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Abstract

We are interested in the numerical approximation of the hydrostatic free surface
incompressible Navier-Stokes equations. By using a layer-averaged version of the
equations, we are able to extend previous results obtained for shallow water system.
We derive a vertically implicit / horizontally explicit finite volume kinetic scheme
that ensures the positivity of the approximated water depth, the well-balancing
and a fully discrete energy inequality.

Keywords : Incompressible Euler and Navier-Stokes sytems, free surface flows, layer-
averaged model, finite volumes, kinetic solver, hydrostatic reconstruction, discrete en-
tropy inequality, IMEX scheme.
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1 Introduction

Shallow water equations |7, 1| have been widely used to model free surface geophysi-
cal fluid flows. This hyperbolic system can be derived from free surface incompressible
Navier-Stokes equations by integration along the vertical direction and under a long
wave approximation, that implies in particular an hydrostatic distribution of the pres-
sure at the leading order [12]. Due to this reduction of dimension, it is much more easy
to deal with in a numerical point of view. Nevertheless it is not suitable for certain
situations - stratified flows, wind-driven vertical circulation... In these cases, it is neces-
sary to come back to three dimensional models but the hydrostatic assumption remains
mostly valid, leading to consider the hydrostatic Navier-Stokes equations, also known
as primitive equations [10, 13, 5, 14, 17|, see also [20, 19] for a general introduction to
ocean models. In a previous work [4]|, we introduced a layer-averaged approach to deal
with this hydrostatic Navier-Stokes system in a framework that shares (forgetting for a
while the viscous part to concentrate on Euler equations and advective processes) some
hyperbolic properties with the shallow water equations. Our main result in this work is
to propose a vertically implicit and horizontally explicit colocated finite volume scheme
to compute approximate solutions of this layer-averaged model for which we are able to
prove positivity of the water depth and a fully discrete energy inequality.

It is well known that incompressible hydrostatic Euler and shallow water equations
satisfy some invariant domain properties since the water depth of the flow remains non-
negative. Moreover regular solutions satisfy an energy equality. Extending the theory
developed for scalar hyperbolic equations, one assumes the energy associated to discon-
tinuous solution, that acts as a mathematical entropy, has to decrease through the shocks.
To extend these properties to the numerical approximation is not straightforward. A
huge literature was devoted to derive explicit colocated finite volume scheme for the
shallow water equations including topography source terms, but, up to our knowledge,



only very few schemes are endowed with these properties [23, 7|. In a recent work [2],
a kinetic framework was used to prove that the hydrostatic reconstruction technique [1]
associated to a kinetic scheme |21, 22, 3| is able to provide, under a classical CFL condi-
tion, approximate solutions of the shallow water system with topography source terms
that are positive and satisfy a fully discrete entropy inequality with a right hand side, or
let say an error term, that is proved to be proportional to Az? with a constant that is
independent of the regularity of the solution - that may develop discontinuities since one
deals with hyperbolic system. This inequality is the key step to prove the convergence
of the scheme [8]. Thanks to the similarity between the shallow water equations and
the layer-averaged model for hydrostatic Euler equations, it is possible to extend the
kinetic framework and the hydrostatic reconstruction technique, and then parts of the
previous proof, to the latter. But the new terms related to the vertical direction makes
the things more intricate, and the fully explicit finite volume scheme originally proposed
in [4] may suffer from a very restrictive CFL condition in some situations. In this work,
we then propose a new implicit discretization of the exchange terms in the vertical di-
rection that allows us to obtain entropy satisfying approximate solutions under the same
CFL condition as for the shallow water system. Up to our knowledge, it is the first time
this kind of result is obtained in this two dimensional (z, z) context. From a practical
point of view, the linear problem to solve in the implicit part is restricted to the vertical
direction and its size is then proportionnal to the number of layers that are introduced
in the model, independently of the horizontal discretization. The added CPU cost is
then strictly limited.

The outline of the paper is as follows : in Section 2, we recall the free surface in-
compressible hydrostatic Navier-Stokes equations ; in Section 3, we consider the inviscid
Euler version of the equations and introduce the layer-averaged model and its kinetic de-
scription and we derive the related IMEX kinetic scheme ; in Section 4, we demonstrate
the discrete energy inequality, first, on flat bottom and, second, including a bottom
topography ; finally, in Section 5 we extend the results to the Navier-Stokes case.

2 The Navier-Stokes system

We begin by considering the two-dimensional hydrostatic incompressible Navier—Stokes
system [15] describing a free surface gravitational flow moving over a bottom topogra-
phy z,(x). For free surface flows, the hydrostatic assumption consists in neglecting the
vertical acceleration, see [10, 13, 5, 14, 17| for justifications and mathematical analysis
of the obtained models.



2.1 The hydrostatic incompressible Navier-Stokes system

We denote with = and 2z the horizontal and vertical directions, respectively. The system
reads

ou Ow
I 1
ox * 0z 0, (1)
@+8_2L2+82L_w+@—azxx 0%y (2)
ot  Ox 0z or  Ox 0z’

0z 9 ox + 0z’ (3)

and we consider solutions of the equations for

t>1ty, xR, z(r)<z<nltx):=htz)+ ),
where 7)(t, z) represents the free surface elevation, h(t,z) the water depth, u = (u, w)?
the velocity vector and g the gravity acceleration.
The chosen form of the viscosity tensor is

ou ou Ow

Y = 24— Yo = U(— + —
o Koz v M(8z+ 8:6)’

ow ou  Ow

2z :2,1157 2o :M(%_'_%%

where p is a dynamic viscosity.

2.2 Boundary conditions

The system (1)-(3) is completed with boundary conditions at the bottom and at the
free surface. The outward unit normal vector to the free surface n, and the upward unit
normal vector to the bottom n, are given by

1 _on 1 _ 9%
HS:72< f:v>7 nb:—2< 1(996)’
0 0z
1+ (5) 1+ (52)
respectively. We then denote with X1 the total stress tensor, which has the form:

Z$$ ZZ'Z
21 = —Pla+t ( S T, ) '
2.2.1 Free surface conditions

At the free surface we have the kinematic boundary condition

on on N
a+usa—x—ws—0, (4)



where the subscript s indicates the value of the considered quantity at the free surface.
Assuming negligible the air viscosity, the continuity of stresses at the free boundary

imposes
Yrng, = —png, (5)

where p® = p(t, z) is a given function corresponding to the atmospheric pressure.

2.2.2 Bottom conditions

The kinematic boundary condition at the bottom consists in a classical no-penetration
condition:

825 8zb
E + Uba—l’

that reduces to u, - n, = 0 when 2, does not depend on time t.
For the stresses at the bottom we consider a wall law under the form

— Wy = 0, (6)

tb . ZTIlb = RUy - tb,

where t, is a unit vector satisfying t, - n, = 0. If x(up, h) is constant then we recover
a Navier friction condition as in [12]. Introducing a laminar friction k; and a turbulent
friction k;, we use the expression

K(up, h) = ki + kih|up|,

corresponding to the boundary condition used in [16]. Another form of k(up, h) is used
in [9], and for other wall laws the reader can also refer to [18]. Due to thermo-mechanical
considerations, in the sequel we will suppose k(up,h) > 0, and s(up, h) will be often
simply denoted by k.

2.3 Energy balance

We recall the fondamental stability property related to the fact that the hydrostatic
Navier-Stokes system admits a mechanical energy

u2
E(t,x,z) = E+gzv (7)

leading to the following relation for smooth solutions

] (e 40 - u<2u2—+w<§f; %))

—_2/ @ _ @_'_a_w + aw
-k ox 2\ 0z Oz 0z

Zb 2

O )y — p) 2~
8 pb p at l‘iub.




For the sake of simplicity, in the following we neglect the variations of the atmospheric
pressure p® i.e. p® = p§ with p§ = 0 and we also consider

825 o
= =0 9)

It follows the right hand side of (8) is nonpositive and the mean energy

E(t,r) = /77 E(t,z,z)dz

Zb

is not increasing in time.

3 The layer-averaged Euler system

In this section, we present a simplified derivation of the layer-averaged system that was
introduced in [4]. As the main result of this work is related to a discrete entropy in-
equality, we focus on the energy property of the model.

Neglecting the viscous effects (we come back to the Navier-Stokes system in Section
5), we consider the hydrostatic Euler equations in a conservative form

ou Ow
7t o =0, (10)

ou ou? Ouw dp

Tt s (11)
dp

Kinematic boundary conditions (4) and (6) remain unchanged while the equality of
stresses at the free surface (5) reduces to

The energy balance (8) reduces to the equality

0

n 0 n
E/ZbEdsza—x/Zbu(Eij)dz:O. (14)

Note that using (12) and (13) the pressure p(t,z,z) can be computed has a function
depending only of the free surface and the vertical coordinate. Moreover, using the
divergence free condition (10) and the boundary condition (6), the vertical velocity can
be computed as a function of the horizontal velocity and the vertical coordinate. It
follows the unknowns of the system reduce to the water depth h(t,x) = n(t,z) — z(x)
and the horizontal velocity u(t, z, z), that will appear even more explicitly in the layer
averaged version presented below.



3.1 Discretization of the fluid domain

.....

each layer L, corresponds to the points satisfying z € Lo (t,2) = [2a—1/2; Zat1/2) With

{ Zar1/2(t, @) = 2p(2) + D00 Lih(t, @), 2170(2) = 2(2) (15)
ha(t, ) = Zag1)2(t, ) — Za—12(t, @) = lA(t,2), a€[l,...,N|,

with ; >0, Y27 1; =1, see Fig. 1.

Figure 1: Notations for the multilayer approach.

3.2 Layer-averaged model

Let us consider the space ]P’év ht of piecewise constant functions defined by

IP’éY;f = {lLicron(2), ac{l,...,N}},

where 1.cr, (12)(2) is the characteristic function of the interval L (t,z). Using this
formalism, the projection of u, w on IP’éV;f is a piecewise constant function defined by

N
XNz, 2, {za},t) = Z Uz 12 rzas ) (2) Xa(t, @), (16)
a=1

for X € (u,w).
In the following we focus on the following layer-averaged model approximating the
incompressible hydrostatic Euler system (10)-(12)

Oh o Ohgug
— =0. 17
ot "2 on 17)
Ohy g, 0 0z
o + B (haui + ghah> = _ghaﬁ—; + tat1/2Gat1/2 — Ua—1/2Ga-1/2, (18)
where the mass exchange terms G, 1/, satisfy
< ahj ahjUj
_ i 1
Goti/2 ; < 5 + B , (19)
Gny2 = Gipp =0, (20)

and the interface velocities 1,419 are defined using an upwinding strategy

o Uq if Ga+1/2 S 0
Uat1/2 = { Ugyr if Ga+1/2 > 0. (21)
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Remark 3.1 In the monolayer case o = 1, system (17)-(18) with boundary conditions
(20) reduces to the classical shallow water equations, see [7, 1].

Relation (18) is obtained by integrating the momentum equation (11) on the layer
L., while the integration of the divergence equation (10) on the same domain leads to

% . Ohgtg

ot ox
Relations (20) directly follow from the kinematic boundary conditions (4) and (6). Then
global mass equation (17) and definition of the mass exchange terms (19) are deduced

by summing relations (22) over layers L, for j varying from 1 to N or from 1 to «
respectively.

- Ga+1/2 - Ga71/2~ (22)

Remark 3.2 The mass exchange terms G172 can be defined by using only derivatives
in space that correspond to partial mass fluxes. It follows from the global mass equation
(17) and the definition of the layer depth (15) that relation (19) may be written

Ohju; Ohru
Gay12 = Z( L —1; Z - k) (23)

j=1

Proposition 3.3 The layer-averaged system (17)-(18) admits, for smooth solutions, the
layer energy balance

0 0 gh u?
anz + % <ua (Ea + ?ha>) — <ua+1/2ua - ? + gn) Ga+1/2

ug
- (Ua1/2ua D) + 977) Ga-1/2, (24)

u? h
E, = h, [f—i—g(i—i—zb)].

It follows the global energy inequality

% <ZE ) —1—2 (Zua (E —|—g h )) Zl U‘Cll+1 _ua |Ga+1/2‘ (25)

a=1

where E,, is defined by

N)

where the right hand side is obviously nonpositive.

Remark 3.4 The layer energy E, is not the meanvalue on a layer of the pointwise
energy E associated to Euler equations and defined by (7). The reason is we are not
interested in a local kinetic energy associated to momentum equation per layer (18) but
in a global potential energy associated to the global mass conservation (17). According
to that, it is easy to check that

2
S B = e g |f+a)




Relation (25) has then to be compared to relation (14) for Euler equations. It appears
that the vertical layer-averaging introduces numerical diffusion, as it is usually the case
for spatial discretization associated to an upwinding strategy, see (21).

Proof of prop. 3.3 Numerical computations to obtain relation (24) from the layer
mass (22) and momentum (18) equations are a straightforward generalization of what is
usually done for the classical shallow water model. More precisely, multiplying momen-
tum equation (18) by u, and using (22) leads to

2 haui _|_g ho‘ui _|_g %h + gh %
ot \ 2 oz \"* Oz \ g o) Ha T JlallaTy s

u2

o ug,
= (Ua+1/2ua - ?) Ga+1/2 - (ua—l/Zua - ?) Ga—1/27

Now multiplying mass equation (22) by gn = g(h+ z,) and using relations (9) and (15)
leads to

) 0 (gh Ohate Ohaug
a(gzbha) + a <7ha> Zh O + gh O

Adding both relations and using (15) for the pressure term, we obtain the energy relation
per layer (24). The global energy inequality (3.3) follows by adding these relations for
all layers and using the upwind definition of the interface velocities (21). W

= (Ga+1/2 - Ga—l/Q) gm.

Remark 3.5 Note that multiplying relation (10) and integrating over the layer L, leads
to the following equality

% (Zi+1/2 ; Z§1/2> i 5% (ziJrl/? ; zi,lp ua> dz = hyw,

+2a41/2Gat1/2 = Za—1/2Ga1/2,

that may be used as a postprocessing to compute the layer vertical velocity w,,.

3.3 Kinetic description

In this paragraph we first give a kinetic interpretation of the system (17)-(24) and then
we establish some properties of the proposed discrete scheme. It is a generalization to
the layer-averaged framework of kinetic interpretations proposed for other fluid models,
see [3, 23, 22|. Note that a first kinetic interpretation of the layer-averaged model was
introduced in [4]. Here we propose an improved version and we derive an energy balance
at the kinetic level.



3.3.1 Kinetic interpretation

Let us define the vector of unknowns
Ua = (ha, haua)T, U = (h, hlul, ey hNUN)T, (26)

we also denote ¢, = haleg.
To build Gibbs equilibria, we choose the function

oo = 1y /1- 5 (27)

This choice corresponds to the classical kinetic maxwellian used in [23] for example and
that is defined for £ € R by

hoz - Uq la 1/2 Ewa
M, = M(Ua,f) = —Xo <€ . ) - —(29h - (5 - ua)Q) = [o M, (28)
c c gm n
with
c=1/2h.
2
The definition of M, given by Eq. (28) will be used extensively in the following.
The kinetic maxwellian satisfies the following moment relations,

/ M (U, €) dé = ha, / EM (U, €) dE = hous,
R R

(20)
/ M (U, €) dE = bl + h, 2
R

Now we introduce a second list of Gibbs equilibria N,y1/2 associated to the mass ex-
change terms between layers and defined by

Ga - Uy
Nas1/2 = N(Ua, Unss, ) = —22122 xo(g ““/2), a=1,...,N-1  (30)

Cc Cc

completed by the boundary conditions Ny /2 = Nyj1/2 = 0, see (20). Due to the upwind
definition of the interface velocity (21), definition (30) is equivalent to

Ga+1/2— Ma if Ga+1/2 S 0

Ma+1/2’ Ma+1/2 N { Ma-i—l if Ga+1/2 >0 (31)

Na+1/2 =
It follows from relations (29) that

/Na+1/2 g = Ga+1/27 /fNa+1/2 g = Ga+1/2ua+1/2- (32)
R R

10



Remark 3.6 It is clear from definitions (30) and (27) that Nqy1/2 is well-defined for all
values of h > 0. It is not easy to prove it remains bounded when the water depth vanishes.
But it is sufficient for our purpose to note that one can characterize its behavior since,
in the sense of distributions,

We are now equipped to exhibit the kinetic interpretation of the layer-averaged model

(17)-(18).

Proposition 3.7 The functions (h,u) defined by (16) are strong solutions of the sys-
tem (17)-(18) if and only if the sets of equilibria {My}_,, {Nay1/2}2 o are solutions of
the kinetic equations defined by

OM, | My _ 020,
a1 or  Jor oc

(Ba) — Nptijg+ Nooijp=Qa, a=1,....N (33)

The quantities Q. = Qu(t,x, &) are “collision terms” equal to zero at the macroscopic
level, i.e. they satisfy a.e. for values of (t,x)

/R Qi =0, /R EQudt = 0. (34)

Proof of proposition 3.7 The proof relies on averages w.r.t the variable & of Eq. (33)
by using relations (29) and (32). Then using (34), the quantities

3 [Ba)de [ s ae

respectively give (17) and (18) that completes the proof. B

There are a lot of functions that satisfy the integral relations (29). The interest of
the kinetic maxwellian defined by (28) lies in its link with the kinetic entropy

2 2,2
Ha(f7§72b> :la (%f_'_gg-

f3+gzbf) :laH<f7§72b>7 (35)

where f >0, £ € R, z, € R. Indeed one can check the relations

Ea = la/ H(Momgazb)dga
R

U (Ea + ghah) — 1, /RgH(Ma,g,zb)dg.

11



Proposition 3.8 The solutions of the kinetic equation (33) are entropy solutions in the
sense they satisfy on each layer the kinetic energy inequality

8 v 8 —-— 621, 8 —_—
EH(MOH ga Zb)+§%H(Mom ga Zb) - g%a_fH(Ma’ ga Zb)
Ga+1/2 =7 Ga71/2 =7
S h H(MOH-l/Z)g)Zb) - H(Ma—1/27€7zb)

g’ Ga+1/2

(Ma—i—l/Z + QMa)(Ma—i—l/Z - Moz)Q

6 h
212 Go1/2 ~— . _
- gT h1/2 (Ma—l/Q + 2Ma)(Ma—1/2 - Ma)2
2,2 Ga _ Ga— L
Ty M 4 0 H (Mo, 6.2) Qo (37)

Integration in & and sum on « of relations (37) lead to a global macroscopic energy
inequality, that is analog to (25)

a=1
9 o9 N—-1

G. _ B
< STy G [ (T 4 L)W - Tl (39)
a=1 R

Proof of Proposition 3.8 Kinetic energy inequality (37) is obtained by multiplying
the kinetic equation (33) by OH (M, &, z), where 0; denotes the derivative in the first

it" wvariable. Indeed, it is easy to see that (remember the topography z, does not depend
on time)
— oM, [ Jp—
O H(M,,¢&, == —H(M,,§, ),
1H(Ma, &, 20)—— = 5 H(Ma, &, %)

likewise we have

— oM, .0 _ — — 0z
galH(Mom ga Zb) ox - ga_{L‘H(MO” 67 Zb) - 583H(Mom ga Zb)ﬁ—x’
and
8Zb —_— 8Ma o 621, 0 —-— 621, —_—
_9%61H<Ma7 57 zb)a—g - _g%a_gH<Ma7 57 Zb) + ga—x62H<Mau g? Zb).
But it follows from definition (35) of the kinetic energy that
0z — — 0z
ga—;aQH<Ma7 ga Zb) - §63H(Ma7 57 Zb)a—xb =0.

It remains to obtain a suitable expression for the quantity 81H(Ma, £, zb)NaH/g. Let’s
denote

1 1
Na = §(N04+1/2 _'_ Na—1/2)7 GCV = §(G0€+1/2 + Go‘_l/Q)’

12



it follows from (31) that

G _ _ .
;1/2 OH(Ma, &, 2)(Mayr2 — Ma)

Ga - Ga T AT
n %alH(Ma,g, 2)Ma, (39)

ONH (Mg, & 2)(Nayi2 — Na) =

and the definition (35) of Ho(M, &, 2) gives us
H(Ma-i-l/Qa ga Zb) - H(Mom ga Zb) + alH(MOm g? Zb) (Moé-i-l/Q - MOJ)

927T2 7 SVIRYaVi 7 \2
+75 (Magryp +2Mo)(Magijo — Ma)™. (40)
Relation (39) together with (40) leads to
— Ga+1/2 =7 Goz Vi
81H<Maaguzb)<Na+1/2 _NCV) = h H(Ma+1/27£7zb) - TH(Moméwzb)

_ g*n? Gagpe R CPRY GaM:s

6 h 3 h <«

and the same kind of relation occurs for 01 Hy (Mg, &, 2)(Na—1/2 — No). Kinetic energy
inequality per layer (37) obviously follows.

(Ma—i—l/Z =+ QM(J)(MOHJ/Z — M.+

In order to derive the global energy inequality (38), let’s now detail the right hand side
of relation (37), the left hand side being treated using integral relations (36). The first
line involves vertical kinetic exchange terms that vanish when summing on the layers.
Second and third lines involve nonpositive terms due to the upwind definition (31) of
the interface Mazwellian MaJrl/Q. They will lead to the monpositive right hand side in
relation (38). Finally, the terms in the last line have no particular sign at the kinetic
level. But after integration in &, one observes that

/ 9272 (Ga+1/2 - Ga71/2)
R 93 h

that can be interpreted as a macroscopic vertical exchange term and then vanishes when
summing on the layers. Moreover, due to the particular choice (28) for the kinetic
maxwellian M, one has

I s & (€ —ua)? w2

_ — 9 >

and it hence follows from integral relations (34) on the collision term that the last term
on the right hand side of (37) vanishes when integrating in &. A

Mod€ = Sh(Gasajz = Gaorjo)

We end this section with a last result that extends to the present layer-averaged
framework a subdifferential inequality and an energy minimization principle that were
exhibited in the classical shallow water framework in [2], see also [6] for the first use
of this approach. This result will be used in the next section to extend the entropy
inequality to the fully discrete case.

13



Lemma 3.9 (i) For any hy, > 0, u, € R, f >0, £ € R and with the definition of E,
given by (36)

Hf,6, ) = H (M€, 2) + EL(Us) (g) (f - 1.). (12)

(i) For any function f(£) nonnegative, setting h, = fR f(&)dé and hou, = fR Ef(&)dE

(assumed finite), one has

By <l, /R H(F(€). €. 2) d.

Proof The property (ii) follows from (i) by taking f = f(§) and integrating (42) with
respect to & since f and M, share the same first two moments. For proving (i), we first
notice that (remember that h, = l,h)

EL(Us) = (gh+ gz — ul /2, u),

and then
/ 1 2 52 (g B ua)2

E/(U,) ¢) = gh+ gz —ul /2 + Euy = 5 + gh+ g2 — -

Now the definition (28) of the mazwellian M, yields
2 ¢*m —
gh_(ﬁ—ua) _ 5 Mo if Ma>0,
2 is nonpositive if My =0,
Using relation (41), it follows that
at
B E (g) if M, >0,
alH(MCH 57 Zb) = 1 _ (43)
> E, (5) if M, = 0.

We conclude using the convexity of H, with respect to f, see definition (35),

H(fv ga Zb) > H(Monga Zb) + alH(Momga Zb) (f - Ma)

> H(Mg, & %) + E, Q) (f = Ma),

which proves the claim. W

14



3.3.2 Discrete model

The method proposed in [2]| in order to solve the Saint-Venant system from its kinetic
interpretation can be extended to the system (17)-(18) and its kinetic interpretation
given in Proposition 3.7. It is the purpose of this paragraph.

We would like to approximate the solution U(t,x), see (26), x € R, t > 0 of the
system (17)-(18) by discrete values U, i € Z, n € N. In order to do so, we consider a
grid of points 12, 1 € Z,

< xi*l/? < l’i+1/2 < l’i+3/2 < ...,
and we define the cells (or finite volumes) and their lengths

Ci :]xifl/% ffz’+1/2[> Ax; = Tit1/2 — Ti-1/2-

We consider discrete times ¢ with t"*! = ¢" + A", and we define the piecewise constant
functions U™(x) corresponding to time " and z(x) as

U'(x) =U" = (b, ai; - - ,qf(,,i)T, 2p(x) = 245,  for @10 < T < Tiy1)o.
A finite volume scheme for solving (17)-(18) is a formula of the form
Uz'nH = Uin - Ji(ﬂ+1/2f - i71/2+) + At"S;, (45)

where 0; = At"/Ax;, telling how to compute the values U knowing U} and discretized
values z;,; of the topography. The quantity S; is a source term accounting for the discrete
momentum exchange terms between each layer in (18). Here we consider first-order
explicit three points schemes where

Fz‘+1/2— = ]:l(Uin, UZH, ikl — Zi), Fi-i—1/2+ = ]:r(U@-n, UﬁH,ZiH - Zz)
The functions Fy,.(U, Uy, Az) € R? are the numerical fluxes, see [7].

The proposed discrete scheme is based on the equivalence between the kinetic and
the macroscopic levels stated in Proposition 3.7 and can be divided into three steps

e To construct the discrete kinetic maxwellian M, starting from the macroscopic
quantities U" and the definition (28)

l

_ la 1/2
gm

M;Lz(g) (QQhZ,z‘ — (£ - ng))Jr (46)

e To update the kinetic quantities through a finite volume scheme that will be pre-
cised hereafter to compute the quantities M Z;-rl’_. This step is in general performed

without considering the collision term and it follows that ngl’f is no more of a
maxwellian.
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e To compute the new macroscopic quantities U™ as the integral of the kinetic

quantities MZ’J{L_
vt = [ (¢) @ e

The difference between M gjl’* and M computed using (46) at time "1 can

i
be seen as an instantaneous relaxation on the maxwellian, see [7].

Such a kind of kinetic scheme was presented for the classical shallow water system in
[3], see also [7], and for the layer-averaged system (17)-(18) in [4]. In these works, the
kinetic step was fully explicit. Here, and in order to demonstrate stability properties, we
propose an implicit-explicit variant that is presented in details in the next section. Note
that for practical computations, the integration processes are not performed on the cell
unknowns but directly to compute macroscopic fluxes, as it will be explained hereafter.
It follows the presented scheme can be entirely written at the macroscopic level, avoiding
expensive computations at the kinetic level. Nevertheless, the kinetic interpretation is
an efficient way to demonstrate the properties of the scheme.

3.3.3 Discrete kinetic equation

Let us now detail the kinetic scheme we propose. It can be written in a one-step version

nglf =M,; —o; (fMa,Hl/z + 5Ma,i+1/2— - fMa,z‘—l/z - 5Ma,i—1/2+>

+ At”(Ngjll/;J — Ngjll/*u) (47)

or divided into an explicit and an implicit steps

MQ’Z =M,; —o; (fMa,Hl/z + 5Ma,¢+1/z— - fMa,i—1/2 - 5Ma,i—1/2+) (48)

M = M5+ A (NI — NI L) (49)

with o; = At" /Az;. To simplify the notations, we omit the variable £ and the superscript
". The quantities M, j+1/2 and 0 M, ;11/2+ respectively account for the conservative part
and the topography source term, their definitions will be precised later. The definition
of the quantity NIl requires a discrete extension of relation (31)

at1/2,i
G ML G, <0
N a+1/2,imz+1— N MZ"‘l—’ _ _g,i B a+l1/24 — 50
otl/2, hi™ o o Ma——:j it Golyps 20 )

where the discrete mass exchange term G,41/2; is computed using a discrete version of
relation (23)

AxiGoyr/2i = Z (/ E(Mj 172 — Mji—1/2)dE
j=1 R

N
—l; ;Aﬁ(Mp,i+1/2 - Mp,z‘l/z)d§> . (51)
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Remark 3.10 The analysis of the behaviour of the quantity Nai1/2 when the water
height vanishes is much more easy at the discrete level than at the continuous one, see
remark 3.6. Indeed, thanks to the choice of an implicit time discretization, we can prove
that this quantity remains bounded if the time step does not vanish, that will be proved
in the next section, see Th. 4.1. To prove the result, let us first note that the total
water depth is not affected by the implicit step (49) that takes into account the vertical
exchange terms. It follows that h}** = R but also that it is not the case for the
quantities th;l and hi;. Now, considering Eq. (49) for the lowest layer and using the
fact that Nf/;l[ =0 by definition, we get
AN = MY — MY,
and hence after integration in & it comes

Atnlng/Zi = h?jl - h?:; = llh’:‘”rl - h?:;

Since Y 35—y by = hi* = Rt we have hi; < Rt and this gives us the estimate

1 G2,
1— = <A<,
I~ prtt =

Using the same process for each layer from the bottom to the top, one can prove the
quantity Ga+1/2’i/h?+1 1s bounded for any «, even when the water depth vanishes.

The explicit step (48) is very similar to the kinetic scheme proposed in [3] and
analysed in [2] for the classical shallow water problem. We first prove hereafter that the
implicit step (49) leads to a well posed problem. Then, in the next section, we prove
the stability properties of the whole scheme (47). Using (50) and (51), the implicit step
(49) can be written

_Atn‘Ga+1/2,i|+Mn+1— + <1 . Atn|Ga+1/27i‘f - ‘Ga—l/Q,i|+> Mn_!_l_

n+1 at1,i pra
h’oz-l—l,i h’oz,i
G |
n| a—1/2,i|— n+l— __ n*
+ At n+1 Moz—l,i - Ma,i (52)
h
a—1,1
that is equivalent to solve the linear system
ntl— _ 7 rnx k _ k kT
with
|G3/2,il— |G3/2,il+
— : — : 0 0 0
T
Ga/2,il- - .
hé%ll : : 0 0
0 0 0
Gni = 0 Gacijpil-  |Garijail-—IGarjails  |Gasiailt 0
hok! hos' hos'
. . GN_1/2.
0 . - _%
Guornile Gara]
N—1/2,11— N—1/2i1+
o 0 0 2 =
N,i N,i
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Lemma 3.11 The matriz An,; = In + AtGy,; satisfies the following properties

(i) The matriz Ay ; is invertible for any h™ > 0 and then the linear system (53) has
a unique solution.

(i) Its inverse A]’V,li has only positive coefficients and then the kinetic density M~
15 positive if M is.

(iii) For any vector T with non negative entries i.e. T, > 0, for 1 < a < N, one has
AN T |loo < [T

and then the solution of the linear system (53) does not raise difficulties for any
h; > 0 even if h; is arbitrarily small.

Proof of lemma 3.11 (i) Let us first note that if h'™" = 0, we do not solve the
linear system (53) but simply impose that M"*'~ = 0. Now for any hIt" > 0,
the matriz A%’i is a strictly dominant diagonal matriz. It follows that Ay, is
wnvertible.

(ii) Denoting G%; (resp. Gi;) the diagonal (resp. non diagonal) part of Gy, we can
write

Ani=1Iy+ AtGy,; = (Iy + AtGY,) (In — (Iv + AtGS,) T (—AGHY))
where all the entries of the matrix
Ini=In + AtG?V,i)_l(_AtGXTC,li)’

are non negative and less than 1. And hence, we can write

(IN + AtGNﬂ')_l - J]]%,i’

k=0
proving all the entries of (Ix + AtGy,;)~! are non negative.
(iii) Let us consider the vector 1 whose entries are all equal to 1. Since we have
Iy + AtGy,;)"1 =1,

we also have
1=(Iy+AtGy,) "1,

Now let T be a vector whose entries {T,}1<a<n are non negative, then
(In + AtGp,) 'T < (Iy + AtGy,) 1T 0o = 1| T oo,

that completes the proof.
|
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4 Properties of the scheme

In this section, we examine the properties of the scheme (47).

4.1 Without topography
We first consider the problem without topography. The scheme (47) reduces to

MY, = M., — Uz‘f(Ma,i+1/2 — Ma,i—l/Q) (54)
M = M+ At"(Ngjj/—zi — Ngjj/; )
with
Maivi2 = lesoMag +1ecoMeaiv, (55)
Myi12 = lesoMaio1 + lecoMay. (56)

The discrete kinetic equations (54) allow to precise the numerical fluxes in (45) having
the form

N
E+1/2— - (Z Fha7’i+1/2—7 Fq17’i+1/2—7 ety FqN;i—}—l/Q—)Ta
a=1
with
Fhpiv1o- = / EMyiv1/2dE = EM,, ;d€ + EMy i1 dE,
R €0 €<0
Foiiije. = / EMypde = | EMosde + [ @M de.
R €0 €<0

Note that without topography the flux are conservative since

Fi+1/2— = Li+1/2+

It won’t be the case when we will introduce the topography in Section 4.2. The source
term S; in (45) is defined by

Si = Ua+1/2,z‘Ga+1/2,i - Ua—1/2,z‘Ga—1/2,i7 (57)
where g 1/2,; s defined by (21) and Gu1/2, is given by expression (51) that can be

rewritten under the form

a

N
AziGagiy2,i = Z (th,z‘+1/2— — Fhyic1j2e — Z(th,i—f—l/Q— — th,i—1/2+)> :

j=1 p=1

In the following proposition, we prove fundamental stability properties for the nu-
merical scheme (54).
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Theorem 4.1 Under the CFL condition

1 Ax;
A" < — S — 58
2 IO Tl + VT (58)

the scheme (54) satisfies the following properties
(i) The kinetic functions remain nonnegative ngl_ >0,V a,i,

(ii) One has the kinetic energy equality

n 1— J— ~
H(M ; & i) = H(Maiagazbi)_Ui<Ha,i+1/2_Ha,i71/2>

A (Hi e = Hi ) + i+ eais (59)

where ﬁa’iil/Q, ﬁail/zl' are defined by

H, iEtl/2 = gH(Ma,i:tl/%f sz‘+1/2) _£H<Ma,i7£7zb,i)7

Got1/2i o, ~mt1-

HZI%/EZ = T—i—l,H<Ma:l:1/2m§zbl)

and dy;, €q,; are given by
2 — —nx — — —
doz,i - g 0-16 ( a,i+1 + 2Moz,i + Oig(Mom‘ + 2Ma,i)) (Ma,i—l—l/Z - Ma,i)2(60)

7T J— — nx — N _
g Uzg ( a,i—1 + 2Ma,i + o-ig(Ma,i + 2Ma,i)) (Ma,i—l/Z - Ma,igél)

g 7T n Ga+1/2 i ,~—n+1— ——n+l—\ —n+l1— — 41—
At (MaJrl/Ql +2M0{Z )(Ma+1/2,i - Ma,i )2 (62)

6 hitt
+ e S T+ BT T - WY
—g26 i (M + 20 (Mo, — M), (63)
o g 2At" (Ga+1/z,z‘ — Gac1)2,) (lejlf)g. (64)

hn+1
Corollary 4.2 Under the CFL condition (58), one has the macroscopic energy inequal-

1ty
N N
ZEZ;l SZE — 0 Z/Haz—Fl/QdS Z/Haz 1/2d§
a=1 a=1

with following (36)
Ea,i - laEa,i - loc / H(Ma,ia 67 Zb,i)dg'
R

20



Remark 4.3 Fven if we consider the system without topography, we keep the notations
2, J =1,1+1/2,0—1/2,... so that the obtained formula can be easily extended to the
case of a non flat topography.

Proof of theorem 4.1 (i) The scheme (52) also writes

B Atn|Goé+1/2,z‘|+M,Hl, N <1 B Atn|Ga+1/2,i|— — |Ga—1/27i|+> At

n a+1,2 n
haiii " ho‘v—’i—l
+ A" |G“‘1/2’i‘*M"+1— — M M M 65
T a—1,i — Mai —Uif( a,it1/2 — a,i71/2)- ( )
a—1,

Now
M,; — Uif(Ma,z‘H/z — Ma,i71/2) > (1 — Uz‘|f|)Ma,i7

and since M, ; > 0 the right hand side of (65) is positive as soon as
VE 1—0if¢[ >0

that is true under the CFL condition (58). Then Property (ii) of lemma 3.11 proves (i).
(ii) The proof of Theorem 3.6 in [2] and the proof of the inequality (59) shares common
points, namely the linear dissipation of the scheme s, in both cases, based on the con-
vexity of the kinetic entropy (35) and the form of the Mazwellian (28). But the proof
of inequality (59) is more complex because of the momentum exchange terms along the
vertical axis and their implicit treatment. Notice that, compared to Theorem 3.6 in [2],
the derivation of the horizontal linear dissipation is obtained in a different way.

In order to prove (59) we will simply multiply the first equation of (54) by O H (M 4, &, 25
and the second equation of (54) by 81H(HZ:1_, &, z4), perform some computations that
will take advantage of the kinetic relations and finally add the two relations.

Before to do that, let us first note that, using the identity

3
oL+

M 1= Mil + 3M2,i<ﬂa,i+l - Ma,i) + (Ma,iJrl + QMa,i)(Ma,Hl - Ma,i)Qu (66)

we obtain an expression for the linear dissipation associated to the scheme

Ho(M i1, & 20i01) — Ho(M iy & 25) — O Ho(M iy & 205) (Mg igr — Mo )

927T2 o _ — -—
= T<Ma’i+1 + 2Ma,i)(Ma,i+1 - Ma,i)2

that can also be written, using definitions (55)-(56), under the form

Ha(Ma,i+1/27 £, Zzb,iqglﬂ) = Ha(Moz,ia £, Zb,z‘) + alHa(Ma,ia g, Zb,i)(Ma,i+1/2 - Ma,z‘)
e — — — —
+g—(Ma,z‘+1 +2M i) (M ajiv1/2 — Ma,i>2-

6
(67)
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A similar expression is obviously available at the interface i — 1/2

Ha(Ma,ifl/% £, 2;,@1/2) = Ha(Mw’, £, Zb,z‘) + alHa(Mamf, Zb,i)(Ma,iqp - Ma,z‘)
e — J— - J—
+gT<Ma,i71 +2M i) (M ajica/2 — Ma,i>2-
(68)
Let us now begin by considering the explicit step defined by the first equations of (54).
For & <0, it writes

MQ’Z = Ma,i — 0§ (Ma,iJrl - Ma,i)7 (69)

whereas for € > 0, we have
Mgt = Ma,i — 0§ (Ma,z‘ - Ma,i—l)- (70)

Now let us multiply Egs. (69),(70) by Oy Ho(M o4, €, 2,). Using expressions (67),(68) for
the quantities

_ 1 _
O1Ho (Mo &, 2pi)(Maivn — M) = l—alHa(Ma,i,f, 2,i) (M oivr — Mos),

_ 1 _ _
81Ha<Ma,ia §, zb,i)<Ma,i - Ma,z‘q) = l_alHa(Ma,i7£7 Zb,i)(Ma,i - Ma,i71>7

we obtain the relation

laalHa(Moc,ia £, sz)(Mgt - Ma,i) = —0; <ﬁa,i+1/2 - ﬁa,ifl/2>
g27r2 o L o L
+T0i£<Ma,i+1 +2M i) (M qi1/2 — Ma,i)2
g27r2

7% Uif(ma,zq + QMa,z’)(Ma,zelﬂ - Ma,()ﬂ)

Then the identities

2.2

™™g
81H(fa§azb)f:H(fa§azb)+ 3 fga
R R 722 = 2% -
81H(f,§,2b)f:H(f,€,Zb)+ 9 (f2_f2)f+ 3 f37
help us to write, with MZ*Z = lo M}7,
— 1 — —nx =
alHa(Ma,ia 57 Zb,i) (ng - Ma,i) - l_alHa(Ma,ia 57 Zb,i) (Ma,i - Moz,z)
1 —nx* 1 -
- Z_Ha(Ma,ia ga Zb,i) - l_Hoz(Moz,ia ga Zb,i) - La,ia
where
7292 —n* — —nx* —_— 2
La,i = 6 (MOé,i + 2Ma7i)(Ma7i - MOé,i) .
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From relations (69)-(70) we can write

2 —nx — — — - _
Lo = TP OT5 + 20T ) (i~ Moo + (o~ i)
Therefore we are able to write (71) under the form
Ha(WZ;,é, Zb,z‘) = H, (Momf’ Zb,i) — 0 <ﬁa,i+1/2 - f[a,ifl/Q)

7T YV =Tk — — —
zg 06 (M aisr +2M oi + 0,6 (Mo + 2M 0. )) (M i1y — Ma)?

L, g i S0 (Moo 4+ 2Mai 4+ 03§ (M + 20 ) (M2 = MATD)

We now consider the zmplzczt part of the scheme. We then multiply the second equation
of (54) by O Ho(M n“ &, 24). Proof of Proposition 3.8 allows us to write

O H, ( "+1 57 Zb,i)(NnJrlf _ NnH= ) _

i a+1/2;i a—1/2,i
SR H T 0~ (O € 2
L S (T 0T (T~ W
10T G;‘;ni/f ST+ 2 ) (M = M)
vy 92;2 (G;+1/2,;l;+1Ga1/2,¢) (MZF_)?’-

But we also have

n 1— —n+1— —nx n+1— —n*
O H, (Mo, & 2 (Mey =M ')=Ha<M+ & 23) — Ho(Moa, €, 24)

i
l g n+1— ——nx

M

— )2
a,l a,t/)

(M 4+ 2M (M

Using the two previous expressions, we are able to rewrite the second equation of (54)

+1
( n

multiplied by 01 H, €, zpi) under the form

H(V 6 m0) = Ha(Vo € ) — Ar(H,  — )
iy A S AT T (T W
H L A ot T 4 T (T - BT

. 92;2 Ag (Ga+1/27;l ;?a—lm) ary
1, gg (M 4+ 20 (M = D)2, (73)

The sum of relations (72), (73) divided by l,, gives the result. B

23



Proof of corollary 4.2 An integration in & of relation (59) and a sum of the obtained
relation fora=1,..., N gives

N . N N B N B
ZEZJ; = ZEa,i - 0@'(2/ Ha,z‘ﬂ/zdf - Z / Ha,i71/2d§>
a=1 a=1 a=17R a=1"7R
N N
37 [duste+ S [ o d,
a=1 R a=1 R

where dy; and e, ; are defined by (63), (64).
Using (69), the first line of d,; writes

2.2
%Uz‘f ((1 - (Uif)Q)Ma,iH + (2 + 30§ — (Oig)z)ﬁa,i) (Moc,i-i—l/Q - Moz,i)za

that is non positive under the CFL condition (58). Likewise, we obtain that the second
line of dy; is non positive. Moreover, it is obvious from the definition of Gaq1/2: gen
by (21) that the other lines of d,; are also non positive.

It remains to study the quantity

N N 22

g*m?  (Gatiy2i — Gaz1/2,i) ~nt1-
S [ ensde =" [ S P PO G e (1)
a=1 a=1 7

Since MZ?_ 1s not a Mazwellian, it is not possible to conclude, as in the proof of
Proposition 3.8, that

[ yac= 4,
R ' 2"

and that the sum (74) is zero. So we proceed as follows.
Let us rewrite Eq. (54) under the equivalent form

{ M5 = Mo, — 0 (fMa,iH/z — fMa,z‘—uz) + At"Qa

n+1 __ n$ n n+1 n+1 nn$
MO{,—Z!— - Ma,i + At (Nail/Q,i - Naj—l/zi) + At Qa,i

where Qq.i, ngﬁ. are two collision terms satisfying the integral relations (34). Arguments
of the proof of Theorem 4.1-(ii) remain unchanged where the superscript ™ (resp. "17)
becomes ™ (resp. "*1) and the obvious equalities

—n+1

/ O Ho (Vi €, 7) Quadé — / O HA (BT €, 2,) Qe = 0.
R R

Since the quantity MZJZI 1s now a Mazwellian, we can conclude that

N N 2.2
g-T (Ga+1/2,i - Gaq/z,i) ——n+1-.3
€a,i dé = / At" n Mai dg
> [eie=3 [ % e
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Y g?n (Gayrjoi — Gac1y2i) ~n
_ Z/ 9; At"< at1/2,i a71/2,@)(M ﬂ)gdg —0.
a=1 R

n+1 'R
hi

Let us note that, since MZJZI 1s by definition the Mazwellian with the same moments

that the density function MZ?;P, Lemma 3.9 gives us

N N
—n+1 —n+1—
§ Ea,i S § Eoz,i
a=1 a=1

that concludes the proof. B

4.2 With topography

In this paragraph we examine the properties of the discrete scheme (47) when the to-
pography source term is no more neglected.

The hydrostatic reconstruction scheme (HR scheme for short) is a general method
giving, with any solver, a robust and efficient discretization of the source terms in con-
servation laws. It has been initially proposed for the Saint-Venant system leading to
a consistent, well-balanced, positive scheme satisfying a semi-discrete entropy inequal-
ity [1]. Here we use the HR technique to discretize the topography source term appearing
in (18) and we prove the kinetic scheme (47) coupled with the HR technique leads to a
consistent, well-balanced, positive scheme satisfying a fully discrete entropy inequality
with a controlled error term. It generalizes to the layerwise framework the result ob-
tained in [2] for the classical shallow water model that was used in [8] to demonstrate
the convergence of the scheme.

With first briefly recall the main features of the HR technique. The HR scheme uses
reconstructed states

Ua,z‘+1/2— = (ha,z’+1/2—a ha,i+1/27ui)7 Ua,i+1/2+ = (ha,i+1/2+a ha,i+1/2+ui+1)7 (75)

defined by
Riv1jo— = (hi + 2 — Zpiv12) 4
hiv1j24 = (his1 + Zbiv1 — Zbit1/2)+
b — L h: (76)
ait1/2+ = ballit1/24+,
Maiv1j2e = M(Ugizr/2+,€)
and
2bi4+1/2 = maX(Zb,z‘, Zb,i-i—l)- (77)
We note that the definitions of h;i1/24 in (76)-(77) ensure that h;i1/0- < h;, and
hit1/2+ < hiy1. Now we can transfer these results to the kinetic level. First, because of
(28), one has
0< Maiv1o- < Mai, 0< Mogiio4 < Majigr, (78)

and thus
M(Ua,iag) =0 = M(Ua,i+1/2—,f) =0 and M(Ua7i—1/2+7§) =0.
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Let us now consider the kinetic source terms 6 M, j41/2+. They depend on &, Uy i, Uq,it1,
Aziy1/2 = Zzig1 — %, and satisfy the moment relations

hZ, i
/ 5Mosi1jo dE =0, / E0Myiarjor dE = got — g2 (79)
R R
W2, R
[ Meiipede =0, [ €0Muipede = g7t - =T (30)
R R
We also assume that,
M(Uaﬂ', g) =0 = 5Ma,i+1/27 (f) =0 and 5Ma,i71/2+<§) = 0. (81)

For reasons that will appear later during the derivation of the entropy inequality, we

make the choice
OMaiv1/2— = (§ = Uai) (Mo — Moiv1/2-),
5Ma,i71/2+ = (f - ua,i)(Moc,i - Ma,i71/2+)7

that satisfies the assumptions (79), (80) and (81). This allows to precise the numerical
fluxes in (45) having the form

(82)

N
Fii1o- = (Z Fhoirjo— Foivija—s - Fayivie-)T (83)
a=1
with
By ivr/o— = /fMa,z'+1/2df: EMy ip1/2—dE + EMy i1 /24-dE,
R £>0 £<0
Foivip— = /<§2Ma,i+1/2 + E Mo g1 /2 )dE +
R
ghZ,; gh’i,i -
_ EMpiirjpdf + [ My jppde + 00 - 0P gy
€0 £<0 2 2

The source term S; remains unchanged, see (57), since the topography source term is
taken into account in the (now non conservative) fluxes (84).

Now we prove some properties of the scheme (47) with the choice (82). Notice
that only the explicit part of the scheme (47), i.e relation (48), has been affected by
the topography. The implicit part is unchanged and still requires to invert the matrix
In 4+ AtGp,; whose properties have already been studied in lemma 3.11. In particular
the result of Remark 3.10 concerning the boundedness of the quantities Goqi1/2,/ h?“
remains valid.

Theorem 4.4 Under the CFL condition

) ) Ax;
At" < min min ’

1<as<N i€l |ug;| 4+ 2v/2gh;

(85)
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the scheme (47) with the choice (82) verifies the following properties.
(i) The kinetic functions remain nonnegative M~ > 0.

(ii) The scheme (47) is kinetic well-balanced.

(#ii) One has the kinetic relation

—n 1_ - ~ ~
H(Ma; g Zb,z‘) = H<Ma,i7£7 Zb,z‘) - Ui(Ha,i+1/2— - Ha,i—l/Q—l—)

— At (A~ B ) + dag o+ eas, (80)

where _

Hivijo- = 8lecoH(Mit1)2+, 2iv12) + Eleso H (Mg o, Ziv1/2)
+ EH(M;, 2) — EH(M;y1)o—, Zig1)2)

(87)
1
+ <77/(U¢) (§> + 9%) (EMijrjo- — EM; + 0Miy1/2-),
ﬁi—1/z+ = {leco H(Mi—1 /24, Zio1/2) + Eleso H(M;i1/9—, 2i—1)2)
+£H<Mi72i) - fH(Mi71/2+,Zi71/2) (88)

+ <77/(Ui) (é) + 92i> (EMi1jo — EM; + 6M;1)24).

and ﬁg:[ll/;l, ﬁgjll/;z are defined in Theorem 4.1. The terms dy;, €q,; satisfy the esti-
mates

2.2 , o o o o o
do; < Uz‘fg 6 (Ma,i+1/2+ +2M g i1/2— +0§(2M o + Ma,)) (Maiv1/2 — Ma,i+1/27)2
927T2 - — s ks w7 s 2
—UifT (Ma,ifl/Qf +2M o124 — 0i€(2M o + MM)> (Maic12 = Mo 1/24)
2,9
ng T (;a+12J —n+1— ——n+1l—\ wFnt+l— ——5n+1—
S A S (M g+ 20 ) (T g — Mo )P
2.2
ng T Ga—l 2,3 ~n+1— —n+1, —n+1— —n+1—
+At T h’“/l (Ma—l/Q,i+2Ma,i )(Ma—l/Q,i _Moc,i )27
2,2 o R o
€ai < 03g3 Ui,i(zMa,i +Moc,i)(Mo:i_i1/2+ - Ma?;L/z—)Z
22 Goz i Goz— i) ;sntl—
+Atng 7 (Gas1y2, 1/2, )(Mo:;l ).

3 hn+1

Remark 4.5 Notice that the integral with respect to & of the last two lines of (87)
(respectively of (88)) vanishes and this will be used in the Corollary 4.8 to establish the
macroscopic energy inequality (91).

Remark 4.6 The CFL condition (85) is a bit less restrictive than the CFL condition
(58). It is because here, we do not need to prove the nonpositivity of terms dg; in
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relation (86) but the nonpositivity of terms dp, ; in relation (90). Indeed we will prove in

Corollaries 4.7 and 4.8 a slightly different entropy inequality (91) that now contains an
error term that is proved to be controled. Note that the CFL condition (85) can also be
written as

oivm < B, Uy, = max max(|ua| + 2v/2gh;), g <1 (89)

1<a<N icl

Similar estimates have been obtained in [2] in the context of the classical Saint-Venant
system and using the same arguments as in [2, Theorem 3.6], the following corollaries
hold.

Corollary 4.7 Under the CFL condition (85), the scheme (47) with the choice (82)
leads to the kinetic entropy inequality

n-+ ~ -~

— 17 -
H(Ma,i 767 Zb,i) = H(Ma,ia 57 Zb,i) — 0y (Ha,i+1/2— - Ha,i—l/Q—i—)

A (B~ H) e (90)

where ﬁa7i+1/2_ ; f[avi_l/ﬂ are defined in Theorem 4.4 and ﬁgjrrll/gz, f[gfll/;l are defined

in Theorem 4.1. The quantities d, ;, e, ; satisfy
1 R =7 Vi A7 2
dy; < VBO'sz (Ma,i+1/2+ + Ma,i+1/2f) (Maiv1/2 — Maiz1/2-)
P o o o
—vgo;€ 6 (Ma,i71/2f + Ma,i71/2+)) (Ma,i71/2 - Ma,i71/2+)2
2 2
ng T Ga+1/2,i 5 n+1-— —n+l—\ ~—n+l- “nt+1-
—At 6 il (M 10 +2M o )(Moyypn; — My, )
2 2
ng T Ga—1/27i ——n+1— —n+1, ,~n+1— ——n+1—
+At 6l (Mafl/Q,i_'_QMa,i )(Maq/u -M,,; )?,
1 2927722— =7 Vi 2 T T 2
€oi < Cs(0iUmm,) Mz(<Mal —Mav1y2-)"+ Ma; — Mo 1/24) )

2,9
ngd T (Ga+1/2,i - Ga71/2,i) —n+1—
A s (M, )

where vg > 0 is a dissipation constant depending only on [3, see relation (89), and Cg > 0
is a constant depending only on . The term proportional to Cg is an error term, while
the term proportional to vg is a dissipation term that reinforces the inequality.

Corollary 4.8 Under the CFL condition (85), integrating the relation (90) with respect
to & and summing for o = 1,..., N, yields that

N N

—=n+1 = ~ ~

Ea:"i— < E Ea,z'—Uz‘(E /Ha,i+1/2d§—/Ha,i—1/2df)
a=1 a=1 R R
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L Cp(oi0m)? (g<hi i)+ glhi — hi1/2+)2)- (1)

As in [2, Corollary 3.7], we conclude that relation (91) is the discrete entropy inequality
associated to the HR scheme (45),(76),(77) with kinetic numerical flur (83)-(84). With
(75)-(77) one has

0<hi —hiyijo- < |zpip1 — 2il, 0 < hi —hicioq <2 — 2pi-1]-

We conclude that the quadratic error terms proportional to Cg in the right-hand side of
(91) (divide (91) by At™ to be consistent with (14)) has the following key properties: it
vanishes identically when z, = cst (no topography) or when o; — 0 (semi-discrete limit),
and as soon as the topography is Lipschitz continuous, it tends to zero strongly when the
grid size tends to 0 (consistency with the continuous entropy inequality (14) ), even if the
solution contains shocks.

Proof of theorem 4.4 (i) The proof is very similar to the one of Theorem 4.1, Item
(i) but the right hand side in (65) is now

Ma,i — 05 (fMa,z‘ﬂ/z + 5Ma,i+1/2 - Ma,i71/2 - 5Ma,i71/2) > (1 - Uz(|€| + |UM\))MM

that can be proved to be positive under the CFL condition (85).

(1) When uq,; = 0, h; + 2,; = cst for any a,i then for any § we have My ;1124 =
My iv1j2— = My 12+ = Mui—1jo—, Gagi/2 = Ga—1/2; = 0 and therefore M;‘;-Ll_ = M,;
proving ().

(#i) In order to prove (iii) we proceed as in the proof of Theorem 4.1, item (ii) but the
computations are more complex because of the topography source terms. The implicit
part has not been modified and then, by multiplying (49), we still get the relation (73).
The complexity lies in the explicit part. Let us multiply (48), with topography terms
defined by (82), by O H(Ma;, €, 2,). After computations that are similar to what we
did to prove Theorem 4.1, we get

H(MZZ‘, £, zb,i) = H(Ma,iu £, Zb,i)
— 06 (H(Maiv1/2: €, 2piv12) — H(Maiz1)2,€, zi-1/2)) + Re ;4 Rhy ;o (92)

where R, ; (resp. R}, ;) is an error term coming from the space (resp. time) discretization

R:. = 0 (H(Majisrj2,€, 2pi11/2) — O H (Mo, & 2)Maiva )
—0:& (H(M pi1)2, &, 2bi12) — O H (Mo, &, 20:) Mg i1 2)
+04(€ = ta,i) ) OV H (Mo, &, 23) (Maivrjo— — Mayi—1/24),

7T292 —nx — —n* —-—
Ré,z‘ - T(Maz + 2M067i)(Ma,i - Ma,z‘)Q-
Not that Rim is equal to the term Ly ; defined in the proof of Theorem 4.1. From the

definition of the explicit part (48) and of the source terms 0M o ;_1/2+ (82) we can write

22 _ S — — — — 2
R, = J 5 0} (2M,; + M) (EMai12 — EMaivjo +0Mai1o- — 0Mai1)24)
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2927'('2 2/ Tk N awd -— 2
< 3 07 (2M o5 + Ma,i) (f (Mi+1/2+ - Mi+1/27) Le<o
— — 2 — — 2
+§2 (Mi71/27 - Mz71/2+) leso + UZQ (Mi+1/27 - Mi71/2+) ) . (93)

For the quantity Ry, ;, we first write Ry, ; = Ry, . + R, with

R = 0 (H(Mgig1)2,€ 241/2) — O H (Mo, &, 255) (Magiis — Majisja-))
_aiua,ial (Moz ng sz) oi+1/2— O-ZSH( a27€7zb,i)7

and
R:. = =06 (H(May12,& 2vi-12) — O H (Mo, &, 20,5)(Mai-1/2 — Maji-124))
+O-iuoz,i81 (Moz zag sz) a,i—1/2+ +0-25H( az>§,2’b,i),
Let us rewrite RY, ;. under the form
Rfmur = sz( ( az+1/27§ 2bz+1/2) oH ( a,it+1/2— &5 2 z+1/2)(Ma,i+1/2 _Ma,i—i—l/Q—))

—Uz‘f(al ( az‘afazbz) OH ( ayi+1/2— &, sz+1/2))(Ma,i+l/2 —Ma,wrl/%)
_aiua,ial (Moz ng Zh z) oi+1/2— O-ZSH( azagazb,i)-

Using identity (66) but for Moc,i+1/2+ and MWH/Q_, we can obtained a relation similar
to (67) that characterizes the linear dissipation associated to the scheme

H(Ma,iJrl/% &, Zb,i+1/2_): H(Ma,z'ﬂ/%a &, 'Zi,i+1/2)

+812]¥2(Ma,i+1/277 & 2bit1/2) Maizr2 — Majivij2—) (94)
[ — N — I
+gT(Ma,i+1/2+ +2M o iv1/2- ) (Mois12 — Mojiv12-)>.

Relation (94) allows then to write R, ;. under the form

g L L L

RQ,H = sz( ( ajit1/2— &, 2 z+1/2) + T(Ma,i+1/2+ + 2Ma,z‘+1/2—)(Ma,i+1/2 - Ma,z‘+1/2—)2)

—0;8(01H(May, & 2) — O H (M i1 /o, & 2pi12)) (Masivro — Maivija-)
_Uiua,ial (Maug zbz) ai+1/2— _Uz£H<Mau£ sz)

Neat, if M,;(€) >0, one has, refer to (43)
_ 1
alH(Ma,ia 57 Zb,i) = n/(Ua,i) <£) + 92, (95)

and then

81H(Ma,i7 57 Zb,i)(Moz,i-l—l/Q—l— - Moz,i-l—l/Q—)

/ 1 -
= (7' (Uay) (5) + 923) Mai1/24 — Maivijo-), (96)
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whereas, see (44),
HOH (M o126, Zbiv12) (Maji1ae — Maipaya-)

1 _ _
> (n/(Ua,i+1/27) (f) + gzb,i+1/2) (Maivijo+ — Maivi2-). (97)
Taking the difference between (97) and (96), we obtain

HalH(MQ,i+1/2*7 £, Zb,i+1/2)(Ma,i+1/2+ - Ma,i+1/2f)
_81H<Ma,i7 &, Zb,i)(Ma,i+1/2+ - Ma,z‘+1/2—)
> lq (ghz‘+1/2f — gh; + 92bi4+1/2 — gzb,z) (Ma,i+1/2+ - Ma,i+1/2f) > 0. (98)

From (98), it comes

— 2772 — S — S
R < 0 (H(Ma,z‘ﬂ/z—, £, Z,iv1/2) + J 6 (Maivijor +2Mgit1/2-) (M2 — Ma,i+1/27)2)
_Uiua,ialH(Ma,ia £, zb,i)Ma,iJrlﬂf - Ji£H<Ma,i7 &, Zb,i)
2.2

= 0 (H(Ma,i+1/2fa &, Zpit1/2) + gT(Ma,iH/er + 2Ma,i+1/27)(ﬁa,i+1/2 - Ma,i+1/27)2)

—0;00H (Mo, &, 200) (EM g ig1jo— — EMoi + 0M o ii1p0-) — i H(M i, €, 26,).

Then, from (95), we also get
alH(Ma,ia &, 2,i) (gMa,iJrlﬂf - éma,i + 5Ma,i+1/27)

= (7' (Uay) (é) + 920,) (EM o is1/2— — EMayi + 0M g i1)2-) (99)

From (99) it comes

I 27'(2 N N — N
Reiw < o0 (H(M¢+1/277 &, 2biv1/2) + g 6 (Majivijoy +2Maipr2-)(Meaiviye — Ma,i+1/27>2)
1 — — _
—0; (UI(Ua,z‘) (§> + ga,i) (EMoiv1jo— —EMa;+0Mgiv1/2-)
_O-igH(MOé,ia ga Zb,i)' (]‘00)
An analoguous inequality can obviously be obtained for R, ;  under the form
o @ o o o ,
R:. < —0i&(H(Mai-1j2+,€, 2im1/2) + 5 (Mai—1/o— +2Mai 100 )(Mai—12 — Mai—1/24)%)
1 — — _
+0; (n,(Ua,i) (5) + ga,i) (EMa;-1j20 —EMa;+0Mo;1/94)
+0i 6 H(May, &, 2). (101)

Adding the relation (73) to (92) with the estimates (93), (100), (101) gives (86)
proving the result. B
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Proof of corollary 4.7 The proof of the result is similar to the one given by some of
the authors in [2, Theorem 5.6/. B

Proof of corollary 4.8 As in the proof of Corollary 4.2, it is possible to prove that

[ arypae = [ aryas

and under the CFL condition (58) the quantity dai 1s mon positive then the sum for
a=1,...,N of relations (90) integrated in & gives the result. B

5 Fully discrete entropy inequality for the layer-averaged
Nayvier-Stokes system

The layer-averaging applied to the Euler system in Section 3 can also be applied to
the Navier-Stokes system, see [11]. Considering a simplified Newtonian rheology, the
Navier-Stokes system (1)-(3) can be written under the form

Oou Ow

i T 102
ox + 0z 0, (102)
ou Ou? Ouw Op 0*u 0*u
BTt i T SO i 1
ot T or Vs Tor Mo T (103)
dp
£ 104
5, = 9 (104)

where p is a viscosity coefficient. The system (102)-(104) is completed with the kinematic
boundary conditions (4),(6) and suitable dynamic boundary conditions.
Its layer-averaged version is given by

%h+ (,%ihaua =0, (105)
j=1

%(haua) + 63 (haui + ghah) - —gha% + g1 2Gas1/2 — Uai1/2Gart 2
+8% <4uh 88“0‘> +2MH - 2u%, a=2,...,N—1 (106)
gt(hlul) % (hlui + ghlh) - —ghl? +us)Gl )

+% (4uh188 ) + 2uh2 — Zi — kuy,  (107)
%(hNuN) + % (hNu?V - ghNh> = —ghN% —un—1/2GN-1/2

+% (4 hNag;jV) . zﬂ%, (108)
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% <z§+1/2 ; 23—1/2> n % <z§c+1/2 ; Zi_lﬂ%) dz = haw,,

+2at1/2Gar1/2 = Za-1/2Ga—1/2, (109)

where £ is a Navier friction coefficient at the bottom and the exchange terms G, 1/2 are
given by (19)-(20).
The system (105)-(109) is rewritten under the compact form

ou  O0F(U)
ot * Ox
with U defined by (26).

We denote with F'(U) the flux of the conservative part, and with S.(U, 0,U, 0,U),
Sp(U) and S, ;(U) the source terms, representing respectively the mass transfer, the
topography, and the viscous and friction effects.

For the time discretization, we apply a time splitting technique to the equations
(110) and we write

= S.(U,0,U,0,U) + Sy(U) + S, 4 (U), (110)

Ut -y 9F(U™)

— n prn+l n
N + or S (U™, U") 4+ S,(U™), (111)
n+1l _ 7+l
=S, U =0 (112)

Equation (111) corresponds to the semi-discrete in time version of the layer-averaged
Euler system (17)-(18) whose discretization has been studied in Section 4. It remains
to propose a discretization for Eq. (112). Since the viscous and friction terms S, s in
(112) are dissipative, they are treated via a semi-implicit scheme for stability reasons.
By using a finite differences discretization in space, this leads to

1 1 1 1
2

~ 8 U2, —ul, ul,—u2,
hu n—f'—l _ hu n-[—l hai a,i+ ot ha . a,l a,l
( )a,z ( )a,z + Az, ’+1/2Al’i+1 1+ Az, ; I/QAIi + Az
1 1 1 1
49 Uby1; = Ugs 9 Uh; — Ug 14 5 3 (113)
= — KO1,aly ;s
luh'aJrlz_'_hal Iuh'az_'_ha 1,4 ! o
for « = 1,..., N. The superscript y% means y% = yn%ynﬂ and 01, is the Kronecker
symbol.
The following proposition holds.
Proposition 5.1 Following (36), E,; is given by
hai 2 g
Ea,i - ?(ua,i) + aha,ih'i + gzb,iha,iu

and with the notations of theorem 4.4, we have
EZ;‘FI S Ea,i — 05 (/ ﬁa,i—l—l/Z—dg - / ﬁa7i_1/2+d§>
R R
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([ - [ B )
+ / A€ + / eidf + AD, s,
R R

with

1 1 1 1
3 2 .2 2
U jrr T Ui Uy i1 — Usy

2 Al‘i+1 + AZL‘Z

Doz i ha i
’ Al‘l i+1/2

1 1 1 1
2 2 2 2
h i T UG Uy — Ug g
“lai—1/2
/ 2 AZL‘Z -+ Al‘i_l
1 11 1 1 1 1 1
2 2 2 2 2
42 uaJrl i + U uaJrl i ua,i 2,uua,i + uafl,i ua,i - uafl,i
2 h'aJrl,z + ha,i 2 hfa,i + hafl,i
1 1\2 1 1 2
2 2 2 2
4p " (ua,i-i-l - “a,z) " (Ua,i - Ua,i—1>
- a,it+1/2 — Naji—1/2
AZL‘Z‘ / Al‘i+1 + AZL‘Z / AZL‘Z -+ Al‘i_l
1 1\2 1 1 2
2 2 2 2
(“a+1,z‘ - “a,z‘) (“a,z‘ - ua—Li) 51 1 )2
—H —H — RO1La\Uq ;) 5
has1,i + hai hai 4 ha—1,

Proof of prop. 5.1 First we notice that the semi- zmplzcu‘ step does mot modify the

water depth i.e. h™ = h”le Multiplying (113) by um, it comes
hn{l pn+l
S5 = S5 () A (114)

and D, ; is a consistent discretization of the viscous and friction terms appearing in (8).
The sum of relation (86) integrated in & over R and relation (114) gives the result. B
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