily follows by [CCG12, Remark 3.3] or by [BBT13, Corollary 19]. O

Remark 3.4. In the case dy > 2, the second part of the proof can be explained as a direct
consequence of the formula for the rank of monomials. Indeed, in the same notations as Theorem
3.3, for any i = 1,...,m, we have that rk(M) = rk(0,, o M). Therefore, given any minimal Waring
decomposition of M = Z§:1 L?, by differentiating both sides, we must have 9., o L; # 0 for all
i=1,...,m. Hence [L;] ¢ V(Xo--- X).
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3.3. Binary forms. In this section we deal with the case n = 1, that is the case of forms in two
variables. The knowledge on the Waring rank of binary forms goes back to J.J. Sylvester [Syl51].
It is known that, if F € C[z,y]q, then F+ = (g1, 92) and deg(g1) + deg(g2) = d + 2. Moreover,
if we assume d; = deg(g1) < do = deg(gz2), then rk(F) = d; if g1 is square free and rk(F) = dy
otherwise. See [CS11] for more about the rank of binary forms.

Theorem 3.5. Let I be a degree d binary form and let g € F* be an element of minimal degree.
Then,

(1) if tk(F)
(2) if tk(F)
(3) if k(F)

if tk(F)

[T, then Wp =V (g);

[ then Fr = V(g);

(9L and d is even, then Fr is finite and not empty;
[ and d is odd, then Wg =V (g).

<
>

d
d

I
+MHM

Proof. (1) It is is enough to note that the decomposition of F' is unique and the unique apolar set
of points is V(g).

(2) As mentioned above, in this case we have that F- = (g1, g2), where d; = deg(g;) < deg(go) =
da, di +do = d+2, g1 is not square free, and rk(F') = do. In particular, g; is an element of minimal
degree in the apolar ideal. We first show that Fr D V(g1). Let P = V() € V(g1) for some linear
form [, that is [ divides g;. We want to show that there is no apolar set of points to F' containing
P. Thus, it is enough to show that there is no square free element of degree dy in F1 divisible by
l. Since g; and go have no common factors, and [ divides gi, it follows that the only elements of
degree dy in F- divisible by [ are multiples of g, thus they are not square free. Hence, P € Fp.
We now prove that Fr C V(g1) by showing that, if P =V (l) € V(g1), then P € Wp. Note that {
does not divide g; and consider

FLo()=(oF)*t = (hy,ho)

where ¢; = deg(h1), c2 = deg(hg) and ¢; + ca = d + 1. Since hq is a minimal degree element in F*-
and [ does not divide g1, we have h; = g1 and ¢a = d2 — 1. Thus rk(F) = rk(l o F') + 1. Since
(F* : (1))g,_1 is base point free, we can choose h € F+ : (I) to be a degree dy — 1 square free
element not divisible by [. Hence, P € V(lh) and V(lh) is a set of ds points apolar to F.

(3) Let F- = (g1, 92), di = deg(g1), and do = deg(go). If d is odd, then do = d;+1 and tk(F) = dy;
thus g1 is a square free element of minimal degree and F' has a unique apolar set of d; distinct
points, namely V' (g1). This proves the d odd case. If d is even, then dy = dy = rk(F') and F has
infinitely many apolar sets of rk(F) distinct points. However, for each P € P! there is a unique
set of rk(F') points (maybe not distinct) apolar to F' and containing P. That is, there is a unique
element (up to scalar) g € (F1)4, vanishing at P. Thus, P € Fp if and only if g is not square free.
There are finitely many not square free elements in (FL)d1 since they correspond to the intersection
of the line given by (FL)d1 in P(Ty,) with the hypersurface given by the discriminant; note that
the line is not contained in the hypersurface since (F*)4, contains square free elements. g

Remark 3.6. We can provide a geometric interpretation of Theorem 3.5 for F' a degree d binary
form of rank d, the maximal possible. In this case, after a change of variables, we can assume
F = zy?1. To see geometrically that [0 : 1] € Fr, we consider the point [y?] on the degree d
rational normal curve of P?. Note that [F] belongs to the tangent line to the curve in [y?]. Thus, it
is easy to see that there does not exist a hyperplane containing [F] and [y?] and cutting the rational



WARING LOCI AND THE STRASSEN CONJECTURE 7

normal curve in d distinct points. To prove geometrically that Fr = {[0 : 1]} one can argue using
Bertini’s theorem. However, for forms of lower rank, we could not find a straightforward geometrical
explanation.

We can improve part (3) of Theorem 3.5 for d even adding a genericity assumption.

Proposition 3.7. Let d = 2h. If F' € S; is a generic form of rank h + 1, then Fr is a set of 2h?
distinct points.

Proof. Let A C P"*! be the variety of degree h + 1 binary forms having at least a factor of
multiplicity two. Note that forms having higher degree factors, or more than one repeated factor,
form a variety of codimension at least one in A. In particular, a generic line L will meet A in
deg A distinct points each point corresponding to a form of the type B%Bg ...Bp and B; is not
proportional to B; if ¢ # j.

Now, recall the well-known Macaulay’s duality between artinian Gorenstein algebras Ap ~ S/F*
of socle degree d and homogeneous forms of degree d. For a generic F' € S; we have F* = (g1, g2)
where deg(g1) = deg(g2) = h+1. Therefore, we have that a generic form F determines a generic line
in P"*1 and viceversa. The non square free elements of (F1);; corresponds to LNA where L is the
line given by (F1)s41. By genericity, L N A consists of exactly deg(A) points each corresponding
to a degree h + 1 form f; having exactly one repeated factor of multiplicity two. Since every two
elements in (F1); 1 have no common factors, it follows that

Fr = U V(fi)

is a set of hdeg(A) distinct points. Since deg(A) = 2h, the result is now proved. O

We can also iterate the use of Theorem 3.5 to construct a Waring decomposition for a given binary
form. Let F € S4 with rank r > [%], so that the Waring decomposition is not unique, we can
think of constructing such a decomposition one addend at the time.

From our result, we know that in this case the forbidden locus is a closed subset Fr = V(g)
where g is an element in F- of minimal degree; hence, we can pick any point [L1] in the open set
P\ V(g) to start our Waring decomposition of F. This means that there exists A\; € C such that
Fi=F-— )qL{l has rank one less than the rank of F'. If the rank of F} is still larger than {d%l-‘, we
can proceed in the same way as before. We may observe that Fp, = FrU[L;]. Indeed, by Theorem
3.5, Fr, = V(g1), where g; is an element of minimal degree of Fi-. Since rk(Fy) = rk(F) — 1,
we have that deg(g1) = deg(g) + 1, in particular it has to be g1 = gLy, where LY is the linear
differential operator annihilating Li. Hence, we can continue to construct our decomposition for F’
by taking any point [Ls] € P!\ V(g1) and a suitable Ay € C such that Fy = F — A\ L{ — Ao L4 has
rank equal to rk(F’) — 2. We can continue this procedure until we get a form F; with rank equal
to {%1 If d is odd, we can actually do one more step and arrive to a form F; with rank strictly

less than {%] In other words, we have proven the following result.

Proposition 3.8. Let F' be a degree d binary form of rank r > [d%l} For any choice of
[Li],...,[Ls] ¢ Fr where s = r — [2E1] there exists a minimal Waring decomposition for F
1nvolving L‘f, ..., L. If d is odd, then it is also unique.
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3.4. Plane cubics. In this section we describe Wr (and Fp) for n = 2 and F' € Ss, that is for
plane cubics. For simplicity, we let S = Clz,y, 2] and T = C[X, Y, Z].
We use the following characterization of plane cubics adapted from the table given in [LT10].

Type Description Normal form Waring rank Result
(1) triple line 3 1 Theorem 3.3
(2) three concurrent lines zy(x +y) 2 Theorem 3.5
(3) double line + line x2y 3 Theorem 3.3
(4) smooth 3493+ 23 3 Theorem 4.6
(5) three non-concurrent lines xyz 4 Theorem 3.3
(6) | line 4 conic (meeting transversally) z(yz + 22) 4 Theorem 3.12
(7) nodal ryz — (y + 2)3 4 Theorem 3.13
(8) cusp 3 —y?2 4 Theorem 5.1
9) general smooth (a3 # —27,0,6%) 23 + 4% + 23 + azyz 4 Theorem 3.16
(10) line + tangent conic z(zy + 22) 5 Theorem 3.18
Note. In case (9), a® # 0,6 so that the rank is actually 4 and
a® # —27 for smoothness of the Hessian canonical form [Dol12].

Remark 3.9. We have already analyzed several cases:

(1),(3),(5): they are monomials and it follows from Theorem 3.3;

(2): these forms can be seen as forms in two variables, hence it follows from Theorem 3.5(3);

(4): smooth plane cubics can be seen as sums of pairwise coprime monomials with high exponents
which are analyzed separately in the next section, see Theorem 4.6;

(8): plane cubic cusps can be seen as the kind of sums of pairwise coprime monomials that we
have analyzed in Theorem 5.1.

We now study plane cubics of rank four. First, we need the following lemma.

Lemma 3.10. Let F' be a plane cubic of rank four and let X be a set of four distinct points apolar
to F. If X has exactly three collinear points, then F' is a cusp, that is F' is of type (8).

Proof. We can assume that the three collinear points lie on the line defined by X and the the point
not on the line is [1 : 0: 0]. Thus, XY, XZ € F* and F = 23 + G(y, z). By [CCCl15a, Proposition
3.1] we have that rk(F') = 1 + rk(G) and thus rk(G) = 3. Since all degree three binary cubics of
rank three are monomials we get that, after a change of variables, G can be written as LM?, where
L, M € Cly, 2] are linear forms. Hence, F = 23 + LM? and this completes the proof.

O

Among the rank 4 plane cubics, we have already analyzed the cusps. Now, we consider families
(6),(7) and (9). Due to Lemma 3.10, we can actually study these families using the approach
described in the following remark.

Remark 3.11. Let F' be a rank four plane cubic which is not a cusp. Since F' is not a binary form,
L = (F1)s is a net of conics and we let £ = (C7,Cs,C3). Since F is not a cusp, all set of four
points apolar to F' are the complete intersection of two conics. Thus, when we look for minimal
Waring decompositions of F', we only need to look at pencils of conics contained in £ with four
distinct base points.

In particular, fixing a point P € P2, we can consider the pencil £(—P) of plane conics in £ passing
through P. If £L(—P) has four distinct base points, then P € Wp; otherwise, we have that the base
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locus of £(—P) is not reduced and P € Fp. In the plane P(L£), we consider the degree three curve A
of reducible conics in £. We recall that a pencil of conics £ has four distinct base points, no three
of them collinear, if and only if the pencil contains exactly three reducible conics. In conclusion,
given a point P € P2, we consider the line P(L(—P)) C P(L): if the line is a proper secant line of
A, that is it cuts A in three distinct points, we have that P € Wp; otherwise, P € Fr. Thus we
have to study the dual curve A C P(L£) of lines not intersecting A in three distinct points.

An equation for A can be found with a careful use of elimination. To explicitly find Fr we the
consider the map:
such that ¢([a: b: ¢]) = [Ci(a,b,c) : Ca(a,b,c) : C3(a,b,c)]. Note that ¢ is defined everywhere and
that it is generically 4 : 1. In particular,

Fr=9¢""(4).
Theorem 3.12. If F = z(yz + 2?), then Fr = V(XY Z(X? — 12Y Z)).

Proof. Let £L = (F1)yandlet C; : C1 = X2 —6YZ =0,Co: Cy =Y2=0,and C3: C3 = Z2> =0
be the conics generating £. In the plane P(L) with coordinate «, 8 and ~, let A be the cubic of
reducible conics in £. By computing we get the following equation for A:

a 0 0
det [0 B —3a| =0,
0 —3a ~
that is,
afy —9a® = 0.

In this case, A is the union of the conic C : 9a? — v = 0 and the secant line 7 : & = 0. The line r
corresponds to £(—[1: 0:0]) and then, by Remark 3.11, we have that [1:0:0] € Fp.

By Remark 3.11, in order to completely describe Fr, we have to study two family of lines in P(£):
the tangents to the conic C and all the lines passing through the intersection points between the
line r and the conic C, that is through the points [0:0: 1] and [0 : 1 : 0]. More precisely the point
P=[X:Y :Z]isin Fr if and only if the line L (of the plane P(L) )

L:Ci(P)a+ Ca(P)B + C3(P)y =0,
that is,
L:a(X?—-6YZ)+BY?+~2% =0,
falls in one of the following cases:
(i) L is tangent to the conic C : By — 9a? = 0;

(ii) L passes through the point [0 : 1 : 0];

(iii) L passes through the point [0: 0 : 1].

In case (i) and (iii) we get that Y2 = 0 and Z2 = 0, respectively. So V(Y Z) C Fr.

Now, by assuming P ¢ {YZ = 0}. By an easy computation we get that the line L is tangent to
the conic C if X?(X?% - 12Y Z) = 0.

It follows that Fr = V(XY Z(X? - 12Y Z)). See Figure 1.

]

We now consider family (7), that is nodal cubics.
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[1:0:0]

[0:0:1]

X?-12YZ =0 Y =0
FIGURE 1. The forbidden points of F = z(yz + z?).

Theorem 3.13. If F = 4%z — 23 — 222, then

Fr =V(g9192)

where g1 = X3 —6Y2Z+3XZ? and go = 9X*Y2—4Y0 —24XY*Z —30X2Y22%2+4X32%3 -3Y?Z*—
12X 7°.

Proof. Note that [1:0: 0] € Fp. In fact F + 2% = 2(y? — x2) represents a conic and a line tangent
to it, namely it is in the family (10) and hence it has rank equal to five.

Let £ = (Ft)y and denote by C; : C; = XY =0, Cy : Co = X? —3Z> =0 and C3 : C3 =
Y? + XZ = 0 its generators.

In the plane P(£) with coordinates «, 3, and v let A be the cubic of reducible conics in £. By
computing we see A that is defined by

2@ 3
det %a v 0 | =0,
37 0 -38

that is,
3028 —123%y — 43 = 0.

In this case, we have that A is an irreducible smooth cubic. Hence, we have that
(1) Fr={P cP?:P(L(—P)) is a tangent line to A C P(L)}.
Thus, we are looking for points P such that the line

Ci(P)a+ Co(P)B+ C3(P)y=0
is tangent to A. We consider two cases, namely C1(P) =0 and C,(P) # 0.
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If C1(P) # 0, we compute « from the equation of the line and we substitute in the equation of A.
Then it is enough to compute the discriminant D of the following form in 8 and ~

3(Caff + Csy)*B — 12C7 8%y — C4°
and we get D = 27Cfg%gg. The script used in Macaulay?2 to do this computation can be found in
[016, Algorithm 2.3.23]. Thus, if C1(P) # 0, P € Fp if and only if P € V(g192).
If C1(P) = 0, by direct computation we check that Fr NV (C1) = V(g1g2) N V(Cy). Hence the

proof is completed.

0

Remark 3.14. In this paper we consider Fr, and Wp, as varieties and not as schemes. However,
we found in Theorem 3.13 that the ideal of Fr is (g3g2).

Remark 3.15. The treatment of the forbidden locus of a plane cubic given in (1) is similar to a
remark by De Paolis recently recalled in [Banl4]. Here, the author gives an algorithm to construct
a decomposition of a general plane cubic F' as sum of four cubes of linear forms. The algorithm
starts with a linear form defining a line intersecting the Hessian of F' in precisely three points.

We now consider the case of cubics in family (9) and we use the map ¢ defined in Remark 3.11.

Theorem 3.16. If F = 23 + y3 + 23 + axyz belongs to family (9), then

3 y y
(1) if (a39_54> # 27, then Fr = ¢~ 1(A) where A is the dual curve of the smooth plane cubic

a
3 54
-5 )aﬁv =0;
9a

(2) otherwise, Fr is the union of three lines pairwise intersecting in three distinct points.

Proof. Let L = (FL>2 and denote by C; : C1 = aX? —6YZ =0,Co: Cy = aY? —6XZ =0, and
C3:03 =aZ? - 6XY = 0 its generators. In the plane P(£) with coordinates a, 3, and v let A be
the cubic curve of reducible conics. By computing we get an equation for A

ace  —3v =383
det | =3y af —3al| = (a®—54)afy — 9aa® — 9aB> — 9ary® = 0.
-38 —-3a avy

o + 5%+ 4% —

3
In the numerical case (%) = 27, we have that A is a smooth cubic curve. Thus, we have that

Fr ={P € P?:P(L(—P)) is a tangent line to A C P(£)}.

Hence we get Fr as described in Remark 3.11 using the map ¢.
Otherwise, A is the union of three lines intersecting in three distinct points )1, Q2 and Q3. Hence,

Fr={P e P?:Q; ¢ P(L(—P)) for some i}
and the proof is now completed. ]

Example 3.17. Consider a = —6, thus we are in case (1) of Theorem 3.16. We can find equations
for Fr using Macaulay2 [GS]. The script used can be found in [016, Algorithm 2.3.23]. Hence,

Fr =V(9192),
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where g1 = X3+ Y3 —5XYZ 4+ Z3 and ¢gp = 27X% — 58X3Y3 +27Y6 — 18X4Y Z — 18XY*Z —
109X2Y272 — 58X3273 —58Y3273 — 18XY Z* + 27765.

We conclude with family (10), that is cubics of rank five.
Theorem 3.18. If F = x(xy + 22), then Fr = {[1:0:0]}.

Proof. Let L be a linear form. The following are equivalent:

(i) [L] € Fr;

(ii) tk(F — AL3) =5 for all \ € C;

(iii) F — AL?® = 0 is the union of an irreducible conic and a tangent line, for all A € C;
(iv) F and L? must have the common factor L, that is, the line L = 0 is the line z = 0. .

It easy to show that (i) and (ii) are equivalent.

For the equivalence between (ii) and (iii) see the table in Subsection 3.4.

If (iii) holds, then all the elements in the linear system given by F and L? are reducible; note that
the linear system is not composed with a pencil. Thus, by the second Bertini’s Theorem, the linear
system has the fixed component = = 0.

To see that (iv) implies (iii), note that for all A\ € C, the cubic x(zy + 22 + Az?) = 0 is the union
of an irreducible conic and a tangent line. ([l

To finish the treatment of plane cubics we need to deal with the cusp, that is type (4). In three
variables an ad hoc argument can be produced, however we prefer to refer to a more general result,
namely Theorem 5.1.

3.5. The forms z¢(2% + ... +2%) and 2¢(2f + 25 + ... +2%). We study now the Waring loci for
a family of reducible forms.

Theorem 3.19. Let F = x3(2%+.. . +20) and G = 28(zf+28+.. .+2b), wheren > 2, a+1 > b > 3.
Then

Wr =Wqa =V(X1X2, X1X3,..., X1 Xn, Xo X3, ..., X0 X, ..., X001 X)) \ {P},
that is, the Waring loci are the coordinate lines through the point P = [1: 0 : ... : 0] minus the
point itself.

Proof. By Propositions 4.4 and 4.9 in [CCCGW15b] we know that

tk(F) =1k(G) = (a + 1)n.
If P € Wr, we have rk(F — A\z§?) < (a + 1)n for some A € C. A contradiction, by Propositions
4.9 in [CCCGW15b]. Hence P € Fp.
Analogously, using Proposition 4.4 in [CCCGW15b], we get that P € Fg.

Now let 0 = a1 X1 + ... + a, X, where the «; € C are non-zero, for every i. By Propositions 4.4
and 4.9 in [CCCGW15b], we have

rk(0o F) =1k(0 0 G) = (a+ 1)n.

Let Ix C F- be the ideal of a set of points giving a Waring decomposition of F, i.e. the cardinality
of X is equal to rk(F). Thus, Ixs = Ix : (0) is the ideal of the points of X not on the hyperplane
0 = 0. Since

Ix=1Ix: (0) C FL:(9) = (9o F)*,
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we have that
(a+1)n=1k(F)=|X| > [X'| >rk(0o F) = (a+ 1)n.
It follows that X does not have points on the hyperplane @ = 0. Thus
Wr C V(X1 X, X1 X5, .., X1 X, X0 X5, ..., Xo Xy, 0, X1 X)) \ { P
The opposite inclusion follows from the proof of Proposition 4.4 in [CCCGW15b].
Similarly for G. U
4. STRASSEN’S CONJECTURE

Fix the following notation:

S=Clz1,0,--, Tings------ R P
T=C[X1,0,- s Xingsen--- X500 Xongl-
Fori=1,...,s, we let
S[Z] = C[:C’i,O) 7xl,n1]7
Tm - (C[Xi,07 7X2,n1]7
F, e Sy,
and

F=FK+---+F, €8y
We consider F; € S and thus
Fir={geT|goF =0}.

Conjecture 1 (STRASSEN’S CONJECTURE). If F = Y0_| F; € S is a form such that F; € St for
alli=1,...,s, then
tk(F) = rk(F1) + ... + rk(F).

Conjecture 2. If F =7 | F; € S is a degree d > 3 form such that F; € Sl foralli=1,...,s,
then any minimal Waring decomposition of F is a sum of minimal Waring decompositions of the
forms F;.

Remark 4.1. Conjecture 2 also appears in [Teil6] where, as in Proposition 4.4, sufficient conditions
are presented which imply the conjecture. The sufficient conditions in [Teil6] are different from
the one we present in this paper. Moreover, as far as we can tell, the families of Lemma 4.5 are not
obtained in [Teil6].

In view of Conjecture 2 it is natural to formulate the following conjecture in term of Waring loci.
As already explained in Remark 2.4, we look at Wg, C P?gi onXin C PN,

Conjecture 3. If F =37 | F; € S is a degree d > 3 form such that F; € Sl foralli=1,...,s,
then
Wrp = U WE, cP, where N=ni+...+ns+s—1.

i=1,...,r
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Remark 4.2. Note that Conjectures 2 and 3 are false in degree two. For example, let F' = 22 —2yz.
The rank of F is three, but it is easy to find a Waring decomposition of F' that is not the sum of
22 plus a Waring decomposition of the monomial yz; for example

F=(@+y?+(x+2?%—(z+y+2)>

Lemma 4.3. Conjecture 2 and Conjecture 3 are equivalent and they imply Strassen’s conjecture

ford > 3.

Proof. Clearly Conjecture 2 implies both Conjecture 1 and Conjecture 3. To complete the proof,
we assume that Conjecture 3 holds. If F =", Lf is a minimal decomposition of F', then each L;
appears in a minimal decomposition of Fj;), thus L; only involves the variables of S U®! Setting all
the variables not in SU®! equal zero in the expression F = > L?, we get a decomposition of Fj;).
Note that all the obtained decompositions of the Fj are minimal, otherwise rk(F) > " rk(F;).
Hence Conjecture 2 is proved by assuming Conjecture 3. g

In order to study our conjectures we prove the following.

Proposition 4.4. Let F =%} | F; € S be a form such that F; € Sl for alli=1,...,s. If the
following conditions hold

(1) for each 1 <i < s there exists a linear derivation 0; € T [ such that
rk(&l ©) Fl) = rk(Fz),

(2) Strassen’s conjecture holds for Fy + ...+ F,
(8) Strassen’s conjecture holds for Oy Fy + ...+ OsFy,

then F satisfies Conjecture 3.

Proof. Let’s consider the linear form ¢ = @101 + ... 4+ a0y, with a; #0 for all i =1,...,s.

Let Ix C F* be the ideal of a set of points giving a minimal Waring decomposition of F, i.e. the
cardinality of X is equal to rk(F'). Thus, Ix : (¢) is the ideal of the points of X which are outside
the linear space t = 0. We can look at

Ix:(t)C Ft:(t)=(toF)*.

By the assumptions we get that rk(F') = rk(to F’), hence the set of points corresponding to Ix : (¢)
has cardinality equal to rk(F); it follows that X does not have points on the hyperplane ¢ = 0.
For the sake of simplicity, if necessary, we rename and reorder the variables in such a way that

81- = Xi,().

Claim. f P=la10:...:Q1p, ¢ ... Q50 ... Ggp,] belongs to Wp then in the set {a10,...,as0}
there is exactly one non-zero coefficient.

The claim follows from the first part, since if we have either no or at least two non-zero coefficients
in the set {aip,...,as0} it is easy to find a linear space {t = 0} containing the point P and
contradicting the assumption that it belongs to the Waring locus of F'.

Let’s consider X; = X\ {z;0 =0}, for all i = 1,...,s. Similarly as above, by looking at

Ix, = Ix : (8;) C FL:(8;) = (8; 0 Fy)*
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we can conclude that the cardinality of each X is at least rk(F;). Moreover, by the claim, we have
that the X;’s are all pairwise disjoint. By additivity of the rank, we conclude that

with X; N X; =0, for all ¢ # j, and
|Xi| = rk(F3),

foralli=1,...,s.
Hence, we have that the sets X; give minimal Waring decompositions of the forms 0; o F;’s and,
by Proposition 2.3, they lie in IP’% X, » Tespectively. Since X gives a minimal Waring decom-

position of F, specializing to zero the variables not in S [l we see that X; gives a minimal Waring
decomposition of F;. Hence, it follows Wg C Ui:l,...,s Weg..

K3

The other inclusion is easily seen to be true. O

As we show in the following lemma, there are several families of forms for which we can apply
Proposition 4.4.

Lemma 4.5. If F' is one of the following degree d forms
(1) a monomial xgo oxdn with di > 2 for 0 < i < nj;

n
(2) a binary form of less than maximal rank, i.e., F # LMY, with L, M linear forms;
(3) x3(x% + ... +2b) withn>2 anda+1>b>2;
(4) w@(xf + 2t + ... +2b) withn>2anda+1>b>2;
(5) 23G(x1,...,2,) with a > 2 and such that G+ is a complete intersection in Clxy, ..., 2]

generated by forms of degree at least a + 1,

then there exists a linear derivation O such that
rk(d o F) = rk(F).

Proof. (1) Let F = 2% ... 2% with dy < ... < dp, then we know by [CCG12] that rk(F) =
(di+1)---(dnp +1). If we let O = Xy, then rk(F') =rk(d o F).

(2) We know that F+ = (g1, g2) with deg(g;) = d;, dy < do and dy + dy = d + 2. We have to
consider different cases.

a) If di < do and gy is square-free, then rk(F') = deg(g1). Consider any linear form 9 € T}
which is not a factor of g;. Then, (0o F)* = Ft : (9) = (hy, ha), with deg(h1) + deg(ho) =
d+ 1. Since 0 is not a factor of g1, then we have that gy = hy and, since it is square-free,
we have that rk(0 o F') = rk(F).

b) If di < dy and gy is not square-free, say g1 = I{"* --- 17", with my; > ... > mg and m; > 2,
then we have rk(F) = deg(gz). Fix @ = [; € Ty. Then, since F is not of the form LM,
with L, M € Sy, we have that (9o F)* = FL: (I1) = (hy, ho) with deg(h;) +deg(hs) = d+1.
Since [ 1. .. 1™s € (9o F)*, but not in F- it has to be hy = 7" ~! ... In particular,
rk(0 o F') = deg(hz2) = deg(g2) = rk(F).

c) If d; = dy, we can always consider a non square-free element g € (F1)g. Indeed, if
both g1 and gy are square-free, then it is enough to consider one element [g] lying on the
intersection between the hypersurface in P(Sy, ) defined by the vanishing of the discriminant
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of polynomials of degree d; and the line passing through [¢1] and [g2]. Thus, g = I7** - -- I,
with m; > ... > ms and m; > 2. Fix 0 = {1 € T1. Hence, we conclude similarly as part b).

(3) If FF = 2¢(2% + ...+ 2b) with b,n > 2 and a + 1 > b, then we have that rk(F) = (a + 1)n, by
[CCCGW15b]. If we set d = X1 + ... + X, then do F = z8(2b™1 + ... + 22~!) and the rank is
preserved.

(4) If F = 28(z§ + ... +ab) with b,n > 2 and a + 1 > b, then we have that tk(F) = (a + 1)n,
by [CCCGW15b]. If we set = X + ... 4+ X, then dF = z¢(2?' + ... + 22°1) and the rank is
preserved.

(5) If F = 28G (21, ..., 2n) with G+ = (g1,...,gn), @ > 2, and deg g; > a+1, we know that rk(F) =
dy - --dy, by [CCCGW15b]. If we consider 0 = X, then we have that 0o F' = azg_lG(xl, ey Tp)
and the rank is preserved. O

Theorem 4.6. Let F =7 | F; € S be a form such that F; € Sl for alli =1,...,s. If each F;

is one of the following,
(1) a monomial xgo ooz with di > 2 for 0 < i < n;

(2) a binary form of less than mazimalrank, i.e., F # LM%, with L, M linear forms;

(3) x8(x8 + ...+ ab) with b,n > 2 and a +1 > b;

(4) x8(x§ + 28 + ...+ 2b) with b,n > 2 and a + 1 > b;

(5) 28G(21,...,2,) with a > 2 and such that G+ is a complete intersection in Clzy, ..., 7]
generated by forms of degree at least a + 1,

then Conjecture 8 holds for F.

Proof. We check that conditions (1), (2), and (3) of Proposition 4.4 are verified. Condition (1)
holds because of Lemma 4.5 and condition (2) follows from Theorem 6.1 in [CCCGW15b]. To
check condition (3) we use the linear derivations 0; appearing in the proof of Lemma 4.5. Namely,
we note that Theorem 6.1 in [CCCGW15b] applies to the sum ), 0;F;, thus condition (3) follows.
The result is now proved. O

5. MORE RESULTS AND OPEN PROBLEMS

We prove that Conjecture 3 holds for the sum of two monomials where one of them has the lowest
exponent equal to one. In this case, Lemma 4.5 does not apply and we need different methods.

Theorem 5.1. Conjecture 3 is true for a form
F = M + My = xoxi' - xon +y8°~--y2§", where deg F' = d > 3.

We assume that by < b;, for any ¢ = 1,...,m. Before proving the theorem, we need some
preliminary result.

Lemma 5.2. Let F = My + My = %z -+ 20 + ygo -ooybm be a form of degree d. Then,
length T/F* = length T/Mj" + length T/Mjs- — 2.
Proof. We have that F- = M{-NM3 +(G), with G = [[I%, (b)) X0 - - - X2» —H?ZO(CLJ‘!)YE)bO Y bm

(see also [BBKT15, Lemma 1.12]). Hence, F* and Mj- N M- differ only in degree d. Since G is
not contained in Mi- N Mj-, we get

(2) length T/F* = length T/(Mj- N Mj") — 1.
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Considering the exact sequence

(3) 0—T/UINJ)—T/I®T/J] —T/I+J)—0,

it follows from (2) that

(4) length T'/F* = length T/M7i- + length T/Mjz- — length T/(Mi- + M3) — 1.

Now, since Y; € ]\/[1L and X; € ]\/IQL7 foralli=0,...,n, j =0,...,m, we have that ]\/IlL —i—MQJ- is
the maximal ideal. Thus, from (4), we conclude. O

Lemma 5.3. Let F' = My + M be as in Theorem 5.1. Then,
length T/(FJ‘ c(Xo+ Y0) + (Xo + Yo)) = rk(F) — 2.

Proof. We have

F: (Xo+ Yo) + (Xo + o) = ((Xo + Yo) 0 )™ + (Xo + Yp)

ail Qan bo—l bl bm +
=<$1 T Yy Y ym) + (Xo + Yo)

1
bo—1_ by bm + (Yb),

N—

i
where the last equality holds since Xg € <x‘1“ ceeghn 4 ygo_lyll’l x -yfnm) .

In the case by > 1, by direct computation, we get
1 1 1
(il ol o) ) = (o) O ()

- <(bo — DX x - [l yge 'y ---Y&m) + (%)

=1 =1
i 1 O
= (2" ) T (T )T+ <(bo - 1)!H(bi!)Xfl---X3"> + (o)
=1
= (2t al) 0 (Nl () (X X,

where the last equality holds since Yy € (z{" - - - x%n)+.

bo—1_ b1 bm

Moreover, since X{* .- X € (yO Yoy )l, we get

(33(111 . :Ugln)l- A ((ygoflylln yrb;ln)L + (YO)) + (Xfl .. .in)

(g wagy s+ (xpr Xam) ) 0 (e et + (%))
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So, by the exact sequence (3), we get
length T/(F* : (Xo + Yp) + (X0 + Yp)) =
= length T/((f' - i) + (X7* -+ X)) + length T/((yg" 97" -y )™ + (Vo))
—length T/((2§" -+ afm )t + (X1 X5m) + (oo~ it - ybm)t + (V)
= length T/(Xo, X0 . X0 Yy, o0 Yy, X000 X 00
+length T/(Xo, ..., X,, Yo, YT ybmtly g

:Hal—l—l —1+Hb +1)—1=rkF —2.
i=1 i=1

In case by = 1, since F'+ : (Xo+Yy) + (Xo+Yp) = ( . xa"+y . -yf,;")l+(X0,lf(]),by Lemma
5.2 we get

length T/(Fl :(Xo+ YY) + (Xo + Yp)) = length Tv/(:zj‘l” ceepdn 4 yll’1 e yfﬁ”)l
= length T/ (% - - - 2%) +length T/(y%" - - ylm)* —2 = 1kF — 2,
where T = C[X1,... Xn, Y1,... Ynl. O
Lemma 5.4. Let F' = My + M> be as in Theorem 5.1. Then,
Wr C {XoYy =0} c PrimtL,
Proof. Let Ix C F* be the ideal of a minimal set of apolar points for F, thus
IX| = rkF.

It is enough to show that there are no points of X lying on the hyperplanes A Xy + uYy = 0, for
A # 0. After a change of coordinates, we may assume A = y = 1.

We consider Iy = Ix : (Xo+ Yo) the ideal of the set of points in X which do not lie on X+ Yy = 0.

The cardinality of X’ is at least the length of the ring T/(FL : (Xo + Yp) + (Xo + Yp)), that is,
by Lemma 5.3,
(5) IX'| > rkF — 2.
It follows that on the hyperplane Xy + Yy = 0 we have at most two points of X.

Claim: In degree 1, the ideal Iy : (Xo + Yo) + (Xo + Yp) differs from F*: (X + Yp) + (Xo + Yo).

Proof of Claim. As already computed in the proof of Lemma 5.3, we have that F* : (Xo + Yp) +
(Xo + Yp) contains two linear forms, namely X and Y.
Now, assume that

L=oyXo+...+anXpn+6oYo+ ...+ BnYm € Ix : (Xo + Yo).

Thus, we have that L(X, + Yp) € Ix C F*.
In case by > 1, since Xg,XOYO, oo XY, X0 Yo, ..., XYy € - owe get

(1 X0X1 + ... + n XXy + BoYF + B1YoY1 + ... + B YoYim) o F =0,

and from this easily follows that oy = ... =a, =g =01 = ... = Bm = 0. Hence, L = Xy and
so apXo(Xo + Yp) € Ix.
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Now, consider the hyperplane Yy = 0. Again, by direct computation, we get
1L 1L
Ft+ (Yp) = (:L"o:c‘l“ . J:Z") N (ygoyll’1 .. yf;;") +
m
(H(bz’!)Xon” X = Ty --Ynli’"> + (Y0)
i=1
1L 1L
= (zoaf - a2) " O (yheyd o ybr) T (XX X2 + (Yo)
C ((worf" - am) ™ + (XoXT - X, ¥0)) 0 (0" wr” -y ) + (XX -+~ X, )
= ((woxf" -+~ ) ™ + (Xo X -+ X)) 0 ((we'wt - ) + (Y0)).
Hence, using again the exact sequence (3), we get
length T/(F* + (Yp)) > length T/ ((woa§* - - a%) " + (Xo X" -+ X2m))
+ length T/((yyd ... obm)t + (Vo)) — 1

:2ﬁ(ai+1)+ﬁ(bz~+1) -2
=1 i=1

=tk F+[J(ai+1)-2>rk F.
i=1
So,
length T/(F* + (Yp)) > rkF.

Hence, Y is not a zero divisor for Ix and there are points of X lying on the hyperplane Yy = 0.
Since, by [CCG12, Remark 3.3], there are no points of X on the linear space defined by the ideal
(Xo,Yp), and since apXo(Xo + Yp) € Ix, it follows that ag = 0. So Ix : (Xo + Yo) + (X0 + Yo)
contains only the linear form Xy + Yy, and thus in case by > 1 the Claim is proved.

In case by = 1, since X2, XoYo, ..., XoYm, Y&, X1Y0,..., X, Yo € F we get

(a1 Xo X1+ ...+ anXo Xy + S1YoY1 + ...+ BnYoYim) o F =0,
andsoa; =...=a, =01 =...=Bn =0. Hence, L = agXo + ByYp and
L - (Xo+Yp) = (X0 + BoY0)(Xo + Yo) € Ix.
Now, consider the hyperplanes Xy = 0 and Yy = 0. Again, by direct computation, we get

Ft 4+ (Xo) = (:Jcoav‘f1 .. -xa")J‘ N (yoyi’l .. .yfnm)J‘

n

n

m
+ (H(bmonfl e 1 () A Y#) +(Xo) =
=1 =1

1 iR
= (o' -+ apm) T N (yous" - yb) T + (VYT Yo + (Xo)
C ((woaf* -+ a2 ) bt + (YooY .. Y, X)) N ((yoyl -yl )™ + (oY ... Yom, X))
1
(25 28m) 0 (ot - why) ™ + (YoYPh ... Yhm).
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Hence, using again the exact sequence (3), we get

length T/(F* + (Xo)) > length T/ (2% - - a%n)*

n

+ length T/((yoyll71 Y 4 (Yoyr me)) -1

:H ai+ 1)+ H(b +1)—2_rkF+H (b; +1) — 2 > 1kF.
i=1 =1 =1
It follows that
length T/(F* + (Xg)) > rkF.

Analogously we have
length T'/(F+ + (Yp)) > rkF.

So X and Y{ are not zero divisors for Ix. Hence there are points of X lying both on the hyperplane
Xo=0and on Yy =0.

Since, by [CCG12, Remark 3.3], there are no points of X on the linear space defined by the
ideal (Xo,Yp), and since (agXo + BoY0)(Xo + Yo) € Ix, it follows that ag = Sy = 0. Thus
Ix : (Xo + Yo) + (Xo + Yp) contains only the linear form X + Yp, and the Claim is proved also in
case by = 1. O

Now, the idea is to show that Iy : (Xo 4 Yp) + (Xo + Yp) differs from F* : (Xo + Yp) + (Xo + Yo)
also in degree d — 1. From this, the Claim above and (5), it would follow that the cardinality of X’
is actually rkF' and then we have no points of X over the hyperplane Xy + Yy = 0.

Consider first the case by > 1. In this case, since (see the proof of Lemma 5.3)

F* o (Xo + Yo) + (Xo + Yo) = (@' -2 ) " 4+ (X7 - X)) 0 (e~ ) ™ + (Yo)),

we have that F+ : (Xo+ Yp) 4+ (Xo + Yp) contains the whole vector space T;;_;. We will prove that
(Ix : (Xo+ Y0) + (Xo + Y0))a—1 # Tgq—1- Since, from the Claim, Ix : (Xo + Yo) + (Xo + Yp) differs
from F+: (Xo + Yo) + (Xo + Yo), then

X' > 1+ length T/(F* : (Xo+ Yy) + (Xo + Yp)) = tkF — 1.

Hence there is at most one point of X, say P, lying on the hyperplane Xy + Yy = 0. Since there are
no points on the linear space (Xo, Yy), we can write P = [1,u1, ..., Up, —1,01,...,0p].
Let
H=X" . X0 —uft oyl X3

If we assume, by contradiction, that Ix : (Xo + Yp) + (Xo + Yp) contains all the forms of degree
d — 1, we have that

H e Ix : (Xo + Yo) + (Xo + Yo),
that is,

H+ (Xo+Y)G € Ix : (Xo+ Y0)
for some G € Ty_5. Since H 4 (X + Yy)G vanishes at P and at the points of X', we actually have

H+ (Xo+Yy)G € Ix C Ft,

and from this
(H+ (Xo+Yy)G) o F =0.
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Now, recalling that d > 3, and so Xél_l oF' =0, we get
n

(X X —uft - u?l"Xg_l—i—(Xo—i-Yb)G)oF = H(ai!)mo—i—Go(a:‘l“ --~x%”+y80_1y11’1 . .yf,’f) =0,
i=1

and this is impossible, since G o (z{' -+ - 2% + ygo_lyll’1 ...y%m) cannot be a multiple of .

Now, let by = 1. In this case we have

F 2 (Xo+Y0) + (Xo +Y0) = (2w + 9 - o) T + (X0, Y0),
hence, in degree d — 1,
dim (F-: (X0 + Yo) + (Xo + Y0)) ,_, =dim Ty — 1.

Since, from the Claim, Ix : (Xo + Yp) + (Xo + Yp) differs from F* : (X + Yy) + (Xo + Yp), then
IX/| > 1+ length T/(F+ : (Xo+ Yp) + (Xo + Yp)) = rkF — 1. Hence there is at most one point
of X, say P, lying on the hyperplane Xy 4+ Yy = 0. Since there are no points on the linear space
(X0, Yp), we can assume that P = [1,u1,...,Up, —1,01,..., V).

Let

Hy = Ylbl L YT?Lm _ (_1)d—11)11)1 . 'U%n}/odfl‘
We prove that Hy ¢ Ix : (Xo+ Yo) + (Xo + Yp). In fact, if Hy € Ix : (Xo+ Yo) + (Xo + Yp) we have
Hy+ (Xo+Yy)G1 € Ix : (X0 + YD)
for some G1 € Ty_o. But Hy + (X0 + Yy)G1 vanishes at P and at the points of X, so we have
H1 + (X0+)/E))G1 S IX C FL,

and from this
(H1 + (Xo + YE))Gl) oF =0.

But
(H1 + (Xo + YE))GI) oF = (Xill e X — u‘fl o 'U?L"Xg_l + (X() + YE))GI) oF =
n
= H(CLZ').’EO +Gho (l‘cl“ . -CE?Ln + ygo_lylfl ... yf,g”) =0,
i=1
and this is impossible, since Gy o (z{* - -z + ygo_lylfl ...y%m) cannot be a multiple of .

Now, we can also show that Hy ¢ Ix : (Xo+Y0)+(Xo+Yo)+(H1). Indeed, assume by contradiction
that there exists a € C and G5 € T;_9 such that

Hy +aH; + (Xo + Y)G2 € Ix : (Xo + Yo).
Since Hy + aHy + (Xo + Yo)G2 vanishes at the point P by construction, we get that
Ho+ aHy + (Xo+Yy)Gy € Ix C Ft,

and, therefore,
(Hy + oHy + (Xo + Yy)Ga) o F = 0.
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Hence,
m n
[1®w0 + o [(aihao + Gao (a5 - + 9~ ) = 0.
i=1 i=1

Since Go (! -zt Fybot

From this, it follows that
dim (Ix : (Xo + Yo) + (Xo + Y0)), , < dimTy_1 — 2.

. -yf’nm) cannot produce multiples of zg and yg, we get a contradiction.

Therefore,
(Ix « (Xo+Yo) + (Xo+ Y0)) ,y # (F" + (Xo+Y0) + (Xo+Y0)) ;-
O

Lemma 5.5. Let F' = My + My be as in Theorem 5.1 and let X be a minimal set of points apolar
to F. Then,
(F* + (X0, Y0))2 € (Ix + (Xo + Yp))s -

Proof. Let X be a minimal set of points apolar to F'. Following the proof of [CCG12, Theorem 3.2],
and considering the following chain of inclusions

(6) Ix : (Xo,Y0) + (Xo + Yo) € F" 1 (Xo,Y0) + (Xo + Yo) € Ji N Ja,
where
Ji = (Xo, X0 XY, V) and Jo = (Xo, X1, ., Xy, Yo, YU L YbeAL),
we get that Ix = Ix : (Xo, Yp) and
dime (Ix + (Xo + Yp)); = dimc (J1 N Jo);, for any i # 1;

Therefore, considering the inclusion (6), it follows that

(Fx+ (Xo +Y0)); = (F*: (X0, Yo) + (Xo + ¥p)) , for any i # 1

i

this is enough to conclude the proof. ([l

Proof of Theorem 5.1. By Lemma 5.4 and [CCG12, Remark 3.3], Wr C V(XoY)) \ V(Xo, Y0).

Hence, we can write any minimal Waring decomposition of F' as
1 ro
(7) P30t Sy
i=1 j=1
where, L; € V(Yp) and L7 € V(Xo), namely,
L; = Q020+ ... + QnTy + 5i71y1 +...+ ﬁi,mym,
where ;0 #0, for t =1,...,71, and

LY = yj121 4 ...+ YjnZn + 65,090 + - - - + 8j.mYm,

where 60 # 0, for j =1,...,79.
Let X be the set of points apolar to F' corresponding to the decomposition (7).
Now, we prove the following statement.

Claim: L € V(Yo,...,Yy), fori=1,...,r1, and LY € V(Xo,..., Xpn), for j =1,...,72.
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Proof of Claim. Since L € V(Yp) and L] € V(Xo) and since coeffy,(L;) = aio # 0, for any
it=1,...,r1, and coeﬂ"yo(L;-’) = 0d;0 # 0, for any j = 1,...,72, in order to prove the Claim, it is
enough to show that XyY1,..., XY, and X 1Yy,..., X, Y, are in Ix.
We have that X(Y; € F'-; hence, by Lemma 5.5,
(8) X0V € Ix + (Xo + Yo) = XoY; + G - (X0 + Yp) € Ix € F*, (deg(G)) = 1)
— G e ((Xo+Yy)oF)*.
Since XYy € F+ (k=1,...,n), we get
9) XY € Ix + (Xo + Yo) = X3.Yo + G- (X0 + Y0) € Ix C F*, (deg(GY) = 1)
— Gl e (Xo+Yo) o F)*.
Now, we need to distinguish between two cases.

If by > 2, then ((Xo+ Yp)o F)* = (a:'fl RN ygo_lyll’1 . -yf;{‘)L. Therefore, since deg G} =
deg G} =1, we have
G} = a; Xy and G} = a} Xy, for some a},a}, € C.
So, from (9), we have that XYy + af Xo(Xo + Yo) € Ix, and, multiplying by Xy, since XoYy € Ix,
we get
a’k/XS’ e€lxg, fork=1,...,n.
Since the coefficients of zg in the L!’s are different from 0, it follows that af = 0, for all k£ =
1,...,n. Therefore, XYy € Ix, for all k = 1,...,n. Hence, we get that L7 € V(Xo,..., Xp), for
j=1,...,r9, and we have
L;/ = 04,0Y0 + ...+ 5j,mym-
From (8), since XY) € Ix, we obtain that
XoY; + CL;X()(X() +Yy) € Ix = Xo(YV1 + (LEX()) € Ix.

Consider the points P; = (®;0,-- ., ®in,0,Bi1,...,0im) € X (i =1,...,r1) associated to the L"’s.
Since Xo(Y; + a;Xo) € Ix and oy # 0, for any ¢ = 1,...,ry, it follows that

big = —ajaip, foralli=1,...,rpand [ =1,...,m.
Hence
1 1
Z (Lé)d = Z (Oéi,o(ﬂﬁo —ayy + . — GYm) F @iz ai,nxn)d-
i=1 i=1
Now, observe that, setting yp = ... =y, = 0 in (7), we obtain that
T1
zoxt - xpn = Z(Oéi,ofﬂo o )b
i=1
so, replacing x¢ with (zo —ajy1 + ... — a),ym) we get that
T1 71
Z (L;)d = Z (ai70(9c0 —ad\y1 + . — A ym) Ty amxn)d
i=1 i=1

!/ !/ a a
= (xo —a1y1 + ... — A Ym) 2yt T
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It follows that

T2
F =z - a% fyhoyht oyl = (g —alyr + ... — ayym) 2t - aln —1—2(5]-,03/0 o 8 mym)
j=1

Therefore, looking at the coefficient of the monomial z{*---z%"y;, we obtain —a; = 0, for any
l=1,...,m. Hence from (8), we get XoY; € Ix for any I =1,...,m.

If by = 1, then ((Xo+ Yp) o F)* = (w‘l“ Czln bt --yf,;")i. Therefore, from (8) and (9) we
have

G; = )Xo + b)Yy and G, = aj. X + b,.Yp, for some aj, by, aj, by, € C.
Since XYy € Ix, we have, for any [ =1,...,m,
X0V + (0] X0 + b)Y0)(Xo + Yo) € Ix = XoY] + aj X3 + b)Y§ € Ix
= XV + a1 X5 = X5 (Vi + a1 Xo) € Ix.
Considering the points P; = (aj0,...,%n,0,8i1,...,68im) € X (i =1,...,r1) associated to the

L"’s, since a;o # 0, it follows that b;; = —aja0, forall i =1,...,ry and I =1,...,m.
Analogously, considering the monomials XYy, for any k =1,...,n, we get v;, = —b[J; 0.
Hence, recalling that L) = o ozo + ... + ®inZn + Biiy1 + - - . + BimYUm, We get

1 1
d
(10) Z(L;)d = Z (ciolzo —diyr + ... — apym) + ... + Ainy)".
i=1 i=1
Now, by setting yo = ... =y, = 0 in (7), we obtain
1 T2
zozit - zdn = Z(aw:po +...+ aimxn)d + Z(fyj’lxl + ..+ ’yj’nxn)d.
i=1 j=1
By (10) and this equality, replacing xo with (zg — ajy1 + ... — al,ym), we obtain
T1 T2
Z(L/i)d = (zo —adyr +... — almym)fﬂcfl Tt — Z(%’,lﬂﬁ +.oo+ %’,nl‘n)d-
i=1 j=1

Analogously, we get

T1 T1

Z(Lg)d = (yo — bz +... - ngn)ylfl e yfﬁ" - Z(/Bi,lyl +..t ﬁi,mym)d‘
i=1 i=1
Thus,
F = (z0— dyy1 + - — @)t - -air + (yo — by + .. = b))yl -y
71 T2
= (Biayi -+ Bimym) =Y (v + -+ i)
i=1 j=1
Looking at the coefficient of the monomial z{*---z%y; (I = 1,...,m), we get a; = 0. Similarly,
considering the coefficient of the monomial xkyll’l coeybm (B=1,...,n) we get L=

Now, substituting a; = 0 in (8), we get that
XoY + b)Yy € I
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multiplying by Yy, since XYy € Ix, we have that bEYO?’ € Ix, for any I = 1,...,m. Since the points
corresponding to the L’s have the coefficient of yo different from 0, it follows that b, = 0 and,
therefore, XoY; € Ix.
Analogously, we can prove that aj = 0, for all k = 1,...,n and, consequently, that X;Yj € Ix.
This concludes the proof of the Claim. [l

So we have proved that
L= ajoxo+ ... 4 QinTn, LT =0850y0+ ... 4 0jmYm,

and so
71 r2
(11) My = woad - aln =S L My =yt -yl =S L,
i=1 =1

therefore, r; > rk(M;), for i = 1,2. Since r; +ry = rk(F) = rk(M;) +1rk(M2z), we have that actually
r; = rk(M;), for i = 1,2. Thus, the expressions in (11) are minimal decompositions of M; and My,
respectively. It follows that Wr C Wy, UW,y,. Since the opposite inclusion is trivial, we conclude

the proof.
O

5.1. Open problems. There are several aspect that we consider to be worth of further investiga-
tion. Here we list some example.

(1) It is not clear to us whether some of our results hold when weaker assumptions are made.
Consider, for example, Theorem 4.6 for any monomial and not only when all exponents are at least
two. Similarly, we do not know if Theorem 3.19 holds in the case of b = 2.

(2) In all of our results Fr is never empty and we conjecture that this is the case for any form
F. Roughly speaking, the more Waring decompositions of F' we have, the smaller Fr should be.
Thus, this last conjecture, seems to have a strong relation with forms of high Waring rank which
usually have many sum of powers decompositions. Note, for example in the case of plane cubics,
that the smallest Fr occurs for F' of type (10), that is for plane cubics of mazimal Waring rank.

3) It would be interesting to consider the sets Wt formed by t-uples of linear forms appearing
F

(F)

in the same minimal Waring decomposition of F. Note that Wi = Wy, while W}k is the well

known variety of sum of powers VSP(F') defined in [RS00].

(4) When we are able to find an ideal defining Fr this ideal is often not radical. Thus, the scheme
of forbidden points comes with a non reduced structure, but it is not clear what this is telling us
about F'.
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