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sn this pperD we present new omputer lger sed methods for testing the struturl stility of nEh disrete liner systems @with n ≥ 2AF wore preiselyD we show tht the stndrd hrteriztion of the struturl stility of multivrite rtionl trnsfer funtion @nmelyD the denomintor of the trnsfer funtion does not hve solutions in the unit polydis of C n A is equivlent to the ft tht ertin system of polynomils does not hve rel solutionsF e then use stteEofEtheErt omputer lger lgorithms to hek this lst onditionD nd thus the struturl stility of multidimensionl systemsF

Tests certiés pour la stabilité structurelle de systèmes multidimensionnels Résumé : xous présentons dns et rtile de nouvelles méthodesD sées sur des tehniques de lul formelD pour tester l stilité struturelle de systèmes nEh linéires et disrets @ve n ≥ 2AF lus préisémentD nous montrons dns un premier temps que l ondition lssique de stilité struturelle d9une fontion de trnsfert rtionnelle multivriée @à svoir que le dénominteur de elleEi n9 ps de zéros à l9intérieur du polydisque unité de C n A est équivlente u fit que des systèmes d9équtions polynomilesD otenus vi ertines trnsformtionsD n9ont ps de zéros réelsF xous utilisons ensuite des lgorithmes de résolutions de systèmes lgériques pour véri(er ette dernière ondition et insi l stilité struturelle de systèmes multidimensionnelsF Mots-clés : ystèmes multidimensionnelsD stilité struturelleD nlyse de stilitéD lul formelD équtions polynomiles 1 Introduction

Multidimensional systems is lss of systems for whih the informtion propgtes in more thn just one dimension s for the lssil dynmil systems @this dimension eing the onE tinuousGdisrete timeAF he ltter lss of systems is usully referred s IEh systems wheres multidimensionl systems re lso lled n-D systemsD where n denotes the numer of dimensions in whih the informtion propgtesF ithin the frequeny domin pprohD suh system is de(ned y mens of trnsfert funtion G of the following form

G(z 1 , . . . , z n ) = N (z 1 , . . . , z n ) D(z 1 , . . . , z n ) , @IA
where D nd N re two polynomils in the omplex vriles z 1 , . . . , z n with rel oe0ientsD iFeFD D, N ∈ R[z 1 , . . . , z n ]D whih re supposed to e factor prime iFeFD gcd(D, N ) = 1D where gd stnds for the gretest ommon divisor of D nd N F es for IEh systemsD fundmentl issue in the multidimensionl systems theory is stability analysisF sn this pperD we re interested in testing the structural stability of multidimensionl disrete liner systems de(ned y multivrite rtionl trnsfer funtionF uh system is sid to e structurally stable if the denomintor D of G is devoid of zeros in the omplex unit polydis U n de(ned yX

U n := n k=1 {z k ∈ C | |z k | ≤ 1}. sn other wordsD if V C (D) = {z = (z 1 , . . . , z n ) ∈ C n | D(z) = 0}
denotes the hypersurfe formed y the omplex zeros of DD then @IA is struturlly stle if the following ondition holdsX

V C (D) ∩ U n = ∅.
@PA he simpliity of @PA signi(ntly ontrsts with the di0ulty to develop e'etive lgorithms nd e0ient implementtions for testing itF yne importnt (rst step towrd this ojetive ws the formultion of new onditions tht re equivlent to the ove ondition @see @PAA ut esier to hndleF he following theoremsD due to trintzis trUU nd hegrlo et lF hwUUD re two good representtives of these reformultionsF Theorem 1 ([Str77]) Condition ( 2) is equivalent to:

                 D(0, . . . , 0, z n ) = 0, |z n | ≤ 1, D(0, . . . , 0, z n-1 , z n ) = 0, |z n-1 | ≤ 1, |z n | = 1, . . . . . . D(0, z 2 , . . . , z n ) = 0, |z 2 | ≤ 1, |z i | = 1, i = 3, . . . , n, D(z 1 , z 2 , . . . , z n ) = 0, |z 1 | ≤ 1, |z i | = 1, i = 2, . . . , n.
Theorem 2 ([DMS77]) Condition ( 2) is equivalent to:

                 D(z 1 , 1, . . . , 1) = 0, |z 1 | ≤ 1, D(1, z 2 , 1, . . . , 1) = 0, |z 2 | ≤ 1, . . . . . . D(1, . . . , 1, z n ) = 0, |z n | ≤ 1, D(z 1 , . . . , z n ) = 0, |z 1 | = . . . = |z n | = 1.
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eent lgeri methods for testing the stility of nEh disrete liner systems re minly sed on the onditions of heorems I nd PF roweverD note tht the spei( se of 2Eh systems hs ttrted onsiderle ttention nd numerous e0ient tests hve een proposedF eeD eFgFD fisWRD rtWRD fisHRD v + HRD pgxIH nd the referenes thereinF gommon to ll these tests is the ft tht they proeed reursively on the numer of vrilesD reduing the omputtions with polynomils in two vriles to omputtions with set of univrite polynomils with lgeri oe0ients y mens of symoli omputtion tools suh s resultant nd subresultant polynomils @seeD eFgFD fHTAF uh reursive pprohD whih shows its relevne for 2Eh systemsD eomes rther involved when it omes to nEh systems with n > 2D minly due to the exponentil inrese of the degree of the intermedite polynomilsF his ft prevents these 2Eh tests from eing e0iently generlized to nEh systemsF por nEh systems with n > 2D very few implementtions for the stility nlysis existF emong the reent work on this prolemD one n mention the work of xHU whereD using n extension of the 1-D Schur-Cohn criterionD new stility ondition is proposed s n lterntive to the onditions of heorems I nd PF es resultD the stility is expressed s positivity ondition of n -1 polynomils on the unit polyirleX

T n-1 := n-1 k=1 {z k ∈ C | |z k | = 1} .
nfortuntelyD suh ondition eomes onsiderly hrd to e'etively test when the involved systems re not of low degree in few vrilesF o hieve prtil e0ienyD humHTD humHV proposes sum of squares approach to test the lst herlo9s ondition @heorem PAF he proposed method is however onservtiveD iFeFD it provides only su0ient stility onditionF pinllyD vws test lso exist for n = 2 @f + ITD fghITAF o sum upD the existing stility tests for nEh systems with n > 2 re either nononservtive ut ine0ient or e0ient @polynomil timeA ut onservtiveF he ontriution of this pper is threefoldF pirstD new lgeri pproh for testing the stility of nEh systems is presentedF yur pprohD whih strts with the stility onditions given y hwUU @see heorem PAD trnsforms the prolem of testing these onditions to tht of deiding the existene of rel zero in some lgeri or semiElgeri setsF reneD stteE ofEtheErt rel lgeri geometry tehniques n then e used for this purposeF nlike the existing ounterprtsD this new pproh is not onservtiveF woreoverD our pproh shows good prtil performnes for reltively smll dimensions nF eondlyD we ddress the spei( se of 2Eh systems with the min ojetive of hieving prtil e0ienyF pollowing the sme pproh s for nEh systems ut tking dvntge from the reent developments in solving ivrite lgeri systems of equtions @see fouIRAD we propose stility test sed on the existene of rel solutions of ivrite lgeri systems whih is e0ient in prtieF xmelyD this test mkes use of the softwre RS3 @ouIPA whih provides very e0ient tools for the symoli solving of ivrite systems of equtionsF pinllyD the ove 2Eh stility test is extended in order to hndle system prmetersF wore preiselyD using the onept of discriminant variety developed in the omputer lger ommunity @vHUAD we provide new method whihD given 2Eh system depending on n ritrry set of rel prmetersD deomposes the prmeter spe into regions inside whih the stility is gurnteedF he pln of the pper is the followingF sn etion PFID we (rst reformulte the lst ondition of heorem I s the emptiness of ertin semiElgeri setF e then present stteEofEprt omputer lger tehniques @nmelyD gylindril elgeri heompositionD ritil point methE ods nd tionl nivrite epresenttionA whih n e used to e'etively study this lst Inria Certied Non-conservative Tests for the Structural Stability of Multidimensional Systems S prolemF sn etion PFPD we present new pproh for testing the lst ondition of heorem I sed on the wöius trnsform nd ritil point methodF elgorithms re presentedF hey re then illustrted with expliit exmples in etion PFQ nd their implementtions in Maple re disussed nd timings re shownF e new stility test for PEh systems is presented in etion Q sed on reent pprohD developed y two of the uthorsD for the e0ient omputtion of rel solutions of systems of two polynomil equtions in two vrilesF his pproh is sed on the e0ient omputtion of tionl nivrite epresenttions using resultntsD suresultnt sequenes nd tringulr polynomil systemsF pinllyD etion R shows how to use the mthemtE il onept of hrteristi vrietyD developed y one of the uthorD to study the stility of PEh systems with prmetersF e show how the prmeter spe n e expliitly deomposed into ells so tht the PEh system is either stle or unstle for ll vlues of the prmeters elonging to eh ellF 2 Stability of n-D discrete linear systems sn this setionD usetion PFI overviews in rod lines omputer lger methods for omputE ing the rel zeros of semi-algebraic sets @nmelyD unions of sets de(ned y (nite numer of polynomil equtions nd inequlitiesA nd rell the si ides ehind these methodsF henD usetion PFP shows how we n otin new stility onditions tht n e tested e0iently using the previously introdued omputer lger methodsF pinllyD usetion PFQ illustrtes our stility test on nonEtrivil exmples nd show its prtil e0ieny thnks to experimentl testsF 2.1 Computer algebra methods ell tht the trnsfer funtion G de(ned y @IA is sid to e structurally unstable if the set

E := V C (D) ∩ U n = {(z 1 , . . . , z n ) ∈ C n | D(z 1 , . . . , z n ) = 0, |z 1 | ≤ 1, . . . , |z n | ≤ 1}
is not emptyF he set E is semiElgeri suset of R 2n F sndeedD if we note z k := x k + i y k D where x k @respFD y k A is the rel prt @respFD the imginry prtA of z k nd i is the imginry unitD then the polynomil D n e rewritten s follows

D(z 1 , . . . , z n ) = R(x 1 , . . . , x n , y 1 , . . . , y n ) + i I(x 1 , . . . , x n , y 1 , . . . , y n ), where R, I ∈ R[x 1 , . . . , x n , y 1 , . . . , y n ]D nd the inequlities |z k | ≤ 1 re equivlent to x 2 k + y 2 k ≤ 1 for k = 1, .
. . , nD whih shows tht E is equivlently de(ned y the following semiElgeri setX

E ∼ = {(x 1 , . . . , x n , y 1 , . . . , y n ) ∈ R 2n | R(x 1 , . . . , x n , y 1 , . . . , y n ) = 0, I(x 1 , . . . , x n , y 1 , . . . , y n ) = 0, x 2 k + y 2 k ≤ 1, k = 1, . . . , n}.
@QA esting @PA is thus equivlent to testing tht the ove semiElgeri set is emptyF his test n e performed using lssil omputer lger methods for omputing the rel zeros of semiElgeri systems whih will e rie)y overviewed in the next setionF

Cylindrical Algebraic Decomposition & Critical point methods

o study the rel zeros of semiElgeri setsD two lsses of symoli lgorithms re villeX the lgorithms sed on Cylindrical Algebraic Decompositions @gehA nd those sed on the study of the critical points of wellEhosen funtions @seeD eFgFD fHTAF
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The Cylindrical Algebraic Decomposition: sntrodued originlly y gollins @golUSA in the seventiesD the ylindril lgeri deomposition @gehA hs eome stndrd tool for the study of rel zeros of semiElgeri setsF geh refers to oth n ojet nd n lgorithm for omputing this ojetF sn shortD geh ssoited to (nite set of polynomil F = {P 1 , . . . , P s } ⊂ R[x 1 , . . . , x n ] is prtition of R n into onneted semiElgeri setsD lled cellsD on whih eh polynomil P i hs onstnt sign @iFeFD either +D -or HAF por instneD the geh of set of univrite polynomils in R[x] is n union of points nd open intervls tht form prtition of

RF uh prtition is lled F -invariantF vet Π k : R n -→ R n-k denote the projetion onto the (rst n -k omponents of R n F he geh is lled cylindrical sine for every two ells c 1 nd c 2 D we either hve Π k (c 1 ) = Π k (c 2 ) or Π k (c 1 ) ∩ Π k (c 2 ) = ∅F his implies tht the imges of the ells y Π k de(ne ylindril deomposition of R n-k F Example 1 A CAD associated to P = x 2 1 + x 2 2 -1 ∈ Q[x 1 , x 2 ]
is a partition of R 2 into the following algebraic sets (cells) in each of which the polynomial P has a constant sign:

C 1 = {(x 1 , x 2 ) ∈ R 2 | x 1 < -1}, C 2 = {(x 1 , x 2 ) ∈ R 2 | x 1 = -1, x 2 < 0}, C 3 = {(x 1 , x 2 ) ∈ R 2 | x 1 = -1, x 2 = 0}, C 4 = {(x 1 , x 2 ) ∈ R 2 | x 1 = -1, x 2 > 0}, C 5 = {(x 1 , x 2 ) ∈ R 2 | -1 < x 1 < 1, x 2 1 -x 2 2 -1 > 0, x 2 < 0}, C 6 = {(x 1 , x 2 ) ∈ R 2 | -1 < x 1 < 1, x 2 1 -x 2 2 -1 = 0, x 2 < 0}, C 7 = {(x 1 , x 2 ) ∈ R 2 | -1 < x 1 < 1, x 2 1 -x 2 2 -1 < 0}, C 8 = {(x 1 , x 2 ) ∈ R 2 | -1 < x 1 < 1, x 2 1 -x 2 2 -1 = 0, x 2 > 0}, C 9 = {(x 1 , x 2 ) ∈ R 2 | -1 < x 1 < 1, x 2 1 -x 2 2 -1 > 0, x 2 > 0}, C 10 = {(x 1 , x 2 ) ∈ R 2 | x 1 = 1, x 2 < 0}, C 11 = {(x 1 , x 2 ) ∈ R 2 | x 1 = 1, x 2 = 0}, C 12 = {(x 1 , x 2 ) ∈ R 2 | x 1 = 1, x 2 > 0}, C 13 = {(x 1 , x 2 ) ∈ R 2 | x 1 > 1}.
he geh lgorithm minly onsists of two distint phsesX projetion phse nd liftE ing phseF huring the projection phseD one proeeds reursively on the numer of vrilesF trting from the initil set of polynomils F 1 = {P 1 , . . . , P s }D (rst set of polynomils

F 2 ⊂ R[x 1 , . . . , x n-1 ] is omputed whih hs the property tht prtition of R n-1 tht is F 2 EinvrintD nturlly lifts to prtition of R n tht is F 1 EinvrintF henD from F 2 D nother set F 3 ⊂ R[x 1 , . . . , x n-2 ]
with the sme property is omputed nd so onD until otining set of univriE te polynomils F n F et eh stepD the projetion essentilly onsists in omputing resultants @nd subresultantsA for ll possile pirs of polynomils s well s their discriminants @seeD eFgFD fHTAF Inria 

of P = x 2 1 + x 2
2 -1 with respect to x 2 . trting from the set of univrite polynomilsD the lifting stepD whih lso proeeds reurE sivelyD onsists in isolting the rel roots of univrite polynomils with rel lgeri numers s oe0ientsD whih n e viewed s solving soElled triangular zero-dimensional systemD nmelyD system with (nite numer of omplex solutions hving tringulr formF Example 3 Continuing Example 2, the real roots of -4 x 2 1 + 4 are rst isolated, which yields a partition of R that consists of the cells ] -∞, -1[, {-1}, ] -1, 1[, {1} and ]1, +∞[. Then, the real roots of the polynomial x 2 1 + x 2 2 -1 are isolated for each x 1 in these cells, which yields the partition of R 2 given in Example 1.

elthough the omputtion of the geh nswers our prolem iFeDF deiding the existene of rel zerosD the prtition of R n given y the geh gives more informtion thn requiredF woreoverD its omputtion requires numer of rithmeti opertions whih is douly exponentil in the numer of vriles of the polynomil ringD iFeFD nD due toD t lestD the itertive omputtion of the resultnts @nd suresultntsAF hespite of thisD it is worth mentioning thtD to some extentD most of the existing lgorithms for testing the stility of multidimensionl systems n e viewed s prtiulr vrints of the gehF Critical point methods: snsted of omplete prtition of the rel speD ritil points sed methods silly ompute t lest one point in eh rel onneted omponent of given semiE lgeri setD whih is su0ient to nswer our questionF oughly spekingD the si priniple of these methods onsists in omputing the ritil points of wellEhosen funtion restrited on n lgeri setF nder ertin onditionsD the set of ritil points is de(ned y zeroEdimensionl polynomil system @iFeFD whih dmits (nite numer omplex solutionsA nd it meets eh rel onneted omponent of the originl semiElgeri setF Example 4 We consider again the polynomial given in Example 1, i.e., P = x 2 1 + x 2 2 -1. Our goal is to compute at least one point in the single real connected component of the algebraic set V R (P ) = {α = (α 1 , α 2 ) ∈ R 2 | P (α) = 0}. Let Π : R 2 -→ R denote the projection onto the rst component x 1 of (x 1 , x 2 ) ∈ R 2 . The critical points of Π restricted to V R (P ) are the points of V R (P ) on which the derivative ∂P ∂x2 vanishes. They are given as the real zeros of the following system

   P = x 2 1 + x 2 2 -1 = 0, ∂P ∂x 2 = 2 x 2 = 0,
which yields (1, 0) and (-1, 0). These points belong to the real connected component of P = 0.

vet us onsider the rel hypersurfe

V R (P ) := {α = (α 1 , . . . , α n ) ∈ R n | P (α) = 0}
de(ned y P ∈ Q[x 1 , . . . , x n ]F vet us suppose tht V R (P ) is smoothD iFeFD it does not ontin singular pointsD nmelyD points where the rnk of the Jacobian matrix is not mximlD nd V R (P ) is compact @iFeFD losed nd oundedA for the soElled Zariski topology @seeD eFgFD gvyHUAF he set of ritil points of the projetion with respet to some vrile x i restrited to V R (P ) de(ned y

C Π (V R (P )) := α ∈ V R (P ) | ∂P ∂x k (α) = 0, ∀ k ∈ {1, . . . , i -1, i + 1, . . . , n} , @RA RR n°9085
is (nite nd meets eh rel onneted omponent of V R (P ) @see fqrwHID ihHQAF here re severl wys to irumvent the hypotheses @iFeFD omptness nd smoothnessAF por instneD we n use distne funtion to (xed point insted of the projetion funtion to get rid of the omptness ssumption @eiSRAD deform the vriety to get ompt nd smooth one @ihHHAD introdue more generl notions of ritil points @fqrHSAD or seprtely study the susets of singulr points of the vriety @ehHPAF por systems of polynomil equtions ndD more generlly systems of polynomil inequlitiesD severl strtegies hve een proposed y di'erent uthors @seeD eFgFD fHTD fqrwHIAF ome re sed on the use of sums of squares to redue the prolem of studying n lgeri set to the prolem of studying n hypersurfe @fHTAD on the use of in(nitesiml deformtions y dding some vriles to void singulrities nd to del with inequlities @fHTAD or on the introdution of speil kind of ritil points @generalized critical valuesA to irumvent the omptness hypothesisF fut the si ides sty the smeF es lredy sidD ritil points methods ompute less informtion thn the geh ut they re su0ient in our se sine we just hve to deide if semiElgeri set is emptyF woreoverD key dvntge of these methods is tht they trnsform the prolem into solving zeroEdimensionl polynomil system nd this trnsformtion is performed within numer of rithmeti opertions tht is single exponentil in the numer n of vrilesF Remark 1 In practice, for systems depending on strictly less than 3 variables, the use of CAD is usually preferred since, it provides more information than the critical point methods for a negligeable additional cost.

Symbolic resolution of univariate polynomials and zero-dimensional systems

he methods desried in etion PFIFI re sed on the resolution of univrite polynomils ndD more generllyD on zeroEdimensionl polynomil systemsF por stility nlysis of multidiE mensionl systemsD we minly hve to deide whether or not polynomil system dmits rel solutionsF por polynomil systems with (nite numer of solutionsD we n use n dditionl proessing tht turns this lst prolem into omputing univrite prmeteriztion of ll the solutionsF qiven zeroEdimensionl polynomil system nd I ⊂ Q[x 1 , . . . , x n ] the idel generted y the orresponding polynomilsD Rational Univariate Representation @A of V C (I) is de(ned y separating liner form t :

= a 1 x 1 +. . .+a n x n nd univrite polynomils f, f 1 , f x1 , . . . , f xn ∈ Q[t]
suh tht we hve the following oneEtoEone orrespondene etween

V C (I) nd V C (f )X φ t : V C (I) ≈ V C (f ) := {β ∈ C | f (β) = 0} α -→ t(α) = a 1 α 1 + . . . + a n α n f x1 (β) f 1 (β) , . . . , f xn (β) f 1 (β) ←-β.
@SA sf @SA is of V C (I)D then the ijetion φ t etween the zeros of I nd those of f preserves the multipliities nd the rel zeros @ouWWAF eording to its de(nitionD the omputtion of tionl nivrite epresenttion n e divided in two independent prtsF he (rst one onsists in omputing seprting liner form for V (I)D tht is liner omintion of the vriles a 1 x 1 + . . . + a n x n so tht the following mp

V (I) -→ C (α 1 , . . . , α n ) -→ a 1 α 1 + . . . + a n α n

Inria

Certied Non-conservative Tests for the Structural Stability of Multidimensional Systems W is injetiveF he seond prt onsists in omputing the univrite polynomils f, f 1 , f x1 , . . . , f xn tht de(ne the oneEtoEone mpping given in @SAF sf we suppose tht seprting liner form t := a 1 x 1 +. . .+a n x n is givenD the polynomils of the n e omputed y mens of simple liner lger opertionsF sndeedD provided tht I is zeroEdimensionl idelD the quotient lger A := Q[x 1 , . . . , x n ]/I is then (niteEdimensionl QEvetor spe whih dimension is equl to the numer of omplex zeros of

V C (I) = {α = (α 1 , . . . , α n ) ∈ C n | ∀ P ∈ I : P (α) = 0}
ounted with multipliitiesD nd using qröner ses @seeD eFgFD gvyHUAD one n ompute sis of the QEvetor spe A s well s the mtrix ssoited with the QEendomorphism of A de(ned y multiplying ny element of A y n element P ∈ Q[x 1 , . . . , x n ] s follows

M P : A -→ A π(a) -→ π(P a), @TA
where π : Q[x 1 , . . . , x n ] -→ A denotes the QElger epimorphism whih sends a to its residue lss π(a) in AF henD the (rst polynomil of the f is the hrteristi polynomil of M t F woreoverD if

f (t) := f gcd(f, ∂f /∂t) = d i=0 a i t d-i ∈ Q[t]
denotes the square-free part of f nd if we note

H j (t) := j i=0 a i t j-i , j = 0, . . . , d -1,
thenD the other polynomils of the re de(ned s followX

           f 0 := d-1 i=0 re(M i t ) H d-i-1 (t), f x k := d-1 i=0 M x k M i t H d-i-1 (t), k = 1, . . . , n.
es mentioned oveD the omputtion of the requires to (nd seprting liner formF fsed on the ft tht the numer of nonEseprting liner form is ounded @see ouWWAD lssil strtegy onsists in hoosing n ritrry liner formD omputing candidate using this formD nd then heking tht this ndidte is relly F his lst step is done y heking tht some polynomils resulting from the elong to the rdil of the idel @see ouWWAF yther strtegies exist for heking tht liner form is seprtingF ome require the omputtion of the numer of distint zeros of the idel using wellEsuited qudrti form @ouWWA nd others mke use of omputtions modulo prime numers in order to predit seprting liner formF roweverD in the generl seD the omputtion of seprting form is known to e s di0ult s the omputtion of the polynomils of the F pinllyD note tht lterntive lgorithms exist for the omputtion of univrite represenE ttions whih do not require the preEomputtion of qröner sis @seeD eFgFD qvHIAF sn dditionD for the spei( se of polynomil systems with only two vrilesD univrite repE resenttions s well s seprting forms n e e0iently otined using lgorithms sed on resultnts nd suresultnts sequene @see fouIRAF por more detilsD see etion QF RR n°9085 yne @SA is knownD omputing the rel solutions of ID nmely omputing V R (I) = {(x 1 , . . . , x n ) ∈ R n | ∀ P ∈ I : P (x 1 , . . . , x n ) = 0} @respFD deiding whether or not the polynomil system de(ned y I hs rel solutionsA redues to omputing the rel roots of the univrite polynomil f 1 ∈ Q[t] @respFD deiding whether or not f 1 hs rel rootsAF his n e done using lssil isetion lgorithms suh s Sturm's sequences or methods sed on Descarte's rule of signs @seeD eFgFD fHTA whih gives set of intervls whih isolte the rel roots of f 1 F Example 5 Let us illustrate the concept of univariate representation with the polynomial system which encodes the critical points of P = x 2 1 + x 2 2 -1 = 0 as dened in Example 4, namely:

   x 2 1 + x 2 2 -1 = 0, ∂P ∂x 2 = 2 x 2 = 0. @UA
We note that (7) forms a Gröbner basis of the ideal

I = P, ∂P ∂x 2
for the grded reverse lexiogrphi order (see, e.g., [CLO07]) and a basis of the Q-vector space A = Q[x 1 , x 2 ]/I is given by the monomials {1, x 1 }, which implies that the number of complex solutions counted with their multiplicities is equals to two. Since the univariate polynomial in x 2 i.e., 2 x 2 , has degree one, t = x 2 is not a separating form. We can obtain a RUR of ( 7) by computing a Gröbner basis of I for a monomial ordering that eliminates x 2 such as:

x 2 1 -1 = 0, x 2 = 0.
Example 6 Another example is given by the following polynomial system:

P 1 = 36 x 2 1 x 2 -10 x 1 -6 x 2 = 0, P 2 = 12 x 2 1 + 30 x 1 x 2 -2 = 0. @VA
Computing a Gröbner basis of the ideal I = P 1 , P 2 generated by (8) for the grded reverse lexiogrphi order, we obtain that I = 9 x 2 2 + 1, 6 x 2 1 + 15 x 1 x 2 -1 , which shows that ( 8) is equivalently dened by these two polynomials. On the above Gröbner basis of I, we can then read that the dimension of the Q-vector space A = Q[x 1 , x 2 ]/I is 4: the set of monomials {1, x 1 , x 2 , x 1 x 2 } does not satisfy Q-linear relations which are algebraic consequences of (8). As a consequence, (8) admits 4 complex solutions counted with their multiplicities. Let us solve (8). Computing a Gröbner basis of I for an order which eliminates x 2 ([CLO07]), we get that the ideal

I = 36 x 4 1 + 13 x 2 1 + 1, 36 x 3 1 + 19 x 1 + 15 x 2 .
Hence, (8) can be parametrized as follows:

   x 2 = - 1 15 x 1 (36 x 2 1 + 19), 36 x 4 1 + 13 x 2 1 + 1 = 0.
Solving the last univariate equation, we obtain that the four solutions of (8) are of the form of:

x 1 , x 2 = - 1 15 x 1 (36 x 1 2 + 19) , x 1 ∈ ± i 2 , ± i 3 .
In particular, (8) does not admit real solutions, a fact that could be directly checked by applying Descartes' rule of signs on the univariate polynomial 36 x 4 1 + 13 x 2 1 + 1.
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Certied Non-conservative Tests for the Structural Stability of Multidimensional Systems II 2.2 Real algebraic stability conditions es shown t the eginning of etion PFID @PA n e redued to heking the emptiness of the semiElgeri set of R 2n de(ned y @QAF his prolem n e hieved using the methods desried in etion PFIFPF roweverD suh n pproh presents n importnt drwkX it doules the numer of vriles @see @QAAD whih yields n overhed of omputtions in prtie due to the exponentil ost of the methods desried in etions PFIFI nd PFIFPF o void this omputtionl issueD we n strt diretly with the hegrlo et lF9s stility onditions @see heorem PAF prom the omputtionl point of viewD the (rst n onditions of heorem P n esily e heked using lssil univrite stility tests @seeD eFgFD wrRWD turTRD fisVRD fisHPAF e re then left with the lst ondition of heorem PD iFeFX

V C (D) ∩ T n = ∅.
@WA his ondition reples the serh for zeros of D in the unit polydis U n @see @PAA y the serh for zeros over the unit polyirle T n F xowD our pproh to test the ove ondition @WA onsists in pplying trnsformtion tht mps the unit polyEirle T n to the rel spe R n F wore preiselyD for eh omplex vrile z k D we perform hnge of vrile z k := φ(x k ) suh tht z k ∈ T if nd only if x k ∈ RF sn prtiulrD suh trnsformtion llows us to keep unhnged the numer of vrilesF e lssil trnsformtion tht stis(es the ove requirement is the soElled Möbius transformation whih de(nition is relled in the next de(nitionF Denition 1 Denoting the extended omplex plne by C, namely, C := C ∪ {∞}, a wöius trnsformtion is the following rational function

φ : C -→ C z -→ a z + b c z + d ,
where a, b, c, d ∈ C are xed and satisfy a d -b c = 0. We formally write:

φ - d c = ∞, φ(∞) = a c .
henoting y H the lss of irles of ritrry rdius in C @this lss inludes lines whih n e onsidered s irles of in(nite rdiusAF henD the set of wöius trnsformtions hve the property of mpping H to itselfD iFeFD eh irle in C is mpped to nother irle in CF 

∀ t k ∈ R, x k = 2 t k 1 + t 2 k , y k = 1 -t 2 k 1 + t 2 k , k = 1, . . . , n,
with the notation z k = x k + i y k , also fulll the above requirement but usually yield a polynomial with higher degree than the one obtained by a Möbius transformation. RR n°9085

V C (D) ∩ [T \ {1}] n = ∅ ⇐⇒ V R ( R, I ) = ∅.
Proof 1 Given a polynomial D(z 1 , . . . , z n ), we can handle the following substitution

z k = x k -i x k + i = x 2 k -1 x 2 k + 1 -i 2 x k x 2 k + 1 , k = 1, . . . , n, @IHA
which yields a rational function in C(x 1 , . . . , x n ) whose numerator can be written as

R(x 1 , . . . , x n ) + i I(x 1 , . . . , x n ),
where

R, I ∈ R[x 1 , . . . , x n ]. If (z 1 , . . . , z n ) is a zero of D(z 1 , . . . , z n ) that belongs to [T \ {1}] n , then, by construction, (x 1 , . . . , x n ) = i (z 1 + 1) 1 -z 1 , . . . , i (z n + 1) 1 -z n is a real zero of R(x 1 , . . . , x n ) + i I(x 1 , . . . , x n ). Conversely, if (x 1 , . . . , x n ) is a real zero of R(x 1 , . . . , x n ) + i I(x 1 , . . . , x n ), then (z 1 , . . . , z n ) = x 1 -i x 1 + i , . . . , x n -i x n + i is also a zero of D(z 1 , . . . , z n ) that belongs to [T \ {1}] n .
Remark 3 If we denote by d k the degree of D with respect to the variable z k , then we can easily check that the transformation used in the proof of Proposition 1 (see ( 10)) yields two polynomials R and I of total degrees at most n k=1 d k . Example 7 Let us consider D(z 1 , z 2 ) = (2 z 2 1 + 10 z 1 + 12) + (z 2 1 + 5 z 1 + 6) z 2 . Applying the transformation (10) for k = 1, 2, we obtain the following polynomial system of total degree 3

R = 36 x 2 1 x 2 -10 x 1 -6 x 2 = 0, I = 12 x 2 1 + 30 x 1 x 2 -2 = 0,
which was considered in (8).

We can also consider

D(z 1 , z 2 ) = -3 z 2 1 z 2 2 + 2 z 2 1 z 2 + 2 z 1 z 2 2 -3 z 2 1 + 4 z 1 z 2 -3 z 2 2 + 2 z 1 + 2 z 2 -3
which, after transformation (10) for k = 1, 2, yields the following two polynomials of total degree 2:

R = 0, I = x 2 1 + x 2 2 -1 = 0.
eording to roposition ID we n test tht polynomil D ∈ R[z 1 , . . . , z n ] does not hve omplex zeros in [T \ {1}] n y (rst omputing the polynomils R(x 1 , . . . , x n ) nd I(x 1 , . . . , x n ) nd then heking tht the following polynomil system

R(x 1 , . . . , x n ) = 0, I(x 1 , . . . , x n ) = 0, @IIA
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Certied Non-conservative Tests for the Structural Stability of Multidimensional Systems IQ does not hve ny solution in R n y mens of the tehniques desried in etion PFIF xote tht to hek the lst ondition of heorem PD the ove test is not su0ient sine it exludes the points of the polyEirle tht hve t lest one oordinte equl to IF reneD we lso hve to hek tht the polynomil D does not vnish t ny of these pointsF vet us explin how this n e done in systemti mnnerF trting with DD we (rst ompute the following polynomilsX

D i (z 1 , . . . , z k-1 , z k+1 , . . . , z n ) := D(z 1 , . . . , z k-1 , 1, z k+1 , . . . , z n ), k = 1, . . . , n.
o eh D k D we then pply the wöius trnsformtion @IHA for z j with j = 1, . . . , k-1, k+1, . . . , nD followed y the test of roposition IF imilrly s oveD this test llows us to hek whether or not eh D k does not hve omplex zeros on [T \ {1}] n-1 F fut we still need to hek tht D k does not vnish t the exluded pointsD nmelyD points tht hve t lest one oordinte in {z 1 , . . . , z k-1 , z k+1 , . . . , z n } equl to IF his n then e done in the sme wy s ove y onsidering the polynomils D k l otined y sustituting the vrile z l y in the D k 9sF roeeding reursively until otining univrite polynomils of the form D(1, . . . , 1, z k , 1, . . . , 1)D we n then hek tht D does not vnish on the unit polyEirles TF xote tht t the step m of the ove proessD the set of polynomils we hve to onsider re extly the polynomils otined from D fter sustituting m of the n vriles z i 9s y 1F prom this oservtionD we otin the following lgorithm to hek @IHA sed on heorem PF Algorithm 1 1: procedure IntersectionEmpty(D(z 1 , . . . , z n ))

return true if D satises (9) return IntersectionEmpty(D(z 1 , . . . , z n )) 8: end procedure Remark 4 In Algorithm 1, the polynomials considered at the last step are D(1, . . . , z k , . . . , 1) for k = 1, . . . , n. Since the stability of these polynomials are checked at step 1 of Algorithm 2, we can skip this test in Algorithm 2 by stopping Algorithm 1 at step n -2.

RR n°9085

Remark 5 From the computational cost viewpoint, it should be stressed that the most dominant part of Algorithm 1 is the rst iteration of the outer loop which consists in checking that the polynomial D(z 1 , . . . , z n ) is devoid from zero in the poly-circle T n . Indeed, for any iteration k of the outer loop, the algorithm performs n k calls to the routine for checking the existence of real zeros of an algebraic system with n -k variables. Since this checking step requires a cost that is at least single exponential in the number of variables (see [BPR06]), this implies that the cost of the outer loop, and thus of the whole algorithm, is dominated by the cost of the rst iteration.

Examples and experiments

vet us illustrte elgorithms I nd P with some expliit exmplesF Example 8 We consider D(z 1 , z 2 ) = (2 z 2 1 + 10 z 1 + 12) + (z 2 1 + 5 z 1 + 6) z 2 which appears in several articles on the stability analysis ([XYL + 04, LXL13]). It is known that D is structurally stable. Let us check again this result.

The rst step of our procedure consists in checking that the two polynomials D(z 1 , 1) = 3 z 2 1 + 15 z 1 + 18 and D(1, z 2 ) = 12 z 2 + 24 are stable, which can be directly checked by, e.g., inspecting their solutions (i.e., {-3, -2} and {-2}).

In a second step, we apply Algorithm 1 to D(z 1 , z 2 ). As we have already checked that D(z 1 , 1) and D(1, z 2 ) are stable, we only have to consider D(z 1 , z 2 ) itself. Using the Möbius transformation (10), this polynomial yields the polynomial system dened by ( 8). In Example 6, we proved that (8) does not admit real solutions.

Example 9 If we consider

D(z 1 , z 2 ) = -3 z 2 1 z 2 2 + 2 z 2 1 z 2 + 2 z 1 z 2 2 -3 z 2 1 + 4 z 1 z 2 -3 z 2 2 + 2 z 1 + 2 z 2 -3,
then, the Möbius transformation (10) yields only one polynomial x 2 1 + x 2 2 -1 (see Example 7) that admits an innite number of zeros. Checking for the existence of real zeros of this polynomial can be done by checking for the existence of real solutions for the system of its critical points (see ( 7)).

Example 10 We consider D(z 1 , z 2 , z 3 ) = (z 2 1 + z 2 2 + 4) (z 1 + z 2 + z 3 + 5) which is known to be structurally stable ([LXL13]). Our procedure rst checks that the polynomials

D(z 1 , 1, 1) = (z 2 1 + 5) (z 1 + 7), D(1, z 2 , 1) = (z 2 2 + 5) (z 2 + 7
) and D(1, 1, z 3 ) = 6 z 3 + 42 are stable. Then, applying Algorithm 1 to D, we have to test the existence of zeros on the polycircle of the following polynomials

         D(z 1 , z 2 , z 3 ) = (z 2 1 + z 2 2 + 4) (z 1 + z 2 + z 3 + 5), D(z 1 , 1, z 3 ) = (z 2 1 + 5) (z 1 + z 3 + 6), D(1, z 2 , z 3 ) = (z 2 2 + 5) (z 2 + z 3 + 6), D(z 1 , z 2 , 1) = (z 2 1 + z 2 2 + 4) (z 1 + z 2 + 6), @IPA
by considering the set of polynomial systems obtained by applying the Möbius transformation (10) to each of them. The main dicult computation is to decide whether or not the following Inria polynomial system, which corresponds to D(z 1 , z 2 , z 3 ), has real solutions:

                     48 x 3 1 x 3 2 x 3 -72 x 3 1 x 2 2 -96 x 3 1 x 2 x 3 -72 x 2 1 x 3 2 -184 x 2 1 x 2 2 x 3 -96 x 1 x 3 2 x 3 +24x 3 1 + 120 x 2 1 x 2 + 72 x 2 1 x 3 + 120 x 1 x 2 2 + 176 x 1 x 2 x 3 + 24 x 3 2 + 72 x 2 2 x 3 -40 x 1 -40 x 2 -24 x 3 = 0, 36 x 3 1 x 3 2 + 100 x 3 1 x 2 2 x 3 + 100 x 2 1 x 3 2 x 3 -68 x 3 1 x 2 -36 x 3 1 x 3 -124 x 2 1 x 2 2 -180 x 2 1 x 2 x 3 -68 x 1 x 3 2 -180 x 1 x 2 2 x 3 -36 x 3 2 x 3 + 44 x 2 1 + 116 x 1 x 2 +68 x 1 x 3 + 44 x 2 2 + 68 x 2 x 3 -12 = 0.
Using one of the methods described in Section 2.1.1, we can check that the above polynomial system does not have real zeros. Similarly, the second, third and fourth polynomials of ( 12) can be proved to be devoid from zeros in the corresponding polycircle, and we nd again that D is stable.

yur stility test ws implemented in Maple routine nmed IsStableF st tkes polynomil de(ning the denomintor of trnsfer funtion in input nd returns true if this polynomil stis(es @IHA nd flse otherwiseF por testing the (rst n onditions of heorem PD we use the lssil 1Eh fistritz test @see fisVRA tht ws implemented in MapleF o test the emptiness of rel lgeri setD whih is the min ritil step in elgorithm ID we hve implemented the two presented methods1 F he (rst one uses the lssil ylindril lgeri deompositionF uh deomposition is provided y the Maple routine CylindricalAlgebraicDecompose whih n e found in the ntive pkge RegularChains[SemiAlgebraicSetTools]F he seond method is sed on the omputtion of the set of ritil points of given funtion restrited to the rel lgeri set under onsidertionF en e0ient implementtion of this method hs een done is the externl Maple lirry RAGlib @ihHUA @see the ommnd HasRealSolutionsAF pinllyD we use the routine Isolate of the Maple pkge RootFinding in order to ompute numeril pproximtions of the solutions through the omputtion of univrite representtionF sn le ID we show the verge running times in g seonds of the IsStable routine for rndom @sprse or denseA polynomils in PD Q nd R vriles with rtionl oe0ients2 F he two running time olumns orrespond to the two vrints IsStableCAD nd IsStableCRIT @depending on the method used for testing the emptiness of rel lgeri setA of the routine IsStableF Remark 6 Note that Algorithm 2 can check the structural stability of polynomials in 4 variables with degree up to 12 in less than 20 minutes. However, when the polynomials have more variables (i.e., larger than 4) or have larger degrees, these methods do not return a result in a reasonable time.

3 A stability test for 2-D systems sn etion PD generl frmework ws proposed for the stility nlysis of nEh systems with n ≥ 2F sn this setionD we restrit the study to the prtiulr se of n = 2 nd we show tht sustntil improvements with respet to prtil e0ieny n e otined y using stteE ofEtheErt lgorithms developed in fouIR for the omputtion of the solutions of ivrite lgeri systems of equtionsF ell tht testing the stility of 2Eh system n e redued to deiding whether n lgeri system of the form of {R(x 1 , x 2 ) = I(x 1 , x 2 ) = 0} dmits rel solutionsF sn the present seD without loss of generlityD we n ssume tht the idel I generted y the two polynomils R nd I is zeroEdimensionlD iFeFD gcd(R, I) = 1 3 F yur ontriution in this setion is dedited method for deiding if system of two polynomil equtions in two vrilesD hving (nite numer of omplex solutionsD dmits rel solutionsF ine the idel I is zeroEdimensionlD we n use the univrite representtion tehniques desried in etion PFIFP to redue the prolem of deiding the existene of rel solutions of I to tht of deiding the existene of rel roots of univrite polynomilF sndeedD under the 3 If gcd(R, I) is non-trivial, then it is sucient to compute their gcd G in Q[x 1 , x 2 ] and to consider the two zero-dimensional systems: the system R G , I G and the system G, ∂G ∂x 1 which encodes the critical points of G with respect to x 1 .
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IU hypothesis tht I is zeroEdimensionlD the quotient lger A := Q[x 1 , x 2 ]/I inherits (niteE dimensionl QEvetor spe struture ndD for ny polynomil P ∈ Q[x 1 , x 2 ]D we n de(ne the QEendomorphism M P of A de(ned y @TA whose the hrteristi polynomil n e written s follows

C P (t) = det(t I d -M P ) = (α1, α2)∈V (I) (t -P (α 1 , α 2 )) µ(α1, α2) , @IQA
where

I d denotes the identity mtrix of size d = dim Q (A) nd µ(α 1 , α 2 ) the multipliity of (α 1 , α 2 ) s zero of IF purthermoreD if P = x 1 +a
x 2 is seprting form of V (I) 4 D then the polynomil C P oinides with the polynomil f of the tionl nivrite epresenttion of I omputed with respet to P @see @SA nd etion PFIFPA whih yields n importnt property regrding to the existene of rel solutions of V (I) nd of C P F he following result n e proved onsidering univrite representtion of the solutions @seeD eFgFD ouWWAF Theorem 3 Let P = x 1 + a x 2 be a separating form for V (I). Then, the univariate polynomial C P has real roots if and only if V (I) has real solutions.

gonsequentlyD the omputtion of seprting form of V (I) nd the orresponding polynomil C P redues the prolem of serhing for rel solutions of V (I) to the prolem of serhing for rel roots of C P F sn the followingD insted of the lssil strtegy whih requires omputtions in the quotient lger A := Q[x 1 , x 2 ]/ID we propose n lterntive pproh sed on the omputtion of the soElled resultant polynomil s well s the omputtion of generic positionF husD efore going furtherD let us introdue the onept of resultant nd subresultant sequencesD s well s some of their si properties whih re useful for the desription of our lgorithmF

Resultant and subresultant sequence

vet A e unique factorization domain @gvyHUAD eFgFD A := K[y]D where K is (eldF vet

f = p i=0 a i x i ∈ A[x] nd g = q j=0 b j x j ∈ A[x]D tht isD the a i 9s nd b j 9s elong to AF vet us suppose tht a p = 0 nd b q = 0 so tht deg x f = p nd deg x g = qD nd p ≥ qF vet A[x] n = {P ∈ A[x] | deg x P ≤ n}
e the set of polynomils with degree t most n nd {x i } i=0,...,n the stndrd sis of the free AEmodule A[x] n of rnk nF e set A[x] n = 0 for negtive integer nF por 0 ≤ k ≤ qD we n onsider the following homomorphism of free AEmodulesX

ϕ k : A[x] q-k-1 × A[x] p-k-1 -→ A[x] p+q-k-1 (U, V ) -→ U f + V g.
sing the stndrd sis of

A[x] q-k-1 @respFD A[x] p-k-1 D A[x] p+q-k-1 A nd identifying the polyE nomil q-k-1 i=0 u i x i ∈ A[x] q-k-1 with the row vetor (u 0 , . . . , u q-k-1 ) ∈ A 1×(p-k) D we otin tht ϕ k (u 0 , . . . , u q-k-1 , v 0 , . . . , v p-k-1 ) = (u 0 , . . . , u q-k-1 , v 0 , . . . , v p-k-1 ) S k ,
4 It has been shown that a separating form can be sought in the following set of linear forms d (d-1) 2

x 1 + a x 2 | a = 0, . . . ,
, where d denotes the cardinal of V (I), i.e., the dimension dim Q (A) of A as a Q-vector space. Indeed, such a set contains at least one separating form since the number of non-separating forms is bounded by the number d (d-1) 2 of lines passing through two distinct points among d points in the plane.
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where the mtrix S k is the mtrix de(ned yX p+q-k) .

S k = U k V k ∈ A (q-k+p-k)×(p+q-k) , U k =      a 0 a 1 . . . a q-k . . . a p 0 . . . 0 0 a 0 . . . a q-k-1 . . . a p-1 a p . . . 0 F F F F F F F F F F F F F F F F F F F F F F F F F F F 0 . . . 0 a 0 . . . . . . . . . . . . a p      ∈ A (q-k)×(p+q-k) , V k =      b 0 b 1 . . . b p-k . . . b q 0 . . . 0 0 b 0 . . . b q-k-1 . . . b q-1 b q . . . 0 F F F F F F F F F F F F F F F F F F F F F F F F F F F 0 . . . 0 b 0 . . . . . . . . . . . . b q      ∈ A (p-k)×(
o e oherent with the degree of polynomilsD we tth index i -1 to the i th olumn of S k so tht the index of the olumns goes from 0 to p + q -k -1F Denition 2 For 0 ≤ j ≤ p + q -k -1 and 0 ≤ k ≤ q, let sr k,j be the determinant of the submatrix of S k formed by the last p + q -2 k -1 columns, the column of index j and all the p + q -2 k rows. The polynomial Sres k (f, g) = sr k,k x k + . . . + sr k,0 is the k th suresultnt of f and g, and its leading term sr k,k is the k th prinipl suresultnt of f and g. The matrix S 0 ∈ A (p+q)×(p+q) is the ylvester mtrix associated with f and g, and Res x (f, g) = det S 0 is the resultnt of f and g. Remark 7 For k < j ≤ p + q -2 k -1, we note that sr k,j = 0 since sr k,j is the determinant of a matrix having twice the same column. Moreover, we can check that we have: sr q,q = b p-q q , ∀ q < p, Sres q (f, g) = b p-q-1 q g. ine A is n integral domainD we n onsider its eld of fractions whih we denotes y FD

nmelyD F := { n d | 0 = d, n ∈ A}D nd the Euclidean domain F[x]F ine f, g ∈ F[
x]D we n de(ne the greatest common factor gcd(f, g)D whih is de(ned up to nonEzero element of FD so tht we n suppose tht gcd(f, g) ∈ AF Theorem 4 ([BPR06]) The rst Sres k (f, g) such that sr k,k = 0 is equal to gcd(f, g).

xowD if we onsider two polynomils in two vriles

f = p i=0 a i (x 1 ) x i 2 nd g = q j=0 b j (x 1 ) x j 2 D nd x = x 2 so tht A = K[x 1 ] nd A[x] = K[x 1 , x 2 ]D then we hve the importnt resultsF Theorem 5 ([BPR06]) Let f (x 1 , x 2 ), g(x 1 , x 2 ) ∈ K[x 1 , x 2 ] be two bivariate polynomials.
The roots of Res x2 (f, g)(x 1 ) are the projection onto the x 1 -axis of the common solutions of f and g and of the common roots of a p and b q . For any α root of Res x2 (f, g) such that a p (α) and b q (α) do not both vanish, the rst polynomial Sres k (α, x 2 ), for increasing k, that does not identically vanish is of degree k and is the gcd of f (α, x 2 ) and g(α, x 2 ), up to a nonzero constant in the eld of fractions of A(α).

he suresultnt sequenes n e omputed either y mens of determinnt omputtions or y pplying vrint of the lssil iuliden lgorithm @see fHTAF he ltter methodD omined with evlutionGinterpoltion strtegiesD turns out to e muh more e0ient in prtieD espeilly for the se of univrite or ivrite polynomilsF Inria Certied Non-conservative Tests for the Structural Stability of Multidimensional Systems IW 3.2 Computation of a separating form of bivariate polynomial systems qiven liner form x 1 + a x 2 @not neessrily seprtingAD the following theorem shows thtD up to nonEzero ftor in QD the univrite polynomil C x1+a x2 @see @IQAA is equl to the resultnt of the two polynomils otined y pplying hnge of vriles to R nd

IF Theorem 6 ([BLPR15b]) Let R, I ∈ Q[x 1 , x 2 ]
and let us dene the polynomials

R (t, x 2 ) := R(t -a x 2 , x 2 ), I (t, x 2 ) := I(t -a x 2 , x 2 ), @IRA
where a ∈ Z is such that the leading coecient of R and I with respect to x 2 are coprime.

Then, the resultant of R and I with respect to x 2 , denoted by Res x2 (R , C ), is equal to:

c (α1, α2)∈V (I) (t -α 1 -a α 2 ) µ(α1,α2) , c ∈ Q \ {0}.
sn prtieD the omputtion of C x1+a x2 s resultnt @see heorem TA is muh more e0ient thn omputing the hrteristi polynomil of the QEendomorphism M x1+a x2 @see @TAA sine the omputtion of the mtrix M x1+a x2 usully requires the ostly preEomputtion of qröner sis of the idel I = R, I for the grded reverse lexiogrphi orderF vet us now fous on the omputtion of seprting form for V (I)F felowD we propose method tht onsists in pplying hnge of vriles to the initil system nd thenD using resultnt nd suresultntsD to hek whether or not the resulting system is in generic position s de(ned elowF

Denition 3 vet f (x 1 , x 2 ), g(x 1 , x 2 ) ∈ Q[x 1 , x 2 ]F sf S
denotes the rdinlity of (nite set SD then the system {f, g} is sid to e in generic position with respet to x 1 if we hveX

∀ α ∈ C, {β ∈ C | f (α, β) = g(α, β) = 0} ≤ 1.
vet us (rst illustrte our pproh with n exmpleF

Example 11 Consider the following polynomial ideal

I = {f = x 2 -x 2 1 , g = x 2 1 + x 2 2 -2} whose set of solutions V (I) consists in four points of C 2 . The resultant Res x2 (f, g) of f and g with respect to x 2 is equal to x 4 1 + x 2 1 -2.
The roots of Res x2 (f, g) correspond to the projections of the four solutions of V (I) onto the x 1 -axis. Since all these roots are distinct, x 1 is a separating form (see Figure 1 for the real solutions of V (I)). The fact that the solutions of V (I) project distinctly onto x 1 can be algebraically described by the fact that for each root α of Res x2 (f, g), the gcd

x 2 + α 2 of f (α, x 2 ) = x 2 -α 2 and g(α, x 2 ) = x 2 2 + α 2 -1 has only one root. Let us now consider the polynomial ideal I = {f = (x 1 -2) 2 + x 2 2 -2, g = x 2 1 + x 2 2 -2}.
The resultant Res x2 (f , g ) of f and g with respect to x 2 , namely, 16 (x 1 -1) 2 , has a single (real) root 1 of multiplicity 2, and gcd(f (1, x 2 ), g (1, x 2 )) = x 2 2 -1 admits two distinct roots -1 and 1 which correspond to two dierent solutions of V (I ). This means that the system is not in generic position, and thus that x 1 is not a separating form (see Figure 2). In order to compute a separating form for V (I ), we can apply a change of variables to f and g , for instance t = x 1 + x 2 , and then compute the resultant of these new polynomials f (t -x 2 , x 2 ) and g (t-x 2 , x 2 ) with respect to x 2 . This yields the polynomial t (t-2) whose two distinct roots {0, 2} are the projections of the solutions onto the t-axis (see Figure 3). For α 1 = 0 (resp., α 2 = 2), the gcd of f (-x 2 , x 2 ) and g (-x 2 , x 2 ) (resp., of f (2 -x 2 , x 2 ) and g (2 -x 2 , x 2 )) is x 2 + 1 (resp., x 2 -1). Since both gcds admit only one root, then the system {f (t -x 2 , x 2 ), g (t -x 2 , x 2 )} is in generic position with respect to t and thus x 1 + x 2 is a separating form for V (I ). qiven liner form t = x 1 + a x 2 D it n e shown tht it is seprting for V ( R, I ) if nd only if the system {R , I } is in generi position @see he(nition QAF elgerillyD this mens tht for eh root α of Res x (R , I ) @where R nd I re de(ned s in heorem TAD the gd of R (α, x) nd I (α, x)D denoted G(α, x)D hs extly one distint rootF o hek the ove generiity onditionD we n onsider triangular description of the solutions of {R , I } given y (nite union of triangular systemsX

V ( R , I ) = l k=1 (α, β) ∈ C 2 | r k (α) = G k (α, β) = 0 .
uh tringulr desription n e otined vi triangular decomposition algorithm sed on the resultnt nd suresultnt polynomils @see elgorithm I of fvIS for more detilsAF uh tringulr deomposition yields set of tringulr systems of the form {r k (t), Sres k (t, x 2 )} k=1,...,l D where l = min{deg x2 R ,

deg x2 I }D Res x2 (R , I ) = l k=1 r k (t)D r k ∈ K[t]
is the ftor of Res x2 (R , I ) @possily equl to IA whose roots α9s stisfy the property tht the degree of G(α, x 2 ) @iFeFD gcd(R (α, x 2 ), I (α,

x 2 ))A in x 2 is equl to k nd Sres k (t, x 2 ) = k i=0 sr k,i (t) x i 2

Inria

is the k th suresultnt of R nd I F yne tringulr deomposition {r k (t), Sres k (t, x 2 )} k=1,...,l of {R , I } is omputedD the generiity ondition is equivlent to the ft tht Sres k (t, x 2 ) n e written s (a k (t)

x 2 -b k (t)) k modulo r k (t)D with gcd(a k , b k ) = 1F he next theorem heks this lst onditionF Theorem 7 ([DMR08]) Let R(x 1 , x 2 ), I(x 1 , x 2 ) ∈ Q[x 1 , x 2 ].
Dene the polynomials R (t, x 2 ), I (t, x 2 ) as in Theorem 6, and let {r k (t), Sres k (t, x 2 )} k=1,...,l be the triangular decomposition of {R , I }. Then, {R , I } is in generic position if and only if we have

k (k -i) sr k,i sr k,k -(i + 1) sr k,k-1 sr k,i+1 = 0 mod r k , @ISA
for all k ∈ {1, . . . , l} and for all i ∈ {0, . . . , k -1}.

pinllyD our lgorithm for heking whether the system {R, I} dmits rel solutions onsists in omputing the ove tringulr deomposition for the system {R , I } otined fter pplying n ritrry liner hnge of vrile t = x 1 + a x 2 F sf the ondition of heorem U is stis(edD then x 1 + a x 2 is seprting formF st then remins to hek if the resultnt Res x2 (R , I ) of R nd I with respet to x 2 hs rel rootsD ft whih n e done usingD for instneD Sturm sequences @fHTAF Remark 8 In practice, several strategies are used in order to reduce the computational time of the above algorithm. For instance, the computation is stopped when the resultant, computed for some linear form x 1 + a x 2 , that is the resultant of R(t -a x 2 , x 2 ) and I(t -a x 2 , x 2 ) with respect to x 2 , is devoid from multiple factors, which implies that the form x 1 + a x 2 is separating by Theorem 6. The computation is also stopped when the computed resultant does not have real zeros, since it implies that the system does not have real zeros as well. Another improvement is the way we can choose the form x 1 + a x 2 candidate to be a separating form. Indeed, in order to increase the probability that a form is separating, a rst computation is performed modulo a prime number p (coecients are then considered in the nite eld F p = Z/Z p). Such a computation turns out to be very fast since it avoids coecient swells in the algorithm. Providing that a linear form is separating modulo a prime p, then, with high probability, it is also separating over Z and we can choose it as a candidate for the algorithm over Z.

Experiments

sn order to mesure the gin of our lgorithm with respet to the generl lgorithm desried in etion PD we ompre it with the generl method Isolate prtilly developed y the sme uthors nd ville in the pkge RootFinding of the Maple omputer lger systemF his funtion (rst omputes tionl nivrite epresenttion @ouWWA from qröner sis omputed with the F 4 algorithm @puWWAD nd then uses of vrint of hesrtes lgorithm @HQA s well s multiEpreision intervl rithmeti @HSA to isolte the rel roots of the systemF por the present experimentsD we reEuse lk oxes developed for the lgorithms desried in fvISD fvIQD fouIR whih use extly the sme tehnil se to design the omponent of the lgorithm tht omputes the univrite polynomil C x1+a x2 nd performs the seprtion hekF ell the other omponents re shred with the Maple RootFinding[Isolate] funtionF por dense polynomils with oe0ients tht n e enoded on 23 its @suh s if there were oming from )oting point numersAD the resultsotined on core i7 3.5 Ghz with 32 qf of memoryre summrized in the following tle in whih Degree denotes the totl degree of the polynomil D(z 1 , z 2 ) to e studiedD V (I) the numer of omplex roots of the ivrite system to e solved to deide stilityD RootF inding the omputtionl time of the funtion RootFinding [Isolate] por these exmplesD note tht we did not report the omputtion times required for the two IEh stility tests @iFeFD the stility test for D(1, z 2 ) nd D(z 1 , 1)A sine they re smll ompred with the resolution of the ivrite polynomil systemF pinllyD we point out tht our nive implementtion of the wöius trnsform in Maple is the min ottlenek of our dedited lgorithm ompre with the extremely e0ient lgorithm for the rel solution omputtion of systems of two polynomils in two vrilesF 4 A stability test for 2-D systems with parameters sn wht followsD let u = {u 1 , . . . , u m } denote set of prmetersF sn this lst setionD we study the struturl stility of PEh systems given y trnsfer funtion of the form of @IA tht depends on the set of prmeters uD iFeFD where n = 2 nd D ∈ Q[z 1 , z 2 , u]F sn other wordsD our gol is to study @PA in terms of the prmeters u k 9sF oughly spekingD our pproh onsists in omputing set of polynomils {h 1 , . . . , h s }D where h k ∈ Q[u 1 , . . . , u r ] for k = 1, . . . , sD stisfying the property tht the stility of @IA does not hnge provided tht the sign of the sequene {h 1 , . . . , h s } does not hngeF henD R m n e deomposed into ells in whih the signs of {h 1 , . . . , h s } remin the sme nd the ells for whih the system is struturlly stle n then e seleted y testing the struturl stility of the system for single prmeter9s vlue in eh ellF gonsidering D(z 1 , z 2 , u) s polynomil in the vriles z 1 nd z 2 with oe0ients in Q[u 1 , . . . , u r ]D we n pply the trnsformtion given in etion PFPD whih yields the followE ing set of onditionsX

     D(z 1 , 1, u) = 0, |z 1 | ≤ 1, D(1, z 2 , u) = 0, |z 2 | ≤ 1, V ( R(x 1 , x 2 , u), I(x 1 , x 2 , u) ) ∩ R 2 = ∅.
@ITA e strt with the study of the (rst two onditions involving univrite polynomils with prmetersF e (rst trnsform these onditions so tht ontinuous stility tests n e ppliedF wore preiselyD we n pply the following hnge of vriles he min gol of this pper ws to point out some dvntges of using lssil tehniques from the omputer lger ommunity in the ontext of the stility nlysis of multidimensionl systemsF sndeedD using stteEofEtheErt lgorithms for solving lgeri systems of equtionsD severl methods for the study of struturl stility of these systems hve een developedF he novelty of these methods ompred to the existing ones is tht they re oth nonEonservtive nd show promising results in prtie espeilly for Ph nd Qh systemsF woreoverD despite of their own interests for testing the stilityD the otined lgorithms n lso e used for solving similr prolems suh s the omputtion of stilizing feedk ontrol for 1h liner systems or for the stiliztion of nEh systemsF prom the omputtionl point of viewD we would try to improve the prtil ehvior of these methods in the se of nEh systems @n > 3A y investigting the use of numeril routines while keeping the extness spet of the pproh sine it is ritil in our prolemsF his investigtion will e the sujet of further worksF sn dditionD other lsses of liner systems suh s timeEdely systems shre the sme type of representtionD nd n thus e ddressed using the sme omputer lger tehniquesF 

s 1 = 1 -z 1 1 + z 1 , s 2 = 1 -z 2 1 + z 2 to the polynomils D(z 1 , 1, u) nd D(1, z 2 , u)F e denote y D 1 (s 1 , 1, u)D respetively D 2 (1, s 2 , u)D the numertor of D - 1 -s 1 1 + s 1 , 1, u D respetively of D 1, - 1 -s 2 1 + s 2 , u F he (rst two onditions of @ITA then eomeX D 1 (s 1 , 1, u) = 0, ∀ s 1 ∈ C : Re(s 1 ) ≥ 0, D 2 (1, s 2 , u) = 0, ∀ s 2 ∈ C : Re(s 2 ) ≥ 0.

  sn prtiulrD the following trnsformtion φ(z) = z -i z + i D whih orresponds to the wöius trnsformtion with a = 1D b = -iD c = 1 nd d = iD mps the extended rel line R := R ∪ {∞} to the omplex irle TF Remark 2 Dierent transformations such as the classical parametrization of T \ {-i} dened by

  eordinglyD the following result holdsF Proposition 1 Let D ∈ R[z 1 , . . . , z n ]. Two polynomials R and I can be obtained such that:

  S k of polynomials obtained by substituting k of the variables z i 's by 1 in D(z 1 , . . . , z n ) 4: for each D k in S k do 5: {R, I} = Möbius_transform(D k ) procedure vet us now stte our nEh stility testF Algorithm 2 1: procedure IsStable(D(z 1 , . . . , z n )) return true if D satises (

  pigure IX sntersetion etween irle nd prol pigure PX sntersetion etween two irles pigure QX efter the hnge of vriles (x 1 = t -x 2 , x 2 )

  Inria pigure TX oom round n unstle region X u 1 = -0.4 . . . -0.6, u 2 = -0.4 . . . -0.6 E rmeter spe deomposition 5 Conclusion
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  nd Dedicated the omputtionl time of our new dedited lgorithmF

	hegree	V (I) ootpinding hedited
	IH	PHH	PFQ	< 1
	IS	RSH	PWFV	< 1
	PH	VHH	PPQFR	< 1
	PS	IPVH	VTTFW	IFRP
	QH	IVHH	3348.2	PFUW
	QS	PRSH	> 1 hour	UFVI
	RH	QPHH	> 1 hour	ISFSI
	RR n°9085			

The user can choose one of these two methods by means of an option in the routine IsStable.

The experiments were conducted on 1.90 GHz

3-Core Intel i3-3227U with 3MB of L3 cache under a Linux platform.RR n°9085
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henD we n use lssil result of viénrd nd ghiprt @fHTD hmF WFQHA tht expresses the stility ondition of ontinuous polynomil D(s) s positivity ondition of its oe0ients s well s ertin signed principal subresultant sequene of two polynomils F (s) nd G(s) stisfying D(s) = F (s 2 ) + s G(s 2 ) @see fHTD hmF WFQHAF sing the specialization property of suresultnts @see fHTAD we n generlize this result to the se of univrite polynomils depending on prmetersF sn prtiulrD pplying this test to the polynomils D 1 (s 1 , u) nd D 2 (s 2 , u) yields set of polynomils depending only on the prmeters uD nd the stility of D 1 (s 1 , u) nd D 2 (s 2 , u)D nd thus of D(z 1 , 1, u) nd D(1, z 2 , u)D is then stis(ed providing tht these polynomils {h i (u)} i=1,...,t re ll positiveF he next prolem is to deide whether or not the following system R(x 1 , x 2 , u) = 0, I(x 1 , x 2 , u) = 0, @IUA dmits rel solutionsF sn wht followsD we n ssume tht @IUA is generically zero-dimensionalD tht isD for lmost ll vlues of the prmeters u ∈ C m D @IUA dmits (nite numer of omplex solutionsF he min tool we use to solve this prolem is the soElled discriminant varietyD (rst introdued in vHUD nd relled in the next setionF 4.1 Discriminant varieties: denition and properties fefore relling the de(nition of disriminnt vriety of n lgeri setD let us strt with some useful nottionsF por set of polynomils p 1 , . . . ,

@IVA e onsider the nonil projetion onto the prmeter spe C m D nmelyD the following mp

nd we denote y Π u (S) the soElled Zariski closure of the projetion of S onto the prmeter spe C m F por more detilsD see gvyHUF Denition 4 ([LR07]) With the above notations, an algebraic set V of C m is called a disrimE innt vriety of S if the following two conditions are satised:

1. V is contained in Π u (S).

The connected components

sn rod termsD disriminnt vriety yields prtition of the prmeter9s spe C m into ells UD suh tht for eh ellD the rdinl of Π -1 u (µ) ∩ SD where µ ∈ C m D is lolly onstnt on UD nd Π -1 u (U) ∩ S onsists of (nite olletion of sheets whih re ll lolly homeomorphi to UF e onsequene of he(nition RD stted in the following theoremD is fundmentl property of the disriminnt vriety regrding to the numer of solutionsF sn this theoremD we ssume tht the polynomil system S de(ned y @IVA is generilly zeroEdimensionlD iFeFD for lmost ll vlues of the prmeters µ ∈ C m D the polynomil system S u=µ D otined y sustituting the prmeters u to µ dmits (nite numer of omplex solutionsF RR n°9085 PR Bouzidi & Quadrat & Rouillier Theorem 8 ([LR07]) Let S be an algebraic system and U 1 , . . . , U s dened as in Denition 4. Then, for two vectors of parameters µ, ν ∈ U j , the specialized polynomial systems S u=µ and S u=ν have exactly the same number of zeros.

por given set SD the smllest lgeri vriety V tht stis(es the onditions of he(nition R is lled the minimal discriminant variety @see vHUAF Example 12 A classical exemple of a discriminant variety is the zeros of the discriminant of a quadratic univariate polynomial f := a x 2 +b x+c whose coecients are given as parameters. This discriminant is given as b 2 -4 a c and satises that for all a 0 , b 0 and c 0 such that b 2 0 -4 a 0 c 0 = 0, the polynomial a 0 x 2 + b 0 x + c 0 has exactly two distinct roots.

sn the sequelD we simplify sy disriminnt vriety for miniml disriminnt vrietyF 4.2 Computation of discriminant varieties por system F de(ned y set {p 1 , . . . , p l } ⊂ Q[x 1 , . . . , x n-m , u 1 , . . . , u m ]D y mens of vrile elimintions usingD eFgF stndrd qröner ses omputtions @seeD eFgFD vHUAD we n ompute sequene of polynomils {h 1 , . . . , h s } ⊂ Q[u 1 , . . . , u m ] whose zeros de(ne the disriminnt vriety of FF por instneD in the se of the qudrti polynomil given in ixmple IPD the disriminnt is omputed y eliminting the vrile x in the system de(ned y f nd its derivtive ∂f ∂x with respet to xD whih n e doneD eFgF y omputing the resultnt of f nd ∂f ∂x with respet to xF sn our settingD nmely system of two polynomil equtions in two vriles S = V ( R, I )D the disriminnt vrietyD denoted y V D D onsists in the union of the following two susets @see vHU for detilsAX

he set O c of the union of the ritil vlues of Π u nd of the projetion of the singulr points of V (S) onto C m F sntuitivelyD O ∞ represents prmeter vlues suh tht there exist either vertil lefs of soluE tions or lefs tht go to in(nity ove some of their neighorhoodsD while O c represents prmeter vlues suh tht ove some of their neighorhoodsD the numer of lefs vriesF husD the miniml disriminnt vriety V D roughly represents prmeter vlues over whih the numer of solutions of @IUA hngesF purthermoreD n importnt remrk for the omputtion of the disriminnt vriety of S is tht oth O ∞ nd O c re lgeri setsF V D n thus e desried s the union of two lgeri sets tht n e omputed independentlyF foth O ∞ nd O c re projetions of lgeri setF gomputing these vrieties remins to elimE inting vriles in the systems of equtions orresponding to these vrietiesD whih orresponds to the following prolemX given 

reduced Gröbner basis of R, I for monomil ordering < u,x1,x2 D tht isD the produt of two degree reverse lexiogrphi orderings < u for the prmeters nd < x1,x2 for the vrilesF por more detilsD see gvyHUF vet us de(ne the following idel

where LM < denotes the leding monomil of polynomil for n admissible monomial ordering < @see gvyHUAF henD we hveX

3 Discussing the number of real solutions yne disriminnt vriety V D of S = V ( R, I )D represented y set of polynomils {h 1 , . . . , h s }D is omputedD we n ompute geh dpted to these polynomils @see etion PFIA in order to otin prtition of the prmeter spe C m de(ned y the disriminnt vriety V D nd the onneted omponents of its omplementry C m \ V D @whih hs the property tht over ny ell U tht does not meet W D D Π -1 u (U) is n nlyti overing of UAF sn prtiulrD the numer of zeros of S is onstnt over ny onneted set tht does not interset the disriminnt vrietyF elsoD for omputing the onstnt numer of solutions over onneted omponent tht does not meet the disriminnt vrietyD it su0es to tke prtiulr vlue of prmeter vlues µ in this omponent nd then solve the orresponding zeroEdimensionl polynomil system S u=µ F Remark 9 Note that the structure of the solutions is not known above the discriminant variety itself. Since the discriminant variety is a set of null measure, it is useless here to study what is going on for such parameter values. However, the discriminant variety is dened by a polynomial system which can be added to the original system in order to follow the study recursively.

he disriminnt vriety is de(ned for the omplex solutions of @IUAF por rel solutionsD only two ses my ourX

Computing stability regions

vet us now ome k to the originl prolemD nmely the omputtion of the regions of the prmeter spe suh tht @ITA re stis(edD nd thus de(ne stle systemsF es mentioned t the eginning of etion RD we n ompute set of polynomils {p i (u)} i=1,...,t suh tht the (rst two onditions of @ITA re stis(ed if nd only if p i (u) > 0 for i = 1, . . . , tF e n lso ompute set of polynomils {q j (u)} j=1,...,s tht de(nes prtition of the prmeter spe in whih the numer of rel solutions of @IUA is onstntF xowD onsidering the glol set of polynomils F := {p 1 (u), . . . , p t (u), q 1 (u), . . . , q s (u)}D we n ompute geh dpted to F @see etion PFIAF RR n°9085 PT Bouzidi & Quadrat & Rouillier his yields disjoint union of ells in R m in whih the signs of ll the polynomils of F @oth p i 9s nd q i 9sA re onstntF sn prtiulrD inside eh of these ellsD oth the sign of the polynomils p i 9s nd the numer of rel solutions of @IUA re onstntF his implies tht the system is either stle or unstleF o determine the ells for whih the system is stleD it su0es to selet simple point u = µ in eh ell nd to test @ITA fter the evlution of the prmetersF pinllyD in prtieD to redue the running time omputtionD we only ompute the ells tht hve mximl dimension during the gehF 4.5 An illustrating example e onsider 2D system de(ned y trnsfer funtion G @see @IAA depending on the prmeters u = {u 1 , u 2 } nd whose denomintor D is de(ned yX

epplying the lgeri trnsformtion de(ned in etion PFP to DD the ivrite polynomil system @IUA is de(ned yX

pigure RX qlol view E rmeter spe deomposition he miniml disriminnt vriety of this ivrite system with respet to the projetion onto (u 1 , u 2 ) n e otined y mens of the Maple funtion RootFinding[Parametric][Discriminant Variety]F he disriminnt vriety is the union of V linesD P qudris nd I urve of degree T de(ned yX Inria Certied Non-conservative Tests for the Structural Stability of Multidimensional Systems

xowD omputing the onditions on the prmeters u tht disriminte the situtions where D(z 1 , 1) @respFD D(1, z 2 )A hs @or notA roots in the omplex unit dis led to following S lines

where [7 u 1 -3 u 2 + 7] is lredy in the disriminnt vrietyF heomposing the prmeter spe ylindrilly with respet to these IR urves gives 1161 ells shown in pigure RF pigure SX oom u 1 = -4 . . . 2, u 2 = -7 . . . 7 E rmeter spe deomposition por prmeters whih elong to these ellsD the system is either stle or unstleF o test the stility of the orresponding systemD it is su0ient to test the stility of the system otined y evluting the prmeters u to numeril vlue µ in this ell nd to ount the numer of rel solutions of the @non prmetriA zeroEdimensionl polynomil system @IUA de(ned with u = µD nd to perform the stility test of D(z 1 , 1) nd D(1, z 2 )F

st should e notied tht in some regions of the prmeter speD some ells re very smllF pinllyD it turns out tht 118 of these regions orrespond to unstle systemsF por instneD the ell ontining the pir (u 1 = -.4717912847, u 2 = -.5389591122) de(nes unstle systems while the ell ontining the pir (u 1 = -.6152602220, u 2 = -.5389591122) s well s the ell ontining the pir (u 1 = -.3942379536, u 2 = -.5389591122) de(ne stle systems @see pigure TAF RR n°9085