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ABSTRACT. In this work, we study a model describing a syntrophic relationship of two microbial
species with two input substrates, including both decay terms and inhibition of the first species by
an excess of the second substrate. This model can be seen as a reduced and simplified version
of the anaerobic digestion process. We give necessary and sufficient conditions on the operating
parameters of the system (the dilution rate D and the input concentrations of the two substrates si*
and sim) for the existence and stability of all equilibria. By means of operating diagrams, we describe
the asymptotic behavior of the model with respect to the control parameters and we study the effect
of the second input substrate.

RESUME. Dans ce travail, on étudie un modéle décrivant une relation de syntrophie de deux es-
péces microbiennes avec deux substrats a I'entrée, incluant des termes de mortalité et I'inhibition de
la premiere espéce par un excés du second substrat. Ce modele est une version réduite et simplifiée
du processus de la digestion anaérobie. On donne des conditions nécessaires et suffisantes sur les
parametres opératoires du systeme (le taux de dilution D et les concentrations a I'entrée des deux
substrats s{" et si™) pour I'existence et la stabilité des équilibres. En utilisant les diagrammes opéra-
toires, on décrit le comportement asymptotique du modéle en fonction des parametres de contréle et
on étudie I'effet du second substrat a I'entrée.

KEYWORDS : Microbial ecosystems, syntrophic relashionship, Mortality, Stability , Operating dia-
grams.

MOTS-CLES : Ecosystéme microbien, relation de syntrophie, mortalité, stabilité, diagrammes opéra-
toires




1. Introduction

The anaerobic digestion (AD) is a natural process in which organic material is con-

verted into biogas in an environment without oxygen by the action of a microbial ecosys-
tem. It is used for the treatment of waste or wastewater and has the advantage of producing
methane or hydrogen under appropriate conditions. To better understand and control this
process, many models have been reported in the literature, cf. [ 2, 3, 4, 6]. In particular,
a key biological step has been described as the syntrophic relationship between acid con-
sumers (which produce hydrogen) and hydrogen consumer (which produce methane). In-
deed, in degrading the hydrogen - which is inhibiting microbial growth rate - methanogens
allow their coexistence with acid producers: this fragile equilibrium has been thoroughly
studied in the past years.
In [6], a model of such a syntrophic relationship is studied. Using realistic parameters
values, the authors have shown that the introduction of maintenance terms (equivalent to
mortality terms in their study) does not destabilize the positive equilibrium of the system.
This result has been made generic by Sari and Harmand (cf. [5]) in the sense they have
shown that for a large class of kinetics and whatever the model parameters values, the
stability of the equilibrium is maintained. However, in these studies, only one substrate
input - the input substrate concentration in propionate - was considered. In reality, some
hydrogen in produced by other reactions taking place in parallel of the main reactions
considered in the model under interest. Thus, in the present study, we investigate the
properties of the syntrophy model when a second input - the input substrate concentration
in hydrogen - is considered.

2. The model

The two-step model reads:

% = D(s§" — s0) — po(s0, 51)20

% = —Dxo + po(s0, 51)T0 — aoZo )
% = D(si" — 51) + ro(s0, $1)70 — pu1 (1)1

% = —Dzi+ p(s1)z1 — a1m

where sg and s; are the concentration substrates introduced, in the chemostat, with an
input concentration sg* and s{"* respectively, and at dilution rate D. This model includes
the maintenance (or decay) terms agx and a;x. The functions po(.,.) and pg(.) satisfy:

H1 For all sg, s1 > 0, o (S0,51) > 0, po (0,81) = 0 and sup po(so, $1) < +00.

3020
H2 Forall s; > 0, p1 (s1) > 0, 11(0) = 0 and m; := sup pi1(s1) < +o0.
8120
0 0
H3 For all sg, 51 > 0, sl (s0,81) > 0and it (s0,51) < 0.
880 081

d
H4 For all s; > 0, o (s1) > 0.
dSl

For s, fixed, we denote: mq(s1) = sup;,>q to(50,51). We assume that:



d
HS5 Forall s, >0, 0 g,
d51

We can prove that for every non-negative initial condition, the solution of (1) has non-
negative components and is positively bounded and thus is defined for every positive t.

3. Steady state analysis and stability

A steady state of (1) is a solution of the following nonlinear algebraic system obtained
by setting the right-hand sides of (1) equal to zero.

Since all state variables are concentrations, steady state £ = (sg, o, $1, 1) exists if
and only if all its components are non-negative.

From the second equation of (1) we deduce that: xo =0 or po(so,s1) = D+ ag, and
from the fourth equation of (1) we deduce that: z; =0 or py(s1) =D + a3.

For the description of the steady states, we need the following notations. Since the
function s — py(s1) is increasing, it has an inverse function y — M; (y), so that, for all
sy >0andy € [0,m1], 51 = M1(y) <=y = p1(s1).
Let s; be fixed. Since the function sy — po(so, s1) is increasing, it has an inverse
function y — My (y, 1), so that, for all sg,s1 > 0, and y € [0, mo(s1)],
s0 = Mo(y, s1) <=y = po(s0, 51).

Thus, we can prove the following proposition:

Proposition 3.1. Assume that H1-H4 hold. Then, (1) has at most four steady states:

_ 550 = (si,0,s{",0). It always exists.

_ 581 = (so1, o1, $11,0), where so1 is the solution of the equation:

po(so1, (850 +5) —s01) = D+ag, o1 = %ﬂo(sé" —s01) and s11 = (si'+si") — s01.
It exists if and only if si* > M, (D + ao, 311")

_5852 = (502,1‘02, Slg,xlg), where sga = My (D + aop, Ml(D + al)), To2 = %ao (56” —
S12 = Ml(D + al) and T2 = %611 ((86” + Slln) — S02 — 812).

It exists if and only if s§* > Mo (D + ag, M1(D + a1))

and si* + st > My (D + ag, M1(D + ay)) + M1 (D + aq).

_SS3= (sgn, 0, Mi(D + ar), 52— (si" — My(D + al))).

It exists if and only if st > My (D + ay).

302),

With respect to [5], a new steady state SS3 exists. Notice that, if sli” = 0 the condition
p1(si™) > ay is not satisfied and SS3 does not exist. In the next section, we analyse local
stability of the steady states.

The stability of the steady states is given by the sign of the real part of eigenvalues
of the Jacobian matrix or by the Routh-Hurwitz criteria (in the case of $52). In the
following, we use the abreviations LES for locally exponentially stable.

Proposition 3.2. Assume that assumptions H1-H4 hold. Then, the local stability of
steady states of (1) is given by:

_ S50 s LES if and only if si" < My (D + a1) and si* < My (D + ag, si").

_SS1is LES if and only if si* + s < Mo (D + ag, M1(D + a1)) + M1 (D + aq).
_SS2is LES if it exists.

_ SS3is LES if and only if si" < Mo (D + ag, M1(D + a)).



4. Operating diagram

The operating diagram shows how the system behaves when we vary the three oper-
ating parameters si, si"® and D. These diagrams are specially useful for the operators,
to estimate in particular, for a given a triplet s}, s{™ and D, the margin of stability they
have, with respect to a region of the space where the washing out of at least one biomass
is stable.

Since we have three parameters, we have to fix one of them. In [1], we fixed si” and
we gave the operating diagram in the plane (s{", D). Here, we fix si" and we give the
operating diagram in the plane (s%", D), since si" is the new input substrate in model (1).
We need to define the functions F;, i = 1, 2:

Fi(D) Mi(D + a1) + Mo(D + ap, Mi(D + a1)) @)
Fy(D) = Mo(D + ao, Mi(D + a1))
For sy fixed, the function s1 +— po(so, s1) is decreasing. Thus, it has a decreasing
inverse function z — M (sg, z), so that, for all sg, s1 > 0, and z € [0, sup po(so, )|,
s1 = Ms(s0,2) <= z = po(So, 51)-
We define the function: F5(D) = M (s, D + aq).
Let Dy, if it exists, the largest solution of Fy(D) = si, Dy = min(m; — ay, Ds)
and Ds the solution of F3(D) = 0, if it exists.
It is useful to state the next properties on the functions Fj, ¢ = 1,2, 3.

Lemma 4.1. We assume that Dy > 0. Then, we have

° IfD > Dl then Fg(D) < Fl(D) — FQ(D) < Fl(D) — Sén .

[ IfD < Dl and Dl > 0 then Fl(D) — 86n < Fl(D) — FQ(D) < Fg(D)

Moreover, the three curves of functions Fy — Fs, F} — sé" and F intersect at D = D
satisfying D3 > D;.

From Prop 3.1 and Prop 3.2, we have to distinguish three cases as given in Theorem 4.1.

Theorem 4.1. The existence and stability properties of the system (1), in the plane (si", D),
are given in the following tables:

Condition Region SSO  SS3
si* < Fi(D) — F2(D) (s7*,D) € J? S
Fi(D) — F»(D) < s (sin, D) € J? U S

Table 1. The cases D1 < 0, D3 < 0and0 < D < D,

Condition Region SSO  SS1  SS3
st < F3(D) (si",D) e J? U S
F3(D) < si* < Fy(D) — F»(D) (si", D) € J? S
Fy(D) — F»(D) < si* (si*, D) € J3 U S

Table 2. The cases D, < 0, Ds > 0and0 < D < D,



Conditions Region SSO  SS1 SS2 SS3
] s < F3(D) (si", D) e J' [§] S
Dy <D F3(D) < s{™ < F1(D) — F2(D) (si*, D) e J? S
Fy(D) — F»(D) < si™ (si",D) € J® U S
F3(D) < s]" (si*, D) e J* U S U
D < Dy F1(D) — F2(D) < s{"™ < F3(D) (s{*, D) e J® U U S U
F1(D) — si* < si™ < F1(D) — Fa(D) (si*, D) e J® U U S
s < F1(D) — si™ (si",D) e J7 U S

Table 3. The cases D1 > 0, D3 > 0and0 < D < D,

We define by Iy the curve of the function st = Fy(D) — si, 'y the curve of the
function s{* = Fy(D) — F»(D) and Ty the curve of the function s{* = F3(D). These

curves with the line D = D; separate the operating plane (s{", D) in at most seven
regions as shown in Fig. 3.

5. Simulations

For the simulations, we use the following growth functions:

mopSo 1 mi81

po o) = g e TR MO T Ky

For the operating diagrams in Figure 1 and 2, we use the parameters of Table 3 of [5] and
obtained from Table 1 of [6]. }
Figure 1 and Figure 2 illustrate the operating diagram for different values of sg".
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Figure 1. Operating diagram of (1) for s§* = 0.005 at left and for si* = 0.05 at right

When sf)” increases, D; increases and new regions Jy, - - -, Jg appear under Dy and
T'y. This regions correspond to the stability region of the coexistence steady state 5S2.



ry SOin=0.5 n Shin-5 13

— D,
12 D, q _z
n by
0207 Dy 0.20]
o7 &
%
1
015 4o 0.13
o D
010 010
15
15
0.05 - 0.05 - Iz
ry
ry
0 T 0
0 0.05 . 10 0.15 020 0 005 0.10 0.15 0.20
S1in S1in

Figure 2. Operating diagram of (1) for si" = 0.5 at left and for si* = 5 at right
Conclusion

We have analyzed the model of [5] considering a new input s1;,. We have highlighted
the existence of a new equilibrium point corresponding to the washing out of the first
species and the existence of the second one. In all cases, we have shown that, whatever
the region of space considered, there exists only one LES steady state. These diagrams
can be useful to interpret experimental results. Jy, J5 and Jg are the regions of stability
of the coexistence steady-state.
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