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Abstract

The formation and development of blood cells is a very complex process,
called hematopoiesis. This process involves a small population of cells called
hematopoietic stem cells (HSCs). The HSCs are undifferentiated cells, lo-
cated in the bone marrow before they become mature blood cells and enter
the blood stream. They have a unique ability to produce either similar cells
(self-renewal), or cells engaged in one of different lineages of blood cells:
red blood cells, white cells and platelets (differentiation). The HSCs can
be either in a proliferating or in a quiescent phase. In this paper, we dis-
tinguish between dividing cells that enter directly to the quiescent phase
and dividing cells that return to the proliferating phase to divide again. We
propose a mathematical model describing the dynamics of HSC population,
taking into account their spatial distribution. The resulting model is an age-
structured reaction-diffusion system. The method of characteristics reduces
this model to a coupled reaction-diffusion equation and difference equation
with delay. We study the existence of traveling wave fronts connecting the
zero steady state with the unique positive uniform one. We use a monotone
iteration technique coupled with the upper and lower solutions method.
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1. Introduction

Hematopoiesis is the process that leads to the production and regulation
of blood cells. It can be defined as a set of mechanisms that ensure the
continuous and controlled replacement of the various blood cells. All blood
cells arise from a common origin in the bone marrow, the hematopoietic
stem cells (HSCs). These stem cells are undifferentiated and have a high
proliferative potential. They can proliferate and mature to form all types
of blood cells: the red blood cells, white cells and platelets. They have
abilities to produce by division either similar cells with the same maturity
level (self-renewal), or cells committed to one of the three blood cell types
(differentiation) (see [39]). The HSCs compartment is separated in two
sub-compartments: proliferating and quiescent (nonproliferating or resting).
Quiescent cells represent the major part of HSC population (90% of HSCs
are in quiescent phase, also called Gy-phase, [41]). Proliferating cells are
actually in the cell cycle where they are committed to divide during mitosis
at the end of this phase. After division, the two newborn daughter cells,
either enter directly into the quiescent phase (long-term proliferation), or
return immediately to the proliferating phase to divide again (short-term
proliferation), [2, 19, 36]. More details about HSC dynamics can be found,
e.g. in [21]. We will take here into account spatial cell distribution inside
the bone marrow.

It is believed that several hematological diseases are due to some abnor-
malities in the feedback loops between different compartments of hematopoi-
etic stem cell populations. Among a wide variety of disorders affecting blood
cells, myeloproliferative diseases are of great interest. They are character-
ized by a group of conditions that cause blood cells to grow abnormally.
They include chronic myelogenous leukemia, a cancer of white blood cells.
Myeloproliferative disorders usually originate from the HSC compartment:
an uncontrolled proliferation in the HSC compartment can perturb the en-
tire system and leads to a quick proliferation. The excessive proliferation
of malignant HSCs changes normal cell distribution in the bone marrow. If
the proliferation of malignant HSCs is sufficiently fast, then the disease can
invade the whole bone marrow. The propagation of malignant HSCs may
correspond to traveling wave fronts of a reaction-diffusion equation.

The first mathematical model of HSC dynamics has been introduced in
1978 by Mackey, [24], inspired by works of Burns and Tannock, [15]. Mackey
proposed a system of two uncoupled delay differential equations to describe
the dynamics of HSC populations, and applied his model to a blood disease,
aplastic anemia. The delay describes the average cell cycle duration. The



model of Mackey stressed the influence of some factors such as the apoptotic
rate, the introduction rate, the cell cycle duration, playing an important role
in the appearance of periodic solutions. Since then, Mackey’s model has been
improved by many authors, including Mackey and co-authors, [8, 9, 10, 25,
26, 29, 30], Adimy and co-authors, [1, 2, 3, 4, 5, 6], and the references therein.

Traveling wave fronts have been widely studied for reaction-diffusion
equations modeling a variety of biological phenomena (see for instance,
[13, 20, 31, 37] and the references therein), and for time-delayed reaction-
diffusion equations (see [12, 35, 38, 42, 43]). In [23], the authors considered
a HSC dynamics model that took into account spatial diffusion of cells. The
investigators have simply added a diffusion term to the corresponding delay
differential equation. But in recent years it has become recognized that there
are modeling difficulties with this approach (see [11, 32]). The problem is
that individuals have not been at the same point in space at previous times.
To attempt to address this difficulty, we use a general principle by which
certain retarded differential equations can be obtained from age-structured
population models or renewal equations (see [11, 32, 38]).

The investigations of asymptotic speeds of spread for biological systems
are attracting more and more attention (see, e.g., [7, 16, 18, 22, 34, 35, 45]
and references therein). The concept of asymptotic speeds of spread was
first introduced by Aronson and Weinberger [7] for reaction-diffusion equa-
tions. It was extended to a large class of integral equations by Diekmann
[16], Thieme [34] and Thieme and Zhao [35]. Some mathematical tools were
developed to make the link between the traveling wave solutions and the
spreading speeds for reaction-diffusion equations with delays, such as inte-
gral equation approach by Thieme and Zhao [35], and monotone semiflows
method by Liang and Zhao [22] and Fang and Zhao [17] (see also [18]).

In this paper, based on the model of Mackey, [24], we propose a more
general system of HSC dynamics. As in [24], we take into account the fact
that a cell cycle has two phases, that is, HSCs are either in a quiescent
phase or actively proliferating. However, we do not suppose that after each
division necessarily the two daughter cells enter the quiescent phase. We
suppose that only a fraction of daughter cells enters the quiescent phase
(long-term proliferation) and the other fraction of cells returns immediately
to the proliferating phase to divide again (short-term proliferation), [33].
We also take into account the spatial diffusion of cells in the bone marrow.
We obtain a system of two age-structured reaction-diffusion equations. By
integrating the system over the age and using the characteristics method, we
reduce it to a reaction-diffusion equation with time delay and nonlocal terms
coupled with a continuous difference equation with nonlocal properties as



well, that is the system (8). Despite the fact that the system (8) generates
a monotone semiflow, the method developed by Liang and Zhao [22] cannot
be applied to (8). This is because the solution map @ associated with the
reaction-diffusion and difference system (8) on the space X x C ([-r,0], X),
where X = BUC(R,R) is the Banach space of all bounded and uniformly
continuous functions from R to R and r > 0 is the time delay, is not compact
for t > 0 with respect to compact open topology. This can be seen from
a very simple example. Indeed, if we consider the semigroup P; generated
by the difference equation u(t) = pu(t — r), with p = 2Ke " € (0,1),
on the space C = {uy € C([-r,0],R) : wup(0) = pug(—r)}, we obtain,
for 0 € [—r,0] and t > 0, Pi(up)(0) = Piyo(up)(0) if t +6 > 0 and
Pi(up)(0) = wo(t +60) if t+6 < 0. So, if we fix ¢ > 0 and consider
the positive integer n such that (n — 1)r < ¢t < nr, we get P(ug)(0)
pug(t + 0 — nr), for (n — 1)r —t < 0 < 0 and Py(uo)(0) = p™ tuo(t
0 —(n—1)r), for —r < 6 < (n—1)r —t. Then, sup_,<p<q|P:(uo)(0)]
p" max{sup; <o [to(8)] #SUP_pc o<t pr [uo(s)|}. Furthermore, if we
consider the set U = {ug € By : sup;_,,.<.<oluo(s)| = p}, where B, is
the closed ball of radius x4 in the space C, we obtain P,(U) = {ug € B, :
SUP_,<s<(n—1)r—t [u0(s)| = p"}. Then, by the Riesz’s theorem, P (U) is

=+l

not a compact set of C. The compactness property of the solution map
plays an important role in the method of Liang and Zhao [22] since in
the proof of the existence of traveling waves, one needs to construct var-
ious sequences of functions and pass in them to limits to obtain a traveling
wave. Later on, Fang and Zhao [17] extended the results of Liang and Zhao
[22] to monotone semiflows with weak compactness “point-a-contraction”.
We can also show that the semigroup P, defined above, is not compact
in the sense of “point-a-contraction”, for 0 < ¢t < r. We use the Kura-
towski measure of noncompactness in C (see, e.g. [17]), which is defined by
a(B) :=inf{¢ > 0 : B has a finite cover of diameter < (}, for any bounded
set B of C. Then, a(P(U)) = " ta(U). If we choose 0 < t < r (n = 1),
we obtain a(P;(U)) = a(U). So, P; is not compact in the sense of “point-a-
contraction”, for 0 < ¢t < r. We also would like to mention that the system
(8) cannot be reduced to an integral equation such that the theory developed
by Thieme and Zhao [35] can be applied.

Our propose is to study monotone traveling waves for the coupled reaction-
diffusion and difference system (8) by reducing the problem to the existence
of an admissible pair of upper and lower solutions, and by using a mono-
tone iteration technique. Using this approach, we obtain the existence of
monotone traveling waves for ¢ > ¢* and nonexistence of traveling waves for



c < ¢*. We also show that ¢* is the minimum wave speed for monotone trav-
eling waves. It seems that using the monotone iteration technique provides
some additional information about the solution, e.g. an approximate shape
of the traveling wave profiles.

The organization of the paper is as follows. In Section 2, we describe the
biological background leading to an age-structured reaction-diffusion model
of HSC dynamics. In Section 3, by using the method of characteristics, we
reduce this system to a coupled reaction-diffusion equation and difference
equation with delay. In Section 4, we study the existence, uniqueness and
positivity of the solutions by a comparison principle for upper and lower so-
lutions. In Section 5, we present our main results. It is the study devoted to
the existence of traveling wave fronts by using a method based on the notion
of upper and lower solutions. In Section 6, we give some numerical simula-
tions for traveling wave fronts. To end this section, we discuss the problem
of existence of asymptotic speeds of spread for the system (8). In particular,
we prove that the solution (NV,u) of (8) satisfies lim  (N,u) = (0,0)

t—~o00, |z|>ct
for every ¢ > ¢*, whenever the initial data (Ng,ug) is compactly supported.
Considering compactly supported initial data is crucial from the point of
view of biological applications.

2. Presentation of the model

Let us denote by n(t,z,a) (respectively, p(t,z,a)), the quiescent (re-
spectively, proliferating) HSC population density, at time ¢ and position
x € €0, which have spent a time a in their compartment. We consider here
an unbounded one-dimensional domain, 2 = (—o0,4+00). Quiescent cells
can either be lost at a rate 6 > 0, which takes into account the cellular
differentiation, or can be introduced in the proliferating phase with a rate
B > 0. Proliferating cells can be eliminated by apoptosis (programmed cell
death) with a rate v > 0. We denote by r > 0 the duration of the prolifer-
ating phase. At the end of the proliferating phase of the cell cycle, each cell
divides by mitosis into two daughter cells. A part (K € [0, 1]) of daughter
cells returns immediately to the proliferating phase to divide again while
the other part ((1 — K) € [0, 1]) enters directly the quiescent phase. In this
work, we suppose that the rates 4 and 8 depend upon the total population
of quiescent cells at time ¢ and location x

+oo
N(t,z) = / n(t,z,a)da.
0



We denote by d; > 0 (respectively, do > 0) the diffusion rate of quies-
cent (respectively, proliferating) cells. Throughout this paper, we make the
following hypotheses on the functions 8 and 4.

The function N — B(N) is continuously differentiable on R and
decreasing on R* with lim B(N) = 0.
N—+o0

The function N — 6(N) is continuously differentiable on R and
increasing on R*.

Typically, 8 is modeled by a Hill function, [24, 29, 30], given on RT by

0&
BN = 2 Y e

(2)

a>1, (3)

where 3y is the maximal rate of the transition between quiescent phase and

proliferating one, 6 is the value for which 8 attains half of its maximum

value, and « is the sensitivity of the rate of reintroduction. It describes the

change of reintroduction rate due to external stimuli, such as growth factors.
An example of § is given on R™ by the following expression

§(N)=6N®, 6>0 and k>1.

The evolution of the HSC population is described, for ¢ > 0 and = € R, by
the following system of age and space structured partial differential system

on  On 0’n

LT g 2 (N N

5o T gt OWEEANE a0
dp Op 0“p

N +6a = dg—awz P, O<a<r.

This system is completed, for ¢ > 0 and = € R, by the following boundary
conditions

n(t, x,0) = 2(1 - K)p(t,z,r),
p(t,z,0) = B(N(t,x))N(t,z)+ 2Kp(t,z, 1), (5)
n(t,z,+o00) = 0,

and the initial conditions, for z € R,

n(0,z,a) = mng(z,a), a>0,
p(07x7a) = pO(xaa)a O<a<r.



The first equation of (5) describes the portion of new quiescent cells coming
from the proliferating phase with a rate 1 — K (the coefficient 2 represents the
division of cells at the end of the proliferating phase). The second equation
represents the flux of cells from quiescent phase to the proliferating one
with a rate  over all age a € (0,+00), and the portion K of dividing cells
that return to the proliferating phase to divide again. Natural boundary
conditions in space are given by

In(t, £00,a)| < +o00, t >0, a > 0 and |p(t,+00,a)| < 400, t >0, 0<a <r.

3. Reduction to a coupled reaction-diffusion and difference equa-
tions with delay

Let X = BUC(R,R) be the Banach space of all bounded and uniformly
continuous functions from R to R with the usual supremum norm |-|x and
Xt :={peX:¢(x)>0, for all z € R}. The space X is a Banach lattice
under the partial ordering induced by the closed cone X . Consider the
one-dimensional heat equation

ow(t,x) 0*w(t, )
= dz , 1 ) Rv
ot 02 >0, ze (6)
w(0,z2) = wo(zx), z €R,

with ¢ = 1,2 and wp € X. The solution w(t,z) of (6) can be expressed in
terms of the Green’s function

1 2
L. (t - — t>0 R.
t.) = %exp< 4dit>, 50,z €

More precisely,

+o0o
w(ta) = [ Tltr - punl)dy, >0, 0 €k,
—00
with
+oo
/ Li(t,xz)dz =1, forall ¢>0. (7)
—0oQ

It is important to remark that the solutions of (6) are well defined for initial
conditions given on the space X. More precisely, if we put

+o00
(T (t)wo)(x) := / Li(t,x — y)wo(y)dy, t >0, xR,

—00



we obtain (see for instance [42]) an analytic semigroup 7;(t) : X — X such
that T;(t)X T C X, for all ¢t > 0.

By integrating the first equation of (4) over the age and using the bound-
ary conditions (5), we obtain

ON(t,x) J O?N(t,z)
o) g

BN 92 —(0(N(t,2))+B(N(t,z)))N(t, z)+2(1—K)p(t, z,r).

We integrate the second equation of (4) along characteristics by setting
ws(t,x) = p(t,z,t +s), s € R. Then, for t > ¢y := max{0, —s} and =z € R,
the equation of p becomes

Ows(t, x) 0w (t, )

— = de—— 55— —qws(t, @),
ot 27 52 yws(t, z)

ws(to,x) = p(to,z,to + ).

Using the Green’s function, we get

+o0

ws(ta .’B) = e_,Y(t_tO) / FQ(t - tOv €T — y)ws(t()v y)dy7 t>t we€ R.

—00

This yields the following expression

+o00
e‘”t/ Dao(t,x — y)po(y, r — t)dy, t<r,
— 00

p(t,(I}',T’) == 400
e " / FQ (Ta r— y)p(t -nY, O)dya t>.

—0o0

Because we are interested in the asymptotic behavior of solutions, we sup-
pose that ¢ > r and we assume that the whole past is given in the domain
[0,7] x R. From now on, we make a translation of the initial conditions so
as to define them on the domain [—r,0] x R. We put u(t,x) = p(t, z,0), for
t > 0 and = € R. Then, we focus on the study of the system, for ¢ > 0 and
z € R,

z 2 x
(9]\257;‘;) = d18];x(7;’) — (0(N(t,z)) + B(N(t,x)))N(t,z)
+o0
+2(1 — K)e'”’/ Lo(r,z — y)u(t — r,y)dy,
u(t,x) = B(N(t,z))N(t,z) +2Ke " /+°0 Lo(ryz — y)u(t — r,y)dy,

(8)



with initial conditions
N(0,2) = No(z) and wu(f,x) =up(0,z), forf e [—r0], z€R.

Comparison of (4)-(5) with (8) shows the non-local effect that is caused by
cells moving during proliferating phase.

4. Existence, uniqueness and positivity of solutions

First, we observe that by the method of steps we can solve the system (8)
in each interval [kr, (k+ 1)r], for k =0, 1,.... However, by this method the
problem of regularity of the solutions is not well considered. To deal with this
problem, we use the technique of constructing two monotones sequences of
bounded lower and upper solutions, which converge to the unique solution of
(8). We will start by establishing the uniqueness and positivity of bounded
solutions (N (¢, x),u(t,z)) of (8).

Consider the Banach space C' := C ([—r,0], X) of continuous functions
from [—r, 0] into X with the classical supremum norm ||-||¢ and the closed
cone C* := C ([-r,0], XT). We identify the functions N,u: [0,0) x R — R,
b > 0, (respectively, ug : [—7,0] x R — R) as functions from [0,b) (respec-
tively, [—r,0]) into X, by putting N(¢)(x) = N(t,z) and u(t)(z) = u(t,z)
(respectively, ug(8)(x) = up(6, z)).

Consider the nonlinear functions f, g : X — X defined, for v € X, by

f)(@) = (6(v(z)) + B(v(2))) v(z) and g(v)(z) = Bv(z))v(zx), = e€R.

Due to (1) and (2), the functions f and g are continuously differentiable on
X and satisfy f(XT) C X*, g(X*) C XT. The system (8) reads, for ¢t > 0,

(Ugt(t) diAN(t) — f(N(t)) +2(1 = K)e " Ta(r)u(t — 1), ()
u(t) = g(N(t)+2Ke " Th(r)u(t —r),

with initial conditions
N@O)=Noe Xt and u(f) =uo(d), 6¢€[-r0], upecCT.

An abstract integral formulation of the system (8) (or equivalently (9)) (in
terms of the semigroup 77(t)) is

N(t) = Ti(t)No— /0 Ty(t — ) F(N(s))ds

+2(1 — K)e " /Ot Ti(t — s)Ta(r)u(s — r)ds, (10)

u(t) = g(N(t))+2Ke " To(r)u(t —r).

9



The solutions of (10) are called mild solutions of (8) (or (9)). Since the
semigroup 77(t) is analytic, such mild solutions are also classical solutions
of (8) (or (9)) (see [42], Corollary 2.5, page 50). The systems (8) (or (9))
and (10) are equivalent.

The next result proves the uniqueness of bounded solutions.

Proposition 1. Suppose that the hypothesis (1) and (2) are fulfilled. Then,
for each initial condition (No,ug) € X x C, the system (10) has at most one
bounded solution.

Proof. Since the functions 8 and § are continuously differentiable, then the
functions f and g are also continuously differentiable. Let consider (N, u!)
and (N?,u?) two bounded solutions of (10) defined on an interval [0,b), b >
0, with the same initial condition (Np,ug) € X x C. We put N = N! — N2
and u = u! — u?. Then, (10) gives

N = = [ Tl (10 (9) - FV) ds
+2(1— K)e— /0 Tyt — $)To(ryus — r)ds,
u(t) = g(N'(t)) — g(N?(t)) + 2Ke " Ta(r)u(t — 7).
Define n = |b/r|. We decompose the interval [0, b) into [0,7] U [r,2r]U...U
[nr,b), and we proceed by steps in each subinterval. Let ¢ € [0,7]. For all
s €]0,t], u(s —r) = 0. Then,
N = = [ Tl (FO () = SV (s) ds.
u(t) = g(N'(t) — g(N*(t)).

As N'and N? are bounded, there exists R > 0 such that |N1(s)|x, |[N?(s)|x <
R, for all s € [0,r]. Because of the continuity property of 5’ and &', there
exists Lr > 0 such that

{If(Nl(S))—f(NQ(S))IX < LgpIN'(s) = N*(s)lx = Lg|N(s)lx,
g(N1 () —g(N2(s))lx < LgIN'(s) = N*(s)|x = LrIN(s)lx-

Furthermore, |T7(¢)¢|x < |¢|x for all t > 0 and ¢ € X. Then, we obtain

]N(t)]XSLR/O IN(s)|xds and |u(t)|x < Lgr|N(t)|x, te]l0,r].

10



By Gronwall’s lemma, we conclude that N(t)(z) = u(t)(xz) = 0, for all ¢t €
[0,7] and = € R. Applying the same arguments in each interval [kr, (k-+1)7],
we conclude that N(t) = u(t) = 0, for all ¢t € [0,b). This completes the
proof. O

The following proposition proves the positivity of bounded solutions of
the system (8) (or (9)).

Proposition 2. Assume that (1) and (2) hold. Let (Ng,up) € X x CT
and (N,u) be a bounded solution of (8) corresponding to (Ny,up). Then,
(N, u) is nonnegative.

Proof. Let [0,b) be the interval of existence of (N,u). We put U(t) =
e P N(t), for p > 0. Then, the first equation of (8) implies

dU(t

di):dﬂuuo—onUuy+m1—KereWWumuu—ry
with 1,(t) = p+ [0(N(¢)) + B(N(t))], for t € [0,b). Due to the fact that N
is bounded, we can take p > 0 large enough to ensure that [,(t) > 0, for all
t € [0,b). We use an iterative method on [0,b) = [0, 7] U [r,2r]U...U [nr,b),
with n = |b/r|. Let t € [0,r]. As t —r € [—r,0], the above inequality
becomes

dU (¢)

T AU (t) + LU (t) = 2(1 — K)e e P Ty (r)ug(t — r) > 0,

U(0) = No > 0.

As 1,(t) > 0, by the maximum principle (see [28], Theorem 10, Chapter 3,
Section 6) we get U(t) > 0 for ¢t € [0,7]. That is to say that N(¢,z) > 0,
for all (t,z) € [0,r] x R. Moreover, the second equation of (8) implies that
u(t,z) > 0, for all (t,z) € [0,7] x R. We repeat the same argument for
t € lkr,(k+1)r], with k =1,2,...,n. Then, we obtain

N(t,z) >0 and wu(t,z)>0, forall (t,z)e€]0,b)xR.
O

Now, we return to the existence of solutions of (8). We need to define
the notion of upper and lower solutions of (8).

Definition 1. A pair of functions (N,u) (respectively, (N,u)), is called
upper (respectively, lower) solution of (8) on [0,b), b> 0, if N (respectively,

11



N)is Clint € (0,b), C? inx € R, u (respectively, u) is in C([-r,b), X),
and they satisfy the following inequalities

{ cU(\ift(t) > diAN(t) — f(N(t)) +2(1 — K)e " Ty (r)u(t — r), (11)

u(t) > B(N())N(t) +2Ke " Ty(r)u(t — r),

and

IN

{ S S BN = N0 20 = KR =),
u(t) < BN()N(t) +2Ke " Ta(r)u(t — 7).

A nonnegative bounded upper (respectively, lower) solution (N,u) (re-
spectively, (IV,u)) of (8) satisfies the following proposition.

Proposition 3. Suppose that (1)-(2) hold. Let (N,u) (respectively, (N, u))
be a nonnegative and bounded upper (respectively, lower) solution of (8) on
[0,b), b > 0, such that N(0) < N(0) and u(9) < u(#), for —r < 0 < 0.
Then, N(t) < N(t) and u(t) <u(t), for all t € [0,b).

Proof. We put
N=N-N, on [0,b) xR and w=u—u, on [-r,b) xR

We obtain the following inequalities

dt
u(t) = BIN(2))N(t) — BIN(£))N(t) + 2K e~ " Ta(r)u(t — r),

with N(0) = N(0) — N(0) > 0 and u(t) = u(t) — u(t) > 0, for t € [-r,0].
We use the same iterative idea as in the proof of Proposition 2. By steps,
let t € [0,7]. Then, t —r € [—r,0] and u(t —r) = u(t —r) —u(t —r) > 0.
In addition, as the functions 8 and ¢ are continuously differentiable and by
using the mean value theorem, we obtain

FIN®) = F(N@) = f' (1= c@))N(t) + c(ON@) N(t), te0,r],

for some e(t) € [0, 1] with f/(v)(x) = (8'(o(x)) + &' (u(2))) () + Hlo(a)) +
d(v(z)), for v € X and z € R. Consequently,

{ WO AN + £ W) N =0, te 0.1, (12)

{ AN _ 4 AN + FN(®) = FN) = 200 = K)e " Ta(r)u(t — )

dt
N(0) =0,
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with v(t) = (1 — c(t))N(t) + c¢(t)N(t), t € [0,7]. Hence, as in the proof of
Proposition 2, we put U(t) = e ”!N(t). Then for p > 0 large enough, we
obtain that U(t) > 0 for ¢ € [0,r]. This leads to

N(t)=N(t)— N(t) >0, fortel0,r].
Furthermore, as N (t) > N(t) for t € [0,7] and 8 increasing, we obtain
BN(£)N () —5(

Then, (1) implies

2l

()N (t) = BIN(O)N(t)+ BN (L) — BIN ()] N(t) > 0.

BN()N(t) — BIN(t)N(t) > B(N(t))N(2).
Consequently, we obtain
u(t) > BN()N () + 2Ke " Ta(ryu(t —r) > 0, te[0,r].
This means that
u(t) <a(t), forte[0,r].

We repeat the same argument on the intervals [r,2r], [2r,3r],..., and we
obtain o
N(t) < N(t) and wu(t) <u(t), forte|0,b).

The proof is complete. O

The following theorem gives the existence of solutions of (8). The posi-
tivity and uniqueness follow from the previous results.

Theorem 1. Suppose that (1)-(2) hold and let (No,ug) € X x C*. If (8)
has nonnegative bounded upper and lower solutions (N,@), (N,u) on [0,b),
b > 0, such that 0 < N(0) < Ny < N(0) and 0 < u(f) < uo(0) < u(8), for
—r < 6 <0, then it has a solution (N,u) defined on [0,b). Furthermore,
(N, u) satisfies

0<N@)<N(@)<N(t) and 0<u(t) <u(t) <u(t), for t€]0,b).

Proof. The upper and lower solutions are bounded. Then, there exists R > 0
such that 0 < N(t) < N(t) < R, for allt € [0,b). As 8’ and ¢’ are continuous,
there exists L > 0 such that —Lr < f'(¢)(z) < L, forz € R, ( € X*

13



and |(|x < R. We define two sequences {(N k)
solutions on [0, b) of the following systems

Foo and {(NF,uM)1s

dN* ()
at

k—1 k

(6)) + BN (1) N*(¢)

= AN (t) - (§(N

FLr(N TN ) = N ) + 201 — K)e " To(r) @ (t — 1),
@ (t) = BINFL ()N (1) + 2K e " To(r)a = (t — 7),
(13)
and
dN*(t)

=2 @ ANE(E) — (S(NFL(E) + BINEL (1)) NE (1)
+Lr(NFH (1) = NE(1) +2(1 — K)e T To(r)ub= (¢ —r),
uF(t) = BN (@) NF (1) + 2K e To(r)ub 2 (t - ),

(14)
with N*(0) = N*(0) = No, @°(0) = u*(0) = uo(d), —r < 6 < 0, for
k=1,2,...,and for k =0, we put (N, u°) = (N, u) and (70 u’) = (N, u).

It is clear that the two sequences {(INV N ") = 0, {(NF, u*) +°8 are well

defined. First, we will prove by induction that (N ,T*), (N*, u¥) are upper
and lower solutions of (8) and

For k = 0, we have (ND,EO) = (N,u) and (N° %) = (N, u). Then, (No,ﬂo),
(N O,QO) are upper and lower solutions. Furthermore, by Proposition 3,
NO< N and u® < @% On the other hand, by (13) and (11) we have

AN ()
dt

1

= AN () — GN°(1) + BN ()N (1) + Lr(N°(t) = N (1))
+2(1 — K)e " Ta(r)ul(t — r),
al(t) = BINO()N' (1) + 2K e Ty (r)a®(t — 1),

(15)
and

dN° (1)
dt

> di AN (1) — F(N' (1)) + 2(1 — K)e " Ta(r)@’(t — 1),
a0(t) > BINO(1))N'(t) + 2Ke " Ty (r)ul(t — r).

14



Then, if we put NO=N'-N’and a® =@ — uY, we obtain

T < AN — (N (1) + BN O)N(1) — LeN(0),
< BINO(E)NO(),

with N°(0) < 0 and a°(F) < 0, for —r < 6 < 0. Consequently, by the
principle of maximum, we obtain NO <0 and @° < 0. Thus, s > N' and
w® > w!. Likewise, using the same technique we prove that N° < N'! and
u? < u!. Thanks to (15) and the fact that N’ > N and @ > !, we have

1
PO > 0 a8 1) - 1 0) - (1(°0) - (1)

FLR(N(t) = N'(t)) + 21 — K)e " Ty(r)a (t — r),
al(t) > BN ()N (1) + 2Ke Ty (r)al(t — ),

1

with

FON°(8) — FON' (1) < Lr(N°(t) = N'(8)) and  B(N(£)) = BN'(2)).
Then,

—~—1
det(t) > 4 AN (8) — f(N' (1) +2(1 — K)e " To(r)a (t — 1),

al(t) > BN ()N (t) + 2Ke " Tu(r)a (t — r).
Using the same technique as above, we obtain

d]\;(t) < diIANY(t) — F(NY(t) +2(1 — K)e " To(r)ul (t — ),

ul(t) < BV (£)NY(t) + 2K e " To(r)ul (t — 7).

We have proved that (Nl, a'), (N', u!) are upper and lower solutions of (8),
with NO > Nl, a >ut, N° < N and w° < ! Furthermore, Proposition 3
implies that N < Wl and u! < @'. In the same way, we obtain by induction
that, for all £k € N* (Nk,ﬁk), (N*,u*) are upper and lower solutions and
satisfy N> Nk, w1l > wh, NFU < NP Wb < uf) NP < N and
uf < uk (the two last comparisons are obtained by applying Proposition 3).
We conclude that

{N0<N1<...§Nk§N <...<N'<N,
<



Since the sequences {(NN k,gk)};rjf) and {(W’“,ak)};gg are monotone and
bounded, their limits, as &k tends to +oo, exist. We put, for ¢ € [0,b),

lim (N*(1), 0" (6) = (X(8),0() and Tim (N*(2), 7 (8) = (X(£),5(0)).
k—+o00 k—+o00
It is clear that X (¢) < X(¢) and v(t) < o(t), for all t € [0,b). On the other
hand, by using the abstract integral formulations of systems (13)-(14) and
the fact that they are equivalent to the classical formulations, if k£ tends to
400, we obtain

d);(t) = diAX(t) — (6(X (1) + BX ()X () + 2(1 — K)e " Ta(r)o(t — 1),
() = B(X(1) X (t) + 2Ke " Ta(r)o(t — 1),

and
dX(t)

= BAX(E) - (0(X(®)) + BX)X() +2(1 — K)e " Ta(r)u(t — 1),
u(t) = B(X (1) X (t) + 2Ke™ " Ty(r)u(t — 7).

Consequently, (X,v) (respectively, (X,7)) can also be seen as upper (re
spectively, lower) solution of (8). Then by Proposition 3, we have X >
and v > ©. Consequently, X = X and v = 7. We conclude that (N, u)
(X,v) = (X, ) is a solution of (8). The proof is complete.

O >

Remark 1. (i) The solution obtained by Theorem 1 is a classical solution
in the sense that it is once continuously differentiable with respect to t
and twice continuously differentiable with respect to x. This can be seen
using the abstract integral representation (10) of the solutions. Fur-
thermore, under the compatibility condition for the difference equation,
it 1s not difficult to verify the continuity of u.

(ii) By Theorem 1, to prove the existence of solutions of the system (8), it
suffice to prove the existence of a pair of upper and lower solutions.

Now, we will construct appropriate upper and lower solutions of (8). We
simply look for constant upper and lower solutions. It is clear that (0,0) is
always a lower solution of (8). A couple of positive constants (7, o) is upper
solution of (8) associated to the lower solution (0, 0) if and only if

(16)

fn) =201 - K)e o,
(1-2Ke 7)o > B(0)n.

16



We add the following necessary condition.
2Ke " < 1. (17)

So, the system (16) is equivalent to

BoO) 1

[ 2Ke = 31— K)emr O+ ) o)
%U <o< W(&W + Bm)n.

Corollary 1. Suppose that (1), (2) and (17) are satisfied. Let (n,o) be
satisfying (18) and (No,uo) € X x Ct be such that 0 < Ny(z) < n, for
x €R and 0 < up(f,z) <o, for —r <6 <0 and x € R. Then, there erists
a unique nonnegative bounded solution (N,u) of (8). Furthermore, (N,u)
satisfies

0<N(@t)<n, 0<u(t)<o, foral t>0.

Proof. This corollary is a direct consequence of Theorem 1. O

Assume that § satisfies

Nng5(N) = +00. (19)

Let (No,up) € XT x C*T. Then, |Ny|x < 400 and [Jug|lc < +oo. First,
there exists 7 > 0 such that |No|x <7 and

B(0)
1-2Ke ™ = 2(1—K)e

(6(n) + B(n)).

Second, there exists ¢ > 0 such that ||ug||c < o and

i < 7 < e O + A

Then, we have proved the following corollary.

Corollary 2. Suppose that (1), (2), (17) and (19) are satisfied. Let (No,ug) €
XT x Ct. Then, there exists a unique nonnegative bounded solution (N, u)

of (8).
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5. Traveling wave fronts

A traveling wave solution of (8) is a special solution of the form

(N (t)(2), u(t)(z)) = (d(x + ct), Y(x + ct)),

where ¢, € C?(R,R*") and ¢ > 0 is a constant corresponding to the wave
speed (see [27, 37, 42]). Using the same notation, we consider the functions
f, g : RT — RT, defined by

fly)=(6y)+By)y and g(y) =By, yeR".

We put z = = + ¢t and we substitute (N (t)(z),u(t)(z)) with (¢(z),1(z))
into (8). We obtain the corresponding wave system

{ cd/(2) = d1d"(2) = f(6(2)) + 2(1 = K)e " (Ta(r)y) (z — er),

() = 9(6(2) + 2Ke (To(r)) (= — er). (20)

If for some ¢ > 0 the system (20) has a monotone solution (¢, 1)) defined on
R, subject to the following asymptotic condition

d(—o0) =(—00) =0, ¢(+00)=N* and (+00) = u*, (21)

where (N*, u*) is a constant positive equilibrium of (8), then the correspond-
ing solution (N (t)(x),u(t)(x)) = (¢(z + ct), ¥ (x + ct)) is called a traveling
wave front with wave speed ¢ > 0. We remark that (N*, «*) is also a positive
equilibrium of (20).

Let A: X — X be the bounded linear operator defined by

(AY) (z) = 2Ke " (Ta(r)y) (z —cr), z€R.

Lemma 1. Assume that (17) is satisfied. Then, the operator Id — A is
invertible and its inverse is given by

(Id— A '(y) =Ex1p, W EX,
where

+oo
€)= 6a(2), z€R, (22)
n=0

and

&n(z) = @Ke )" exp <_(z—nc7“)2> = (2Ke "")"Tao(nr,z—ner), z€ R, n e N.

2v/ndsmr dndsr
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Proof. Thanks to (7), we have |T3(r)|z(x) = 1. Then, [A|zx) = 2Ke™".
So, the condition (17) is equivalent to

‘A|£(X) < 1.
Furthermore,

(A™))(z) = (2Ke )" (Ta(nr)y) (z — ner),
e ) [ z —y —ner)?
% P (‘W) ¥(y)dy, neN".

Then, the operator Id — A is invertible and its inverse is given by

—+00

(Id— A1) (2) = D (A™P)(2),

n=0

oo £F (2Ke )" (z — y — ner)?
= -~ -z -7 d
/oo = 2y/ndamr P < dndsr > Ply)dy,

“+oo
= [ e wua,
= (£xv)(2),
where ¢ is given by (22). This completes the proof. O

Remark 2. &,, n € N, has the following fundamental property

+oo
/ ny)dy = (2Ke™ ™)™ (23)
The system (20) becomes

{cw@=¢w@—ﬂam+mr4mfwnmw@—w»

D(z) = (€% g(0))(2), (24)

with the notation (£ % g(¢))(z) = /+00 &(z—y)g(o(y))dy, z € R. In fact,

the system (24) can be reduced to the following single equation

c¢'(2) = d1¢"(2) = f(6(2)) + 2(1 = K)e™ 7" [Ta(r) (§ + 9(#))] (z — cr). (25)

Remember that
To(r) (§* 9(9)) = Ta(r,) * (£ g(¢)) = (Ta(r, ) &) * g(¢).
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Let 7,, a € R, be the translation operator defined on X* by (1,%)(z) =
¥(z — a). Then,

(Ta(r) (& * 9(9))) (z=cr) = [Ter (T2(r) (€ % 9(9))] (2) = [(Ter (T2(r,-) ¥ &) * g(d)] (2).

We put

x=(1-2Ke ") 1o (To(r, ) *£). (26)
Then, x : R — R* and
(To(r) (€ 9(6))) (2 = er) = T3 (x+9(6)) (2).
(25) becomes
ed/(2) = ' ()~ F6(2) + X gen ). @)

Lemma 2. Assume that (17) is satisfied. Then, the function x defined by
(26) belongs to L' (R, R") and satisfies the following properties, for z € R,

+oo
1. x(2) =(1—2Ke ") Z(2Ke’7r)"F2 (n+1)r,z—(n+1)cr) >0,
n=0
+00 +oo
2 [ Tty = (1-2xe ) [ ey =1,

3. there exists A~ (c) < 0 < AT (c) given by

(o) = ddoy (<"
vomg (e (). e

such that, for X € (A~ (c), AT (c)),

(1 _ 2Kefvr) edgr)\2+(zfcr))\

1 — 2K e—redarAZ—crA
(29)

1—2Ke e = 5 0 gnd (X * e)") (2) =

Proof. (1) and (2) come from the definition of x and the property (7).
Let A € R. To prove (3), we first remark that the expression y*e is well
defined. Second, by a sample calculation, we have the following fundamental

property

(Fi(t, -) * e)"> (2) = BN for >0, z€R.
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Then,

+oo
(X % 6)") (Z) _ (1 N 2K6—'yr) N Z(2Kef'yr)nedg(n+1)r)\27(n+1)cr)\’
n=0
+oo n
— (1 _ QKef'yr) edgr)\2+(z7cr))\ Z <2K€—’W€d2r}\2—cr>\> ]
n=0

We have to choose A € R, such that
2Kef'yred2r/\27cr)\ < 1.

This is equivalent to

yr
doyrA? — er) —In <;K> <0,

with €7 /2K > 1. The last inequality is satisfied for all A € (A~ (c), AT (c)),
with A~ (c) and AT (c) given by (28). This completes the proof. O

It is clear that if (¢, 1)) is a monotone solution of (20)-(21), then ¢ is a
monotone solution of (27) and

¢(—00) =0 and ¢(+o00) = N*. (30)

To obtain the converse, we need the following assumption.
The function N — g(N) := S(N)N is increasing on [0, N*]. (31)

We have the following result.

Proposition 4. Assume that (17) and (31) are satisfied. If ¢ is a monotone
solution of (27)-(30), then (¢,&*g(¢)) is a monotone solution of (20)-(21),

with .
- 9V)
1—-2Ke "’
Proof. Let ¢ be a solution of (27). Then, (¢, x g(¢)) is a solution of (20).
Suppose that ¢ is monotone and satisfies (30). Then, 0 < ¢ < N* and

thanks to (31), ¥ = & * g(¢) is also monotone. Furthermore, the monotone
convergence theorem implies that

i 0(2) = [ et (_tim_o(olz - ) ) ay =0,

Z——00 o Z——00
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and

im0 = [ ) (Lt ot -0 av = ([ etwyan) o

z—+00 — 0o zZ—+00 — oo

Then, from (22) and (23), we obtain

. _ g(N7)
Jim v(z) =

This completes the proof. O

Remark 3. The hypothesis (31) is important to guarantee the ezistence
of monotone traveling wave fronts. If we take the Hill function defined by
(3), we can see that N — g(N) := B(N)N is an increasing function on

[0,6/ /o —1]. Then to have (31), we can choose N* € (0,0/ /o —1].

We now look for the existence of steady states of (25) (or equivalently
the steady states of (27)). Remark that the steady states of (25) are the
uniform steady states of (8). Recall that 0 is always a steady state. A
positive steady state N* of (27) is given by

2(1 — K)e "

f(NF) = T (x*g(N™))(2), forallzeR. (32)

As N* is constant, we have

+oo
(x*xg(N™)(2) = (/ X(y)dy) g(N*) = g(N*), forallzeR.

—0o0

Then, (32) becomes

21— K)e
NY="" """  g(N™).
V) = (V)
This is equivalent to
2e77" —1
N Y= "~ B(N™).
B(N®) = = B(N) (3)

We consider the function A : [0, +00) — [0, +00) defined by

h(N) = g((N)), for N € [0, +00).

22



Then, (33) is equivalent to
2e77" —1
h(N*) = ——————.
(V) 1—-2Ke

Thanks to (1) and (2), the function h is strictly increasing on [0, +00) and
satisfies limpy_, o0 h(N) = 400. Then, the existence of positive steady state
N™* is equivalent to

5(0) _ 2e77 1
- B(0) T 1-2Ke

In this case, N* is given by

2e77 —1
N-=p 1| — ). 4
(1—2K67T> (34)

The existence of positive steady state N* depends on the parameters r, K,
~ and

__1 _80
h(0) — 6(0)°
For v > 0, we define the following thresholds for the parameter 7,
1 2
T (20), s,
rn=19 7 \ptl
0, 0<pu<l,

whereas, for v = 0,

+oo, p>1,
Ty =
0, 0<wp<L

In particular, for g = 0, which corresponds to the case 5(0) = 0 and 6(0) > 0,
we have rop = 0. The special case §(0) = 5(0) = 0 can be treated directly,
and will not be considered here. The notation

Too = — In(2),
5 (2)

corresponds to the case 5(0) > 0,y > 0 and 6(0) = 0 (1 = 00). To introduce
thresholds for the parameter K, we consider the function
K, :[0,400) — [0,1], defined by

K (r) 0, r < Ty,
’]" =
8 (1+ ) Ko(r) — i, 7> 1y,
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with the function Ky : [0, +00) — [0, 1], given by

—_e’ <
KO(T) — 26 I r TOO’

1, T2 Too,
and in particular the function, for u = oo,

Ky :[0,4+00) — [0,1],
0, 7<7T0,
r = Ky(r)= >
1, r>re.
The functions K, (r) and Ko(r) are represented in Figure 1, for 4 > 1 and
0 < p < 1. In fact, it is easy to verify the validity of the following proposition

1 4
1
09 Ky fi
E—) i
0.8 ;
/
0.7 ;
;"
~ 0.6 / .
- o :
4

\8{ 05 ’ ﬁ 05 Positive steady ‘
N4 K v state

0.4 Positive steady ’ 0.4 a No positive

state ’ 4
03 2 No positive 03 s steady state
steady state "
4 ’"
0.2 ; 02f
R .
K4 e
0.1 ’ 0.1
K
’
0 " ! 0 >
0 1 o2 3 © 4 0 1 2 3 © 4
Cell cycle r (days) Cell cycle r (days)

Figure 1: Ko(r) and K,(r) are plotted to show in the (r, K)-plane the region of

existence of uniforms steady states of system (8). Fixed parameter is v = 0.2 day~*.

Left: p = 2.40. Right: p = 0.75. The zone of existence of uniform positive steady
state is between the dashed curve K, (r) and the solid curve Ky(r). Outside this
area, the positive steady state does not exist. The intersection of K, (r) with the

r-axis, for p > 1, is %ln (%), and with the K-axis, for 0 < p < 1, is 2(1 — p).
concerning the existence and uniqueness of steady states of (27).

Proposition 5. Assume that

{ K, (r) < K < Ko(r), o { 0 < K < Ky(r),

ry ST < T, 0<r<ry. (35)

Then, (27) has two distinct steady states: 0 and N* given explicitly by (34).
If (35) does not hold, then 0 is the only equilibrium of (27).
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Our objective is to show the existence of traveling wave front solutions
for the coupled reaction-diffusion and difference equation (8). To this ends,
a monotone iteration scheme will be established for the corresponding wave
equation. Except for a few details, a similar technique was used in [32, 43].
Due to Proposition 4, we can reduce our study to the existence of bounded
and monotone solutions of (27)-(30). We will use the classical method based

on the notion of upper and lower solutions. Firstly, define the function
F:XT — C(R,R), by

21— K)e "

1—2Ker (X*g(qb)) (Z)v ZGR, ¢€X+.

F(¢)(z) = —f(o(2)) +
Next, we show that F'(¢) satisfies the quasi-monotonicity condition given in

the following lemma.

Lemma 3. Assume that (1), (2), (17), (31) and (35) hold. Then, there
exists B > 0 such that F' satisfies the following property

F(¢1)(z) — F(¢2)(2) + Bl¢1(2) — ¢2(2)] = 0,
for all ¢1, 92 € X+ such that 0 < ¢o(2) < ¢1(2) < N*, for all z € R.

Proof. We have

F(g1)(2) = F(¢2)(2) = —f(¢1(2)) + f(2(2))

20T (3w o) = 62) ).

As0 < ¢2(2) < ¢1(2) < N*, then using (31) we obtain x*(g(¢1) — g(¢2)) (2) =
0. Thus,
F(¢1)(2) — F($2)(2) > —f(91(2)) + f(¢2(2)).

Set
B = sup{f'(v) : v € [0,N*]} > 0. (36)

We have
f(01(2)) = f(#2(2)) < Bg1(2) — ¢2(2)] .-

We conclude that

F(¢1)(2) — F(2)(2) + Blo1(2) — ¢2(2)] = 0.
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We define the profile set of traveling wave fronts as

peXt:
r={ (i) ¢&(2) is non-decreasing on R,
. . _ . -
() lm o() =0, lim 6(z)= N

Consider the function H : XT — C(R, R) defined by

H(¢)(z) = Bo(2) + F(¢)(2), z€R,

where B is given by (36). It is not difficult to prove the following properties
of H.

Proposition 6. (i) Let ¢1,¢2 € X, such that 0 < ¢1(2) < ¢a(z) < N*,
for all z € R. Then, 0 < H(¢1)(2) < H(¢2)(2), for all z € R.
(ii) Let ¢ € T'. Then, the function z — H(¢)(z) is non-decreasing on R
and satisfies ZE@OOH(QZ))(Z) =0 and zEI-Poo H(¢)(z) = BN*.

Proof. (i) is a direct consequence of Lemma 3.

(ii) Let ¢ € . To prove that the function z — H(¢)(z) is non-decreasing on
R, we take z € Rand y > 0. Then, 0 < ¢(z) < ¢p(z+y) < N*. We apply (i),
hence 0 < H(¢)(z) < H(¢)(z+y). Then, z — H(¢)(2) is non-decreasing on
R. Thanks to monotone convergence theorem, we have Zli}mooH (¢)(z) =0

and lim H(¢)(z) = BN*. This finishes the proof. O
Z—+00

We add the following definition about upper and lower solutions of (20).

Definition 2. A couple of continuous functions (5, @) (respectively, (@, y))

is called an upper (respectively, lower) solution of (20) ifgl and %ﬂ (respec-
twely, ¢ and ¢") exist almost everywhere (a.e.) and they are essentially

bounded on R, and if (5, @) (respectively, (Q, g)) satisfies a.e. in R, the
iequalities

{ ¢ (2) > did" (2) — f(8(2)) +2(1 — K)e " (Ty(r)d) (2 — er),
B(2) = B($(2))d(2) + 2Ke " (Ta(r)9) (= — er),

(respectively,

{ ed'(2) < d1d"(2) — F(8(2)) +2(1 = K)e 7 (To(r)) (2 — er),
¥(2) < ( (2))0(2) + 2K (To(r)) (= — er)).
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It is not difficult to prove that under the conditions (1) and (17), ¢ and
¢ satisfy the inequalities

F(2) 2 8 (2) - 1@ + T (e g@) (), ae. i B, (37)
and
/() < 19" (2) ~ F(O(2) + T (1w g(9) (), nc. in B (38)

The solutions ¢ of (37) and ¢ of (38) will be called respectively upper and
lower solutions of (27). We assume that ¢ € I and ¢ (which is not necessarily
in I') exist and satisfy the following hypotheses,

(i) 0 < ¢(z) < ¢(z) < N*, for all z € R,
(ii) ¢ #0.

Then, consider the following iteration scheme, for z € R,

{C%@) d1¢(2) — Bon(2) + H(pn-1)(2), n=12...,
(2) < do(z) = (2).

Using a technique introduced in [43], we solve (39). Then, we obtain

(39)

z +00
0n(e) = s | [ s [ e (6, ) (0)as].
$0(2) = d(2),
with
_ 4Bd 4Bd
« :%;1<1— 1+ c21><0 and a+:221<1—|— 1+ 021>>0,

and B > 0 is given by (36).

Theorem 2. Assume that (1), (2), (17), (31) and (35) hold. The function
on satisfies the following properties.

(1) ¢n solves the scheme (39),
(ii) gn €T,

)
(il)) @(2) < én(z) < Pn-1(2) < é(2), for all z € R,
(iv) Each ¢, is an upper solution of (27),
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(v) ¢(z) = Erf ¢n(2) is a non-decreasing solution of (27) and satisfies

$(—00) =0, (+00) = N*.

Proof. The proof of this result is similar to the proof of the corresponding
result in [43]. O

The last theorem gives us tools to construct solutions of (27)-(30), and
then traveling fronts for the problem (8). First, we have to design suitable
upper ¢ and lower ¢ solutions of (27). For A € (0, A*(c)) with AT (c) defined
by (28), let consider the following function

2(1 _ K)ﬁoef'yredgr)ﬁfcr)\
1 — 2K e redarA2—crA

Ac(X) = =di X 4 cA+ 6o + fo — (40)

with Sy := £(0) and &y := §(0). It seems that lim A (\) = —oco. We
A=At (c)

remark that A.()) is transcendental characteristic function for the linearized
problem of (27) near the zero solution. We put

p(A) = —=d1X* + eX + 8o + Po,
q()\) =1— 2K€—'yred2r)\2—cr)\,
l()\) — 2(1 _ K)ﬁoe—'\/redg'r)@_cr)\'

Then the expression (40) can be written as

It is not difficult to see that

_ Go(1—2Ke ™) — fp(2e7" — 1)

£:(0) 1—2Ke™

< 0.

Next, for ¢ > 0 and X € [0, A1 (c)),

9
O

c—2d1\) G2 (N\) + (¢ — 2d2\)rl(N)
7*(A)

A = . (41)



It is easy to prove that 0 < A(c) < A(¢) < At (¢) and

0 0
1 —A .
(8)\ Moo > <)\_1)§\I(16) O ()\)> <0

Furthermore, the second derivative of the function A — A.(\) is given, for
all A € [0,A"(¢c)), by

aa;AC(A) __2dig*(\) + 2darl(N)g*( 4) )(c—2d2A)2r21(A>q2(A>
TQZ()\)Q(/\)(C — ng)\) (2 Q()‘))
- ¢* () ="
(42)

Then, for each ¢ > 0 and d; # da, there exists a unique A*(c) € (A(c), A(c))

such that
0

aAC(A)\ rexr(g) = 0- (43)

Moreover, by (41) we have

1(c) + (c — 2d2\)1 (c) | 132 (c) — 2r(c — 2daM\)I(c)7 ()d(c)
% (;A (/\)> = 1+[ A ) — 2 |
(44)
with
i(c) =2(1- K)Boe_wedﬂv_cm and g(c)=1-— QKe—W‘edzr)\?—crA_

It is clear that Z/(c) < 0,7 (c) > 0 and ¢ — 2deA < 0, for ¢ > 0 and
A € [0,A"(c)). Then, we conclude from (42) and (44) that

0? 0 (0 I

WAC()\) <0 and Do <a)\Ac()\)> >0, foralle>0andA\e[0,\"(c)).

Thus, using the implicit function theorem, one can conclude that the func-

tion ¢ — A*(c) is strictly increasing on (0,+o00) with lin% A (¢) = 0 and
c—

lim A*(¢) = 4o0. Consider the function ¢ — A, (A*(c)) defined on (0, 4+00).

c—-+00

We have
P o d .,
IO = A+ | AW x [0
Thanks to (43), we obtain

d * _ 0 *
S IAN(E)] = AV (e))
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Then,

a (@) (9N () + 2K etar () =erx'(0)
— [AL (N = \* 1
A @) =X |1+ 2]
Moreover,
. N B 2(1 — K)Bge "
EILI(IJAC()\ (¢)) = b0+ Bo — 1 9Ker <0,
and

A, (N (e)) > Ac(Ale)) with  lim A, (A(¢)) = +oo.

c——400

We conclude that there exists a unique ¢* > 0 such that

{ Ap (A(e*) = 0,

0
aAC*O‘)L\:,\*(c*) =0.
Remark that if d; = dp := d, we have \*(c) = A(c) = A(c) = % < At(e).

Furthermore, ¢* is given explicitly by

= 2\/dG_1 (2(1 = K)Boe™7),

> 0.

where the function G is given, for z > 0, by G(x) = (x + 6o + fo) (e —2Ke™ 7).

We have proved the following result.
Lemma 4. Assume that (17) and (35) hold. Then, there ezists a unique
¢* > 0 and for each c > 0 there exists a unique \*(c) € [A(c), A(c)] such that
0
g ok *(*F)) = A . —
(i) if c=c*, Ax(A*(c")) = a)\Ac (/\)‘)\:)\*(C*) 0,
(i) of ¢ > ¢*, there exist two real roots, A\i(c) and Xa(c), of the equation
Ac(X) =0 such that 0 < A1 (c) < A*(c) < Aa(c) < AT (c) and A (N\) >0

for all A € (A1(c), A2(c)),
(ili) if 0 < c<c*, Ac(N) <0 for all X € (0, A\ (c)).

Now, we are in position to construct upper and lower solutions of (27).
We fix ¢ > ¢* and we put A1 := A\i(c), A2 := Aa(c), with ¢*, A\1(c) and Aa(c)
defined in Lemma 4. We need the following assumption.

B(N) + 8(N) > B(0) + 5(0), for all N € [0, N*], (45)

where N* is the positive steady state of (27).
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Lemma 5. Assume that (1), (2), (17), (31), (35) and (45) hold and let
c > ¢ be fired. Then, the following properties hold.
1. The function ¢ : R — RT defined by ¢(t) = min{N*, eM*} is an upper
solution of (27) belonging to T'.
2. The function ¢ : R — Rt defined by ¢(t) = max{0,eM? — MewMt},
withw € (1, min{2, \a/A\1}) and M > 1 well-chosen, is a lower solution
of (27).
3. ¢(t) < B(t), for all t € R.

Proof. As A1 > 0 there exists t; € R such that

_ N* t>t
¢(t): )\2 -
et 1< 1.

1 _
We can choose t1 := 'V In (N*). Then, it is clear that ¢ € I'. Suppose that
1
—/ /!

t € [t1,+00). Then, ¢(t) = N*, ¢ (t) = ¢ (t) = 0 and as g is an increasing
function on [0, N*], we have by the point (2) of Lemma 2,

(x*9(9)) (t) < (x * g(N™)) (t) = g(N*).
Then, we obtain

2(1— K)e "

Cg(t) - d1$"(t> + fo(t) — 1 —oKer (X * 9(5)) (t)
> fv) - 2R Do =0

Suppose that t € (—oco,t1). Then, ¢(t) = e*t. Consequently,
cf(t) = i () = (ch — diA]) M,
and, due to (45)
F(@(1)) == (5(6(t)) + B(B(1))) ¢(t) = (6(0) + B(0)(t) = (60 + Bo)e™".
Furthermore, by (1) and the point (3) of Lemma 2

(1 — 2K6_7T) Iﬁoedﬂ’)\%-ﬁ-(t—cr))\l

(x* 9(@) (1) < Bo (x+8) (1) < Bo (xx ) (1) =

Then,

1— 2Ke—'yr€d2'r)\%—cr)\1

21— K)e "

1— 2K6—'yr (X * 9@)) (t) Z Ac(>\1)€/\1t =0.

c§ (t) = did (t) + f(B(t)) —
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Let v € (w—1,min{2, \o/A1} — 1). It is clear that 0 < v < 1. Recall
that § is decreasing and S(N) + §(N) > By + dp for N € [0, N*]. Then,
under the assumption 3, § € C1([0, N*]), there exists a number @ > 0 such
that

Bo — B(u) <au” and d(u)+ S(u) — (0o + fo) < au”, forwu e [0, N*].
We will construct a lower solution @ of the form

At wA1t
et — Me , t<ta,
(t) = {

with

2T w—n T\ )

and M > 1 is a constant. Then, o < 0. First, remark that to get ¢ < @, it
suffices to choose M > (N*)!~=v.
Let ¢ € [t2,+00). Then, ¢(t) = 0. Thus,

ed/(6) — drg(8) + f((1)) — 2T

¢ i (xxa(9) (1)

21— K)e "

= LB (e gl9) ()

The function ¢ is nonnegative on R. Then, x * g(¢) is also nonnegative on
R. We conclude that
2(1 = K)e

C@’(t)—d@”(t)‘i‘f@(t))—m
Let t € (—o0,t3). We have ¢(t) = eM? — Me“ !, Then,

e (t) — d19"(t) = ehieMt — eMwAie“Mt — diAfeM! + dy Mw?Nfe“ Mt
Thanks to A.(A1) = 0, we obtain

cg/(t) — dig"(t) = (lz((;\\ll)) Mt — (60 + Bo) €Mt — A(why) MMt
(w)\l)

q(wA1)

o~

Mew/\lt + (50 + 50) ]\460.1)\1t7

and,

A ¢ M
1

IN
Q|
<
+
—~
~
~—
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Furthermore, due to (28), we have

1 — 2Ke redarAi—crh < ) (46)
Then, we can write
mem = 2(1-K)e "By edﬂk%(t_mzl ,
q(A1) 1 — 2K e—redarXi—crhs
e () (1

We know that w € (1, min{2, \y/A1}), then
Ac(wA1) >0 and 1-— o[ e Vet Ni—erwhy S ()

Hence, as w1 < AT (c), we have

M) e _ 21— K)e

q(wAr) 1 -2Ker bo (X * ew)\l.) (®)-

Consequently,

l()\l) 6)‘1t _ Z(WAl) Mew)\lt S 2(1 — K)e_'yr
q(A1) q(wA1) 1—-2Ker

Bo (x * ¢) (1).

We conclude that
6/ (1) — dad (1) + F(D(6) < —Aclwh)MeN! +apl (1)

— K)e T
21(1_2[(26—W50 (X * Q) (t),

and

B (x+ 9) (6 — (x* () (1) = (x* (B0 — 8(0) &) (1) < (x »6*7) (1),
It is not difficult to see that
Q(”H)(s) < e TN forall s e R.

Then,

(1) — (1) + (o(1) — T

< —Ag(wh)MewMt 1 gelvHDt 4

(x *9(0)) ()
21— K)e "

1—-2Ke " a (X * e(V—H))\l‘) (t)
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Thanks to (29), we have

21 - Kje" (x § e(u+m1~) (t) = SL@EDN) winae,

1—2Ke Boa((v + 1)A1)
Then,
ae(l,H)Alt_i_Q(l - K)e—wa (X . e(u+1))\1-> (t) = @elv+Dht [1 W{(v+ 1)) ]
1—2Ker Bog((v+1)A1) |
Thus,
21 — r
(1) — (1) + F(6(0) ~ 2T (4 gi0)

1))
< ewAit [—A W) M + aelvti-w)hit ( (v ﬂ
= (@A) /3oq v+ 1)A)

Remember that v 4+ 1 —w > 0, \; > 0 and t5 < 0. So, e T1=w\t < 1 for
all t < to. Then, for t < to,

et/ (1)~ i) + Fl6(0) ~ 2T () 0

< ewhit {—Ac(w/\l)M +a (1 + mn .

Finally, we can choose

ot = (v + D) -1
M > max{l, (N*)* & <1 + BOQ((V+1))\1)> (Ac(wAr)) }

The proof is completed. O

We can thus formulate the following theorem for the existence of mono-
tone solutions of the problem (27) with ¢(—oc) = 0 and ¢(+00) = N*.

Theorem 3. Assume that (1), (2), (17), (31), (35) and (45) hold. Then,
for every ¢ > ¢*, (27) has a solution in T'. Therefore, (8) has a traveling
wave front which connects 0 to the positive equilibrium N*.

Proof. Let ¢ > ¢*. The proof of this theorem follows directly from Theorem
2 and Lemma 5. ]

Theorem 4. Assume that (1), (2), (17), (31), (35) and (45) hold and
c=c*. Then, (27) has a solution in I". Therefore, (8) has a traveling wave
front which connects O to the positive equilibrium N*.

34



0.8

= Upper solution
071 |rmim Lower solution

06

0.5F

0.4

0.3f

0.2

01F

0 - - I
-80 -60 -40 20 40

Figure 2: The shapes of the upper solution ¢ and the lower solution ¢ are represented.

Proof. Let ¢ = ¢*. We use some ideas developed in [14, 35, 44, 45]. We

consider a sequence (¢p)m>1 C (¢*,+00) such that lim ¢, = ¢*. For
- m——+00

instance, we can choose ¢, = ¢* + 1/m. It follows from Theorem 3 that for
¢ = ¢y > ¢, (27) has a solution in I". We denote by ¢,, this solution. It
is clear that ¢,, is invariant with respect to spatial translation. This means
that, for each m > 1 and each a € R, the function ¢qm () := ¢m (- +a) satis-
fies (27) and it belongs to I'. Furthermore, QEIEIOO $a,m(0) = aEIEloo dm(a) =0

and lim ¢q,(0) = lim ¢,,(a) = N*. Then, for each m > 1, we can
a—r—+00 a——+00

choose a,, € R such that ¢, m(0) = N*/2. Furthermore, within the nota-
tion used in (39), ¢q,, m is given by

1 z4+am
Paym(2) = [/ eal,m(z+am—s)H(%m’m)(s)ds

di(aom —orm) | oo

+o0
+ / 6a2’m(z+amS)H(¢amym)($)d8:| ’
z4+am

(47)
where aq ,,, ag,y, are given by

1 1
= 5o (em = Ve +4Bdr) <0 and g = 5 (em+ /3 + 4Bdr) > 0.
1 1

We verify the boundedness of ¢, ,, on R. In fact, if we differentiate (47)

m
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with respect to z, we get

/ 1 ham o1,m(z4+am—s)
am,m(z) = a1 me L " H(qbam,m)(s)ds

di(ogm —a1m) |/ oo

+o0o
+ / e =) (6, ) (5)ds | |
zt+am

Therefore ¢, ., (2)| < b1, for all z € R and by (27), we obtain |¢y  ,(2)] <
by, for all z € R. Differentiating both sides of (27) with respect to z, we get
A1, m(2) = cm®a,, m(2) + [0(Papm(2)) + B(Papm(2))] 4, m(2)
+ [5l(¢am,m(z)) + B/(d’am,m(z))] ¢gm,m(z)¢am,m(2)

2(1 - K)e "
BT (o ) o) ()
It follows that |¢} ,,(2)| < b3, for all z € R. Consequently, ¢a,, m;, Pu,, m

and ¢, are uniformly bounded and equicontinuous sequences of functions
on R. By Ascoli’s theorem there exists a subsequence of (¢y;)m>1 (for sim-

plicity, we preserve the same sequence (¢;,)m>1), such that lim ¢, = ¢*
- m——+00

and ¢q,, m(2), Pp,, m(2) and ¢, . (2) converge uniformly on every bounded
interval. Then, they converge pointwise on R to ¢(z), ¢/(z) and ¢”(z),
respectively. Now, we pass to the limit in (27) and by using Lebesque’s
dominated convergence theorem for (x * g(¢q,,.m)) (2), we get

2(1 — K)e™"
00\ e

() = dd'(2) — J0(2) + AT (e gl0)) ().

Then, ¢ is a solution of (27) with ¢ = ¢*. Tt is not difficult to see that ¢ is

nondecreasing on R and satisfies ¢(0) = N*/2, 0 < ¢(z) < N* for all z € R.

Then, lim ¢(z)and lim ¢(z) exist. On the other hand, by differentiating
Z—>—00 Z—r+00

both sides of the last equation with respect to z, we get |¢"(z)| < bs, for
all z € R. Consequently, ¢'(+o00) = ¢ (£o0) = 0. Moreover, the function
¢ — g(¢p) := B(p)¢ is increasing in [0, N*]. Then, by monotone convergence
theorem and letting z — +o00, we obtain

2(1 - K)e

(8(g(£00)) + B(p(F00)))p(Fo0) = ——- - B(d(00))d(£00).

Then, by the fact that 0 and N* are the unique steady states of (27) and
0 < ¢(—o0) < N*/2 < ¢(+00) < N*, we conclude that ¢(—o0) = 0 and
¢(+00) = N*. As a consequence, we have that for ¢ = ¢*, (27) has a solution
in I'. The proof is completed. O
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In the next results, we give some properties of the traveling wave fronts
of (27).

Lemma 6. Let ¢ be a traveling wave front of (27) connecting 0 to the
positive equilibrium N* and let z € R. Then, we have

[ 100 0)) - Sy < +oc,

—00

(i) o= [ " b(y)dy < +oo,
i) | () )y = (x* 0)(2),

—00

) [ 10 )) -~ olldy < +oc.

—00

Proof. (i) Let t < z. From the definition of convolution product, we obtain

[ 0w —owiar= [ [ [ ot -9 - 6] an

and from Lemma 2, we have /;OO X(s)ds = 1. Then,
/tz [/;‘” x()Ply — s)ds - ¢(y)} dy = /t /;OO X($)[(y = 5) = 6 (y)]dsdy.

By using the fact that
Y 1
oty =) —ot) =~ [ e =—s [ 0y —ns)an
we get,
z z +o00 1
/t [(x * 9)(y) — d(y)ldy = —/t /Oo s X(S)/O ¢'(y — ns)dndsdy.
Fubini’s theorem implies

[ tcrow —owiy=— [ sx [ [ o0 nsiaanas

Moreover, the dominated convergence theorem implies

[ oo = [ oo [ [im_ [ - nsian] anas

—0 —00 t——o0
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T—r—00

Recall that lim ¢(z) = 0. Then, tlim / ¢'(y —ns)dy = ¢(z —ns). This
——00 t
yields to

z (e’ 1
s o))~ oty = - /+ ) [ 6 =iy

—00 —

1
The function ¢ is bounded on R. Then, (y,z) € R x R — / o(z —ny)dn
0

+oo
is bounded. We have also / ly x(y)|dy < +o00. We conclude, for z € R,

—0o0

that .
|16l - sty < o

—00

(ii) Recall that the function ¢ is positive and satisfies

2(1 — K)e

o6/ (y) = 16" (y) — F(6W) + T s

(x*9(8)) (y),  (48)
with ¢(—o00) =0, ¢(+00) = N*. The continuity of 3 and ¢ implies that

lim B(¢(y)) =Hfo and  lim §(é(y)) + B(¢(y)) = do + Po.

y——00 Yy——00

Then, for € > 0 small enough (¢ < fy), there exists y. < 0 such that, for all
y < 7Y., we have

Bo —e < B(d(y)) < Bo + e,
60+ Bo —e < d(o(y)) + B(o(y)) <o+ Bo+e.

Then, (48) implies, for y < 7.,

21— K)e"

c¢/(y) = di1d"(y) = (e+b0+50)(yY) + 5 —5 =7

(Bo—e) (x * &) (y)- (49)

Let us denote by

21— K)e

J. =
© 1—2Ke

(Bo—e€) — (e+ 60+ Bo), with 0<e < Bp.

We rewrite the inequality (49), for y < 7., in the form

2(1— K)e "

Jeo(y) < ed'(y) = dd"(y) = 45—

(Bo—)l(x *9) (y) — o(y)]-
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On the other hand, the condition for the existence of positive equilibrium
can be written as

2(1 - K)e™
1—-2Ke "
Then, we can choose ¢ € (0, 5p) small enough such that

21— K)e " 1) < 21— K)e "
“\ 1 2Ke 1—2Ker

50—(50+50)>0

Bo — (9o + o).

Hence, J; is positive. As a consequence of (i), for z < 7.,
0= [ o)y < o) - g ()
2(1 — K)e " #
s o= [ 100 0) )~ oy < o
(50)

Then, for all z € R, O</ o(y)dy < 4o0.

(iii) Let ¢ < z. Fubini’s theorem implies that

[ o= [ [ xwoty— sy
=[x [oty - aaga

By using the dominated convergence theorem, we obtain

[ ocrowan= [ | [ ot o) as
/ / by — x)dyde,
:/OO (@) /oo 6(s)dsdz,

= (x*9)(2)-

y
(iv) We have, for ¢(y) := / ¢(x)dx,

/;[(X +0)(y) — p(y)ldy = /Oo U:O X(8)p(y — 5)ds — o(y)| dy,
- /oo /;oo X(9)p(y = 5) — o(y)]dsdy.
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By the same techniques as in the proof of (i), we have

[ o et = ["sxo) [ [ o= noas] anas.

—0o0 —00 —00

Then, we obtain

z +o0o 1
/ [(x* ) (y) — p(y)ldy = —/ s X(S)/O ¢(z —ns)dnds.  (51)

We have proved
| 100 = ey < +x.

—0o0

O]

Now, we establish the asymptotic behavior of the profile ¢(z) when z —
—00.

Proposition 7. Let ¢ be a traveling wave front of (27) connecting 0 to the
positive equilibrium N*, with a speed ¢ > 0. Then, there exists a positive
constant g < At (c) such that ¢(z) = O(e"%) as z — —oo. Moreover,

sup [e M ¢(z)] < 4oo0. (52)
z€R

Proof. We use Lemma 6 and the inequality (50). Then, for y < 7.

2(1 - K)e "

0< Jep(y) < cdly) —dd'(y) - 755

(Bo = &)[(x *») () — w(y)].
(53)
By integrating the both sides of (53), from —oo to z < 7, we obtain

Je / e(y)dy < csO(Z)—dlcﬁ(Z)—m(ﬂo—E) / [ * @) ()= (y)]dy.

Thanks to (51), we have

z +o00 1
—/ [(x * ) (y) = e(y)]dy = / sx(S)/O p(z — ns)dnds.
Since the function n € [0, 1] — sp(z — ns) is decreasing, we obtain

- [t — el s ([ sxtoas) et

—0o0 — 00
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z _ e 7T +o0
1 [ etin = oot T Do) ([ sons) vl

— 00 —00

We denote by
_ —r 400
=2 o ([ aoas).

1—-2Ke " s
2(1 — K)e " = Cm
= 1(_21{177,(50 —e€)er Z(n—i— 1)(2Ke )",
n=0
21— K)e "
BT
Hence, for all z <7,
L [ ey + o) < (e + L(o). (54)
—0o0

This implies that, for all z <7,
0
T [ ele iy < e+ Lw(e)
Then, for all z <7, and all > 0, we have
0
T [ e )y < e+ L),
-1

By integration by parts, we get for all z <7, and all n > 0,

n
Jm¢@—n>ng%wz—nw5£zmw—ym4f5@+La¢@>

We choose 19 > 0 large enough such that

c+ L,
0y := € (0,1).
0 Jeno ( )

Then, for all z <7,
©(z —mno) < bop(z).

We put
jlx) = e M%p(x), forzeR,
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with

a(d)- i)
Ho o 0o 1o c+L.)

. 1 Jemo
lim —1In = 0.
no—-+00 1) c+ L,
Then, we can choose 79 > 0 large enough such that g < A*(c). On the one

hand, we have p(z) = [*__ ¢(y)dy < ffoo ¢(y)dy + N*x, for x > 0. Then,
lim j(z) = 0. On the other hand, we have for z <7,

T—+00

We know that

j(z—mno) = e—uo(z—no)gp(z — ) < GpelomeHOZp(2).

Recall that fpet0 = 1. Then, j(z—n9) < j(2), for all z < 7.. Consequently,
there exists jo > 0 such that

j(z) <jog, forallzeR.

Thus,

o(z) < joelo®,  for all z € R.

c+ L.
dy

Thanks to (54), we have ¢(z) < ©(z). Then, we conclude that there

exists gg > 0 such that
(z) < qoet*?, for all z € R.

This means that ¢(z) = O(e#°%) as z — —oo. Moreover, since z — ¢(z) and
z +— e "% are bounded on (0, +00), we obtain

sup [e " ¢(z)] < +oo0.
z€R

O]

400
Remark 4. Proposition 7 implies that the Laplace transform / e_’\Zqﬁ(z)dz
is well defined for all X € C such that 0 < Re(\) < po. B

Now, we study the non-existence of traveling front of (27).

Theorem 5. Assume that (1), (2), (17), (31), (35) and (45) are satisfied.
Moreover, assume that the functions 8 and § are twice continuously differ-
entiable on [0, N*]. Let ¢ € (0,c¢*). Then, there is no traveling front of
(27).
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Proof. We proof this theorem by contradiction. Let ¢ € (0,c¢*) and assume
that there exists a ¢ € I' such that

e rglon (). (59)

Remark 4 implies that, for all A € C with 0 < Re(\) < pg, the Laplace
transform

c¢'(2) = d1¢"(2) — f(#(2)) +

L)) = / e g(2)dz,

is well defined. Since ¢ > 0, we know from [40] (Theorem 5b, page 58) that
A — L(A)(¢) is analytic for 0 < Re(\) < v where v is a real singularity of
A= L(A)(¢). We rewrite (55) in the following form

— e (2) + i () — (50) + BONOE) + AT 5(0) (x ) (2) =
2(1 - K)e "
—(5(0) + B0))6() + 2R 500) (0 ) (2) + £(6(2)
BT (ego) (). (56

Let A € C such that 0 < Re(\) < ug < A*(c). The Fubini’s theorem implies
the following identity

/ e ) = / et / e~ w)o(y)dudz,

—0o0 —0o0 —00

“+oo “+oo
- o(v) / e x(z — y)dzdy,

—oo o
= (y) (x * ™) (—y)dy.
The expression (29) leads to
+o00 —r\ ,darAZ—cr
s (I —2Ke™")e
| e teraens = ST cove).

By applying the Laplace transform to (56), we obtain

S AMEN@) = [ e 176 - (50) + 506

AL (B0) (e 0) () — (x9l0) ()] = (57)
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Since A — A/ (A) and A — L(A)(¢) are well defined for 0 < Re(\) <
po < AT (c), then the right hand side of (57) is also well defined for 0 <

Re(X) < po. Recall that f(¢(2)) = (0(6(2)) + 5(¢(2)))9(2) and ¢(¢)(2)
B(o(2))p(z), with 8, 6 € C?([0, N*]). Moreover, ZEIPOO ¢(z) = 0. Then,

Taylor’s formula implies, that there exists M > 0 such that, when z — —o0,
0 < f((2)) = (8(0) + B(0))p(2) < M§*(2) and 0 < B(0)d(2) — g(¢)(2) < M¢?(2).

Then,

0<B(0)(x*9)(2) — (x*9(9) (2) = (x * [B(0)p — g(d)]) (2) < M(x % ¢*)(2).

So, there exits a positive constant (that we will call M) such that, when
Z — —00

2(1 — K)e "

0 < f(¢())=(6(0)+B(0)d()+ 75—

[B(0) (x * ®) (2) — (x * g(¢)) (2)]
< M [¢%(2) + (x * ¢*)(2)] -

Since ¢(z) = O(et0*) as z — —oo, and thanks to formula (29), we have the
existence of a positive constant (that we will also call M) such that,

$*(z) < Me*0*  and  (x * ¢?)(z) < Me*M0%  as z — —oo.
We have proved that

21— K)e "

+o0
/_ e [f(gb(z)) = (0(0) + B8(0)9(2) + 5 —5 =57 P(0) (x * ) (2)
LR T (e g(0) ()] 4z

is well defined for all A € C with 0 < Re(\) < 2pp. This means that

A = AN L) (9) is well defined for 0 < Re()\) < min{2pug, AT (c)}, with

A = A (A) well defined for 0 < Re(\) < AT (c). Suppose that 2ug < AT (c).
+

The fact that the integral £(\)(¢) = / e M ¢(2)dz is well defined for

0 < Re(\) < 2pup, implies (see for inst;;ce [40], page 39) that ¢(z) =
O(e?M0?) as z — —oo. We can repeat this argument to prove that \
L(\)(¢) is well defined for 0 < Re(\) < AT(c). Now, we can say that all
the expressions in (57) are defined for 0 < Re(\) < AT (¢). Furthermore,
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we have limy_,y+() Ac(A) = —oo. Then, there exists A > 0 such that, for
A € R with A < A < AT(c), we have

AUNO(=) + F(6(2)) — (3(0) + BO))o(2) + 0 TIET

21— K)e "

1 ok X*9(2)) () <0.

B(0) (x * ¢) (2)

A

If we multiply this inequality by e~"* and integrate it, we obtain

+o0
/ e [Ac(N)e(2) + f((2) = (5(0) + B(0))o(2)

—00
21— K)e "
1 okKe (B0) (x *¢) (2) — (x xg9(9)) (2))| dz < 0.
This last inequality is in contradiction with (57). The conclusion is that
(27) has no front connecting 0 and the positive equilibrium N* . O

6. Numerical simulations and discussion

We can numerically solve the system (8) to show the existence and at-
tractivity of traveling waves. Let us take
. Bob”
(i) B(N) = goy Ne O L,
(ii) 6(N) =5N*, 6> 0and k> 1.

It is clear that, for such a choice, the assumptions (1), (2) and (19) are
always satisfied. Assume that the condition (17) is satisfied. That is

2Ke " < 1.
The function h: N € [0,400) — h(N) = g((]]\\?) is given by
h(N) = d N7 (0% 4+ N9).
Bob™
Obviously, h is increasing on [0, +00) and satisfies 2(0) = 0 and Nl—i>r£oo h(N) =

400. Furthermore, suppose that 2e™"" > 1. Then, there exists a unique
N* > 0 such that

2e77" —1
N*)= ———.
h(N7) 1—-2Ke "
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For simplicity we take K = o > 1. It is clear that the function N — B(N)N
is increasing on the interval [0,0/(c — 1Y ]. Then, it suffices to check that
N* < 0/(a —1)Y*. We have

9 o 00>
h ((a—l)l/a> - (a_l)QE-

Then, N* < 0/(a — 1)/ if and only if

60 _ (a—1)2 27 —1
—_— > X .
Bo — « 1—-2Ker

It is easy to see that (45) is equivalent to 3'(0) +¢'(0) > 0. It is also equiv-
alent to 6% > y/0. We conclude that a necessary and sufficient condition
to have (31) and (45) is the following

66 . (o= 1)2 L 21
— ma. .
= WL 1—2Ke "

Bo

We summarize these results in the following corollary.

Corollary 3. Suppose that the following hypotheses hold.

: Bob
N N)=——
() N BN) = 52
1 1
ii) —In(2K) < r < —In(2),
(i) ; (2K) 5 )
L 00° (a—1)2 2 —1
(iii) > max {1, X T 2Ke—7’”}

Bo
Then, (1), (2), (17), (19), (31), (35) and (45) are satisfied.

N — 6(N) =0N*, 6 >0 and o > 1,

We have examined the traveling wave fronts for a new type of delay
differential system which is formed by a reaction-diffusion equation and a
difference equation with delay. By the method of upper and lower solutions,
we have proved the existence of traveling wave fronts. An upper solution
gives rise to a traveling wave as limit of monotone iterations and a lower
solution allows us to connect the trivial equilibrium to the positive uniform
one. We have proved that there is a minimal wave speed ¢* > 0 by using
a characteristic equation. The result on the existence of traveling waves
in Theorem 3 is valid not only for ¢ > ¢* but also for ¢ = ¢* (Theorem
4). Furthermore, Proposition 7 shows that all traveling waves of system (8)
with speed ¢ > ¢* and ¢ = ¢* possess the prior asymptotic behavior (52).
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Figure 3: The numerical solution of N(¢,z) and u(t,x). Parameters are: v = 0.2 day ",

r=25days, Bo=177day !, 6§ =0.05day !, a=3day !, di =5day !, dp =1day !
and 6 = 3 cell.g™ .

In Figure 3, we numerically illustrated the solutions (N (¢, x), u(t,z)) of
system (8). It is seen that the obtained solutions converge to a traveling
front propagating without the change of the profile.

Concerning the study of asymptotic speeds of spread, as we mentioned in
the introduction the techniques worked out in [17, 22, 35] cannot be applied
to the system (8). However, a partial result can be proved by a direct
method.

Proposition 8. Assume that (1) and (45) hold true. Let (N,u) be a solu-
tion of (8). If the initial condition (No,ug) is null for x outside a compact

set, then

lim  (N,u)=(0,0) for c>c".
t—~o00, |z|>ct

Proof. The idea of the proof is adapted from [45]. Let ¢ > 0. We choose
0 < XA < At(c) such that A.(\) > 0. We put N(t,z) = MeMt=3%) and
U(t, z) = MBoe M=) /(1—2K e~ e®2rA*—crA) for some M > 0 and z = +1.
Using the lemma 2, we have

+oo
u(t,x) = BoN(t, ) + 2Ke " / Lo(r,z — y)u(t —r,y)dy.

On the other hand, we have

ION(t,x) O?N(t,x) —
o dlw + (00 + Bo) N (¢, x)

B —2(1— K)e [ Ty (r,x — y)ut — 1, y)dy
= N(t,2)Ac(N) > 0.
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So, (N,u) is an upper solution of the linear system

ON(t,z)
ot

0?’N
83(;2’””) — (60 + Bo)N (£, )

+2(1— K)e " [Ty (r,x — y)ult — r,y)dy,
u(t,x) = BoN(t,x) + 2Ke 7" [T To(r,x — y)u(t — r,y)dy.

= d

(58)
Let ¢ > ¢* and we fix ¢ € (¢*, ¢). From Lemma 4, we ensure that there exists
0 < A < A*(c) such that Az(\) > 0. Using the fact that (No,uo) has a
compact support, we can choose M large enough such that, for z = +1 and
(0,z) € [-r,0] xR,

- M AE0—zz)
No(z) < Me™** and wug(,z) < Foe — .
1 — 2K e—rederA2—éri

Furthermore, the solution (N, u) of the system (8) satisfies

ON(t,x) O’N(t,z)
gD <d; 922 — (60 + Bo)N(t, )

+2(1 = K)e™ " [T Ty(r,x — y)u(t — r,y)dy,
u(t,x) < PoN(t,x) + 2Ke " [T To(r,z — y)ult — r,y)dy.

Then, (N,u) is a lower solution of (58). By the comparison principle, we
have, for all (¢t,z) € [0, +00) X R,

- M Aet—zx)
N(t,z) < MeMe=22) and  u(t,z) < foe —.
1 — 2K e—redarAZ—érA

We put, for x # 0, z = z/|z| and we get

M oM@l
1— 2K6—7r€d27“5\2—57'5\ ’

N(t,z) < MMl and u(t,x) <

This proves the result. O
The existence of the limit

lim  (N,u), for 0<c<c",
t——o0, [z|<ct

and the asymptotic stability of traveling waves of (8) seem to be a chal-
lenging problem and probably need the development of new techniques. We
leave this study for a future work.
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