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In this paper, we study the properties of a geochemical model involving aqueous and precipitationdissolution reactions at a local equilibrium in a diluted solution. This model can be derived from the minimization of the free Gibbs energy subject to linear constraints. By using logarithmic variables, we define another minimization problem subject to different linear constraints with reduced size. The new objective function is strictly convex, so that uniqueness is straightforward. Moreover, existence conditions are directly related to the totals, which are the parameters in the mass balance equation. These results allow us to define a partition of the totals into mineral states, where a given subset of minerals are present. This precipitation diagram is inspired from thermodynamic diagrams where a phase depends on physical parameters. Using the polynomial structure of the problem, we provide characterizations and an algorithm to compute the precipitation diagram. Numerical computations on some examples illustrate this approach.

Introduction

Many environmental studies rely on modeling geochemical reactions such as aquifer contamination, underground waste disposal, remediation. In some of these applications the reactions can be assumed to be fast compared with their environment and so the reactions are considered in a local equilibrium. In this latter case, the model involves non-linear algebraic equations [START_REF] Bethke | Geochemical Reaction Modeling : Concepts and Applications[END_REF]. Here, we focus on aqueous and precipitation-dissolution reactions so only liquid and mineral species are involved. Many applications consider geochemical reactions coupled with hydrodynamic processes as in reactive transport model [START_REF] Lichtner | Continuum formulation of multicomponent-multiphase reactive transport[END_REF]. It is therefore of great interest to get a deep knowledge of the geochemical properties and to solve efficiently the algebraic equations.

We consider here a diluted solution, as in some reactive transport models such as [START_REF] Hoffmann | A general reduction scheme for reactive transport in porous media[END_REF][START_REF] Kräutle | The semismooth Newton method for multicomponent reactive transport with minerals[END_REF] or some exercises such as the MoMaS benchmark [START_REF] Carrayrou | Reactive transport benchmark of MoMaS[END_REF][START_REF] Carrayrou | Comparison of numerical methods for simulating strongly nonlinear and heterogeneous reactive transport problemsthe MoMaS benchmark case[END_REF]. We use an approach based on the definition of primary and secondary aqueous species, which are related by mass action laws [START_REF] Zeleznik | Calculation of complex chemical equilibria[END_REF]. Regarding the minerals, their appearance or disappearance is governed by saturation thresholds. The mathematical model is completed by mass balance equations, with so-called totals which are given data of the system, as for example in [START_REF] De Dieuleveult | A global strategy for solving reactive transport equations[END_REF][START_REF] Leal | An overview of computational methods for chemical equilibrium and kinetic calculations for geochemical and reactive transport modeling[END_REF].

In order to solve the non-linear equations resulting from the geochemical model, the main challenge is to find out which minerals are precipitated and which ones are dissolved, in other words to check whether saturation thresholds are active or not. Some numerical algorithms are based on a combinatorial approach [START_REF] Migot | Gas phase appearance and disappearance as a problem with complementarity con-straints[END_REF][START_REF] Bethke | Geochemical and biogeochemical reaction modeling[END_REF][START_REF] Parkhurst | Description of input and examples for PHREEQC version 3: a computer program for speciation, batch-reaction, one-dimensional transport, and inverse geochemical calculations[END_REF]. Because the system can be formulated as a non-linear complementarity problem [START_REF] Cottle | The Linear Complementarity Problem[END_REF], numerical algorithms are frequently based on semi-smooth Newton methods [START_REF] Georget | A speciation solver for cement paste modeling and the semismooth Newton method[END_REF][START_REF] Kräutle | The semismooth Newton method for multicomponent reactive transport with minerals[END_REF] or interior-point methods [START_REF] Leal | Computational methods for reactive transport modeling: a Gibbs energy minimization approach for multiphase equilibrium calculations[END_REF][START_REF] Saaf | Computing general chemical equilibria with an interior-point method[END_REF][START_REF] Saaf | A study of reactive transport phenomena in porous media[END_REF].

Complementarity problems have been extremely popular in the field of optimization theory and have been extensively studied, [START_REF] Facchinei | Finite-dimensional variational inequalities and complementarity problems[END_REF] and references therein. Many first-order optimality conditions of a minimization problem with inequality constraints can be cast as a complementarity problem. In the other way round, the geochemical model can be viewed as first-order optimality conditions.

This approach was previously used connected with the minimization of the Gibbs energy, see for instance in [START_REF] Shapiro | Mass action laws and the Gibbs free energy function[END_REF][START_REF] Smith | Chemical Reaction Equilibrium Analysis: Theory and Algorithms[END_REF]. More recent theoretical studies also took this path in the context of reactive transport in [START_REF] Brunner | Multiphase multicomponent flow in porous media with general reactions: efficient problem formulations, conservative discretizations, and convergence analysis[END_REF][START_REF] Hoffmann | A general reduction scheme for reactive transport in porous media[END_REF][START_REF] Leal | An overview of computational methods for chemical equilibrium and kinetic calculations for geochemical and reactive transport modeling[END_REF]. The Gibbs energy is a function of all the species (primary and secondary aqueous species, minerals). Linear constraints are the mass balance equations (dimension the number of aqueous components) and positive quantities of minerals (dimension the number of minerals). Minimizing the Gibbs energy with these constraints is a convex problem, ensuring a global minimum. However, it requires additional assumptions or transformations to get existence or uniqueness, see for instance [START_REF] Brunner | Multiphase multicomponent flow in porous media with general reactions: efficient problem formulations, conservative discretizations, and convergence analysis[END_REF][START_REF] Shapiro | Mass action laws and the Gibbs free energy function[END_REF].

In this paper, we propose a different formulation, which is new as far as we know. The objective function is based on the mass balance equation and the mass action laws, whereas linear constraints are conditions on the saturation thresholds. Under mild assumptions on the stoichiometry, we can prove that the first-order optimality conditions are nothing else than the geochemical model considered. This minimization problem has several merits compared to the aforementioned one. The variables of the objective function are only the aqueous components and the number of constraints is only the number of minerals. Moreover, the objective function is strictly convex, so that it is easy to assess the uniqueness of a solution. The analysis of existence is directly related to the totals, which are input data of the model. Finally, the strict convexity as well as the reduced dimensions would allow interesting numerical performances.

In order to do so, we have to use logarithmic variables for the aqueous species, thus to assume that the variables are strictly positive. This usage of logarithms is quite common in the literature, see for example [START_REF] Carrayrou | Looking for some reference solutions for the reactive transport benchmark of momas with specy[END_REF][START_REF] Erhel | Analysis of a global reactive transport model and results for the MoMaS benchmark[END_REF][START_REF] Hoffmann | A parallel global-implicit 2-d solver for reactive transport problems in porous media based on a reduction scheme and its application to the momas benchmark problem[END_REF][START_REF] Mayer | Solution of the momas reactive transport benchmark with min3pmodel formulation and simulation results[END_REF][START_REF] Sabit | Les méthodes numériques de transport réactif[END_REF]. In this paper, we carefully analyze the mathematical model and prove that it is equivalent to a reduced system with only strictly positive aqueous variables, completed by an independent trivial system with non negative aqueous variables. To the best of our knowledge, our theoretical justification of logarithms is different from the literature, as in [START_REF] Brunner | Multiphase multicomponent flow in porous media with general reactions: efficient problem formulations, conservative discretizations, and convergence analysis[END_REF][START_REF] Shapiro | Mass action laws and the Gibbs free energy function[END_REF].

As we already pointed out, one motivation is to characterize the set of precipitated minerals and the complement set of dissolved minerals. First, we charac-terize the set of data T such that there exists a solution. Therefore, we can associate the totals in T to a unique geochemical system. Then, we introduce the concept of precipitation diagram. More precisely, we build a partition of the set T such that each subset is associated to a geochemical system with a given set of precipitated minerals. This partition defines a diagram, in the same spirit as thermodynamic diagrams (or stability diagrams), see for instance [START_REF] Connolly | An automated strategy for calculation of phase diagram sections and retrieval of rock properties as a function of physical conditions[END_REF][START_REF] De Capitani | The computation of equilibrium assemblage diagrams with Theriak/Domino software[END_REF]. However, in our case, the axis are the total concentrations and not some physical quantities like the pressure or the temperature.

We propose to build precipitation diagrams thanks to symbolic computations. This approach provides a graphical view of the conditions under which some minerals can precipitate. With numerical values of given totals, the symbolic approach can compute the solution, although this is not the main objective. Moreover, the diagram can be used in the context of reactive transport models, for example to provide an initial guess of non-linear algorithms or to find out in which subset are the totals. Then the complementary problem could be replaced by an easier system of equations, which can be solved by a classical Newton's method.

We developed a software in Maple and used it for several test cases. These experiments show that precipitation diagrams are quite complex, even for simple examples. Thus, it would not be easy to compute them numerically. We also point out that the CPU and memory requirements are reasonable.

The paper is organized as follows: in Section 2, we describe the geochemical model and show that it can be reduced to equations with strictly positive variables, justifying the use of logarithmic unknowns. We introduce an elementary example of geochemical systems as a common thread throughout the paper. Then, in Section 3, we define the equivalent optimization problem and prove uniqueness of the solution along with some results of existence. We provide an example where existence is conditioned by the totals. Based on these theoretical outputs, we introduce in Section 4 our concept of a precipitation diagram. Our numerical experiments of Section 5 illustrate the complexity of these diagrams and the information they provide. Finally, we discuss some future work in Section 6.

A Model for Geochemistry

In this section, we describe a mathematical model for geochemistry, which has already been used in the context of reactive transport, see [START_REF] Erhel | Analysis of a global reactive transport model and results for the MoMaS benchmark[END_REF][START_REF] De Dieuleveult | A global strategy for solving reactive transport equations[END_REF][START_REF] Sabit | Les méthodes numériques de transport réactif[END_REF]. We consider a species/components model frequently used in geochemistry modeling as in [START_REF] Bethke | Geochemical Reaction Modeling : Concepts and Applications[END_REF] or [START_REF] Steefel | Approaches to modeling of reactive transport in porous media[END_REF].

We consider here aqueous and precipitation-dissolution reactions, so that species can be in solution or minerals. For the sake of simplicity, we do not include reactions with fixed species other than minerals.

We first describe the mathematical model, then we show that we can consider aqueous species with positive concentrations. Therefore we can introduce an equivalent model with logarithms.

Mass action laws and mass balance equations

We consider here a diluted aqueous solution, so that the activity of water is equal to 1 and the activity of an aqueous species is equal to its molar concentration. We also assume that a precipitation-dissolution reaction involves only one mineral.

A model of this type is proposed in the MoMaS benchmark [START_REF] Carrayrou | Reactive transport benchmark of MoMaS[END_REF][START_REF] Carrayrou | Comparison of numerical methods for simulating strongly nonlinear and heterogeneous reactive transport problemsthe MoMaS benchmark case[END_REF]. These assumptions are also done in some numerical models of reactive transport [START_REF] Hoffmann | A general reduction scheme for reactive transport in porous media[END_REF][START_REF] Kräutle | The semismooth Newton method for multicomponent reactive transport with minerals[END_REF].

Aqueous species can be split through a Morel table [START_REF] Morel | Principles and application of aquatic chemistry[END_REF]. Variables of the problem are then the concentrations of the primary aqueous components c ∈ R Nc + , those of the secondary aqueous species α ∈ R Nα + , and the quantities of minerals p ∈ R Np + . All of them are non-negative quantities.

Without loss of generality, the stoichiometric coefficients can be chosen as integers. Let S ∈ Z Nα×Nc be the stoichiometric matrix for aqueous reactions associated with the positive constants of reaction κ α ∈ R Nα , κ α > 0.

The law of mass action is directly used to model chemical equilibrium [START_REF] Leal | An overview of computational methods for chemical equilibrium and kinetic calculations for geochemical and reactive transport modeling[END_REF]. Here, because aqueous species can vanish, we write the law of mass action in a product form [START_REF] Sabit | Les méthodes numériques de transport réactif[END_REF][START_REF] Shapiro | Mass action laws and the Gibbs free energy function[END_REF]:

α i (c) = κ αi k∈{1,...,Nc:S ik =0} c S ik k , i = 1, ..., N α .
Remark 1 Since for all k, c k ≥ 0, then for all i, α i ≥ 0. Moreover, if, for some i S ik < 0, then the law of mass action requires c k > 0.

Precipitation-dissolution reactions cannot be treated in the same way, since the activity of a mineral is constant. These are heterogeneous reactions, which are represented with a matrix E ∈ Z Np×Nc of integer stoichiometric coefficients and a vector of solubility products denoted by κ p ∈ R Np with κ p > 0. Appearance and disappearance of the mineral j, j = 1, . . . , N p , are governed by a saturation threshold γ j (c) defined by

γ j (c) = k∈{1,...,Nc:E jk =0} c E jk k , j = 1, ..., N p .
So, there are two possible cases, either the fluid is undersaturated and there is no mineral, p j = 0, κ pj -γ j (c) > 0, j = 1, ..., N p , or the fluid is saturated and the mineral is present,

p j ≥ 0, κ pj -γ j (c) = 0, j = 1, ..., N p .
By convention we use a strict inequality in the undersaturated case to avoid any confusion. This kind of equilibrium problem is well-known in optimization theory under the name of complementarity problem, [START_REF] Cottle | The Linear Complementarity Problem[END_REF]. This problem may be reformulated as

p ≥ 0, κ p -γ(c) ≥ 0, p T (κ p -γ(c)) = 0.
The model is completed by a mass balance equation, written for each primary aqueous component. Let T ∈ R Nc be the vector of total concentrations, which is given data in the context of a closed geochemical system. The mass balance equation is then written

T = c + S T α(c) + E T p.
Finally, combining these three equations gives the geochemical model:

       c + S T α(c) + E T p -T = 0, p T (κ p -γ(c)) = 0, p ≥ 0, κ p ≥ γ(c), c ≥ 0, and c k > 0 ∀k ∈ Z, (1) 
with Z = {k : 1 ≤ k ≤ N c , ∃i S ik < 0 or ∃j E jk < 0}.
This system is a closed system of (N c + N p ) equations with inequality constraints. With our assumptions the coefficients are integer, so that all the expressions are polynomials. This observation will be used in Section 4.3.

The Gibbs energy G(c, α, p) is defined by chemical potentials for c ≥ 0, α ≥ 0, p ≥ 0. The usual gradient of G uses logarithms and requires c > 0, α > 0 [START_REF] Shapiro | Mass action laws and the Gibbs free energy function[END_REF]. If G is defined in the domain c > 0, α > 0, then equations [START_REF] Migot | Gas phase appearance and disappearance as a problem with complementarity con-straints[END_REF], where the constraint c ≥ 0 is replaced by c > 0, are nothing else than the KKT conditions applied to the minimization of the Gibbs energy, G(c, α, p), subject to the mass conservation law and the constraint p ≥ 0 [START_REF] Leal | Computational methods for reactive transport modeling: a Gibbs energy minimization approach for multiphase equilibrium calculations[END_REF]. Since G is convex and the constraints are linear, the KKT conditions are necessary and sufficient provided that the constraints are feasible.

A logarithmic model

In order to use log(c), we have to study systems where an aqueous species could vanish. We first get rid of the particular case of a tracer, which appears for example in the MoMaS benchmark.

When a stoichiometric coefficient S ik is zero, the component c k does not participate in the reaction involving the secondary species α i (c). Similarly, it does not participate in the reaction with the mineral p j if E jk = 0. A particular case arises when all the coefficients associated to a component are zero, which does not react with any other species. Such a component is called a tracer. We already noticed in Remark 1 and in ( 1) that if at least one stoichiometric coefficient S ik or E jk is negative, then c k must be positive.

We now consider the case where all coefficients S ik and E ik of a component c k are non-negative. If the total T k of a component c k is zero, then this component is absent, as well as the secondary species and minerals associated. Such cases appear in the MoMaS benchmark.

Proposition 2 We assume that ∀i, S ik ≥ 0, ∀j, E jk ≥ 0 and that the k th mass balance equation is satisfied. Then, T k ≥ 0. Moreover, if T k = 0, then c k = 0, and S ik α i (c) = 0, i = 1, . . . , N α , E jk p j = 0, j = 1, . . . , N p .

Proof By definition, the k th mass balance equation is written

T k = c k + i∈{1,...,Nc:S ik =0} S ik α i (c) + j∈{1,...,Nc:E jk =0} E jk p j .
The conclusions follow as the right-hand side is a sum of non-negative terms.

Remark 2 With the assumptions of Proposition 2, the model has no solution if T k < 0.

Proposition 3 We assume that ∀i, S ik ≥ 0, ∀j, E jk ≥ 0. We also assume that (c, p) is solution of (1). If T k > 0, then c k > 0.
Proof Note that (c, p) solution of (1) implies that the k th mass balance equation is satisfied and so T k ≥ 0 by the previous proposition.

We prove that if c k = 0, then T k = 0. First, we notice that c k = 0 implies ∀i, S ik α i (c) = 0 and ∀j, E jk γ j (c) = 0. Now, if E jk > 0, then γ j (c) = 0 < κ pj thus p j = 0 by the complementarity condition in [START_REF] Migot | Gas phase appearance and disappearance as a problem with complementarity con-straints[END_REF]. Finally, ∀j, E jk p j = 0, thus T k = 0. Therefore, any tracer and any component associated to non-negative coefficients with a null total can be removed from the system. Moreover, the secondary species or minerals associated with this component can also be removed from the model. Indeed, the reactions involving a primary component with a zero concentration can be removed from the system.

All in all, it is possible to define a reduced model where all the concentrations c k of the primary components are positive.

Proposition 4 Model (1) is equivalent to a reduced model and a trivial model, where in the reduced model:

-There is no tracer: ∀k, ∃i, S ik = 0 or E ik = 0.

-All the components are reactive: ∀k, c k > 0.

-All the secondary species are reactive: ∀i, α i (c) > 0.

-All the saturation thresholds are positive: ∀i, γ i (c) > 0.

and, in the trivial model:

-For a tracer k: c k = T k . -For a component k with ∀i, S ik ≥ 0, ∀j, E jk ≥ 0 and T k = 0: c k = 0 and ∀i, S ik α i (c) = 0,∀j, E jk p j = 0.
Proof The result follows by combining Remark 1 with propositions 1, 2 and 3.

From now on, we consider such a reduced model, where the number of primary components is still denoted by N c and the positivity constraint is now c > 0:

   c + S T α(c) + E T p -T = 0, p T (κ p -γ(c)) = 0, c > 0, p ≥ 0, κ p ≥ γ(c).
(2) Finally, we can introduce logarithmic variables and define an equivalent model. In this result and through the rest of the paper the logarithm and exponential of a vector are taken componentwise, that is log(z) = (log(z i )) 1≤i≤n and exp(z) = (exp(z i )) 1≤i≤n for all z ∈ R n .

Proposition 5 Model (2) is equivalent to the comple- mentarity problem    exp(x) + S T exp(log(κ α ) + Sx) + E T p -T = 0, p T (Ex -log(κ p )) = 0, p ≥ 0, Ex ≤ log(κ p ), (3) 
where x = log(c).

It can be noted that some conditions on T are necessary to ensure the existence of a solution.

Corollary 1 If a primary component k has only non negative stoichiometric coefficients and if T k ≤ 0, then system (2) has no solution.

Proof If the stoichiometric coefficients associated to the primary component k are non-negative, the corresponding total mass (exp(x) + S T exp(log(κ α ) + Sx) + E T p) k is strictly positive. Thus, if there exists a solution, the total T k satisfies T k > 0.

Example with two salts: sodium chloride and potassium chloride

We conclude this section by giving a first example of a geochemical system in order to illustrate and highlight some characteristics. Chemical reactions are only precipitation-dissolution in order to simplify the presentation. Therefore, there are as many reactions as minerals and the system is defined by the stoichiometric matrix E and the solubility products κ p .

This first example, with two salts, considers precipitation of sodium chloride N aCl and potassium chloride KCl, involving the three aqueous components, sodium ion N a + , potassium ion K + and chloride ion Cl -. The two reactions, along with the solubility products, are summed up in the following table:

Mineral Reaction κ p N aCl N aCl N a + + Cl -37.5837 KCl KCl K + + Cl - 7.6208
The stoichiometric matrix of this system is:

E 1 0 1 0 1 1 , which is of full rank N p .
Since all the coefficients are positive, the data T must satisfy T > 0.

Equivalence with an Optimization Problem

We already noticed that system (1) is the first-order optimality condition for minimizing the Gibbs energy subject to the mass balance law and non-negativity of the mineral quantities.

In this section, we prove that the geochemical system (3) is the first-order optimality condition of another minimization problem, with an objective function and inequality constraints of reduced dimensions. This result is the keystone for studying existence and uniqueness of solutions of the geochemical model. Furthermore, this study is directly related to the totals T , which are the parameters of the mass balance law. Another approach could use variational analysis tools, for instance from [START_REF] Facchinei | Finite-dimensional variational inequalities and complementarity problems[END_REF].

Objective function and inequality constraints

We first define the objective function of the optimization problem for x ∈ R Nc by f (x) = e T Nc exp(x) + e T Nα exp(log(κ α ) + Sx) -T T x, (4) where e n is the vector of dimension n whose components are all ones.

The function f is C ∞ in R Nc with a gradient given by ∇f (x) = exp(x) + S T exp(log(κ α ) + Sx) -T, and a Hessian matrix given by [START_REF] Brunner | Multiphase multicomponent flow in porous media with general reactions: efficient problem formulations, conservative discretizations, and convergence analysis[END_REF] where D(y) denotes a diagonal matrix with the elements of y on the diagonal.

∇ 2 f (x) = D (exp(x)) + S T D (exp(log(κ α ) + Sx)) S,
Then, we define inequality constraints by denoting the feasible set:

F = {x ∈ R Nc , g(x) ≤ 0},
where g(x) = Ex -log(κ p ). Clearly, the feasible set is convex.

A typical assumption that we will use in the sequel to guarantee non-emptiness of F is to require E to be a full rank matrix.

Lemma 1 Assume that E is of full rank. Then, F is non-empty.

Proof For E a full rank matrix, there exists a solution of the equation Ex = log(κ p ).

Finally, we introduce the convex minimization problem min

x∈F f (x). ( 6 
)
Remark 3 The objective function f is based on mass balance and constraints are saturation limits, so that problem [START_REF] Buchberger | Ein algorithmus zum auffinden der basiselemente des restklassenrings nach einem nulldimensionalen polynomideal[END_REF] has N c unknowns and N p linear constraints.

On the other hand, minimizing the Gibbs energy G and satisfying mass balance and positivity of minerals involves generally (N c +N α +N p ) variables and (N c +N p ) linear constraints. Reduced dimensions would be useful in numerical solving algorithms.

Uniqueness of a solution

We are now able to prove the equivalence between the model (3) and the minimization problem [START_REF] Buchberger | Ein algorithmus zum auffinden der basiselemente des restklassenrings nach einem nulldimensionalen polynomideal[END_REF]. Indeed, the complementarity problem is nothing else than the Karush-Kuhn-Tucker (KKT) optimality conditions [START_REF] Bonnans | Numerical optimization: theoretical and practical aspects[END_REF]. Uniqueness of a solution immediately follows.

We first show that the objective function is strictly convex:

Lemma 2 The Hessian matrix of f , denoted ∇ 2 f (x), is symmetric positive definite for any x and the function f is strictly convex in R Nc .

Proof The elements of the diagonal matrices in the Hessian matrix given in (5) are positive. Any matrix of the form S T DS, where D is a diagonal matrix with positive elements, is symmetric positive semi-definite, while the diagonal matrix exp(x) is symmetric positive definite (spd). Thus, for all x, the matrix ∇ 2 f (x) is also spd.

The strict convexity of f follows as a consequence.

Remark 4 It can be shown, with some assumptions or a change of variables, that the Gibbs energy is also strictly convex, see for example [START_REF] Shapiro | Mass action laws and the Gibbs free energy function[END_REF][START_REF] Brunner | Multiphase multicomponent flow in porous media with general reactions: efficient problem formulations, conservative discretizations, and convergence analysis[END_REF][START_REF] Hoffmann | A general reduction scheme for reactive transport in porous media[END_REF]. Here, the strict convexity of f is straightforward.

From this lemma, and using the linearity of the constraints, it becomes easy to prove that the equations (3) are the KKT conditions of the minimization problem [START_REF] Buchberger | Ein algorithmus zum auffinden der basiselemente des restklassenrings nach einem nulldimensionalen polynomideal[END_REF] and to prove the uniqueness of a solution.

Theorem 1 Assume that the feasible set is non-empty, i.e. F = ∅. Then, equations (3) are equivalent to solving the minimization problem [START_REF] Buchberger | Ein algorithmus zum auffinden der basiselemente des restklassenrings nach einem nulldimensionalen polynomideal[END_REF]. Moreover, if the minimization problem has a solution, it is unique.

Proof We first note that any x ∈ F satisfies a linear constraint qualification. Since the objective function f is convex, the feasible set is non-empty convex and a linear constraint qualification is satisfied at any feasible point, the KKT conditions are necessary and sufficient. Using the gradient of f and the Jacobian E T of g, it appears that these KKT conditions are exactly equations (3). Thus, x is a solution of (6) if and only if there exists a Lagrange multiplier p ∈ R Np such that x and p are solutions of (3).

Uniqueness of x is ensured by the strict convexity of f , [START_REF] Kyparisis | On uniqueness of Kuhn-Tucker multipliers in nonlinear programming[END_REF], proved in Lemma 2.

If we further assume that the matrix E is of rank N p , the Lagrange multiplier is also unique.

Corollary 2 Assume that the matrix E is of rank N p . If the minimization problem has a solution, then it is unique and the Lagrange multiplier p is unique.

Proof Note that the feasible set is non-empty here thanks to Lemma 1.

The gradients of the inequality constraints are the lines of the matrix E and are linearly independent if E is of rank N p . Thus, any x ∈ F satisfies a linear independence constraint qualification (LICQ), so that if there is a solution, then the Lagrange multiplier p is unique. [START_REF] Kyparisis | On uniqueness of Kuhn-Tucker multipliers in nonlinear programming[END_REF].

Consequently, Corollary 2 guarantees uniqueness of the solution of the geochemical system (3), whenever such solution exists.

Existence of a solution

In Corollary 1, we have shown that, with non-negative stoichiometric coefficients, the existence of a solution requires that T > 0. Now, we prove that, for any full rank stoichiometric matrix E, there exists a solution of (6), provided that T > 0.

Theorem 2 Assume that the matrix E is of rank N p , and that T > 0. Then, the geochemical model ( 2) has a unique solution.

Proof Let F (x) = e T Nc exp(x) -T T x, x ∈ R Nc , clearly ∀x ∈ R Nc , f (x) > F (x). Now, ∀k = 1, . . . , N c , lim x k →+∞ (exp(x k ) -T k x k ) = +∞; since, by assumption T k > 0, we also have ∀k = 1, . . . , N c , lim x k →-∞ (exp(x k ) -T k x k ) = +∞.
Thus the function F is coercive, in other words lim x →+∞ F (x) = +∞, and it follows that the function f is also coercive.

This property ensures the existence of a solution of the minimization problem, since ( 6) is a problem of minimizing a continuous coercive function over a closed set. The result follows using Corollary 2, which ensures uniqueness of the solution of (2).

Remark 5 Some assumptions are also required to prove the existence of a solution which minimizes the Gibbs energy. Here, these assumptions are directly related to the totals T .

We denote by T the set of totals T such that the problem has a solution. This set is then easy to define when all the stoichiometric coefficients are positive.

Corollary 3 Assume that S ≥ 0 and the matrix E is of rank N p with E ≥ 0. Then, the geochemical model (2) has a solution if and only if T > 0:

T = {T ∈ R Nc , T > 0}
Proof The result follows from Corollary1 and Theorem 2.

However, in the general case, it seems quite challenging to find the set T , as illustrated by the following example.

Example with two minerals: calcite and gypsum

We consider here an example where one of the stoichiometric coefficient is negative. The two reactions involve two minerals, calcite CaCO 3 and gypsum CaSO 4 , with three aqueous components, hydrogen ion H + , calcium ion Ca 2+ and sulfate ion SO 2- 4 . We simplify the mathematical model with the following assumptions: the activity of carbon dioxide CO 2 is equal to 1, and the solubility product of calcite is equal to 1.

Mineral Reaction

κp CaCO 3 CaCO 3 + 2H + Ca 2+ + CO 2 + H 2 0 1 CaSO 4 CaSO 4 Ca 2+ + SO 2- 4 4 10 -5
The stoichiometric matrix E is given by

E = -2 1 0 0 1 1 , which is of rank N p .
The following result provides necessary and sufficient conditions on T for the existence of a solution.

Proposition 6

The set T is given by

T = {(T 1 , T 2 , T 3 ) ∈ R 3 , T 2 > 0, T 3 > 0, T 1 + 2T 2 > 0}.
Proof Mass balance equations and positivity constraints imply the necessary conditions T 2 > 0, T 3 > 0 and

T 1 + 2T 2 > 0.
Now, we show that they are sufficient. Recall that f (x) = exp(x 1 ) + exp(x 2 ) + exp(x 3 ) -

T 1 x 1 -T 2 x 2 -T 3 x 3 , and that g 1 (x) = -2x 1 + x 2 - log(κ 1 ), g 2 (x) = x 2 + x 3 -log(κ 2 ).
For k = 2 and k = 3, the functions exp

(x k ) -T k x k are coercive since T k > 0. If x 1 is finite or x 1 → +∞, then lim |x2|→+∞ f (x) = +∞. Now, since g 1 (x) ≤ 0 we have -x 2 ≥ -2x 1 -log(κ 1 ) thus, since T 2 > 0, also -T 2 x 2 ≥ -2T 2 x 1 -T 2 log(κ 1 ) and finally f (x) ≥ exp(x 1 )+exp(x 2 )+exp(x 3 )-T 3 x 3 - (T 1 + 2T 2 )x 1 -T 2 log(κ 1 ). Since T 1 + 2T 2 > 0, for any (x 2 , x 3 ), we get lim x1→-∞ f (x) = +∞.
We conclude that the function f is coercive and that the minimization problem has a solution.

Precipitation Diagram

Throughout this section, we assume that the matrix E is of full rank. Then, for any T ∈ T , there is a unique solution of the chemical model, which is the speciation of the geochemical system associated with the data T . It gives the positive concentrations of the primary components (the unknown c or x = log(c)) and the nonnegative quantities of the minerals (the Lagrange multiplier p). Now, we propose to characterize this speciation by the presence or lack of each mineral. Then, the aim is to find the subset of totals T leading to a speciation with a given subset of precipitated minerals. We build a partition of T into so-called mineral states, associated to subsets of minerals. This partition defines a diagram, in the same spirit as thermodynamic diagrams [START_REF] Connolly | An automated strategy for calculation of phase diagram sections and retrieval of rock properties as a function of physical conditions[END_REF][START_REF] De Capitani | The computation of equilibrium assemblage diagrams with Theriak/Domino software[END_REF].

This diagram can be formally defined by using the notions of strongly active or weakly active constraints. We first give some definitions based on the optimization problem, then propose a procedure to compute the diagram using symbolic calculus.

Definitions

For T ∈ T , we denote by (x(T ), p(T )) the unique solution of the minimization problem [START_REF] Buchberger | Ein algorithmus zum auffinden der basiselemente des restklassenrings nach einem nulldimensionalen polynomideal[END_REF] with the data T . We characterize the geochemical system by the minerals, introducing the subset M (T ) ⊂ {1, 2, . . . , N p } of precipitated minerals defined by

M (T ) = {i, p i (T ) > 0}. ( 7 
)
Conversely, let I be a subset of {1, 2, . . . , N p } and Ī its complement set. We call a mineral state associated to I the subset of T such that, for any T in this subset, M (T ) = I.

Definition 1 A mineral state associated to a subset I of {1, 2, . . . , N p } is defined by

M I = {T ∈ T : M (T ) = I},
where M (T ) is defined by [START_REF] Carrayrou | Looking for some reference solutions for the reactive transport benchmark of momas with specy[END_REF]. In other words, the constraints with indices in the subset I are strongly active:

This definition builds a partition of the space T into at most 2 Np mineral states, which we call a precipitation diagram.

Proposition 7

The non-empty mineral states build a partition of T . We call this partition a precipitation diagram.

Proof By definition of M (T ), it holds ∪ I M I = T . Moreover, for all I, J such that M I and M J are nonempty, then

I = J =⇒ M I ∩ M J = ∅.
The mineral states are interfaced by what we call state boundaries, which are obtained by removing a mineral which is dissolved and still at saturation. Therefore, each mineral state is associated to at most N p boundaries and there are at most N p 2 Np-1 non-empty boundaries (since each of them is defined by one given mineral and a subset of the other N p -1 minerals).

Definition 2 A state boundary of the mineral state associated to I and j ∈ I is defined by

M I\{j} ∩ {T ∈ T : p j (T ) = g j (x(T )) = 0}.
In other words, the constraint of index j is weakly active and those of other indexes in I are strongly active.

The intersection of boundaries is a special state where all minerals are dissolved and still at saturation. We call it the critical state.

Definition 3

The critical state is the subset C defined by

C = {T ∈ T : ∀i ∈ {1, 2, . . . , N p }, p i (T ) = g i (x(T )) = 0}.
In other words, all constraints of the critical state are weakly active.

Example with two salts: sodium chloride and potassium chloride

Let us illustrate these definitions by the example with two salts of Section 2.3. Here, all the totals must be strictly positive to ensure a unique solution.

We further assume that the species satisfy electrical neutrality. Using the charge of each ion, the balance equation can be written c 1 +c 2 -c 3 = 0, thus c 3 = c 1 +c 2 can be eliminated from the equations.

By combining the mass balance equations, we also get the property T 1 + T 2 -T 3 = 0, thus we can restrict the study to only two parameters T 1 , T 2 .

The 2D precipitation diagram, with T 1 > 0 and T 2 > 0, is shown in Figure 1.

The space is divided into four states, with four boundaries. The critical set is the point (T 1,c T 2,c ):

T 1,c = κ 1 / √ κ 1 + κ 2 , T 2,c = κ 2 / √ κ 1 + κ 2 .
The four state boundaries are:

T 1 = T 1,c , T 2 = T 2,c , T 1 (T 1 + T 2 ) = κ 1 , T 2 (T 1 + T 2 ) = κ 2 .
Here, it is easy to compute by hand the solutions and to characterize the diagram. However, for more complex geochemical systems, the task becomes tricky. 

Computing a precipitation diagram

We propose to follow a combinatorial approach exploring the 2 Np possible mineral states and using symbolic computations. This framework is tractable for a moderate number of minerals, say a dozen. A by-product of this procedure will be to get a symbolic expression of the solution (c, p), but the main objective is to build the precipitation diagram.

The combinatorial approach should be more robust than fixing a mesh-grid on the domain of T and repeatedly computing numerically the mineral state. Indeed, as can be seen in Figure 1, it might be easy to miss a phase if the mesh size is not large enough. In Figure 3, it might also be difficult make the difference between a zone without solution and a numerical failure. On the other hand, it might become very costly to refine the mesh near the boundaries.

We come back to the non-logarithmic system (2). Because we consider integer stoichiometric coefficients, equations are polynomial equalities and inequalities, which define semi-algebraic sets. Therefore, solving means finding solutions depending on algebraic numbers, which are roots of univariate polynomials.

In order to simplify the symbolic computations, we can take advantage of some invariants, such as the charge balance described for the example with two salts.

Invariants with conservative variables

Since we assume that the matrix E is of full rank N p , the QR factorization of the matrix E T yields an orthogonal matrix (Q 1 , Q 2 ) ∈ R Nc×Nc and a non-singular triangular matrix R ∈ R Np×Np such that

E T = (Q 1 , Q 2 ) R 0 = Q 1 R.
It can be noted that EQ 1 = R T and EQ 2 = 0. It follows that p can be written as

p(c) = R -1 Q T 1 (T -c -S T α(c)). (8) 
Also, the variables Q T 2 c are decoupled from minerals thanks to the relation

Q T 2 T = Q T 2 (c + S T α(c)). (9) 
Finally, these simplifications lead to a model involving only the N c variables c:

   Q T 2 (c + S T α(c)) = Q T 2 T, p(c) T (κ p -γ(c)) = 0, c > 0, p(c) ≥ 0, κ p ≥ γ(c). (10) 
The quantities Q T 2 c are called conservative variables, because they are often related to some balance equation. In many cases, these equations can be used to eliminate some unknowns, in order to simplify the precipitation diagram. A similar transformation was used in [START_REF] Hoffmann | A general reduction scheme for reactive transport in porous media[END_REF] to simplify the system and prove strict convexity of the Gibbs energy.

An example is the charge balance, when the primary components are ions. The corresponding vector q in Q 2 represents the charges of these ions. In order to ensure electrical neutrality, it is common to require that q T T = 0. This invariant can be used to remove a parameter T k and to eliminate the unknown c k .

Symbolic computations

Let M I with I ⊂ {1, 2, . . . , N p } be a given mineral state and let T ∈ T be a parameter of the symbolic procedure. Then T ∈ M I if and only if (c(T ), p(T )) satisfies: [START_REF] Connolly | An automated strategy for calculation of phase diagram sections and retrieval of rock properties as a function of physical conditions[END_REF] where p(c) is given by [START_REF] Carrayrou | Reactive transport benchmark of MoMaS[END_REF].

               Q T 2 (c + S T α(c)) -Q T 2 T = 0, γ i (c) = κ pi , ∀i ∈ I, p i (c) = 0, ∀i ∈ Ī, c > 0, p i (c) > 0, ∀i ∈ I, γ i (c) ≤ κ pi , ∀i ∈ Ī,
We recall that this system can usually be simplified by using conservative variables and balance equations.

In this form, it is a set of N c polynomial equations with N c positivity constraints, and N p polynomial inequalities. We first solve the N c polynomial equations and get solutions in terms of algebraic numbers, which are function of T . We keep only those such that c > 0.

Then, these computations allow to simplify the polynomial inequalities that now depend on the algebraic numbers computed in the previous step. Thus, we get an implicit description of the state boundaries in function of T .

Different approaches exist to obtain a description of the solutions of a set of polynomial equations. The usual way of representing this set of solutions is through a triangular system of equations, sometimes called regular chains. A different approach consider the rational univariate representation of F. Rouillier [START_REF] Rouillier | Solving zero-dimensional systems through the rational univariate representation[END_REF]. Several methods exist to compute a triangulation of a polynomial system, probably the most used one is to compute Gröbner bases [START_REF] Sterk | Some tapas of computer algebra, volume 4 of Algorithms and Computation in Mathematics[END_REF][START_REF] Faugere | Efficient computation of zero-dimensional Gröbner bases by change of ordering[END_REF]. This tool is in general useful as it also determines if the system is inconsistent and if it has a finite or an infinite number of solutions. The oldest and most well-known method to compute such a basis is the Buchberger's algorithm [START_REF] Buchberger | Ein algorithmus zum auffinden der basiselemente des restklassenrings nach einem nulldimensionalen polynomideal[END_REF], but more recent and efficient methods were developed, for instance Faugère's F4 and F5 algorithms [START_REF] Faugere | A new efficient algorithm for computing Gröbner bases (F 4)[END_REF]. Computation of a Gröbner basis requires in the worst case d 2 O(n) operations where d is an upper bound on the degrees of the polynomials and n the number of variables. Nowadays, most of the computer algebra systems contain routines to do so. So we do not get into the details of these computations.

Numerical Experiments

In this section, we show numerical results with three examples. Precipitation diagrams were computed with a code developed in Maple TM , implementing the symbolic procedure described above.

These diagrams are computed only once for a given geochemical system. Nevertheless, time and memory requirements could be high, regarding the number of mineral states and boundaries. We provide CPU and memory measurements for the last example, with 64 states.

Three salts: sodium chloride, potassium chloride, and carnallite

We consider here an example with three minerals, sodium chloride N aCl, potassium chloride KCl and carnallite KM gCl 3 , reacting with four aqueous components, sodium ion N a + , potassium ion K + , magnesium ion M g 2+ and chloride ion Cl -. The three reactions and the solubility products are given in the following table: The stoichiometric matrix E of this system is given by

E =   1 0 0 1 0 1 0 1 0 1 1 3   .
Since the matrix E is of full rank N p and all the coefficients are non-negative, the set of parameters T with a unique solution is given by

T = {T ∈ R Nc , T > 0}.
The kernel of E has one vector q defined by the charges of ions: q = (1, 1, 2, -1) T . Thus, the charge balance is a conservative variable and electrical neutrality requires that T 1 + T 2 + 2T 3 = T 4 . As described above, we use electrical neutrality to remove the total T 4 and the concentration c 4 of chloride ion. The 3D precipitation diagram, with T i > 0, i = 1, 2, 3, is shown in Figure 2. There is only one critical point (T 1,c , T 2,c , T 3,c ). The state with three precipitated minerals is bounded by the three hyperplanes:

T 1 = T 1,c , T 2 = T 2,c + T 3 -T 3,c , T 3 = T 3,c .
More details can be found in [START_REF] Migot | Analyse mathématique de modèles géochimiques[END_REF]. 

Two minerals: calcite and gypsum

This example was already described in Section 3.4.

Here too, the matrix Q 2 has one vector which is defined by the charge of ions. Electrical neutrality allows to remove the total T 3 and the concentration c 3 of sulfate ion.

The 2D precipitation diagram is shown in Figure 3. The critical set is the point (T 1,c T 2,c ) where T 1,c is the unique positive solution of κ 1 y 3 (1/2+κ 1 y)-κ 2 = 0 and T 2,c = κ 1 T 2 1,c . The four state boundaries are given by T

1 = T 1,c , T 2 = T 2,c + 1/2(T 1,c -T 1 ), T 2 = κ 1 T 2 1 , T 2 (1/2T 1 + T 2 ) = κ 2 .

Acid mine drain

We now give an example coming from the literature of acid mine drain, [START_REF] Molson | Reactive transport modelling of acid mine drainage within discretely fractured porous media: Plume evolution from a surface source zone[END_REF]. An acid mine drain (AMD) is an acid mineral solution which appears in some kind of mines or in the context of waste storage. The presence of AMD leads to acidification of the water and appearance of sulphuric acid (H 2 SO 4 ). Figure 4 gives the various species in the initial porous media. We are interested in the precipitation-dissolution reactions of Figure 5. The solubility products come from the database MINTEQ/A2.

In order to simplify the chemistry, we consider only the minerals and the primary species. So, we get a stoichiometric matrix E with three independent systems, .

Even if the polynomial equations possess a favorable structure, there are still a high number of states (2 6 = 64) to explore. In the We observe that our symbolic software was able to compute the precipitation diagram quite quickly, with low memory requirements. The time and memory required to load the library of functions used in the computation are here to make a comparison point. Since the generation of the reduced chemical system involves only very simple operations, it requires almost no time and memory. Computing each mineral state with its boundaries out of 64 subsets is the most expensive step, as expected.

Conclusion and Perspectives

The study presented in this article shows some of the main characteristics of a geochemical system, considering a diluted solution with aqueous and precipitationdissolution reactions. We introduced a new minimization problem, with a strictly convex objective function. It was then straightforward to show that under mild classical assumptions the geochemical system has at most one solution. We also discussed existence of this solution with conditions on the totals in mass balance equations, which are here parameters of the model. We defined a set of totals such that the geochemical system has a unique solution.

Then, we introduced a precipitation diagram which provides a partition of this set into the various possible states of mineral reactions. We gave some characterization of this diagram and described a symbolic procedure to compute it, based on the polynomial structure of the problem. Numerical results using a code developed in Maple illustrated some examples of precipitation diagram and showed that the whole computation is actually reasonable in time and memory.

Reactive transport modeling is one of the main applications using the geochemical model. It is clear that the computation of a precipitation diagram cannot be included in a full code for this application since in this case the non-linear equation has to be solved millions of time. However, it can be very useful in describing the chemical reactions and so it can be used to find a good initial point for a numerical code or to compute the exact solution in a verification process. These extensions to reactive transport and applications of the precipitation diagram are left for further research.

Our results currently apply to diluted solutions, with a simplified model of activities. An important perspective is to extend them in a more general context, where activities are functions of the quantities of species.

Proposition 1

 1 Let c k ≥ 0 be an aqueous tracer: ∀i, S ik = 0 and ∀j, E jk = 0. If the k th mass balance equation is satisfied, then T k ≥ 0 and c k = T k . Proof The k th mass balance equation is reduced to T k = c k and c k ≥ 0.
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 1 Fig. 1: Precipitation diagram with the two salts N aCl, KCl.
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 2 Fig. 2: Precipitation diagram with the three salts N aCl, KCl and KM gCl 3 .
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 3 Fig. 3: Precipitation diagram with calcite and gypsum (simplified system).
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 4 Fig. 4: Chemical species in the Acid Mine Drain test case from [29].
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 54 Fig. 5: Mineral reactions and constants in the Acid Mine Drain test case from [29].

  Table below, we provide the time and memory required for the different steps of computations.

	Steps	Time (in sec.)	Memory (in MB)
	Loading function library	0.96	33.93
	Generation of the reduced	< 1	< 1
	chemical system		
	Computation of every phase	2.14	16.00
	Total	3.18	49.93