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Abstract

We are interested in the numerical approximation of the hydrostatic free surface
incompressible Navier-Stokes equations. By using a layer-averaged version of the
equations, we are able to extend previous results obtained for shallow water system
and to derive a vertically implicit horizontaly explicit finite volume kinetic scheme
that ensures the positivity of the approximated water depth and a fully discrete
energy inequality.

Keywords : Incompressible Euler and Navier-Stokes sytems, free surface flows, layer-
averaged model, finite volumes, kinetic solver, hydrostatic reconstruction, discrete en-
tropy inequality, IMEX scheme.
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1 Introduction

Shallow water equations [7, [I] have been widely used to model free surface geophysi-
cal fluid flows. This hyperbolic system can be derived from free surface incompressible
Navier-Stokes equations by integration along the vertical direction and under a long
wave approximation, that implies in particular an hydrostatic distribution of the pres-
sure at the leading order [I2]. Due to this reduction of dimension, it is much more easy
to deal with in a numerical point of view. Nevertheless it is not suitable for certain
situations - stratified flows, wind-driven vertical circulation... In these cases, it is neces-
sary to come back to three dimensional models but the hydrostatic assumption remains
mostly valid, leading to consider the hydrostatic Navier-Stokes equations, also known
as primitive equations [10} 13 5l 14, 17], see also [20, 19] for a general introduction to
ocean models. In a previous work [4], we introduced a layer-averaged approach to deal
with this hydrostatic Navier-Stokes system in a framework that shares (forgetting for a
while the viscous part to concentrate on Euler equations and advective processes) some
hyperbolic properties with the shallow water equations. Our main result in this work is
to propose a vertically implicit and horizontally explicit colocated finite volume scheme
to compute approximate solutions of this layer-averaged model for which we are able to
prove positivity of the water depth and a fully discrete energy inequality.

It is well known that incompressible hydrostatic Euler and shallow water equations
satisfy some invariant domain properties since the water depth of the flow remains non-
negative. Moreover regular solutions satisfy an energy equality. Extending the theory
developed for scalar hyperbolic equations, one assumes the energy associated to discon-
tinuous solution, that acts as a mathematical entropy, has to decrease through the shocks.
To extend these properties to the numerical approximation is not straightforward. A
huge literature was devoted to derive explicit colocated finite volume scheme for the
shallow water equations including topographic source terms, but, up to our knowledge,



only very few schemes are endowed with these properties [23] [7]. In a recent work [2],
a kinetic framework was used to prove that the hydrostatic reconstruction technique [I]
associated to a kinetic scheme [21], 22], [3] is able to provide, under a classical CFL condi-
tion, approximate solutions of the shallow water system with topographic source terms
that are positive and satisfy a fully discrete entropy inequality with a right hand side,
or let say an error term, that is proved to be proportional to Az? with a constant that
is independent of the regularity of the solution - that may develop discontinuities since
one deals with hyperbolic system. This inequality is the key step to prove the conver-
gence of the scheme [§|. Thanks to the similarity between the shallow water equations
and the layer-averaged model for hydrostatic Euler equations, it is possible to extend
the kinetic framework and the hydrostatic reconstruction technique, and then parts of
the previous proof, to the latter. But the new terms related to the vertical direction
makes the things more intricate, and the fully explicit finite volume scheme originally
proposed in [4] may suffer from a very restrictive CFL condition in some situations.
In this work, we then propose a new implicit discretization of the exchange terms in
the vertical direction that allows us to obtain entropy satsifying approximate solutions
under the same CFL condition as for the shallow water system. Up to our knowledge, it
is the first time this kind of result is obtained in this three dimensional context. From
a practical point of view, the linear problem to solve in the implicit part is restricted
to the vertical direction and its size is then proportionnal to the number of layers that
are introduced in the model, independently of the horizontal discretization. The added
CPU cost is then strictly limited.

The outline of the paper is as follows : in Section [2| we recall the free surface in-
compressible hydrostatic Navier-Stokes equations ; in Section |3, we consider the inviscid
Euler version of the equations and introduce the layer-averaged model and its kinetic de-
scription and we derive the related IMEX kinetic scheme ; in Section |4, we demonstrate
the discrete energy inequality, first, on flat bottom and, second, including a bottom
topography ; finally, in Section [5| we extend the results to the Navier-Stokes case.

2 The Navier-Stokes system

We begin by considering the two-dimensional hydrostatic incompressible Navier—Stokes
system [I5] describing a free surface gravitational flow moving over a bottom topogra-
phy z,(z). For free surface flows, the hydrostatic assumption consists in neglecting the
vertical acceleration, see [10, 13|, [5, [14], [I7] for justifications and mathematical analysis
of the obtained models.



2.1 The hydrostatic incompressible Navier-Stokes system

We denote with z and z the horizontal and vertical directions, respectively. The system
reads

ou Ow
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ox + 0z 0, (1)
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and we consider solutions of the equations for

t>ty, xzeR, z(r)<z<nltx):=htz)+ ),
where 7(t, z) represents the free surface elevation, h(t,z) the water depth, u = (u,w)”
the velocity vector and g the gravity acceleration.
The chosen form of the viscosity tensor is
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where g is a dynamic viscosity.

2.2 Boundary conditions

The system — is completed with boundary conditions at the bottom and at the
free surface. The outward unit normal vector to the free surface n, and the upward unit
normal vector to the bottom n, are given by

1 _on 1 _ 0%
et (B m e (F)
1+ (5) L+ (52)
respectively. We then denote with Y7 the total stress tensor, which has the form:

ECE$ EZ'Z
= plat ( S, S ) '
2.2.1 Free surface conditions

At the free surface we have the kinematic boundary condition

an an B
E—i—usa—ws—o, (4)



where the subscript s indicates the value of the considered quantity at the free surface.
Assuming negligible the air viscosity, the continuity of stresses at the free boundary

imposes
Yrng = —png, (5)

where p* = p®(t, x) is a given function corresponding to the atmospheric pressure.

2.2.2 Bottom conditions

The kinematic boundary condition at the bottom consists in a classical no-penetration
condition:

92 |, 0%
ot | ox

that reduces to u, - n, = 0 when z, does not depend on time t.
For the stresses at the bottom we consider a wall law under the form

— Wy = O, (6)

tb . ZTnb = KUy - tb,

where t;, is a unit vector satisfying t, - n, = 0. If k(up, h) is constant then we recover
a Navier friction condition as in [I2]. Introducing a laminar friction k; and a turbulent
friction k;, we use the expression

H(ub, h) = k’l + kth]ub\,

corresponding to the boundary condition used in [I6]. Another form of x(up, h) is used
in [9], and for other wall laws the reader can also refer to [18]. Due to thermo-mechanical
considerations, in the sequel we will suppose k(up,h) > 0, and k(up, k) will be often
simply denoted by k.

2.3 Energy balance

We recall the fondamental stability property related to the fact that the hydrostatic
Navier-Stokes system admits a mechanical energy

2

B(t,x,2) = 5 + g2, (7)

leading to the following relation for smooth solutions

o [" ou ou  Ow
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For the sake of simplicity, in the following we neglect the variations of the atmospheric
pressure p® i.e. p® = p§ with pj = 0 and we also consider

(92(,
— =0. 9
oy (9)
It follows the right hand side of is nonpositive and the mean energy
_ n
E(t,z) = / E(t,x,z)dz
2

is not increasing in time.

3 The layer-averaged Euler system

In this section, we present an simplified derivation of the layer-averaged system that
was introduced in [4]. As the main result of this work is related to a discrete entropy
inequality, we focus on the energy property of the model.

Neglecting the viscous effects (we come back to the Navier-Stokes system in Section
, we consider the hydrostatic Euler equations in a conservative form

ou Ow
. + 5 = 0, (10)

ou ou*  Ouw Op

8t+8x+ 0z +8x_0’ (11)
dp

Kinematic boundary conditions and @ remain unchanged while the equality of
stresses at the free surface (b)) reduces to

The energy balance reduces to the equality

0 ”E o [ I
o). dz+%/2bu( +p)dz = 0. (14)

Note that using and the pressure p(t,z,z) can be computed has a function
depending only of the free surface and the vertical coordinate. Moreover, using the
divergence free condition and the boundary condition @, the vertical velocity can
be computed as a function of the horizontal velodity and the vertical coordinate. It
follows the unknowns of the system reduce to the water depth h(t,z) = n(t,x) — z(z)
and the horizontal velocity u(t, x, z), that will appear even more explicitely in the layer
averaged version presented below.



3.1 Discretization of the fluid domain

The interval [z, 7] is divided into N layers {Lqs}acqi,.. vy of thickness Ioh(t, ) where
each layer L, corresponds to the points satisfying z € L, (t,x) = [Za_l/g, Za+1/2] with

{ Zat12(t, @) = 2(x) + D701 Lih(t, @), 2172(7) = 2() (15)
ha(t,2) = Zag1/2(t, ) — Za—12(t, ) = loh(t, ), a€[l,...,N],

with [; > 0, Zjvzl l; =1, see Fig.

Z
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1 2(X)=Z12

;xl‘

Figure 1: Notations for the multilayer approach.

3.2 Layer-averaged model

Let us consider the space IP’éV;f of piecewise constant functions defined by

Pé\,[i’zt ={licr.a)(2), a€{l,...,N}},

where 1.cr,(0)(2) is the characteristic function of the interval L,(t,x). Using this
formalism, the projection of u, w on Pév;f is a piecewise constant function defined by

N
XNz, 2,{za},1) = Z Yoo 1 jnzasn ol () Xa(l, @), (16)
a=1

for X € (u,w).
In the following we focus on the following layer-averaged model approximating the
incompressible hydrostatic Euler system —

Oh = Ohata
Z° =0. 17
o "2 on 47
Ohgtg 0 0z

o1 + B (hauz + ghah> = _ghaa_; + Uat1/2Gat1/2 — Ua—1/2Ga1/2, (18)
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where the mass exchange terms G, 1/o satisfy

“\ (Oh;  Ohjuy

Goti2 = Z(a—;"i‘a—];]), (19)
J=1

GN+1/2 = Gl/QIO. (20)

and the interface velocities u,41/2 are defined using an upwinding strategy

o Ue if Ga+1/2 <0
HYat1/2 = { Ugtr1 if Gagio >0 (21)

Remark 3.1 In the monolayer case o = 1, system — with boundary conditions
(20) reduces to the classical shallow water equations, see [7, [1).

Relation is obtained by integrating the momentum equation on the layer
L, while the integration of the divergence equation on the same domain leads to

Ohy,  Ohyug
9t + o Govi12 — Ga—1)2- (22)

Relations (2 . 20)) directly follow from the kinematic boundary conditions (4 and @ Then
global mass equation and definition of the mass exchange terms are deduced
by summing relations over layers L; for j varying from 1 to N or from 1 to «
respectively.

Remark 3.2 The mass exchange terms G172 can be defined by using only derivatives
in space that correspoond to partial mass fluzes. It follows from the global mass equation
(17) and the definition of the layer depth that relation may be written

Oh; oh
Gaor12 = Z ( A — 1 Z kUk> : (23)

j=1

Proposition 3.3 The layer-averaged system — admits, for smooth solutions, the
layer energy balance

%) %) gh u?
aEa + I (Ua (Ea + ?ha)) = (Ua+1/2ua D) + 977) Gay1)2

U2
- (ual/Zua - ?a + 977) Ga71/27 (24)
where E,, is defined by
u? h
E,=h,— +hag<2+zb).

It follows the global energy inequality

o (&Y o (& gh N-14
_ 2
a (; Ea) + % (; Uy <Ea + 7ha)> - - §(Ua+1 — ’U,a) |G04+1/2‘- (25)

where the right hand side is obviously nonpositive.

8



Remark 3.4 The layer energy E, is not the meanvalue on a layer of the pointwise
energy E associated to Euler equations and defined by . The reason is we are interested
i a local kinetic energy associated to momentum equation per layer but in a global
potential energy associated to the global mass conservation . According to that, it is

easy to check that
al N hou?  gh?
E, = =4
2 Fa= 2 TS
Relation has then to be compared to relation for Euler equations. It appears
that the vertical layer-averaging introduces numerical diffusion, as it is usually the case
for spatial discretization associated to an upwinding strategy, see .

Proof of prop. Numerical computations to obtain relation from the layer
mass and momentum (18) equations are a straightforward generalization of what is
usually done for the classical shallow water model. More precisely, multiplying momen-

tum equation by u, and using leads to

2 _ho‘ui _|_£ haui _{_2 g_hh + gh %
ot \ 2 oz \"* 72 oz \ g e ) Yo JhatlaTy -

2

ug, ug,
= (ua+1/2ua - 7) Ga+1/2 - (ual/Qua - ?) Ga71/27

Now multiplying mass equation by gn = g(h + z) and using relations @D and
leads to

) 0 (gh Oha g Ohaug
—(9zpha) + o <7ha) + 92 o + gh O

Adding both relations and using for the pressure term, we obtain the energy relation
per layer . The global energy inequality (3.3)) follows by adding these relations for
all layers and using the upwind definition of the interface velocities . |

Remark 3.5 Note that multiplying relation (10) and integrating over the layer L, leads
to the following equality

o [ 22 — 22 o (= — 22

= (Ga+1/2 - Ga—1/2> gn-

ot 2 ox 2
t2at1/2Gar1/2 = Za-1/2Ga-1/2,

that may be used as a postprocessing to compute the layer vertical velocity w,,.

3.3 Kinetic description

In this paragraph we first give a kinetic interpretation of the system — and then
we establish some properties of the proposed discrete scheme. It is a generalization to
the layer-averaged framework of kinetic interpretations proposed for other fluid models,
see |3, 23 22]. Note that a first kinetic interpretation of the layer-averaged model was
introduced in [4]. Here we propose an improved version and we derive an energy balance
at the kinetic level.



3.3.1 Kinetic interpretation

Let us define the vector of unknowns
Usp = (ha, hatta)? U= (h,hiuy,. .. hyuy)’. (26)

To build Gibbs equilibria, we choose the function

This choice corresponds to the classical kinetic maxwellian used in [23] for example and
that is defined for £ € R by

Mo = (00 9) = 2 (E222) < L2 (o9 — o) = 3 0

1 gm
with

c=4/=h,
2

It satisfies the following moment relations,

/ M(Uavg) df = hon /gM(Uomg) d€ = hauom
R R

(28)
/wwm@@:%@+m%.
R

Now we introduce a second list of Gibbs equilibria N,/ associated to the mass
exchange terms between layers and defined by

Gayi1/2 (f — Uay1/2
X0
c c

Not1j2 = N(Up, Uns1, €) = ) a=1,...,.N—1 (29)

completed by the boundary conditions Ny = Nyy1/2 = 0, see . Due to the upwind
definition of the interface velocity , definition (29) is equivalent to

Ga+1/2— —-— Ma if Ga+1/2 <0
Na+1/2 - ()4—{—1/27 Ma+1/2 — Ma+1 lf Ga+1/2 2 0 (30)
It follows from relations that
/ Na+1/2 df = Ga+1/2; /fNa+1/2 df = Ga+1/2ua+1/2 (31)
R R

Remark 3.6 The kinetic mass exchange term Nuy1/2 defined by relation 15 well
defined even when the water depth h vanishes. Indeed it is easy to see from definition
that o
atl/2 1/3
———=0O(h'?).
v o)

10



Now definition implies that
gnM; < Vh, j=a,a+1,
It follows that

Ga+1/2
h

M; = O(h'/?).

We are now equiped to exhibit the kinetic interpretation of the layer-averaged model
-3

Pr0p051t10n 3.7 The functions (h,u") defined by (16)) are strong solutions of the sys-

tem @ if and only if the sets of equilibria { M, }a 1 ANay1/2} are solutions of
the kmetzc equations defined by

8Ma (‘9M 82;, 8M

Bo) 5 T " o

_Na+1/2+Na 1/2 = Qon a = 17"'7N (32)

The quantities Q, = Qu(t,z,&) are “collision terms” equal to zero at the macroscopic
level, i.e. they satisfy a.e. for values of (t,x)

/R Qudé =0, /R EQudt = 0. (33)

Proof of proposition The proof relies on averages w.r.t the variable £ of Eq.
by using relations and . Then using , the quantities

3 /R (B.) ¢, and /R €(B.) dt,

respectively gives and that completes the proof. W

There are a lot of functions that satisfy the integral relations . The interest of
the kinetic maxwellian defined by lies in its link with the kinetic entropy

Ho(f. & ) = la (ng + = f3 —l—gzbf) =lH(f.& 2), (34)

where f >0, £ € R, z, € R. Indeed one can check the relations
E, =1, /HMa,gzb)g

o (Ba+ Shah) = Lo /gHMa,s 2)dE.

11



Proposition 3.8 The solutions of the kinetic equation are entropy solutions in the
sense they satisfy on each layer the kinetic energy inequality

0 o — Oz, O
&H<MCU€ Zb)+£a_xH(Ma7§7Zb) ga aé- (Mcwg Zb)
Ga — G- —
< 21/2 H(May1)2, €, %) — hl/QH(Ma—l/m& 2p)

927T2 Ga+1/2

(Ma—l—l/Q + 2Ma)<Ma+l/2 — M,)*

6 h
212 Go1/9 ~— - _
B gT hl/2 (Ma—1j2 +2Mo)(Mo—1/2 — M,)?
22 Gy — Go— _
g; +1/l2l M:;’z + H/(MCU 57 Zb)QOz (36)

Integration in & and sum on « of relations lead to a global macroscopic energy
mequality, that is analog to

; (ZE) 2 (S (me )

9 N—1

Go 7 WRYavi M
g T Z ‘ 21/2’ /(MOL+1 + 2Ma)(Ma+1 - Ma)2d§' (37)
R

Proof of Proposition Kinetic energy inequality s obtained by multiplying
the kinetic equation by O1H (M, &, z), where 0y denotes the derivative in the first
variable. Indeed, it is easy to see that, remember the topography z, does not depend on
time,

— oM, 0
61H(Mo”€, Zb) ot &H(Maa€>zb)
likewise we have
— oM, [ Jp— 0
€0 H (Mo, &, 2) 5 % = €5 H (Mo, € 20) — €05 H (Mo, €.20) 5
and
0zp oM, 821, o Oz _
—g-=2 M = M — O H(M
ga 81 ( Ozaéa Zb) ag a ag ( 04?57 Zb) +g(‘3m 82 ( aafazb)a
But it follows from definition of the kinetic energy that
0 — 0
8_21)62 (Mcw 57 Zb) - 583H(MOM 57 Zb)a_ib = 07

It remains to obtain a suitable expression for the quantity
O1H(Mg, &, 2)Nag1y2-

12



Let’s denote

1
5(
It follows from that

1
No = z(Nay1/2 + Na—1/2), Go = §<Ga+1/2 + Ga-1/2)-

G _ _
a1 (Maaf Zb)( a+1/2 — Na) = %/QalH(Mavf7Zb)(Ma+l/2 - MO&)

+ Ga+1/2 - Ga

h 81H<MO(7 57 Zb)Maa (38)

and the definition of Hy(My, €, ) gives us

H(Mot1/2,6, %) = H(Ma, &, 2) + 01 H(Ma, &, 2) (Mag12 — M)
2

- %(MM + 2M ) (Masays — Ma)%. (39)
Relation together with leads to
G, — Gy . ~—
oH (Mmf Zb)( a+1/2 — Na) = ZI/QH(MaH/mf,Zb) - TH(MOmfa Zb)

g*m? Ga+1/2 —Ga—3
3 h @

_ g ™ Ga+1/2
6 h

(Mas1jz+2Mo)(Moi12 — Mo)* +

and the same kind of relation occurs for H;(Ha,f,zb)(Na_l/g — N,). Kinetic energy
inequality per layer obuviously follows.

In order to derive the global energy inequality , let’s now detail the right hand side
of relation , the left hand side being treated using integral relations (35)). The first
line involved vertical kinetic exchange terms that vanish when summing on the layers.
Second and third lines involved nonpositive terms due to the upwind definition of
the interface Maxwellian MQH/Q. They will lead to the nonpositive right hand side in
relation . Finally, the terms in the last line have no particular sign at the kinetic
level. But after integration in &, one observes that

/ 9272 (Ga+1/2 —Ga- 1/2)
R

g
; ; B L€ = h(Ga+1/2 = Ga1/2)

that can be interpreted as a macroscopic vertical exchange term and then vanishes when
summing on the layers. Moreover, due to the particular choice for the kinetic
mazxwellian M, one has
o 2 2 w2 U2
HH(Ma, & %) = S —M + 92 = < + 90— ) S +gn+uag (40)
2 2 2 2 2
and it hence follows from integral relations on the collision term that the last term
on the right hand side of vanishes when integrating in &. A

13



We end this section with a last result that extends to the present layer-averaged
framework a subdifferential inequality and an energy minimization principle that were
exhibited in the classical shallow water framework in [2], see also [6] for the first use
of this approach. This result will be used in the next section to extend the entropy
inequality to the fully discrete case.

Lemma 3.9 (i) For any ho, >0, us € R, f >0 and { € R
HU &) 2 H(os6, ) + Bo(0) () (7 -, (a1

(ii) For any function f(§) nonnegative, setting h, = fRf(f)df and hou, = fR Ef(&)d¢

(assumed finite), one has

Ea:la/RH(Ha,g,zb) dfgla/RH(f(g),f,zb) d€.

Proof The property (ii) follows from (i) by taking f = f(§) and integrating with
respect to £ since f and M, share the same first two moments. For proving (i), we first
notice that (remember that h, = l,h)

Eo(Ua) = (gh + g2 — ug /2, ua),

and then

1 2 —u,)?

E!(Uy,) (5) = gh+ gz —u2/2 + Eug = ) +gh+ gz, — %
Now the definition of the mazwellian M, yields
2 i —
gh_(f‘W _ 5 M, if Mo >0,
2 is nonpositive if My =0,
Using relation , it follows that
- E! <é> if My >0,
81-[:—,(]\4047 57 Zb) = 1 o (42)
6, (1) w0

We conclude using the convezity of H, with respect to f, see definition (34)),

H(f7§7 Zb) > H(MQ7£7 Zb) + alH(Ma7§7 Zb) (f - Ma)

2 H(Moméa Zb) + E(/)c (é‘) (f _Ma)’

which proves the claivm. M

14



3.3.2 Discrete model

The method proposed in [2] in order to solve the Saint-Venant system from its kinetic
interpretation can be extended to the system — and its kinetic interpretation
given in Proposition [3.7 It is the purpose of this paragraph.

We would like to approximate the solution U(t,x), see , xr € R, t > 0 of the
system — by discrete values U, i € Z, n € N. In order to do so, we consider a
grid of points ;412 1 € Z,

< Tje1y2 < Tit1/2 < Ti+3/2 <...,
and we define the cells (or finite volumes) and their lengths
Ci Z]Iz‘—l/Q, $i+1/2[, Ax; = Tit1/2 — Ti—-1/2-

We consider discrete times t" with t"*1 = ¢" + At", and we define the piecewise constant
functions U"(x) corresponding to time " and z(z) as

7

U'(z) =U", z(x) =z, for xi_10 < < Tiqq).
A finite volume scheme for solving — is a formula of the form
urtt=ulr - 0i(Fiy1/2- — Fim1724) + At"S;, (44)

where 0; = At"/ Ax;, telling how to compute the values U"*! knowing U}* and discretized
values 2,; of the topography. The quantity 5; is a source terms accounting for the discrete
momentum exchange terms between each layer in (18). Here we consider first-order
explicit three points schemes where

Fi+1/2— = }-l(Uin’ Uﬁl, i+l — Zi); Fz'+1/2+ = ]:T(Uin; Uﬁu, Zi4l — 2’1;)-
The functions F,.(U, Uy, Az) € R? are the numerical fluxes, see [7].

The proposed discrete scheme is based on the equivalence between the kinetic and
the macroscopic levels stated in Proposition and can be divided into three steps

e To construct the discrete kinetic maxwellian My, starting from the macroscopic
quantities U" and definition (27

lo 1/2
Mii(€) = = (20l - €-)) (45)

e To update the kinetic quantities through a finite volume scheme that will be pre-
cised hereafter to compute the quantities M 2;71’_. This step is in general performed

without considering the collision term and it follows that M ;‘jlv‘ is no more of a
maxwellian.
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e To compute the new macroscopic quantities U/""! as the integral of the kinetic

quantities M} "
n ]' n —
vt = [ () e

The difference between M 2;71’7 and M"™ computed using at time ¢t"*!, can

a,t )
be seen as an instantaneous relaxation on the maxwellian, see [7].

Such a kind of kinetic scheme was presented for the classical shallow water system in
3], see also [7], and for the layer-averaged system (17)-(18)) in [4]. In these works, the
kinetic step was fully explicit. Here, and in order to demonstrate stability properties, we
propose a implicit-explicit variant that is presented in details in the next section. Note
that for practical computations, the integration processes is not performed on the cell
unknowns but directly to compute macroscopic fluxes, as it will be explained hereafter.
It follows the presented scheme can be entirely written at the macroscopic level, avoiding
expensive computations at the kinetic level. Nevertheless, the kinetic interpretation is
an efficient way to demonstrate the properties of the scheme.

3.3.3 Discrete kinetic equation

Let us now detail the kinetic scheme we propose. It can be written in a one-step version

Mg;rl* = Ma,i — 0 <£Ma,i+1/2 + §Ma,i+1/2— - gMa,z’—l/2 - 5Ma,i—1/2+>
=+ Atn(Nn+1f o Nn+1f ) (46)

a+1/2,i a—1/2,

or divided into an explicit and an implicit steps

MOCL:; g Ma,i — 05 <€Ma,i+l/2 + 5Ma7i+1/2_ - gMa,i—1/2 — 5Ma,i—1/2+> (47)

1- x 1— 1-
ng = Mc?z + Atn(Ngil/Q,i - Ngjl/Q,z‘) (48)
with o; = At™/Ax;. To simplify the notations, we ommit the variable £ and the super-
script ™. The quantities M, j11/2 and 0 M, ;41/2+ respectively account for the conserva-
tive part and the topography source term, their definitions will be precised later. The
definition of the quantity Ngill/gl requires a discrete extension of relation (30))

G s ns1 - ML G, ,, <0
Nn+1, o o¢+1/2,2M’n+ ) M’n-l- = _Z,z - a+1/2,4 — 49
a+1/2, h;z* a+1/2, a+1/2; M@ii if GZ:l/Qﬂ' 2 0 ( )

where the discrete mass exchange term G,1/2, is computed using a discrete version of
relation ([23)

AiUz'GaH/zi = Z (/ ﬁ(Mj,iH/z - Mj,i71/2)d5
j=1 R
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N
—ljZ/Rﬁ(Mp,iH/z - Mp,i—1/2)d€> . (50)
p=1

The explicit step is very similar to the kinetic scheme proposed in [3] and
analysed in [2] for the classical shallow water problem. We first prove hereafter that the
implicit step leads to a well posed problem. Then, in the next section, we prove
the stability properties of the whole scheme . Using and , the implicit step

can be written

w|Gat1/2;l 4+ a1 wlGavi2il- = |Ga1j2ils \ 5 a1
— At WMOH’LZA +11-A¢ hn+1 Ma,i

G |
n| a—1/2,|— n+l— __ n*
+ At —hn+1 Ma—l,z‘ = Maﬂ- (51)
a—1,
that is equivalent to solve the linear system
n+l— __ % k _ k E\T
with
|G3/2,i— |G3y2,il+
_ G/, _ G2, 0 0 . 0
n+1 n+1
hyy hyy
‘G3 2,i|— . .
h,§+_1 - - 0 o 0
0 0 0
GN’Z' - : 0 |Ga—1/2,il— |Gat1/2,il-—1Ga—1/2,il+ |Gati1/2,il+ 0
. BT - L - ptT
o, a,i a,i
.. - IGNn—1/2,il+
0 . : - hn+1
Gyoaoil- Gyl
N—1/2,il— N—1/2,il+
O e 0 O hnﬁ{l - hnll -
N,i N,i

Lemma 3.10 The matriz An,; = Iy + AtGp,; satisfies the following properties

(1) The matriz Ay ; is invertible for any Rt > 0 and then the linear system has
a unique solution.

(i) Its inverse A]_V’li has only positive coefficients and then the kinetic density M~
15 positive if M is.

(iii) For any vector T with non negative entries i.e. T, > 0, for 1 < a < N, one has
AV T oo < IT|co-

and then the solution of the linear system does not raise difficulties for any
h; > 0 even if h; is arbitrarily small.
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Proof of lemma B.101 (i) For any hi™" > 0, the matriz AL ; is a strictly dominant
diagonal matriz. It follows that Ay, is invertible.

(it) Denoting G ; (resp. G4f;) the diagonal (resp. non diagonal) part of Gy, we can
write

Ani =1y + AtGy,; = (Iy + AtGY,) (Iv — (Iv + AtG,) T (—AtGRY))
where all the entries of the matrix
Ini = (In + AtG%»’%—AtGﬁ,ﬂ),

are non negative and less than 1. And hence, we can write
(Iy + AtGy) ™ =) Ik,
k=0

proving all the entries of (In + AtGy;)~! are non negative.
(7ii) Let us consider the vector 1 whose entries are all equal to 1. Since we have
(In + AtGy;)'1 =1,

we also have
1 == (IN + AtGN’i)itl.

Now let T be a vector whose entries {T,}1<a<n are non negative, then
Iy + AtGNJ-)_tT < (Iy+ Asz‘r]\u)_'51||T||OO = 1||T| oo,
that completes the proof.
[ |
4 Properties of the scheme

In this section, we examine the properties of the scheme (46]).

4.1 Without topography
We first consider the problem without topography. The scheme reduces to

MY, = M,; — 0§ (Ma,i+1/2 — Ma,i—1/2) (53)
M = MY+ AN, — Nt )
with
Myivi2 = lesoMay + 1ecoMoa i, (54)
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Myic12 = LesoMaio1 + Leco M. (55)

The discrete kinetic equations allow to precise the numerical fluxes in having
the form

N
Fiiajp- = (O Froivije— Farivijaes s Fayirra-)” (56)
a=1
with
Foinr = / Mol = [ EMusde+ | Maspnde,
R £>0 £<0
Foivijp— = /§2Ma,i+1/2df+A$iua+1/z,iGa+1/2,z’
R

= £2Ma,id§ + §2Ma,z'+1df + Azitiat1/2,iGati/2,i-
£>0 £<0

The source S; in is defined by

S; = Ua+1/2,iGa+1/2,i - ua71/2,iGa71/2,i7
where uq41/2; is defined by and Ga1/2; is given by expression that can be
rewritten under the form

«

N
Ax;Gagiy2,i = Z (th,i+1/2— — Fhyic12e — U Z(th,i—i-l/Q— — th,i—l/Z—i-)) :

Jj=1 p=1
In the following proposition, we prove fundamental stability properties for the nu-
merical scheme ([46).
Theorem 4.1 Under the CFL condition

1 Az;
At" < = min v

the scheme satisfies the following properties
(i) The kinetic functions remain nonnegative ML~ >0,V a,i
(ii) One has the kinetic energy equality
H(MZ,T—,& Zb,z‘) = H(MW, ¢, Zb,i) — 0; <ﬁa,i+1/2 - ﬁa,i71/2>
~Ar(Hi = HiG,) + doi 4 eas (59)

where E[a’iil/Q, ﬁail/Qﬂ; are defined by

Ha,i:l:l/2 = fH(Ma,z‘i1/2,f> Zb,i+1/2) - €H<Ma,i7£7 Zb,i)v
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N G gl
n+1— o atl/2; n+1
Hail/Z,i - hnﬂ_H (Ma:l:l/2,ia & Zb,i),
7

and d, ;,eq; are given by

do;i = g2ér2 [o£13 (Ma,i+1 +2M o + Uif(mz + QMW;)) (Ma,i—i—l/Q — M,,;)?
—926—7T201-£ (Ma,iq +2M o + Uzé(m*z + 2Ma,i)) (Ma,¢—1/2 — M,;)?
O A S T+ 2T ) (T2~ WL
LT G B (T W ) (VT — W),

eni = 92;2 Ag (Gaﬁl/z,;’l ;1Ga1/2,i) ary.

Corollary 4.2 Under the CFL condition , one has the macroscopic energy inequal-
1ty

al 1 N N ~ N -
S B <> Fai— oY /R Hiprppd =3 /R 1ol
a=1 a=1 a=1 a=1

Remark 4.3 Fven if we considered the system without topography, we keep the notations
24, J =1,14+1/2,i—1/2,... so that the obtained formula can be easily extended to the
case of a non flat topography.

Remark 4.4 We have seen in remark[3.6 that, at the continuous level, the quantities

Gail/Q
h )

remain bounded when h — 0. At the discrete level, the quantities N;‘Ll/gz and ﬁgﬁ/_m
wmvolve the discrete mass exchange terms

Ga:ﬁ:l/Z,i
n+1l
hi

For any h'™ and even if h}™ — 0, from Eq. , we have
AtnNz?/ngi_ = M — My,

and hence after integration in & we get

Atnlle}/Q’i — llh?+1 o h?;-rl/27
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, N 1/2 1/2 o ,
and since Y, h?j 2 = A we have by < Rt and this gives us the estimate

1 G'3/2,i
1 - < At’n )
L=

<1

Usmg the process, one can prove
Ga+1/2,i
n+l 2
hi

1s bounded for any .

Proof of theorem [4.1] (i) The scheme also writes

Ga i Ga il— = |Ga-1/24
—A“Lﬁ%d“HE}+G—Aﬂ|+WJmJ 1”+>Mﬁk
a+1,: a,t
+ At hn+1 Mozfl,i - Moc,i — 0 (gMa,i+l/2 - Ma,i71/2>;
a—1,
leading to

1,4
hn—i—l ) a+1,
a+1,:

— A" |G04+1/2,i|+ Mn+1— + (1 — A |G06+1/27i|— B |GO¢—1/2J +> Mn—!—l—
hn+1 g

o)

n‘Ga—l 2,i|f n4+1—
AR MI 2 (1= 04(1€D) Mo (59)
a—1,

Since M, ; > 0 and holds, using the property (ii) of lemma the inequality
proves (i).
(i) The proof of Theorem 3.6 in [2] and the proof of the inequality shares common
points, namely the linear dissipation of the scheme is, in both cases, based on the con-
vexity of the kinetic entropy and the form of the Mazwellian (27)). But the proof
of inequality 1s more complex because of the momentum exchange terms along the
vertical axis and their implicit treatment. Notice that, compared to Theorem 3.6 in [2],
the derivation of the horizontal linear dissipation is obtained in a different way.

In order to prove we multiply the first equation of by H (Mo, €, 2,) and
the second equation of by H'(MZ:I_,& 2bi)-

First, using the identity

—3 —3 —2 — — — = —
My =M, +3M, (M1 — Ma;)+ (Maiv1 +2Ma;) (Mo — May)?,

we obtain an expression of the linear dissipation

Ha (Ma,i+1> 57 Zb,i—Q‘rl)2 - Ha (Moz,”h 57 Zb,i) - H& (Moz,”h 57 Zb,i)(Ma,i+1 - Ma,i)
ap— J— N N
_ 5 (M iv1 +2M o) (M yiyr — May)?
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that can also be written using the definitions — under the form

Ha(Ma,i-l—l/% ¢, Zb,i+1/2) = Ha(wam &, Zb,i) + H;<Ma,ia §, zb,i)<Ma,z’+1/2 - Ma,i)

927T2 S T -7 A7 \2
+T(Ma,i+1 +2M o) (M iz — Mag)”.

(60)
Notice that at the interface i — 1/2, we obtain an expression similar to having the
form

Ho(Moi1/2:& 2bi-1/2) = Ho(Moi, & 205) + H (Mo, & 20) (M aio10 — May)

+¥(mﬂ»_l V) (VM os12 — M) (61
For £ <0, the first equation of writes
M5 = Mo — 0 (Maip1 — Ma), (62)
whereas for € > 0, we have
MY = My — 0i& (Mo — Mai1). (63)

Now let us multiply Eqs. , by HQ(MW-, &, zp;) and using the expressions ,

for the quantities

1

H&(M(x,ia€7 Zb,z‘)(Ma,z‘Jrl - Ma,i> = Z—H&(Ma,i, f; Zb,i)(Moc,i-i-l - Moz,i)a
_ 1 _ _ _
H&(Ma,if, Zb,z‘)(Ma,z‘ - Ma,i—l) = Z—H&(Ma,i, f, Zb,i)(Ma,i - Moz,i—l)a
we obtain the relation
loH, (Mo, &, 20) (MY — Moi) = —o; (f[a,m/z - ffa,i_m)
92772 -7 v -7 A7 \2
+ 6 0 §(Maip1 +2M o) (Maiz12 — May)
g2 . L o
_Taif(Ma,ifl + 2Ma,i)(Ma,i—1/2 - Ma,i)<264)

The identities
2 2
Hl(fafazb)f = H(f7€7zb) + %f‘?’
_ ~ 2 2 o 2.2
H'(f.6,2)f = H(F.& 2) + —5=(f* = ) + 57

help us to write

H (s, 200) (MY — M) =~ H(Vo €, 200) (3T

la - Ma,i)

a,l
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1 —nx 1 —
== _Ha(Ma,iaga Zb,i) - Z_Ha(Ma,ivfa Zb,i) - Laa

lo a

where as in ([27), Wz*l = [ M with

a-" oy

7T292 T -— =Nk -— \2
La - T(Ma,i+2Ma,i)<M '_Ma,i> .

a,i

Notice that from relations - we have

7.(_292

6
Therefore we are able to rewrite under the form

Lo = (0il€D)* (M + 2M o) (Mair — Mo)*Leco + (May — Moyo1)*Leso).

HQ(MZ;,& Zb,i) = Ha<Ma,i>€7 Zb,i) — 0 (ﬁa,i+1/2 - ﬁa,i71/2>

2,2 o o . o o o
+lagTUi£(Ma,i+l +2Mq; + Uié(Ma,i + 2Ma,i)) (Mai1/2 — Ma,z')z

9277'2

—lq To'ié(ma,ifl + QMW' + sz(ﬁz*l + 2Ma,i)) (Ma,i—1/2 - Ma(,ﬁﬁ)

— 41—

In a second step, we multiply the second equation of by Ho(M,; & 23). The
proof of proposition[3.§ gives us an expression for the quantity

Vi n+1— n+1—
H(;(Moe,i S Zb,i)<Najr_11/2,i - Naj11/2,1)7
under the form
S Vikan n+l— n+1— Gao i SVt Ga—1/2,i S n+1—
H(/Jé(MOéJ ’57 vai)(Nozjrrll/Q,i o Najll/Z,i) = hii/ll Ha(Moe+1/2,i7 57 Zb,i) - thlr/12’ Ha(Ma—1/2,i7 67 Zb,i)
927T2 Ga+1/2,i —n+1— —n+1—\ ~n+1— ——n+1l—9
—la 6 it (Ma+1/2,i + 2Ma,i )(MaJrl/Z,i - Ma,i )
2.2 "
g-m Ga—l/Q,i ——n+1— —n+1—\ w—nt+1— —n+1—
+la 6 Bl (Ma—l/Q,i + 2Moc,i )(Ma—l/Q,i - Moz,i )2
2.2 ("
gm (Ga+1/2,i - Gafl/Z,i) —n+1—
+la 3 hn+1 (Ma,i )3'
and we also have
H;z (MZ;177 éa Zb,i) (MZ;P - MZT@) = Ha (MZ,J;177 é.a Zb,i) - Ha (MZTw éa Zb,i)
22
— 1 (W + 2L ) (ML - ML)

Using the two previous expressions, we are able to rewrite the second equation of

multiplied by H,(M,; &, z:) under the form

— 41—

Hoc(Maﬂj ; 67 Zb,i) = Ha<MZ>;7 67 Zb,i) — 0 <H21_11/_27Z - H;Lj_ll/_Q’1>
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2,2
g-m nGa+1/2,i —n+1— —n+l—, ~—nt+l— —n+1—
_la 6 At hn+1 (Ma+1/2,i+2Moz,i )(Ma+1/2,i _Ma,i )2

2,2
g T nGa—l/Q,i —nt1— —n+l—, =—nt+l— —n+1—
+la 6 At hn«kl (Ma—l/Q,i + 2Ma,i )(Ma—l/Q,i - Ma,i )2
2,2
gm n<Ga+1/2,i - Ga—1/2,i) —n+1-
‘l’la 3 At hn+1 (Ma,z' )3
9272 Tk —n+l—\ =—n+l—  =—nx.9
_ZGT(Ma,i + 2Ma,i )(Moa,i - Ma,i) (66)

The sum of relations , divided by I, gives the result. B

Proof of corollary An integration in & of relation and a sum of the obtained

relation fora=1,... N gives
N ) N N N
——n+ =1 ~ ~

ZEa,i = Z E.;—o0; (Z/ Hipd€ — Z/ H¢—1/2d§)

a=1 a=1 a=1 R a=1 R
N N

+Z/da,id§+2/ea,i df

a=1"R a=1"7R

Using , the first line of d.; writes

2.2

gér 0i€ (1 = 0:8)Mai1 + (24 30:€ — (0:€)*) Moi) (Maivrje — May)?,

that is non positive under the CFL condition (57)) and likewise, we obtain that the second
line of dy; is non positive. Moreover, it is obvious from the definition of Gaq1/2; gwen
by that the other lines of d; are also non positive.

Now we intend to prove that for any i, one has

N N 9 9
g'm n(GaJrl/Z,i - Gaq/z,i) —n+1—

> [eias=3 [ S PR ) de =0, (67)

a=1 a=1 )

Since MZ;P is not a Mazwellian, it is not possible to conclude, as in the proof of
Proposition [3.8, that

/ (Mo )dg = Sh2,

R ’ 2"

and that the sum (67) is zero. So we proceed as follows.
Let us rewrite Eq. under the equivalent form

a,l

M = MITR 4 AN, = NI )+ ARt

{ M = M, ; — o; <5Ma,i+1/2 + My it172— — EMoi—1)2 — 5Ma,i71/2+> + At"Qa
a+1/2,0 a—1/2.

(68)
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where Qo 4, Qnﬂ/Q are two collision terms satisfying

(e [ (e ()

We are now able to reuse the arguments of the proof of Theorem —(u) with the dis-
cretization but since

s viian' n+1 (ugtl)Q n+1
Ha(Maz 75?21}2)_[ < (h'L +Zb,z)+T+ Ui )7

we have
| O 6 Qi g o
and the integration in & of the second line of Eq. multiplied by H' (MZJZI,S,ZM)

gives exactly the relation but where the superscript ™ (resp. "t17) becomes "T1/2
(resp. "1). And hence, we have

N N 2.2

gm (Ga+1/2,i - Ga—l/Qz‘) —n+tl—\3
5 | ea df:E:/ A - (A Bag
a1/R p i) S Byt M)

N 2,2 G @ ) —n
_ Z/ g;T Atn( a+1/2, a—1/2,z) (M +1)3d§ . 0
— JR

n+1
hi

that concludes the proof. B

4.2 With topography

In this paragraph we examine the properties of the discrete scheme (46|) when the to-
pography source term is no more neglected.

The hydrostatic reconstruction scheme (HR scheme for short) is a general method
giving, with any solver, a robust and efficient discretization of the source terms in con-
servation laws. It has been initially proposed for the Saint-Venant system leading to
a consistent, well-balanced, positive scheme satisfying a semi-discrete entropy inequal-
ity [I]. Here we use the HR technique to discretize the topography source term appearing
in and we prove the kinetic scheme coupled with the HR technique leads to a
consitent, well-balanced, positive scheme satisfying a fully discrete entropy inequality.

The hydrostatic reconstruction scheme uses reconstructed states

Unjiv1/2— = (hajiv1/2—s Paiv1/2—ts), Unjiv1/24 = (hajit1/2+5 Paivija1tiv1),  (69)

defined by
Riv1/2— = (hi + 2 — Zpiv1/2)+
hivijo+ = (i1 + Zbi01 — 2bi41/2)+5 (70)

hoz,i+1/2i = lahi+1/2ia
Ma,i+1/2:|: - M(Ua,i+1/2:ta 5)
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and
Zpit1/2 = MAX(Zpi, Zpi41)- (71)

We note that the definitions of hjii/0+ in — ensure that h; - < h;, and
hiy1/24+ < hiy1. Therefore, because of one has

0< Myjivijo— < Mai, 0= Myivr/o+ < Mag, (72)

thus
M<Ua,i7£) =0 = M<Ua,i+1/2—7£) =0 and M(Ua,i—1/2+>f) =0.

The quantities 5Ma,i+1/2:t depend on g, Uaﬂ', Ua,i-l—lu AZH—I/Q = Zi+1 — R and satisfy the
moment relations

2, hi i+1/2—
[ Mo de =0, [ €M dg =gt - gy
R R
e, hi i—1/24
/5Ma,i1/2+ d§ =0, /€5Ma,i1/2+ d§ =g 2’ —g— 9 . (74)
R R
We also assume that,
M(Uaﬂ',g) =0 = 5Ma,i+1/2—(§) =0 and 6Mo¢,i—1/2+(§) =0. (75)

For reasons that will appear later during the derivation of the entropy inequality, we

make the choice
5Ma,i+1/27 = (5 - ua,i)(Ma,i - Ma,i+1/27)a

5Ma,z’—1/2+ = (f - ua,i)(Ma,i - Ma,i—1/2+)7
that satisfies the assumptions , and . This allows to precise the numerical
fluxes in having the form

(76)

N
Fi-‘rl/?— = (Z Fha,i-i-l/?—v thi+1/2—’ s 7FQN7i+1/2_>T7 (77)
a=1
with
Froioijp = / EMyprde = | EMusirjpdb+ [ €My e,
R £>0 £<0
an,i+1/27 = /(52Ma,i+1/2 + 55Ma,i+1/27)d5 + A$iua+1/2,iGa+1/2,i
R
= £2Ma,i+1/2—d€ + £2Ma,i+1/2+d§
>0 £<0
ghZ,; ghi,i -
27 - ;1/2 + Azitiar1/2,iGati/2,- (78)

Now we prove some properties of the scheme with the choice Notice that
the implicit part of the scheme (46]) requires to invert the matrix Iy + AtGy,; whose
properties have been studied in lemma [3.10}
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In order to take into account the topography source term, we consider a modified
version of the CFL condition having the form

Oi(Um + |tuas]) < B <1 forall a,i, (79)

where o; = At"/Ax;, and [ is a given constant. Notice that the CFL condition is
equivalent to

N AL;
min min
1<a<N icl |um| + 2\/Zg_h

and we have the following theorem.

Theorem 4.5 Under the CFL condition , the scheme with the choice
verifies the following properties.

(i) The kinetic functions remain nonnegative M}~ > 0.

(ii) The scheme is kinetic well-balanced.

(iii) One has the kinetic relation

H(My; & 2,) =H(Ma;, & 2) — 03 (Ha,i+1/27 - a,171/2+)

— A (H;l;j;/z - Hfgl;ﬂ) + dyi + €ay (80)

where ]ivla,iJrl/g,, Heyi 124, ﬁIZ a+1/2, Hzn;rll/Q are defined in Theorem and the terms
dui, €a,i Satisfy the estimates

2,2
dai S 0; g
’ 6

—0'15

(Ma,i+1/2+ + 2Ma,i+1/27 + Ui€(2Ma,i + MZZ)) (Ma,iJrl/Q — Ma,i+1/27)2
P

( ai—1/2— + 2Maz 1/24 — Uzg(QMaz + Ma 1)) (Ma,i—1/2 - ]\404,1'—1/24-)2

g ™ Ga+1/2z —n+1— —n+1— ~—n+1— ——nt1—
6 hn+1 (Ma-i-l/Qz +2Maz )(Ma+1/2,z' - Ma,i )2

9 ™G 1/2,i ~Fn+l— —n+1, ~—n+1— _
- (Ma—l/Q,i + 2Ma,i )(Ma—l/Q,i - M

—At"——

n+1—

.l )2’

A

29272 n+1\2 /07 70— —n—i—l S ntl— ——n+1— 9
€a; < OF (U )(2M j +M )(Ma,i—1/2+_Ma,i+1/2—)

) i3 a,i .t

2
ng ™
+At 3 T

2 (Ga+1/2,i - Ga—1/2,z‘) (Mnﬂ_)?’

Remark 4.6 The result of Remark[{.4] concerning the boundedness of the quantities

Ga:ﬁ:l/Z,z‘
n+1l 7
hi

remains valid.
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In relation , the first two lines of d,; are not necessarily non positive and the first
line of e, ; is non negative. Similar estimates have been obtained in [2] in the context of
the classical Saint-Venant system and using the same arguments as in [2, Theorem 3.6/,
the following corollary holds.

Corollary 4.7 Under the CFL condition , the scheme (46)) with the choice has
the kinetic entropy inequality

—’n+1

H( €, sz) = (Ma,z'7§, Zb,z') — 0y (ﬁa,i—l-l/Q— - ﬁa,i—1/2+)

— At" (H"ﬂ;/2 H;zjl;m) +d;+ el (81)

where _ﬁi+1/2_, ﬁi_1/2+, H+1/2 , HZLJEI/H are defined in Theorem vg > 0 s a
dissipation constant depending only on B, and Cg > 0 is a constant depending only
on B. The term proportional to Cg is an error, while the term proportional to vg is a

dissipation that reinforces the inequality. The quantities da“ el i are defined by

d;lx,i < Vﬂsz ( aitl/2+ T Ma,i+1/2—) (Ma,i+1/2 — Ma,i+1/2—)2
2 2

—Vﬁazf (Ma i-1/2— T Ma,zel/%)) (Ma,ifl/Q - Ma,i71/2+)2
ng 77 Ga+1/21 —n+1— —n+1—, ——n+1— —n+1—

—At 6 hn+1 (Ma—i—l/Q i + 2Ma K )(Ma+1/2,i - Ma,i )2
ng 7T2 Ga 1/24 s7n+1— —n+1, —n+1— —n+l—\9

+At 6 hn+1 (Ma 1/27,+2Ma2 )(Ma—l/Q,i _Ma,i ) )

Pt o L o
CB(UiUm)QT z((Maz — Ma,i+1/2—>2 + (Ma,i — Ma,i—1/2+)2)

2.2
nd ™ (Ga+1/2,i - Ga—l/Q,i) —nt1-
+At 3 hn+1 (Ma,i )3'

CBH
IA

Corollary 4.8 Under the CFL condition , integrating the relation with respect
to & and summing for o = 1,..., N, yields that

N N
—n+1
oz-iz— < E Ea,z 0 E /Hl+1/2d€ /H@ 1/2d6 (82)

a=1

+C,8(Uz‘vm)2 (g(hi — hig12-)" + g(hi — hi—1/2+)2)> (83)

where C > 0 depends only on 5. As in [2, Corollary 3.7], we conclude that relation (83))
1s the discrete entropy inequality associated to the HR scheme ,, with kinetic

numerical fluz (77} . Wath (| . one has

0 <h; —hiyio— < |zpip1 — 2il, 0 < hi —hic1oy <|2pi — 2pi-1]-
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We conclude that the quadratic error terms proportional to Cg in the right-hand side of
(divide by At" to be consistent with ) has the following key properties: it
vanishes identically when z, = cst (no topography) or when o; — 0 (semi-discrete limit),
and as soon as the topography is Lipschitz continuous, it tends to zero strongly when the
grid size tends to 0 (consistency with the continuous entropy inequality ), even if the
solution contains shocks.

Proof of theorem [4.5] (i) The scheme also writes

Ga i Ga AR Ga, %
. Atn| h;:;—l’—/f, |+ Mg:::ll,; + (1 - Atn| +1/2, | h}n_"_l 1/2, |+> MOCL;,I,

a+1,

n Goc—l 2,4 |— n4+1—
+ At |hn+|Ma+ii = Moz,i — 0 (fMa,i+1/2 + 5Ma,z‘+1/2 - Ma,i71/2 - 6Ma,1'71/2)7
a—1,

and using , we have

. Atn|GOt+1/27i|+ Mn+1f + (1 o Atn|Ga+1/2,i|— B |Ga—1/2,i +> MnJﬂ,
hn+1 [eX)

1 atl,i
a+1,: a,i
n |Goc—1/2,i|— ndl—
+ At Rt Mafl,i > (1 —oi([§] + |uOéZ|))Maz
a—1,

The CFL condition ensures the r.h.s. of the previous equation is non negative and
using the property (ii) of lemma[3.10, this proves (i).

(i) When ua; = 0, h; + 2; = cst for any o, then for any & we have My 1124 =
Ma,i—‘rl/Z— == Ma,i—1/2+ == Mom‘_l/Q_, Ga+1/2,i = Ga_l/gﬂ‘ =0 and therefore ngl_ == Ma,i

proving (it).
(iii) In order to prove (iii) we proceed as in the proof of Theorem|[{. 1] but the computations
are more complex because of the topography source terms. First, we multiply the first

line of with by H'(M o, &, 25) and we get

=N

H(Mo:ia g, Zb,i) = H(Ma,i,f, Zb,i)
— 06 (H(Mais1/2, €, 2hir12) — H(Maio12,€, 23-172)) + R+ R (84)

where RE,; (resp. R, ;) is an error term coming from the space (resp. time) discretization
and with

Ri,i = 0§ (H(Ma,i+1/27§7 Zb,i+1/2) - H/<Ma,i7§7 Zb,i)Ma,z‘H/z)
—0§ (H(Ma,zel/m £, Zb,zel/z) - H/(Ma,mfa Zb7i)Ma,i71/2)
+03(€ = Uai)H' (May, &, Zb,i)(Ma,z'H/% — Ma,z;l/ﬂ),

2 2
t s g ey (K3

- 6 (MZTZ + 2M@7i)(M  — Moc,i)g'

a,l

o,
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For the quantity R ., using (46) we have

2 2
qg-m — —nk —_— J— — I 2
R;i = 5 0} (2M i + M,;) (fMa,iH/z — &Moo +0M g ip1/o- — 5Ma,¢71/2+)
2g%m?

IN

v vl - - 2
o7 (2M o+ M) (52(Mi+1/2+ — Miy12-) leco

— — 2 — — 2
+8 (Mi—1j2- — Mi—1y21) Leso +uf (Migrjo- — Mi_1/24) ) :

For the quantity Ry, ;, we can write Ry, ; = Ry ;. + Rg, , with

aZ7

R = 0 (H(Magi1/2:& 2pir1/2) — H (Mo, & 23) (Magirs — Maivi/a-))
_O'iua,iHl(Ma,ia 67 Zb,i)Ma,i—l-l/Q— - O'igH(Ma,’i; 57 Zb,i)?

and
Rf”_ = —Uzﬁ( ( ayi— 1/2,5 2byi— 1/2) H/(Ma,iagazb,ixﬁa,i—lﬂ_Mmi—l/}i—))
+0iUq zHl( Qa,is f, Zb Z)Ma,i71/2+ + O—iSH<Ma,i7 fa Zb,i)a

and we can rewrite R, ;. under the form

Ra,i+ = 0-15 ( ( « z—‘,—1/2yé~ Zb z+1/2) H/<Ma,i+1/2—7 57 Zb,i+1/2)(Moz,i+1/2 - Ma,i+1/2—))
—Uif(Hl<Ma,i, &, zb,i) - H/(Ma,i+l/2—; £, Zb,i+1/2))<Ma,i+1/2 - Ma,i+1/2—)
_Uiua,iHl(Ma,i7 ¢, zb,i)Ma,z#l/Qf - UifH(Ma,i, &, sz)

Using the identity

=3 -3 —2 — -
Ma,i+1/2+ = Ma,i+1/2— + 3Mo¢7i+1/2—(Ma,i+1/2+ - Ma,iﬂ/z—)

+ (Ma,i+1/2+ + 2Ma,i+1/27)<Ma,i+1/2+ - Ma,i+1/27)27
we obtain an expression of the linear dissipation under the form

H<Ma,i+1/2+? &, Zb,z'+_1/2) - H(Ma,i+1/2—aézb,i+l/2) L
—H;(]\z/[a,z‘+1/2—7 ¢, Zb,i+1/2) (Ma,i+1/2+ - Ma,i+1/2—>

[l _ _ _
=77 5 (Maivijor +2Maiv1/0-)(Maip1/24 — Ma,i+1/2—)2

that can also be written under the form

H(Ma,i+1/2: &, Zb,z'+1_/2) = H<Ma,i+1/2—: 5ﬁb,i+1/2)

+H;(]2V[a,z'+1/2—7 ¢, Zb,i+1/2)(Ma,z'+1/2 - Ma,i+1/2—) (85)
[ ap— I I —
+QT(MO¢,¢+1/2+ +2M o i12-)(Majivij2 — Ma,i+1/2—)2-

Therefore, relation allows to write Loy under the form

9272 =7 YV Vi a7 2
——(Map1y2+ +2Mai1/o- ) (Maiv12 — Maiz/2-) )

Rﬁ,i+ = sz( ( a,i+1/2— a€>zbz+1/2)+ 6
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—sz(Hl( Qa,is 57 Zb z) - H,(Ha i+1/2—> 67 Zh 1+1/2))<M0¢,i+1/2 - Ma,i—l—l/Z—)
_O-iuoc,iH (Ma 7,75 Zh 7,) oi+1/2— — szH( iy ga Zb,i)'

Neat, if M, ;(€) >0, one has

Hl( a17§7zb1)<Ma,i+1/2+ _Ma,i+1/27)

; 1 — — 86
= (77 (Ua,i) <£) + gzb,z‘)(Ma7i+1/2+ - Ma,i+l/2—)7 (86)

and as in (43)

HI(Ma,i+1/2—, €, Zb,i+1/2>(Ma,i+1/2+ - Ma,i+1/2—)
1 _ _
> (n/(Ua,i+1/27) <§> + gzb,i+1/2) (Maiv1/24 — Majivijo-)-

Taking the difference between and , we obtain

H/(Ma,i+1/2—7€, Zb,i+1/2)(Ma,i+1/2+ Ma Ji41/2— ) H' (Ma &) 2b z)(Ma,i+1/2+ - Ma,i+l/27)
>y (ghi+1/2f — ghi + 9zpi41/2 — gzb,i)(Ma,z+1/2+ Ma,z+1/2 ) >0,
(88)
Using , it comes

2.2
—_ g —_ —_ —_ —_
Loor < 0§ (H<Ma,i+1/2—7 £, Zhiv1y2) + 6 (M aiv1/24 +2M g i1/2-) (M o172 — Ma,i+1/2—)2)

—Uiua,iHl(Ma,i, &, Zb,i)ma,iﬂ/% - UifH(Ma,i, £, Zb,i)
2,2
g == S -F -
= sz( (M, asit1/2— &5 Zbit1/2) + 6 (Maiv1/24 +2M o172 ) (Maiv1/2 — Ma,i+1/27)2)
_O-zH,( a,is ga Zb z)(gMoa i+1/2— — fMa it 5Ma g+1/2— ) - O-igH(Moa,iv 57 Zb,i)-

Then with we get

G - L
(77 (Uai) (§> + gzbi) (fMa ir1y2— —EMo; +0M, i+1/27) (89)
_H,( azagazbz)(éMaz+l/2—_€Ma1+5Maz+l/2 )

We use the identity ging

9272 =7 7 T 7 2
G (Maiv1/24 +2Mair12-)(Majiz12 — Masvij2-) )

/ 1 AT AT T
—0; <77 (Uai) <€> + gzb,i) (EMav1/o— —EMai+ 0M o iq1/2-)
—Uz‘SH(Ma,ia £, Zb,i)a

and an analoguous inequality can be obtained for Lo_ under the form

RY .. < 0 (H(Mijrjo—, &, 2i41/2) +

927T2

6

Ry, < —0if(H(Mai-1j2+,€, 2i1/2) + (Mai-1j2— +2Mai1j2+)(May—1j2 — Mai—121)°)
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1 — — _
+0; (U/(Ua,i) (§> + gzb,i) (EMai—1joy —EM o+ 0Mai12)

+Ui£H(Ma,iu 67 Zb,i)u
In a second step, we multiply the second equation of (46| by H! (_?Hl &y 2bi)-
After the same computations as in the proof of Theorem — since the implicit (in
time) step of the scheme do not depend on the topography source term — we obtain

the relation .
Therefore adding the two relations , gives proving the result. B

Proof of Corollary The proof of the result is similar to the one given by some of
the authors in [2, Theorem 3.6/. B

Proof of corollary As in the proof of Corollary (4.2), it is possible to prove that

[Ty = [ e

and under the CFL condztwn ) the quantity d,; is non positive then the sum for
1=1,..., N of relations mtegmted mn & qives the result. W

5 Fully discrete entropy inequality for the layer-averaged
Nayvier-Stokes system

The layer-averaging applied to the Euler system in Section [3| can also be applied to
the Navier-Stokes system, see [II]. Considering a simplified Newtonian rheology, the
Navier-Stokes system — can be written under the form

ou Ow
ou Ou? Ouw Op v 0*u

o T or T o: "o Mo T o (91)
dp
_— = — 2

where p is a viscosity coefficient. The system — is completed with the kinematic
boundary conditions ,@ and suitable dynamic boundary conditions and its layer-
averaged version is given by

0. 0w

—h+ — > hatg =0, (93)
ot ox =

0 0 0z

a(haua) + B <haui + ghah) = —ghaa—; + Uat1/2Gat1/2 — Ua—1/2Ga—1/2



a aoc fe% - U a ~ Ua—
+a_<4uhai)+zﬂu gula—Uasl o N1 (94)
s

ox hat1 + ha - 'uha +ha-t’
%(hlul) + % (hlu% + gfuh) = —ghl% + us)aGsyo
+% (4Mh1 %) + 2;122 _T_ Zi — KUy, (95)
%(hNuN) - % (hNU?V + ghNh> = —ghN% —un-1/2GN-1/2
+% (4uhNaau—;v) - 2#%7 (96)
+2Zat1/2Gat1/2 — Za—1/2Ga1/2, (97)

where « is a Navier friction coefficient at the bottom and the exchange terms G/, are

given by —.
The system —@ is rewritten under the compact form

(9_X N OF(X)
ot ox

- Se<X7 atX7 axX> +Sb(X) +Sv,f<X)7 (98)

T
with X = (ZL B Q1 - - - ,qN) and g, = loh, o = lahtia. We denote with F(X) the

flux of the conservative part, and with S.(X, 0,X,0,X), Sp(X) and S, ;(X) the source
terms, representing respectively the mass transfer, the topography, and the viscous and
friction effects.

For the time discretization, we apply a time splitting technique to the equations
and we write

X — X" QF(X™)

Kt g = S0 X 45X, (99)
Xn+1 . Xn—i—l
A—tn - v’f(Xn,XnJrl) = O (100)

Equation corresponds to the semi-discrete in time version of the layer-averaged
Euler system — whose discretization has studied in Section . It remains to
propose a discrete in space scheme for Eq. (100)).

We first solve the conservative part of by the proposed explicit kinetic scheme
then the second step taking into account the viscous and friction effects is performed
using an explicit time.

More precisely, since the viscous and friction terms S, ; in Vare dissipative,
they are treated via a semi-implicit scheme for stability reasons. This gives using a
finite differences discretization

1 1 1 1
2 2 2 2

(hu)™t! = (ﬁz)nﬂ n 8pu hoisn2 Udit1 — Yai hoi1 2 Ug; — Ug i1

3 - 3 o,i+ - agi— ~ . A

w vt Ax; Ax‘lqu + Ax; Ax; + Az
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1 1 1 1
u21'_ 2 u2‘_u2_1 1
SN JYphE A A IR TR (101)
ha-‘rl,i + ha,i ha,i + ha—l ) et
for « = 1,..., N. The superscript y% means y% = ynZLH and 0y, is the Kronecker

symbol.
And the following proposition holds.

Proposition 5.1 Defining E,; by

>

Ea,i = %ﬂ(hox,i)2 + gha,ihi + gzb,iha,ia

with the notations of theorem[{.5 we have
E(Tzrl < Eaﬁ_ai(/ ﬁa,i+1/2—d§—/ﬁa,i—1/2+d§>
n n+1— n+l—
—At (/ Hz:+1/2d€ /Hz;r 1/2

+ / Aot + / N
R R

with
1 1 1 1
2 2 2
D o 8,“ h ua,i+1 + uoz,i ua,i+1 uoe,z
o a,i+1/2
Ax; / 2 Az + Az
1 1 1 1
2 2 2 2
h / Uqi + Ugi—1 Uqi — Ug i1
ai—1/2
2 Al’l + A$1,1
1 1o 1 1 1 1 1
2 2 2 2
a+1 i + U i a+1 i Uq Ug i + Un—1,4 Uq — ua 1,
+2 — 24
2 ha+1,z + ha,i 2 ha,i + ha—l,z
1 1\2 1 1 2
2 2 2 2
4p (ua,i—l-l - ua,i) " (ua,i - ua,i—l)

- hai o,i—
A(Ei 172 A$i+1 -+ A$z =172 A.%l -+ Al'ifl

1 1\2 1 1 2
2 2 2 .2
(ua+1,i “a,i) (ua,i ua—l,i)

1
- — uz )2,
lu hOH—l,i + h/aﬂ- ,LL ho@i + ha_ll‘ 5 ( (171)

Proof of prop. First we notice that the semi-implicit step does not modify the
- 1
water depth i.e. h™ = b Multiplying (101]) by ul ;, it comes

hTHTl pn+l
5 = S5 () A (102)

and D, ; is a consistent discretization of the viscous and friction terms appearing in .
The sum of relation integrated in & over R and relation (102)) gives the result. B
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