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Normalization and continuation-passing-style interpretation
of simply-typed call-by-need A-calculus with control

HUGO HERBELIN, INRIA
ETIENNE MIQUEY, Université Paris-Diderot and Universidad de la Republica

Ariola et al defined a call-by-need A-calculus with control, together with a sequent calculus presentation of it.
They mechanically derive from the sequent calculus presentation a continuation-passing-style transformation
simulating the reduction. In this paper, we consider the simply-typed version of the calculus and prove
its normalization by means of a realizability interpretation. This justifies a posteriori the design choice of
the translation, and is to be contrasted with Okasaki et al. semantics which is not normalizing even in the
simply-typed case.

Besides, we also present a type system for the target language of the continuation-passing-style translation.
Furthermore, the call-by-need calculus we present makes use of an explicit environment to lazily store and
share computations. We rephrase the calculus (as well as the translation) to use De Bruijn levels as pointers to
this shared environment. This has the twofold benefit of solving a problem of a-conversion in Ariola et al
calculus and of unveiling an interesting bit of computational content (within the continuation-passing-style
translation) related to environment extensions.

CCS Concepts: « Theory of computation — Operational semantics; Control primitives; Proof theory;
Type structures;

Additional Key Words and Phrases: call by-need, type system, normalization, realizability, lambda-calculus,
classical logic, continuation-passing style, environment-passing style

ACM Reference format:

Hugo Herbelin and Etienne Miquey. 2017. Normalization and continuation-passing-style interpretation of
simply-typed call-by-need A-calculus with control. 1, 1, Article 1 (August 2017), 47 pages.
https://doi.org/10.1145/nnnnnnn.nnnnnnn

INTRODUCTION
Call-by-name, call-by-value and call-by-need evaluation strategies

The call-by-name and call-by-value evaluation strategies are two basic strategies for evaluating the
A-calculus. The call-by-name evaluation strategy passes arguments to functions without evaluating
them, postponing their evaluation to each place where the argument is needed, re-evaluating the
argument several times if needed. Conversely, the call-by-value evaluation strategy evaluates the
arguments of a function into so-called “values” prior to passing them to the function. The evaluation
is then shared between the different places where the argument is needed. Yet, if the argument is
not needed, it is evaluated uselessly.

The call-by-need evaluation strategy is a third evaluation strategy of the A-calculus which
evaluates arguments of functions only when needed, and, when needed, shares their evaluations
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across all places where the argument is needed. The call-by-need evaluation is at the heart of
a functional programming language such as Haskell. It has in common with the call-by-value
evaluation strategy that all places where a same argument is used share the same value. Nevertheless,
it observationally behaves like the call-by-name evaluation strategy, in the sense that a given
computation eventually evaluates to a value if and only if it evaluates to the same value (up to
inner reduction) along the call-by-name evaluation. In particular, in a setting with non-terminating
computations, it is not observationally equivalent to the call-by-value evaluation. Indeed, if the
evaluation of a useless argument loops in the call-by-value evaluation, the whole computation
loops, which is not the case of call-by-name and call-by-need evaluations.

Continuation-passing-style semantics for call-by-name, call-by-value and call-by-need
calculi

The call-by-name, call-by-value and call-by-need evaluation strategies can be turned into equational
theories. For call-by-name and call-by-value, this was done by Plotkin [26] through continuation-
passing-style (CPS) semantics characterizing these theories. For call-by-name, the corresponding
induced equational theory' is Church’s original theory of the A-calculus based on the operational
rule .

For call-by-value, Plotkin showed that the induced equational theory includes the key operational
rule fy. The induced equational theory was further completed implicitly by Moggi [21] with the
convenient introduction of a native let operator’. Moggi’s theory was then explicitly shown
complete for cps semantics by Sabry and Felleisen [27].

For the call-by-need evaluation strategy, a specific equational theory reflecting the intentional
behavior of the strategy into a semantics was proposed independently by Ariola and Felleisen [1]
and by Maraist, Odersky and Wadler [20]. For call-by-need, a continuation-passing-style semantics
was proposed in the 90s by Okasaki, Lee and Tarditi [23]. However, this semantics does not ensure
normalization of simply-typed call-by-need evaluation, as shown in [2], thus failing to ensure a
property which holds in the simply-typed call-by-name and call-by-value cases.

Call-by-name, call-by-value and call-by-need calculi with control

Continuation-passing-style semantics de facto gives a semantics to the extension of A-calculus with
control operators, i.e. with operators such as Scheme’s callcc, Felleisen’s C, K, or A operators [10],
Parigot’s 1 and [ ] operators [24], Crolard’s catch and throw operators [6]. In particular, even
though call-by-name and call-by-need are observationally equivalent on pure A-calculus, their
different intentional behaviors induce different continuation-passing-style semantics, leading to
different observational behaviors when control operators are considered.

Later on, Lafont, Reus and Streicher [18] gave a more refined continuation-passing-style semantics which also validates
the extensional rule 7.

2In Plotkin, let x = ¢ in u is simulated by (Ax.u) t, but the latter fails to satisfy a Gentzen-style principle of “purity of
methods” as it requires to know the constructor A and destructor application of an arrow type for expressing something
which is just a cut rule and has no reason to know about the arrow type. This is the same kind of purity of methods as in
natural deduction compared to Frege-Hilbert systems: the latter uses the connective — to internalize derivability I leading
to require — even when talking about the properties of say, A. This is the same kind of purity of methods as in Parigot’s
classical natural deduction and Apu-calculus compared to say Prawitz’s extension of natural deduction with Reduction
ad absurdum: the latter uses the connective L to internalize judgments with “no conclusion” and uses the connective
— to internalize the type of “evaluation contexts” (i.e. co-terms). The Apyji-calculus [7] emphasizes a proof-as-program
correspondence between “no conclusion” judgments and states of an abstract machine, between right-focused judgments
and programs, and between left-focused judgments and evaluation contexts. Krivine [17], followed by Ariola et al. [3], used
a notation L to characterize such “no conclusion” judgments.
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Nonetheless, the semantics of calculi with control can also be reconstructed from an analysis
of the duality between programs and their evaluation contexts, and the duality between the let
construct (which binds programs) and a control operator such as Parigot’s y (which binds evaluation
contexts). Such analysis can be done in the context of the pji-calculus [7, 12] and we consider to
this end the following variant of the pji-calculus which includes co-constants ranged over by «:

Strong values v == Ax.t|k Strong contexts F u= t-elk

Weak values V = ol|x Weak contexts E = Fla

Terms t,u == V]pa.c Evaluation contexts e == E|fix.c
Commands ¢ == (vle)

Let us consider the following reduction rules parameterized over a sets of terms V' and a set of
evaluation contexts &:

(t)fix.c) - c[t/x] teV

(pa.cle) - cle/a] e€&

Ax.tlu - e) - (ul fix (t|e))

Then, the difference between call-by-name, call-by-value and call-by-need can be characterized by
how the critical pair *

(pa.cl|jx.c”y
v N
clix.c’/a] c’[pa.c/x]

is solved, which amounts to define V and & such that the two rules do not overlap:

e Call-by-name: V = Terms, & = Weak contexts

e Call-by-value: V = Weak values, & = Evaluation contexts

e Call-by-need: V = Weak values, & = Weak contexts U Demanding contexts, where de-
manding contexts are expressions of the form fix.C[(x|F)] where C, a meta-context, is a
command with a hole as defined by the grammar

Cl] == []]{pa.clix.C)

In particular, demanding contexts are evaluation contexts whose evaluation is blocked
on the evaluation of x, therefore requiring the evaluation of what is bound to x. Also,
meta-contexts are nesting of commands of the form (T|e) for which neither ¢ is in V
(meaning it is some pa.c) nor e in & (meaning it is an instance of some fix.c which is not a
forcing context).

The so-defined call-by-need calculus is close to the calculus called Al in Ariola et al [2]%

In the call-by-name and call-by-value cases, the approach based on pjfi-calculus leads to continuation-
passing-style semantics similar to the ones given by Plotkin or, in the call-by-name case, also to the
one by Lafont, Reus and Streicher [18]. In the case of call-by-need calculus, a continuation-passing-
style semantics for I,v is defined in [2] via a calculus called I[lvf*]- This calculus is equivalent to

Ao but is presented in such a way that the head redex of a command can be found by looking only

3There are different flavors of call-by-name, call-by-value and call-by-need calculi. We consider here flavors which are easy
to explain in the given framework.

4The difference is in ¢ - e which is ¢ - E in [2]. Also, a similar calculus, which we shall call weak Ilv, was previously studied
n [4] with & defined instead to be jix.C[{x||E)] (with same definition of C) and a definition of V which was different
whether fix.c was a forcing context (V' was then the strong values) or not (V was then the weak values). Another variant
is discussed in Section 6 of [2] where & is similarly defined to be jix.C[(x||E)] and V is defined to be (uniformly) the
strong values. All three semantics seem to make sense to us.

, Vol. 1, No. 1, Article 1. Publication date: August 2017.



1:4 Hugo Herbelin and Etienne Miquey

at the surface of the command, from which a continuation-passing-style semantics directly comes.
This semantics, distinct from the one in [23], is the object of study in this paper.

Contributions of the paper

The contribution is twofold. On the one hand, we give a proof of normalization for the I[l‘ur*]_
calculus. The normalization is obtained by means of a realizability interpretation of the calculus,
which is inspired from Krivine classical realizability [17]. The realizability interpretation is ob-
tained by pushing one step further the methodology of Danvy’s semantics artifacts already used
in [2] to derive the continuation-passing-style semantics. While we only use it here to prove
the normalization of the z[lvr*]-calculus, our interpretation incidentally suggests a way to adapt
Krivine’s classical realizability to a call-by-need setting. This opens the door to the computational
interpretation of classical proofs using lazy evaluation or shared memory cells.

On the other hand, we provide a type system for the continuation-passing-style transformation
presented in [2] for the z[lv”]-calculus such that the translation is well-typed. This presents
various difficulties. First, since the evaluation of terms is shared, the continuation-passing-style
translation is actually combined with a store-passing-style transformation. Second, as the store
can grow along the execution, the translation also includes a Kripke-style forcing to address the
extensibility of the store. This induces a target language which we call system Fy and which is an
extension of Girard-Reynolds system F [11] and Cardelli system F .. [5]. Last but not least, the
translation needs to take into account the problem of a-conversion. In a nutshell, this is due to the
fact that terms can contain unbound variables that refer to elements of the store. So that a collision
of names can result in auto-references and non terminating terms. We deal with this in two-ways:
we first elude the problem by using a fresh name generator and an explicit renaming of variables
through the translation. Then we refine the translation to use De Bruijn levels to access elements
of the store, which has the advantage of making it closer to an actual implementation. Surprisingly,
the passage to De Bruijn levels also unveils some computational content related to the extension of
stores.

Organization of the paper

In Section 1, we first restate formally the calculus Al from [2] which we equip with a system of
simple types. We then recall in Section 2 the syntax of the X[lm*]—calculus, which we also equip
with a system of simple types.

In Section 3 we present the realizability technique used to obtain normalization proofs. We then
give the realizability interpretation of the simply-typed I[lm*]—calculus, and use it to prove the
normalization of the calculus.

In Section 4, we detail the rationale guiding our methodology to obtain a typed continuation-
and-store-passing style translation of the I[lm*]—calculus. We present the target language Fy and
prove the correctness of the translation with respect to typing.

In Section 5, we explain the problems related to a-conversion, and introduce a variant of the
z[lm*]—calculus with De Bruijn levels to access elements in the store. We then adapt both the target
language and the continuation-and-store-passing style translation to De Bruijn levels, and prove
again the correctness of the translation with respect to typing.

Finally, in Section 6, we present our conclusions and some perspectives of further work.

For economy of space, some of the proofs of the results presented in this article are given in the
appendices.
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(x:A) el . Ix:Art:B|A o c:(FI—A,a:A)()
= ., . -, PR S————
Trx:A|A 'tAx.t:A—> B|A I'pac:AlA K
(x:A) eA F'rt:A|A F|E:BI—A( ) c:(TLx:ArA) .
M ES 5 A aAra
Tla:ArA Tt E:A>BFA : Tl jixc:ArA "
F'rt:A|A TFle:ArA (k:A)eS k:X)eS
(Cur) — 0 () — < ®
(tley: (TF A) Tlx:AFA Trk:X|A

Fig. 1. Typing rules for the Ay-calculus

1 THE SIMPLY-TYPED IIU-CALCULUS

We summarize the syntax of A;,,-calculus [2], which is a call-by-need instance of the Ayji-calculus [7],
as presented in the introduction®.

Strong values v == Ax.t|k Forcing contexts F == t-Elk
Weak values V = vl|x Catchable contexts E := F|a| jix.C[{x|F)]
Terms t,u == V|pa.c Evaluation contexts e u= E|fix.c
Commands c == (t|e)
Meta-contexts C == [] | {pa.c|ix.C)

The Ilv reduction, written as —y,, , denotes the compatible reflexive transitive closure of the
rules:

(Vlpx.c) v c[V/x]
(pa.c|E) s c[E/a]
Ax.tlu-E) -1 (ulix(EE))

A forcing contexts, which is either a stack ¢ - E or a co-constant k, eagerly demands a value,
and drives the computation forward. A variable is said to be needed or demanded if it is in a
command with a forcing context, as in (x| F). Furthermore, in a fi-binding of the form fix.C[{x|F}],
we say that the bound variable x has been forced. The C[ ] is a meta-context, which identifies
the standard redex in a command. Observe that the next reduction is not necessarily at the top
of the command, but may be buried under several bound computations pa.c. For instance, the
command (ua.cl fixy.(x1 | fixz.(x2 | F))), where x; is not needed, reduces to (ua.c| fix;.(x1| F)), which
now demands x;.

The typing rules (see Figure 1) for the A, -calculus are the usual rules of the classical sequent
calculus [7], where we adopt the convention that constants k and co-constants ¥ come with a
signature S which assigns them a type.

2 THE A[jor+]-CALCULUS SYNTAX
2.1 Syntax

While all the results that are presented in the sequel of this paper could be directly expressed using
the A;,-calculus, the continuation-passing-style translation we present naturally arises from the
decomposition of this calculus into a different calculus with an explicit environment, the I[,v,*]-
calculus [2]. Indeed, as we shall explain thereafter, the decomposition highlights different syntactic

3In syntactic category, we implicitly assume jix.c to only cover the cases which are not of the form jix.C[(x||F)].
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ct[x :=t]
ctla := E]
(VI|E)r[a := E]t’
(tlalx]<x1F)t")r
(VIF)r[x :=V]t’
(uljix{t1EY) T

(tlfix.c)t
(pa.c|E)r
(Vla)r[a := E]t’
(x|F)r[x = t]r’
(VIlx]xIFye)e
Ax.t|u - E)r

Ll lLl

Fig. 2. Reduction rules of the Z[lm*]—calculus

categories that are deeply involved in the definition and the typing of the continuation-passing-style
translation.

The explicit environment of z[lw*]-calculus, also called substitution or store, binds terms which
are lazily evaluated. The reduction system resembles the one of an abstract machine.

Note that our approach slightly differ from [2] in that we split values into two categories: strong
values (v) and weak values (V). The strong values correspond to values stricly speaking. The weak
values include the variables which force the evaluation of terms to which they refer into shared
strong value. Their evaluation may require capturing a continuation.

Besides, we reformulate the construction fix.C[{x|F)] of i,v into fi[x].(x|F)z. It expresses the
fact that the variable x is forced at top-level. The syntax of the language is given by:

Strong values v = Ax.t|k Forcing contexts F == t-E|x|
Weak values V = vlx Catchable contexts E == F|a| g[x].(x|F)r
Terms ttu == V|pac Evaluation contexts e == E|fix.c

Stores T u= ¢|r[x:=t]]|r[a:=E]

Commands ¢ == (t|e)

Closures I == cr

and the reduction, written —, is the compatible reflexive transitive closure of the rules given in
Figure 2. The different syntactic categories can be understood as the different levels of alternation
in a context-free abstract machine [2]: the priority is first given to contexts at level e (lazy storage
of terms), then to terms at level ¢ (evaluation of pa into values), then back to contexts at level E
and so on until level v. These different categories are directly reflected in the definition of the
continuation-passing-style translation, and thus involved when typing it. We chose to highlight
this by distinguishing different types of sequents already in the typing rules that we shall now
present.

2.2 A type system for the Z[IUT*]-calculus.

Unlike in the usual type system for sequent calculus where, as in the previous section, a judgment
contains two typing contexts (one on the left for proofs, denoted by I, one on the right for contexts
denoted by A), we group both of them into one single context, denoting the types for contexts
(that used to be in A) with the exponent L. This allows to draw a strong connection in the sequel
between the typing contexts I' and the store 7, which contains both kind of terms.

We have nine kinds of sequents, one for typing each of the nine syntactic categories. We write
them with an annotation on the + sign, using one of the letters v, V, t, F, E, e, I, ¢, 7. Sequents
themselves are of four sorts: those typing values and terms are asserting a type, with the type
written on the right; sequents typing contexts are expecting a type A with the type written A™;

, Vol. 1, No. 1, Article 1. Publication date: August 2017.



Normalization and CPS interpretation of simply-typed call-by-need A-calculus with control  1:7

(k:X)ES(k) ILx:Atr;t:B (oo) (x:A)el Fhyv:A
Trok:X Tro xt:A—>B Tryx:A Tryo:a )
(K:A)ES() Tk t:A I‘I—EE:BJL( ) (a:A)ET() Trp F:AY )
—_— (x - — (a _—
Trpa: A Trpt-E: (Ao B [rpa:A- Trg F: A

: AL T'tg E: A I''x:Arcc
Tty VA . IlNa:A"tr:.c ) E = () : c — ()
'+, VA 'k pac:A I'te E: A ke fixc: A

Ix:AT'+p F:AY Tro7r:T’ IF't;t:A Tree:Ab I T/tee Trpr: T

(@) (c) (1)

T +g filx]{x|F)T : A* T k. (t]e) Trycr
Tr,7:T" T,IVHt:A 'ty 7:T" ILTVrgE: At

0 , o E22 ()

Fhoe:¢ Tty rx:=t¢]:T",x: A Tty tla:=E]:T",a: A

Fig. 3. Typing rules of the I[lw*]—calculus

sequents typing commands and closures are black boxes neither asserting nor expecting a type;
sequents typing substitutions are instantiating a typing context. In other words, we have the
following nine kinds of sequents:

Tl T t: A Fhee: At
Trec Tty VA Itp E: A"
Troo: T F'ty,v: A Itp F: A
where types and typing contexts are defined by:
AB:=X|A—B Fu=¢|T,x:A|T,a: A"

The typing rules are given on Figure 3 where we assume that a variable x (resp. co-variable «)
only occurs once in a context I' (we implicitly assume the possibility of renaming variables by
a-conversion). This type system enjoys the property of subject reduction.

THEOREM 2.1 (SUBJECT REDUCTION). IfT' +; ¢t andct — ¢’t’ thenT +; ¢'7’.

3 NORMALIZATION OF THE z[lw*]-CALCULUS
3.1 Normalization by realizability

The proof of normalization for the z[lw*]-calculus that we present in this section is inspired from
techniques of Krivine’s classical realizability [17], whose notations we borrow. Actually, it is also
very close to a proof by reducibility®. In a nutshell, to each type A is associated a set |A|, of terms
whose execution is guided by the structure of A. These terms are the one usually called realizers
in Krivine’s classical realizability. Their definition is in fact indirect, and is done by orthogonality
to a set of “correct” computations, called a pole. The choice of this set is central when studying
models induced by classical realizability for second-order-logic, but in the present case we only pay
attention to the particular pole of terminating computations. This is where sites the main difference
with a proof by reducibility, where everything is done with respect to SN, while our definition are

%See for instance the proof of normalization for system D presented in [16, 3.2])
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1:8 Hugo Herbelin and Etienne Miquey

parametric in the pole (which is chosen to be SN in the end). The adequacy lemma, which is the
central piece, consists in proving that typed terms belongs to the corresponding sets of realizers,
and are thus normalizing.

More in details, our proof can be sketched as follows. First, we generalize the usual notion of
closed term to the notion of closed term-in-store. Intuitively, this is due to the fact that we are no
longer interested in closed terms and substitutions to close open terms, but rather in terms that
are closed when considered in the current store. This is based on the simple observation that a
store is nothing more than a shared substitution whose content might evolve along the execution.
Second, we define the notion of pole 1L, which are sets of closures closed by anti-evaluation and
store extension. In particular, the set of normalizing closures is a valid pole. This allows to relate
terms and contexts thanks to a notion of orthogonality with respect to the pole. We then define for
each formula A and typing level o (of e,t,E,V,F,v) a set |A|, (resp. ||Allo) of terms (resp. contexts)
in the corresponding syntactic category. These sets correspond to reducibility candidates, or to
what is usually called truth values and falsity values in realizability. Finally, the core of the proof
consists in the adequacy lemma, which shows that any closed term of type A at level o is in the
corresponding set |Al,. This guarantees that any typed closure is in any pole, and in particular
in the pole of normalizing closures. Technically, the proof of adequacy evaluates in each case a
state of an abstract machine (in our case a closure), so that the proof also proceeds by evaluation.
A more detailed explanation of this observation as well as a more introductory presentation of
normalization proofs by classical realizability are given in an article by Dagand and Scherer [8].

3.2 Realizability interpretation for the I[lm*]—calculus

We begin by defining some key notions for stores that we shall need further in the proof.

Definition 3.1 (Closed store). We extend the notion of free variable to stores:
FV(¢) 20
FV(r[x:=1t]) £ FV(r)U{y € FV(t) : y ¢ dom(r)}
FV(r[a :=E]) £ FV(r) U{f € FV(E) : B ¢ dom(r)}

so that we can define a closed store to be a store 7 such that FV(r) = 0.

Definition 3.2 (Compatible stores). We say that two stores 7 and 7’ are independent and note
7 #7" when dom(r) N dom(z”) = 0. We say that they are compatible and note 7 <: 7" whenever for all
variables x (resp. co-variables «) present in both stores: x € dom(z) N dom(z’); the corresponding
terms (resp. contexts) in 7 and 7’ coincide: formally 7 = 7o[x := t]7; and 7’ = 7[x := t]z]. Finally,
we say that 7’ is an extension of 7 and note r < 7’/ whenever dom(r) C dom(z’) and 7 <: 7’.

We denote by 77’ the compatible union join(z,z”) of closed stores 7 and 7’, defined by:

join(zo[x := t]ry, 7y [x = t]1]) = o1y [x = t]join(zy,7]) (if 7o # )
join(r,7’) = 1’ (ifr#1’)
join(e,7) =
join(r,e) =

The following lemma (which follows easily from the previous definition) states the main property
we will use about union of compatible stores.

Lemma 3.3. If 7 and v’ are two compatible stores, then T < 77’ and t’ < t7’. Besides, if T is of the
form to[x := t]ry, then T’ is of the form To[x := t]7y withty < Ty and 7y < 77.

As we explained in the introduction of this section, we will not consider closed terms in the usual
sense. Indeed, while it is frequent in the proofs of normalization (e.g. by realizability or reducibility)
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Normalization and CPS interpretation of simply-typed call-by-need A-calculus with control  1:9

of a calculus to consider only closed terms and to perform substitutions to maintain the closure
of terms, this only makes sense if it corresponds to the computational behavior of the calculus.
For instance, to prove the normalization of Ax.t in typed call-by-name Apji-calculus, one would
consider a substitution p that is suitable for with respect to the typing context I, then a context
u - e of type A — B, and evaluates :

Ax.tpllu-ey — (tplu/x]le)
Then we would observe that ¢, [u/x] = t,[x.=s] and deduce that p[x := u] is suitable for T',x : A,
which would allow us to conclude by induction.
However, in the Af;,, 7 «]-calculus we do not perform global substitution when reducing a command,
but rather add a new binding [x := u] in the store:

(Ax.tlu- Eyr — (t|E)t[x := u]

Therefore the natural notion of closed term invokes the closure under a store, which might evolve
during the rest of the execution (this is to contrast with a substitution).

Definition 3.4 (Term-in-store). We call closed term-in-store (resp. closed context-in-store, closed
closures) the combination of a term ¢ (resp. context e, command c) with a closed store 7 such that
FV(t) € dom(r). We use the notation (¢|7) to denote such a pair.

We should note that in particular, if ¢ is a closed term, then (¢|7r) is a term-in-store for any closed
store 7. The notion of closed term-in-store is thus a generalization of the notion of closed terms,
and we will (ab)use of this terminology in the sequel. We denote the sets of closed closures by Cy,
and will identify (c|r) and the closure cr when c is closed in 7. Observe that if cz is a closure in C
and 7’ is a store extending 7, then c7’ is also in Cy. We are now equipped to define the notion of
pole, and verify that the set of normalizing closures is indeed a valid pole.

Definition 3.5 (Pole). A subset AL € Cy is said to be saturated or closed by anti-reduction whenever
for all (c|7),(c’|7") € Cy, if ¢'t" € AL and ct — ¢’7’ then cr € 1L. It is said to be closed by store
extension if whenever ¢t € U, for any store 7’ extending 7: 7 < 7/, ¢’ € AL. A pole is defined as
any subset of Cy that is closed by anti-reduction and store extension.

The following proposition is the one supporting the claim that our realizability proof is almost a
reducibility proof whose definitions have been generalized with respect to a pole instead of the
fixed set SN.

PROPOSITION 3.6. The set .| = {ct € Cy : ct normalizes } is a pole.

Proor. As we only considered closures in Cp, both conditions (closure by anti-reduction and
store extension) are clearly satisfied:
e if ct — ¢’t’ and ¢’7’ normalizes, then ¢ normalizes too;
e if ¢ is closed in 7 and ¢7 normalizes, if 7 < 7’ then ct’ will reduce as ¢t does (since ¢ is
closed under 7, it can only use terms in 7’ that already were in 7) and thus will normalize.

[m]
Definition 3.7 (Orthogonality). Given a pole 1L, we say that a term-in-store (¢|7) is orthogonal to
a context-in-store (e|r’) and write (t|7)1L(e|z”) if 7 and 7’ are compatible and (t|e)rz’ € L.

We can now relate closed terms and contexts by orthogonality with respect to a given pole. This
allows us to define for any formula A the sets |Al,, |Alv, |Al; (resp. ||AllF,I|Allg, I|Alle) of realizers
(or reducibility candidates) at level v, V, t (resp F, E, e) for the formula A. It is to be observed that
realizers are here closed terms-in-store.
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Definition 3.8 (Realizers). Given a fixed pole L, we set:
Xl = {klr): rk:X}

|A— Bl, = {(Ax.t|lt):Yur',t<:7" A (ulr’) € |Al; = (t|r7'[x := u]) € |Bl;}
1Al = {(Flr) : Yor',t <:t" A (v]r’) € |Aly, = (v]t")1L(F]|7)}
|Aly = {(Vlr):YFr',r<:t" A (F|7") € ||Allr = (V|7)LL(F|7")}
1Allg = {(El7) :YVr',t <t/ A (V|T') € |Aly = (V') 1L(E|7)}
|Al; = {(t|r) : YEr',t <:t' A (E|T’) € ||Allg = (t|7)L(E|7")}
[1A]le = {(elr) : Vtr',t <: 1t/ A (t]7') € |Al; = (t]7")1L(e|7)}

REMARK 3.9. We draw the reader attention to the fact that we should actually write |A|, ||AI|#,
etc... and t \y T, because the corresponding definitions are parameterized by a pole 1. As it is common
in Krivine’s classical realizability, we ease the notations by removing the annotation 1L whenever there
is no ambiguity on the pole.

If the definition of the different sets might seem complex at first sight, we claim that they are
quite natural in regards of the methodology of Danvy’s semantics artifacts presented in [2]. Indeed,
having an abstract machine in context-free form (the last step in this methodology before deriving
the CPS) allows us to have both the term and the context (in a command) that behave independently
of each other. Intuitively, a realizer at a given level is precisely a term which is going to behave well
(be in the pole) in front of any opponent chosen in the previous level (in the hierarchy v, F,V etc...).
For instance, in a call-by-value setting, there are only three levels of definition (values, contexts
and terms) in the interpretation, because the abstract machine in context-free form also has three.
Here the ground level corresponds to strong values, and the other levels are somewhat defined
as terms (or context) which are well-behaved in front of any opponent in the previous one. The
definition of the different sets |A|, ||AllF, |Alv, etc... directly stems from this intuition.

In comparison with the usual definition of Krivine’s classical realizability, we only considered
orthogonal sets restricted to some syntactical subcategories. However, the definition still satisfies
the usual monotonicity properties of bi-orthogonal sets:

PRroprosITION 3.10. For any type A and any given pole 1., we have the following inclusions
(1) 1Al C 1Alv C Al
) NAllF € lAllE € NlAlle
Proor. All the inclusions are proved in a similar way. We only give the proof for |A|, C |Aly.
Let 1L be a pole and (v|7) be in |Al,. We want to show that (v|7) is in |Aly, that is to say that

v is in the syntactic category V (which is true), and that for any (F|r’) € ||Allr such that r <: 7’,
(v|r)AL(F|r"). The latter holds by definition of (F|z”) € ||Al|, since (v|r) € |Al,. ]

We now extend the notion of realizers to stores, by stating that a store 7 realizes a context I if it
binds all the variables x and « in T' to a realizer of the corresponding formula.

Definition 3.11. Given a closed store 7 and a fixed pole 1L, we say that 7 realizes I and write
T I Tif:
(1) forany (x : A) € T, 7 = 1p[x := t]r; and (¢|rp) € |Al;
(2) for any (a : AY) €T, 1 = ry[a := E]r; and (E|r) € |Allg
In the same way as weakening rules (for the typing context) were admissible for each level of
the typing system :
I'rt:A TCTY Tree:AY TCIY Fr,7:T” TcCI’
I"+t: A I'kee: AL I, 7:T”

, Vol. 1, No. 1, Article 1. Publication date: August 2017.



Normalization and CPS interpretation of simply-typed call-by-need A-calculus with control 1:11

the definition of realizers is compatible with a weakening of the store.

LEMMA 3.12 (STORE WEAKENING). Let 7 and t’ be two stores such that t < t’, T be a typing context
and let 1L be a pole. The following holds:

(1) If(tlr) € |Al; for some closed term (t|7) and type A, then (t|t’) € |Al;. The same holds for
each level e,E,V,F,v of the typing rules.

(2) Ift + T thent’ v T.

ProoF.

(1) This essentially amounts to the following observations. First, one remarks that if (¢|7) is a
closed term, so is (t|z7’) for any store 7’ compatible with 7. Second, we observe that if we
consider for instance a closed context (E|z”’) € ||Allg, then 77’ <: 7"’ implies 7 <: 7", thus
(t|r)1L(E|z"") and finally (t|z7’) 1L(E|z"") by closure of the pole under store extension. We
conclude that (¢|7")L(E|z”") using the first statement.

(2) By definition, for all (x : A) € T, 7 is of the form 74[x := t]r; such that (t|zp) € |Al;. As T
and 7’ are compatible, we know by Lemma 3.3 that 77’ is of the form 7y [x := t]r] with 7
an extension of 7y, and using the first point we get that (t|7;) € |Al;. m]

Definition 3.13 (Adequacy). Given a fixed pole 1L, we say that:
e A typing judgment T+, ¢ : Ais adequate (w.r.t. the pole L) if for all stores 7 I T, we have
(tlr) € |Al:.
e More generally, we say that an inference rule
Ji n
Jo

is adequate (w.r.t. the pole L) if the adequacy of all typing judgments Ji,. .., J, implies the
adequacy of the typing judgment Jp.

REMARK 3.14. From the latter definition, it is clear that a typing judgment that is derivable from a
set of adequate inference rules is adequate too.

LEmMA 3.15 (ADEQUACY). The typing rules of Figure 3 for the I[lm*] -calculus without co-constants
are adequate with any pole.

Proor. We proceed by induction over the typing rules. The exhaustive induction is given in
Appendix B, we only give some two cases here to give an idea of the proof

Rule (—;). Assume that
I'yu:A TrgE:Bt
T'tru-E:(A— Bt

(=)
and let 1L be a pole and 7 a store such that 7 I I'. Let (Ax.t|z”) be a closed term in the set |A — B|,,
such that 7 <: 7/, then we have:
Ax.tlu-Eyrr’ — (uljx (tIE)TT" — (HIE)TT[x := u]
By definition of |A — Bj,, this closure is in the pole, and we can conclude by anti-reduction.
Rule (jill). Assume that

Ix:AT'rpF:A T,x:Ar7 : T’
T rg glx](x|F)r’ : A

)
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and let 1L be a pole and 7 a store such that 7 I T. Let (V|z) be a closed term in [Aly such that
7o <: 7. We have that :

(VIalx] x| FYtYeor — (VIFYor[x := V]’

By induction hypothesis, we obtain z[x := V]z’  T',x : A,T’. Up to a-conversion in F and 7’, so
that the variables in 7’ are disjoint from those in 7y, we have that 7,7 I I’ (by Lemma 3.12) and then
" 2 t[x := V]r’ I [,x : A,I". By induction hypothesis again, we obtain that (F|z"") € [|A||r (this
was an assumption in the previous case) and as (V1) € |Aly, we finally get that (V|zp) LL(F|z”)
and conclude again by anti-reduction.

m]

The previous result required to consider the Z[IUT*]-calculus without co-constants. Indeed, we
consider co-constants as coming with their typing rules, potentially giving them any type (whereas
constants can only be given an atomic type). Thus there is a priori no reason’ why their types
should be adequate with any pole.

However, as observed in the previous remark, given a fixed pole it suffices to check whether the
typing rules for a given co-constant are adequate with this pole. If they are, any judgment that is
derivable using these rules will be adequate.

COROLLARY 3.16. Ifct is a closure such that v ct is derivable, then for any pole 1L such that the
typing rules for co-constants used in the derivation are adequate with 1., ct € 1L.

We can now put our focus back on the normalization of typed closures. As we already saw in
Proposition 3.6, the set 1L of normalizing closure is a valid pole, so that it only remains to prove
that any typing rule for co-constants is adequate with L. This proposition directly stems from
the observation that for any store z and any closed strong value (v|7”) € |A|,, (v|x)r7’ does not
reduce and thus belongs to the pole L.

LEMMA 3.17. Any typing rule for co-constants is adequate with the pole 1|, i.e. if T is a typing
context, and T is a store such that t v T, if k is a co-constant such thatT vp Kk : A", then (x|7) € ||AllF.

As a consequence, we obtain the normalization of typed closures of the full calculus.

THEOREM 3.18. If ct is a closure of the I[lm*]—calculus such that v; ct is derivable, then ct
normalizes.

Besides, the translations® from Ilv to X[lv”] defined by Ariola et al. both preserve normalization

[2, Theorem 2,4]. As it is clear that they also preserve typing, the previous result also implies the
normalization of the A;,-calculus:

CoROLLARY 3.19. Ifc is a closure of the A1o-calculus such that ¢ : (+) is derivable, then ¢ normalizes.

This is to be contrasted with Okasaki, Lee and Tarditi’s semantics for the call-by-need A-calculus,
which is not normalizing in the simply-typed case, as shown in Ariola et al [2].

4 ATYPED STORE-AND-CONTINUATION-PASSING STYLE TRANSLATION

Guided by the normalization proof of the previous section, we shall now present a type system
adapted to the continuation-passing style translation defined in [2]. The computational part is
almost the same, except for the fact that we explicitly handle renaming through a substitution o
that replaces names of the source language by names of the target.

"Think for instance of a co-constant of type (A — B)%, there is no reason why it should be orthogonal to any function in
|A — Bly.
8There is actually an intermediate step to a calculus named Alizo]-
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4.1 Guidelines of the translation

The transformation is actually not only a continuation-passing style translation. Because of the
sharing of the evaluation of arguments, the environment associating terms to variables behaves
like a store which is passed around. Passing the store amounts to combine the continuation-passing
style translation with a store-passing style translation. Additionally, the store is extensible, so, to
anticipate extension of the store, Kripke style forcing has to be used too, in a way comparable to
what is done in step-indexing translations. Before presenting in detail the target system of the
translation, let us explain step by step the rationale guiding the definition of the translation. To
facilitate the comprehension of the different steps, we illustrate each of them with the translation
of the sequent a : A, : A% b:Btoe:C.

Step 1 - Continuation-passing style. In a first approximation, let us look only at the continuation-
passing style part of the translation of a Z[lv,*] sequent.

As shown in [2] and as emphasized by the definition of realizers (see Definition 3.8) reflecting
the 6 nested syntactic categories used to define XUUH], there are 6 different levels of control in
call-by-need, leading to 6 mutually defined levels of interpretation. We define [A — B],, for strong
values as [A]l; — [B]g, we define [A]F for forcing contexts as = [A],, [A]ly for weak values as
= [A]r =% [A], and so on until [A], defined as % [A], (where %* A2 Aand ™ A 2 = & A),

As we already observed in the previous section (see Definition 3.11), hypothesis from a context
T of the form « : A" are to be translated as [A]; =2 [A], while hypothesis of the form x : A are to
be translated as [A]; =™ [A].. Up to this point, if we denote this translation of T' by [I'], in the
particular case of I' +; A the translation is [I'] + [A]; and similarly for other levels, eg. T +, A
translates to [I] + [A]e.

Example 4.1 (Translation, step 1). Up to now, the translation taking into account the continuation-

passing style of a : A,a : A b : Bt e : Cis simply:
[a:Aa:A%b:Bree:C]| =a:[A];, ,a:[Alg ,b:[B]: * [e]e:[C]e
=a: [Aly a3 [A], b [B]o v [e]e > [Clo

Step 2 - Store-passing style. The continuation-passing style part being settled, the store-passing
style part should be considered. In particular, the translation of T' F; A is not anymore a sequent
[T] + [A]: but instead a sequent roughly of the form + [I'] — [A];, with actually [I'] being passed
around not only at the top level of [A]; but also every time a negation is used. We write this sequent
+ [T] >+ A where »;A is defined by induction on t and A, with

[f]>; A=[r] - ([[]>e A) — L
=[] - ([T] = ([F]pv A) = L) > L ="...

Moreover, the translation of each type in I' should itself be abstracted over the store at each use of
a negation.

Example 4.2 (Translation, step 2). Up to now, the continuation-and-store passing style translation
ofa:Aa:A%b:Br,e:Cis:

[[a:A,a:AJL,b:BI—ee:C]]=I—[[eﬂg:[[a:A,a:AL,b:B]]l>eC
=I—[[e]]g:[[a:A,a:AJL,b:Bﬂ—>([[a:A,a:A{b:B]]mC)—>L=...

where:
[a:Aa:A%b:B] =[a:Aa:AY,b:[a:Aa:A"]> B
=fa:Aa:AY,b:a:Aa:A] - (Ja: Aa: A]>gB) > L =..
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and: la:Aa:A] =[a:A] a:[a:A]»5A

=fa:A],a:[a:A] » (Ja: A] »>gA) > L= ...
[a:A] =a:ev; A= a:*[A],

Step 3 - Extension of the store. The store-passing style part being settled, it remains to anticipate
that the store is extensible. This is done by supporting arbitrary insertions of any term at any
place of the store. The extensibility is obtained by quantification over all possible extensions of
the store at each level of the negation. This corresponds to the intuition that in the realizability
interpretation, given a sequent I' -, t : A we showed that for any store 7 such that r I I, we had
(t|r) in |Al;. But the definition of 7 I I is such that for any I 2 T, if 7 I I'" then 7 I T, so that
actually (¢|z”) is also |A|;. The term ¢t was thus compatible with any extension of the store.

For this purpose, we use as type system an adaptation of System F .. [5] extended with stores,
defined as lists of assignations [x := t]. Store types, denoted by Y, are defined as list of types of the
form (x : A) where x is a name and A is a type properly speaking and admit a subtyping notion
Y’ <:Y to express that Y’ is an extension of Y. This corresponds to the following refinement of the
definition of [I] »; A:

[r)»: A

VY <:[T].Y > X»gA) > L
= VI<[T]Y - (Y <YY 5 Yoy Ao 1) > L=
The reader can think of subtyping as a sort of Kripke forcing [15], where worlds are store types Y

and accessible worlds from Y are precisely all the possible Y’ <: Y.

Example 4.3 (Translation, step 3). The translation, now taking into account store extensions, of
a:Aa:A%b: B, e: Cbecomes:
[a:Aa:A%b:Br.e:C] =r[e]?:[a:Aa:Ab:B]>.C
=t [e]d :¥Y¥<:[a: Aa: A%b:B].Y - (Y>,C) > L =...
where:
[a:Aa:AYb: B

[a:Aa:AY, b:a:Aa: A > B
[a:Aa:AY, b:VY<:[a: Aa: A].Y > (YpgB) > L= ...

[a:Aa:AY] = [a:A],a:[a:A]rgA
= [Ja:A], a:V¥<:[a:A].Y - (Y - pgA) > L =...
[a:A] = a:ex;A=a:VY.Y > (YpgA) > L

Step 4 - Explicit renaming. As we will explain in details in the next section (see Section 5.1), we
need to handle the problem of renaming the variables during the translation. We assume that we
dispose of a generator of fresh names (in the target language). In practice, this means that the
implementation of the CPS requires for instance to have a list keeping tracks of the variables already
used. In the case where variable names can be reduced to natural numbers, this can be easily done
with a reference that is incremented each time a fresh variable is needed. The translation is thus
annotated by a substitution o which binds names from the source language with names in the
target language. For instance, the translation of a typing context a : A,a : A%, b : B is now:

[a:Aa:AYb:B]° = o(a):evi A o(a):a: A7 > A, o(b):[a:Aa: A7 > B

4.2 The target language: System Fy

The target language is thus the usual A-calculus extended with stores (defined lists of pairs of a
name and a term) and second-order quantification over store types. We refer to this language as
System Fy. We assume that types contain at least a constant for each atomic type X of the original
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k:X)eS . (x:A)eT (o0 I''x:Art:B 0 T'+t:A—>B FI—u:A(@)
F'rk:X F'rx:A I'tAx.t:A— B I'rtu:B
ILY<:Y+t:A Y¢gFV() v Trt:YY<:Y.A TrHY <Y (Vo)
Trt:VY<:T.A ! Trt:AlY =Y} £
[oxg i Yo, x : Yoo  Axy : Yooy A)p, ikt :B TrHT:Yy:AY A
I;2 F let x,,x,x,, =splitryint: B (sp110)
FTrt:Yyp: A Trt:Yyrg A
— () ()
Tre:evre Fr[x:=t]:Yor;x: A Tr{x:=t]: Ypp x: A
FTrz:Yop, Y Trz': (Yo, Y) > Y/ Y'<:Y) el
7’) ———— (<) — - (<ty)
F'rrt’ :Yop,; Y,Y/ F'rY <Y FrrY<:Y
rrY <Y ) e Y <Y )
(<) - (<) S (<)
F+Y<:e ' (Y,x:A)<:(Y,x:A) F-Y, Y’ <Y
TEY” <Y TrY <Y Frr:Yye: Y THY <Y TrYy<:Yj
TFY’ <Y (<) Trr:Yoo, X (r<)

F[(Yo,x : A,Yl)/Y] it B[(Y(),X : A,Yl)/Y] I'rY<: (Y(),x ZA,Yl)
I'rt:B

(<:split)

Fig. 4. Typing rules of System Fy

system, and we still denote this constant by X. This allows us to define an embedding : from the
original type system to this one by:

1(X)=X 1(A - B) = 1(A) — «(B).
The syntax for terms and types is given by:
t,u ==k |x|Axt|tu|t AB:=X|L|Y> Y |A->B|VY<T. A
| let x5, x,x,, =splitt”yint | Y.Y u=e|(x:A) | (x:AY YY)
,7' n=¢ | t[x :=t] IV u=¢|T,x:A|T,Y<:Y

We introduce a new symbol Y >, Y’ to denote the fact that a store has a type conditioned by Y
(which should be the type of the head of the list). In order to ease the notations, we will denote
Y instead of ¢ >, Y in the sequel. On the contrary, Y »; A is a shorthand (defined in Figure 5). The
type system is given in Figure 4 where we assume that a name can only occur once both in typing
contexts I' and stores types Y.

REMARK 4.4. We shall make a few remarks about our choice of rules for typing stores. First, observe
that we force elements of the store to have types of the form Y »; A, that is having the structure of
types obtained through the CPS translation. Even though this could appear as a strong requirement, it
appears naturally when giving a computational contents to the inclusion Y’ <: Y with De Bruijn levels
(see Section 5.3). Indeed, a De Bruijn level (just as a name) can be understood as a pointer to a particular
cell of the store. Therefore, we need to update pointers when inserting a new element. Such an operation
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[Cree:AY = Vo,0sT = (r [e]? : [T]2 > 1(A))

[Tk, t:A] £ Vo,osT = (r [t]7 : [TI7 »: 1(A))

[CreE:AY 2 Vo,0sT = (- [E]S: [T]C ok 1(A))

[Cry V:A] 2 Vo,osT = (- [V]]: [T]7 »v «(A))

[Crp F:AY 2 Vo,osT = (v [F]%: [T »F 1(A))

[Crov:A] 2 Vo,osT = (+ [v]7: [T >0 1(A))

[T ke c] £ Vo,osT = (r [c]?:[T]f>c 1)

[T 1] £ Vo,o0sT = (+ Hlﬂ;’ ([C]g e 1)

[Crrz:T] = Vo,osT = (r ¢ :[[]¢ > [I']9) (where t/,0’ = [7]2)

osT' £ o injective A dom(T") € dom(o)

[T,a:AJf £ [T]7,0(a) : 1(A) [T o : AY7 2 [T]F,0(a) : (A" le]f £ ¢
Yo, A2VY<Y.Y = L Yoy A AVY<Y.Y o (Yopd) > L
Yo, AZVY<Y.Y = (Yo, A) > L | YopA  2VY<Y.Y o (Yo, A) — L
Yo, AEVY<:Y.Y S5 (YrpgA) > L | Yp, A BEVY<:Y.Y 5 (Y>; A) > (Y»gB) > L
Yep AZVY < Y.Y 5 Yoy A) > L | T, X X

Fig. 5. Translation of judgments and types

would not have any sense (and in particular be ill-typed) for an element that is not of type Y >, A. This
could be circumvent by tagging each cell of the store with a flag (using a sum type) indicating whether
the corresponding elements have a type of this form or not. Second, note that each element of the store
has a type depending on the type of the head of the store. Once again, this is natural and only reflects
what was already happening in the source language or within the realizability interpretation.

The translation of judgments and types is given in Figure 5, where we made explicit the renaming
procedure from the z[lm*]-calculus to the target language. We denote by o s T the fact that o is a
substitution suitable to rename every names present in I'.

As for the reduction rules of the language, there is only two of them, namely the usual f-reduction
and the split of a store with respect to a name:

Ax.tu - t{u/x]
let xp,x,x; = splitryint —  t[rg/xp,u/x,71/x1] (where 7 = o[y = u]ry)

4.3 The typed translation

We consider in this section that we dispose of a fresh names generator (for instance a global counter)
and use names explicitly both in the language (for stores) and in the type system (for their types).
The next section will be devoted to the presentation of the translation using De Bruijn levels instead
of names.

The translation of terms is given in Figure 6, where we assume that for each constant k of
type X (resp. co-constant k of type A") of the source system, we have a constant of type X in the
signature S of target language, constant that we also denote by k (resp. x of type A — L). Except
for the explicit renaming, the translation is the very same as in Ariola et al., hence their results are
preserved when considering a weak head-reduction strategy.
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[k]Z = k

[Ax.t]S tuE 2 [ rni=u] E (n fresh)
[l 7 = K

[t-E]% ro = o [t]7 [E]G

[0l * F L Fr[o¢

[x]¢ =l =t]r’ F 2 tt(MAV.V rlo(x) =1 V]’ F)  (with 7'V = AtE.E1V)

le]g rlo(a) :=E]z" V
[Alx]xIF)z'] =V

t[o(a) = E]T’ V
Vr[n:=1*V]e” [F]¢  (where n fresh,z”,0" = = [r]="y

1> 1l

[Vlf r E 2 Er [[Vﬂv

[pa.c]d t E 2 [c]ot*=" r[n = E] (n fresh)
[E]S = ¢t £t [E]g

[px.c]g rt 2 [e]e= rn = 1] (n fresh)
[Kthe)]g = = [e]? = [e]7

e 7]7 o £ [c]¢ wr’ (where 7/,0" = [£]9)
[€]7 = &0

[r/[x = t]]¢ 2 =[t]¢),0[x =n (where 7,6’ = [7]2, n fresh)
['[e := E]]C e [[E]]E ola :=n] (where 7/,0” = [7]¢, n fresh)

Fig. 6. Translation of terms

THEOREM 4.5. The translation is well-typed, i.e.
1.l.fl“l—vv::4Lthen[[l"|—Uv:Al]L 6.if Troe: A then [T+, e: AY]
.lfF}-FF:A then[[l"kFF:A]] ;

; 7.if T Fe c then[T k. (]
.zfl"kVV:Athen[[FkVV:A]] ;

; n I 8if T +; I then[TH 1]
Cif Trp E: AL then [T vp E : AL 0 if T ot then[Cror ']
.l:frl'ttlAthen[[r"ttlA]] ) ’ ’ 4 )

“Li R W N

Proor. The proof is an induction over the typing rules. As this induction is space-consuming
and mostly consists in a tedious verification that the typing derivation are indeed constructible for
the translated sequent, we give it in Appendix C together with the few technical lemmas that are
necessary. O

Combining the preservation of reduction through the CPS and a proof of normalization of our
target language (that one could obtain for instance using realizability techniques again), the former
theorem would provides us with an alternative proof of normalization of the A1o-and /1 [lorx]-calculi.

5 INTRODUCING DE BRUIJN INDEXES
5.1 The need for ¢d-conversion

As for the proof of normalization, we observe in Figure 6 that the translation relies on names which
implicitly suggests ability to perform a-conversion at run-time. Let us take a closer look at an
example to better understand this phenomenon.
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Example 5.1 (Lack of a-conversion). Let us consider a typed closure (t|e)r such that:

T Tle
Ft;t:A Treoe: At T
T+ (t]e) br7:T
ki (tle)T

Assume that both t and e introduce a new variable x in their sub-derivations 7; and 7., which
will be the case for instance if t = po.(u|fix.(x|a)) and e = fix.(x|F). This is perfectly suitable for
typing, however, this command would reduce (without a-conversion) as follows:

(paCullfix (el fix (x1F)y = (x| F)[x := pa.(ul fix(x]a))]
= (paul fix (xlanlafx] <x1F))
= (ulfix(xlaN[a = gx] (x| F)]
- (xla)a = plx] (x| F),x = u]
= (xlalx]xIF) e = Alx] (x| F),x = u]
= (x| F)[e = f[x] x| F),x := u,x := x]
= (x| alx]{xIF) e == Alx] (x| F),x == u]

This command will then loop forever because of the auto-reference [x := x] in the store.

This problem is reproduced through a naive CPS translation without renaming (as it was originally
defined in [2]). In fact, the translation is somewhat even more problematic. Since "different” variables
x (that is variables which are bound by different binders) are translated independently (e.g. [{t]e)] is
defined from [e] and [[¢]), there is no hope to perform a-conversion on the fly during the translation.
Moreover, our translation (as well as the original CPS in [2]) is defined modulo administrative
translation (observe for instance that the translation of [Ax.v]J 7 V makes the Ax binder vanish).
Thus, the problem becomes unsolvable after the translation, as illustrated in the following example.

Example 5.2 (Lack of a-conversion in the CPS). The naive translation (i.e. without renaming) of
the same closure is again a program that will loop forever:

[ce] = [e]e € [t]: = [fx-<xIF)]e € []:
= [xIP)]e [x = [t].]
= [x]x [x = [t]e] [F]F
= [ue(ulpxAxla)]; e (ATAV.V z[x :=1" V] [F]F)
= [Qulfixxla)]; [a := ArAV.V t[x :=1" V] [F]£]
= [axAxla)]e [@ := AzAV.V t[x :=1" V] [F]F] [u]:
= [(xle)]c [a == AtAV.V ¢[x =1 V] [F]F,x = [u]:]
= [a]g [@ = AcAV.V t[x :=1" V] [F]F,x == [u]/] [x]v
= (ATAV.V t[x :=1" V]) [a := AcAV.V o[x :=1" V] [F]p,x = [u],] [x]v
= [x]v [a = AcAV.V t[x :=1" V] [F]F,x = [u]sx = [x]:]
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Observe that as the translation is defined modulo administrative reduction, the first equations
indeed are equalities, and that when the reduction is performed, the two "different" x are not bound
anymore. Thus, there is no way to achieve any kind of a-conversion to prevent the formation of
the cyclic reference [x := [x]v].

This is why we would need either to be able to perform a-conversion while executing the
translation of a command, assuming that we can find a smooth way to do it, or to explicitly handle
the renaming as we did in Section 4. As highlighted by the next example, this problem does not occur
with the translation we defined, since two different fresh names are attributed to the "different"
variables x.

Example 5.3 (Explicit renaming). To compact the notations, we will write [7,|71...] for the renam-
ing substitution [x := m,a := y,...], where we adopt the convention that the most recent binding is
written on the right. As a binding [x := n] overwrites any former binding [x := m], we write [} ;]
instead of [7,1717].

[ce]* = [e] & [t]7 = [ax-(xIF)]¢ e [t]}
=[B! [m o= [1],]
= [V [m = 11051 P17
= [naulix(xlap]y™ e ArAV.V ofm :=1" V] [F]5")
= Lulixsxla]y™ " [y = 22AV.V 2[m :=1* V] [F])]
= Lixxl))e ) [y i= 2cav.v efm =1* v [F)L)] u)i™
= [l E=™ == [y o= ArAV. Y e[m =1 V] [F]S) o= [u]o7)

(1Y 7] x [m17] [y 7]
= [a]y™" ™ [y := AcAV.V o[m =1 V] [FIY) = [u],™ " 10D,
vyl

= AAV.V 2[m =1 V]) [y = AcAV.V o[m =" V] [F])n o= [u]t7 0] [

[1a] [y := A2AV.V z[m :=1" V] [[F]]E;’C"],n = [[uﬂgxmlﬁ],m = [[x]]g; Ii’(]]

- [xly

= [[x]}gl'f] [y .= AtAV.V ¢[m :=1' V] [[F]]Ef”],n = [[u]]Em?],m = [[x]]?liﬂ]

We observe that in the end, the variable m is bound to the variable n, which is now correct.

Another way of ensuring the correctness of our translation is to correct the problem already
in the I[lv,*], using what we call De Bruijn levels [9]. As we observed in the first example of
this section, the issue arises when adding a binding [x := ...] in a store that already contained a
variable x. We thus need to ensure the uniqueness of names within the store. An easy way to do
this consists in changing the names of variable bound in the store by the position at which they
occur, which is obviously unique. Just as De Bruijn indexes are pointers to the correct binder, De
Bruijn levels are pointers to the correct cell of the environment. Before presenting formally the
corresponding system and the adapted translation, let us take a look at the same example that we
reduce using this idea. We use a mixed notation for names, writing x when a variable is bound by a
Aora i, and x; (where i is the relevant information) when it refers to a position in the store.
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Example 5.4 (Reduction with De-Bruijn levels). The same reduction is now safe if we replace
stored variable by their De Bruijn level:

(paCul px x e ax (x| F)y = (ol F)[xo == porullix(xla))]
= (pa(ul fixCxla | flx] (x| F))
= (ulax xlaon[ao == i[x](x|F)]
= (xillao)ao == Alx]AxIF),x1 := u]
= (alplx] {xIF) o == Alx].(xIF),x; := u]
— (x| F)[eg = fi[x] x| F),x1 := u,x2 := x1]
= (o lafx] (xIF) o == flx](xF),x1 := u]
= (ulF)ao = px](x|F),x1 = u,xz := u]

5.2 The IUUT*]-calculus with De Bruijn levels

We now use De Bruijn levels for variables (and co-variables) that are bound in the store. We use the
mixed notation’ x; where the relevant information is x when the variable is bound within a proof
(that is by a A or fi binder), and where the relevant information is the number i once the variable
has been bound in the store (at position i). For binders of evaluation contexts, we similarly use De
Bruijn levels, but with variables of the form «;, where, again, « is a fixed name indicating that the
variable is binding evaluation contexts, and the relevant information is the index i.

The corresponding syntax is now given by:

Strong values v w= k| Ax;.t Forcing contexts F == x|t-E
Weak values V = o] x; Catchable contexts E == F | a; | pi[x;].{x;|F)t
Terms t,u == V|pa.c Evaluation contexts e == E| fix;.c

Stores r u= e t[x;:=t]|r[a; := E]

Commands c == (t|e)

Closures I == cr

As the store can be dynamically extended during the execution, the emplacement of a term in
the store and the corresponding pointer are likely to evolve (monotonically). Therefore, we need to
be able to update De Bruijn levels within terms (contexts, etc...). To this end, we define the lifted
term 1%/ t as the term t where all the free variables x; with j > n (resp. ;) have been replaced by
xj+;. Formally, they are defined as follows'’:

T (k) = k _

Th (Axt) = ATy x;).(15 1)

T (x7) = x; (if j < n)
T () = Xjyi A (if j > n)
T (paj.c) = p(T ai).(T} ¢)

9Observe that we could also use usual De Bruijn indexes for bound variables within the terms
19The full definition for contexts, commands etc... in given in Appendix D.1.
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(k:A)eS(k) I,x,:Ar; t:B |F|=n( ) I'(n) = (x, : A) THyv:A
K:A) €0 ., .
Trok:A Tty Axnt:A— B Tryxn:A Trvo:ad )
(k:A) €S Trt:A FI—EE:BJL( ) F(n)Z(an:AJL)() Fl—pF:AJL(TE)
K - —_—— (a e E———
Trpr: A Trpt-E:(A> B Trpay:A- Trp F: A
Try VA | Ta, :A+rcc [T =n Fv+p E: A ) Ioxp:Abrcc |F|=n(ﬁ)
rr,v.a " Trpanc:A " Tr E: AL T e fixn.c: A"
Ix; :AT/vp F:AY T.x;:Av,7: T |1"|=i(~[])
T rp Al (el Fyr : A- . T eie
Tror:IY Tk t:A |ILV|=n Tror:T7 T, g E: A" rr=n
T, TE
Thyrlxni=t]:T,x, : A ! Ity tlan = E]: T, : AL
T t:A I‘I—ee:AJL() I'I"tee Trpr: T 0
c
I+, {t]e) Troer

Fig. 7. Typing rules for the I[lv”]-calculus with De Bruijn

The reduction rules become:

(tlfix;.c)T clxn/xi]t[xn = t] with || = n
{pa.c|Eyr clan/ai]t[a := E] with || = n
Vlan)t (Vlz(n))r

(xplFyt[x, = t]r’
Vlalxi]xilFyc")r
{Ax;.t|u - E)t

(thilxn] xa| Fz')T
VI Pyrlx, == VI(Tiir’) with|z| =n
(ullfix, {t[xn/x;]|1EY)r  with |z] =n

Ll Ll

Note that we choose to perform indexes substitutions as soon as they come (maintaining the
property that x,, is a variable referring to the (n + 1) element of the store), while it would also
have been possible to store and compose them along the execution (so that x, is a variable referring
to the (o(n) +1)™ element of the store where o is the current substitution). This could have seemed
more natural for the reader familiar with compilation procedures that do not modify at run time
but rather maintain the location of variables through this kind of substitution.

The typing rules are unchanged except for the one where indexes should now match the length
of the typing context. The resulting type system is given in Figure 7.

5.3 System Fy with De Bruijn levels

The translation for judgments and types are almost the same than in the previous section, except
that we avoid using names and rather use De Bruijn indexes. For instance, we define'’:

[T ree:AY t [e]e : [T]r »e 1(A)
Yo, A VY <:Y.Y > (Yo, A) > L

1> 11>

The target language is again an adaptation of System F with stores (lists), in which store subtyping
is now witnessed by explicit coercions.

11To save some space, we give the full definition in Appendix D.1.
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(x:A)el Ix:A;Xrt:B [I'|=n I'Xrt:A—>B Tru:A

Lyrx A @ Torict:AsB P T;Srtu:B (@
IY,0: X<:Y+t:A X ¢FV([,2) (v LXrt:VX<:YT.A Zro:Y' <Y (v
TS F oYX < T.A ” TS Fto:AX =) 2
(k:A)eS y [oxg : Yo, x t Axy : Y32 t:A Trr:Y,BY; [Yol=n ‘
I;2rk:A I3+ let x,,x,x,, =splittnint: A (sp116)
Xrt: 1> A I;2rt:YegA
9 ESLAMAE SCELNNES = ()
IXke:eve L;XF[t]:Yp A L;Xk[t]:Yp A
Trr:Yop, Y Tz :(Xp,Y) >, Y’
. , (1) — (<)
Tror’ : Yo X,Y Sro:Y'<:e
(G:Y’<:Y)EZ( ) Sro:Y' <Y a(|Y|)=|Y’|( ) Sro:Y' <Y (<)
——— (<!ax <: <i
Sko: Y <Y SFo:(X,A) < (1,A) ' Srto:(XYLA) <Y

Fig. 8. Typing rules of the target language

Definition 5.5 (Coercion). We defined coercions to witness store subtyping Y’ <: Y as finite mono-
tonic functions ¢ such that dom(a) = [0,|Y]| — 1], codom(c) C [0,|Y’] — 1] and such that for all
P< LY =07,

Otherwise said, o indicates where to find each type of the list Y in the list Y’. We denote by o,
the restriction of o to [0,n — 1] and id,, the identity on [0,n — 1]. We also define O'; the canonical
extension of a function o whose domain is [[0,n — 1] for some n and whose co-domain is included

in [0,p — 1] for some p by:

(0,n] — [0,p]
CT; 4 i<n B o(i)
n = p

LEMMA 5.6. If o witnesses Y’ <:Y for some Y,Y’, then O.IJ}’I witnesses Y',A<:Y, A for any type A.

As we now got rid of names, we will now split stores with respect to an index. So that if we
consider for instance a store of type Y’ <: (Yp,4,Y7), the knowledge of the position where to find
the expected element of type A becomes crucial. In practice, it will be guided by the coercion
witnessing Y’ <: (Yp,A,Y7). But to ensure the correctness of our typing rules, we need now to
consider second-order variables (which are in fact vectors of second-order variables) with their
arities. That is to say that we should denote by Y? the vector of variables Yy, .. ., Y,1 and that
VY <:Y.Ais equivalent

VpoVY? . Np VYPr (YPOY(0)YPY(1)...YPr ) <:Y — A

where we have in fact py = 0(0), p; = 0(1) — po — 1, etc... In particular, a careful manipulation of
variables with their arities allows us to prove the following lemma:

LEMMA 5.7. The typing rules given for coercions in Figure 8 are equivalent to Definition 5.5, i.e. for
allY,Y’, foralli < |Y|,Y; = Y;(i).

Even though arities are crucial to ensure the correctness of the definition in Figure 8 (in particular
to define the relation o : Y” <: Y by means of inference rules), to ease the notation we will omit the
arity most of the time. We will use the notation YY" <:Y.A only when necessary.
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The syntax of terms and types is given by:

tbu s=x|Axt|tu|rt|Aot|to
| letz,x,7’ =splitt” nin¢
7" n=¢ | 7[t]

AB:=X|L|Ys, Y |A>B|VY<TY.A
Y,Y w=e | VA| YA | Y

Once again, we will use Y as a shorthand for typing stores of type ¢ >, A. The typing rules are
given in Figure 8 where the typing contexts is divided in two parts, I' containing typing hypothesis
and ¥ the subtyping hypothesis, that are defined by:

I'T'2=¢|T,x:A % w=¢e|2,0: (X <:Y)

Now that we gave a computational contents to the subtyping relation, some properties that were
defined axiomatically in Section 4 are now deducible from the characteristics of the coercions o.

PrRoOPOSITION 5.8. The subtyping relation <: is an order relation on store types.

(1) ForanyY, ¥+ idpy : Y <:Y

@) IfEro:Y<YandEt+ o : Y <Y thenXtr o' oo : YT <:Y".

B) If2ro:Y<:Y andEr o' :Y' <:X,theno’ oo =0"0o0c =idyjandY =Y".
Proor. Straightforward from the definition of o : Y’ <: Y:

(2) foralli < [Y], we have Y/ =Y ;.

(o) = "o(i) ~
(3) using the second item, we deduce that 6’ oo witnesses Y <:Y.Both ¢ and ¢’ being monotonic

functions, we deduce that 0’ = o = idy| and that for all i < [Y[,Y; =Y.

]

ProPOSITION 5.9. For any function o and any types Y,Y’, if+ o : Y’ <:Y and Y is of the form
Y =Yy,AY;, then Y’ is of the form X' = Y, A, Y] such that [Xj| = o(|Xol) and |Y]| = o (IY]) = Y| - 1.

Proor. Straightforward from the definitions. O

The former propositions shows that the following subtyping rules (where we use a compact
version of the second-order variable) are admissible:

Sto:Y<Y Iro:Y <:Y” I''+rt:B Zro:Y<:X,AY;
(<:3) (<:sp1it)

Sro'oo:Y<:Y" I;2rt:B

where I = F[(YO‘T("),A, Y))/Y], 2 = 2[(YO‘7("),A, Y1)/X], and YOU("), Y; are fresh variables. Observe
that the second one is a tautology that we only used to avoid the heavy syntactical manipulation of
vectors of variables within proof trees.

LEMMA 5.10 (WEAKENING). The following rules are admissible:

Xrt:A C¥ ;2rt:A T CIV
;Y Fi:A Y I:3Fi:A

w

Proor. Easy induction on typing rules. In the case of second-order quantification, we might
need to rename the second-order variable X if it occurs in 3’ (resp.I'’) and not in X (resp.I'). O
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t (6’ o0)

(1°0)[17t]

—_
-

Q

-
N

Q

N

1> 1>

[k]o

[Ax;.t], o TUE

> 1>

k
[t]: o, 7[u] E

[x]F =K
[t -E]poro 2o idir (1°0¢]) (M7 [E]E)
[v]y ot F Fidj t (17[]0)

> 1>

bxilv o eltle’ F tidie T Ao'TAV.V T[T VI T) (177F))
where n = |r| = 0(i), k= || =n, p=n+|r'|, 0" = ¢’ 0 5*

[n.p]
and TV = AerE.E idj; 7 (1°V))

[ai]e otV Zletr’,x,7"” =splito(i) rinx idj; 7 V

Lilx] (il Pyl ot V 2 V idg e[1 VI [']) (17 [F]F)

wheren=|t|,k=n—i,p=n+|t’|,6' =0co08F

[i.p]
[Vl; o T E £ Eidi; r (T7[V]v)
[uaic]; o T E = [cle oy, 7[E]
[Ele ot 2 tidi; ¢ (1°[E]E)
[fxi.cle o Tt 2 [cle oy, 7lt]
[Ktle)]e o 7 = [ele o 7 (17]2]0)
[er]} o ' 2 [c]c o’ (17 [7]+)

— o — [ +k
wherek = |t'| -n,p=n+|r|, o —0'05[’1,?]

le]-
[[To[x,' = t]]]l—

> 1> 1>

[7o] < [[¢]]
[

[role; == E]]. 70] - [[E]£]
5 L i+ ifn<j<p
(-] Ry ifj <n

Fig. 9. Translation of terms

5.4 A typed CPS translation

The translation of terms, which is given in Figure 9, is similar to the translation with names in
Section 4 plus the manipulation of coercions. Once again we assume that for each constant k of
type A (resp. co-constant x of type A™) of the source system, we have a constant of type A in the
signature of the target language that we also denote by k (resp. x of type A — ). The translation
is again correct with respect to types.
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THEOREM 5.11. The translation is well-typed, i.e.
LifTh v :ﬁthe”[[”””:Al]L 6.if Tree: AL then [T b e : A
2.if T+p F: A  then [T +p F : AY] .

; 7.if T re ¢ then|[l k. c]
3.lfr|-Vv:Al'hen[[rl-\/V:A]] ;

; n I 8ifT +; I then[I+; ]
4.lfFI-EE:A then[[l"kEE:A]} 9ifF - fthen[[l“k T'r/ﬂ
5if T kp t - Athen [T+ t: A] ’ ’ L

Proor. The proof, which is again an induction over typing rules, is given in Appendix D.1
together with the necessary technical lemmas. O

6 CONCLUSION AND PERSPECTIVES
Conclusion

In this paper, we presented a system of simple types for a call-by-need calculus with control, which
we proved to be safe in that it satisfies subject reduction (Theorem 2.1) and that typed terms are
normalizing (Theorem 3.18).

We proved the normalization by means of realizability-inspired interpretation of the I[lm*]—
calculus. Incidentally, this opens the doors to the computational analysis (in the spirit of Krivine
classical realizability) of classical proofs using control, laziness and shared memory.

Besides, we introduced system Fy as a type system for the target of a continuation-and-store-
passing style translation for the Z[lv”]—calculus, and we proved that the translation was well-
typed (Theorem 4.5). Furthermore, we also refined our presentation to define both source and
target languages with explicit De Bruijn levels, making them both more compatible with an
implementation.

Last, we believe that the principles guiding the typing of the translation emphasized its compu-
tational content, which can be summed up in the addition of three main ingredients:

(1) a continuation-passing style translation,
(2) a store-passing style translation,
(3) aKripke forcing-like manner of typing the extensibility of the store.

The latter is particularly highlighted in the translation with De Bruijn levels, where levels need to
be shifted when extending the store and coercions give a computational content to the subtyping
relation (i.e. to store extension).

Extension to 2"9-order type systems

We focused in this article on simply-typed versions of the Ao and i[lm*] calculi. But as it is common
in Krivine classical realizability, first and second-order quantifications (in Curry style) come for
free through the interpretation. This means that we can for instance extend the language of types
to second-order arithmetic:

x| fle,. .. ex)
X(e1,...,ex) |A> B|Vx.A|VX.A

€1,€2
A,B

We can then define the following rules to introduce the universal quantification:
Tryv:A x¢FV(D) Trov:A XgFV(I)
T'hy v:VYx.A Ity v:¥YX.A 4

()

Observe that these rules need to be restricted at the level of strong values, just as they are restricted
to values in the case of call-by-value'”. As for the left rules, they can be defined at any levels, let

12For further explanation on this phenomenon, we refer the reader to [22] or [19].

, Vol. 1, No. 1, Article 1. Publication date: August 2017.



1:26 Hugo Herbelin and Etienne Miquey

say the more general e:
Ik e: (Aln/x])t I+ e: (A[B/X]):

) (v2)
[ree: (Vx.A¢ Tree: (VX.AL

where n is any natural number and B any formula. The usual (call-by-value) interpretation of
the quantification is defined as an intersection over all the possible instantiations of the variables
within the model. We do not wish to enter into too much details'® on this topic here, but first-order
variable are to be instantiated by integers, while second order are to be instantiated by subset of
terms at the lower level, i.e. closed strong-values in store (which we write Vp):

Vx.Al, = () 1A[n/x]lo VXAl = (] IALS/X]le

neN SeP (W)

It is then routine to check that the typing rules are adequate with the realizability interpretation.

Related work

In a recent paper, Kesner uses an intersection type system to characterize normalizing by-need
terms [14]. Even though her calculus is not classical, it might be interesting to adapt her approach
to our framework. Specifically, we have the intuition than intersection types could be an alternative
to our subtyping relation in the target language of the CPS.

As for call-by need with control, recent work by Pédrot and Saurin [25] relates (classical) call-by-
need with linear head-reduction from a computational point of view. If they do not provide any type
system or normalization results, they connect their framework with a variant of the A, -calculus
(in natural deduction style). Our techniques should then be adaptable to their framework in order
to equip their calculi with type systems and prove similar results.

Further work

This article naturally raises the question of studying the system Fy that we used as target language
of our translation. In particular, it might be interesting to understand the logical strength of such
a system. It seems to be stronger than systems F or F.. in that is allows a restricted form of
dependent types: the second-order quantification range over vectors of arbitrary size. It is probably
weaker than a higher order calculus with unrestricted dependencies in types, like the calculus of
constructions (which is logically as strong as F,,). It might also be the case that a clever analysis of
the translation could lead to a bound on the size of the store extension at each step. This would
offer a way to remove this dependency and to embed the target language into system F.

On a different aspect, the realizability interpretation we introduced could be a first step towards
new ways of realizing axioms. In particular, we plan on using the techniques presented in this
paper to give a normalization proof for dPAw, a proof system developed by Herbelin [13], which
allows to define a proof for the axiom of dependent choice thanks to the use of streams that are
lazily evaluated. This proof system, which also uses a restricted form of dependent types, lacks
of a proper normalization proof, and it might be the case that this can be achieved by means of a
realizability interpretation based on the one we presented.

30nce again, we advise the interested reader to refer to [22] or [19] for further details on this.
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A SUBJECT REDUCTION OF THE Z[IUT*J—CALCULUS

We present in this section the proof of subject reduction for the I[lm*]-calculus (Section 2). The
proof is done by reasoning by induction over the reduction rules, and relies on the fact that the
type system admits a weakening rule.

LeEMMA A.1. The following rule is admissible for any level o of the hierarchye,t,E,V,F,v,c,l,7:

T'rpo:A TCI’
I"+to0: A

Proor. Easy induction on the typing rules given in Figure 3. O
THEOREM 2.1. IfT vj ¢t and ct — ¢’t’ thenT vy c'1’.

Proor. By induction over the reduction rules of the I[lm*]—calculus (see Figure 2).
Case (t|fx.c)t — ct[x = t]. A typing derivation of the closure on the left has the form:

I,

I, ILI['x:Afcc I,
IOk t:A TV bejixc:A Trpr:I'
I.T r (t]jix.c)

T (tlfixo)r

hence we can derive:

m, m,

11, Tk, 7:T7 T,IVHt:A

LIV, x:Arcc Tryor[x:=t]: (I, x:A)
Tryer[x:=t]

Case (ua.c|Eyr — crla := E]. A typing derivation of the closure on the left has the form:
0, Ik
ILT,a:AYv,c T,I"+gE:A"
O, b pac: A T,TV k. E: AY I,
[T ke {pa.c|E) Try7: 17
I+ (tlpx.c)yT

hence we can derive:

m, e

II. Tty 7:T7 T,IVvrgE:A

ILI,a:A"rcc Ty tla:=E]: ([V,a: A"
T+ ct[a := E]

Case (V|a)r[a := E]t’ — (V|E)r[a := E]t’. A typing derivation of the closure on the left has
the form:

Tl AT rra: A IL e
IIy IT,a: A T rpa:AY Trr:I, II+g E: A"
IT,a:AST VA TNy,a: A ke a:AY Tr,tla:=E] :Ty,a: AY I
ILIp,a : AT Fe (V) I't; t[a:=E]r’ : I,a : ALTY

T+ (V]a)r[a := E]r’
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where we cheated to compact each typing judgment for ¢’ (corresponding to types in Iy) in IT,.
Therefore, we can derive:

Ig 11, Ilg
IIy ITp,a: ATy rg E:AY Trr:I, T,Ijrg E: AL
I,a: AT - VA Ty, : AT k. E:AY Tr,t[a:=E] :Tj,a: AY IO,
., : ALT ko (VIE) Tr, rla = E]e : To,a : AL T,

'+ (V]a)r[a := E]r’

Case (x|F)t[x := t]t’ — {t|f[x]{x|F)z")r. A typing derivation of the closure on the left has
the form:

II, II;
II,x: Al ry x: A IIg T'rr:Iy gk t: A
ITp,x: ATk x:A LTx: AN F:AY Trot[x:i=t]:To,x: A Iy
I Io,x : ATy ke (x|F) Trytlxi=t]r Ty, x : ALY

T+ (V|F)r[x = t]t’

hence we can derive:

ITo,x: Al ry x: A IIp
I'Li,x: AT Fpx:A T I,x:AT +, F: AY I
F,Fo,x :A,H Fe <x||F) F,F(),x !Al—r 7.'/ : F1
I Iy, x: Avrp {x|F)r’
I, [, tg flx](x|F)r’ : At
I, 1 Ht: A [T Fe flx](x|F)r’ : At I,
[To Fe CEla[x] (x| F)T”) Frr:Th

Ik (Halx]xIF)t’)r

Case (V| i[x].(x|F)z")r — (V| F)r[x := V]z’. A typing derivation of the closure on the left has
the form:

I, x: Ay x: A Ir
F,Fo,x : A,Fl Fp Xt A F,Fo,x : A,Fl Fe F: AJ' HT'
I, x : AT +c (x|F) I Io,x: Ak, ' Iy
I, x : Avrp (x| F)r’
My I, Fg j[x]{x|F)yt’ : At
LIt VA I, ke f[x] {x|F)r’ : At I,
[Ty ke (VIalx] x| F)z") Trr:h

I (VIalx] (x| F)z")z

Therefore we can derive:

Hr HV
IIy Il I'rr: Iy, T, VA
Ih,x: AT H VA TTpx: Al F: AY Thot[x:=V]:T,x:A Il
ITo,x : ATy b (V|F) Iy tlx=V]r' : Th,x: ATy

T+ (V|F)r[x := V]’
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where we implicitly used Lemma A.1 to weaken ITy:
v
'k, V:A T, €I, x: AL
Tl x: AL V:A

Case (Ax.t|u - Eyr — (ulfix.(t|E))r. A typing proof for the closure on the left is of the form:
11,
ILT/,x:Ar, t:B I, g

[T+, Axt:A—B IV u:A I,T'v+pE:B"

I'T/+v Ax.t:A— B LT tpu-e: (A— Bt

LT+ Axt:A— B ILT'+ou-e:(A— Bt I,

I,T" +. (Ax.t|u - E) Fty7:T7
Tr; (Ax.t|u - E)r

We can thus build the following derivation:

Ilg
II; I''T',x:Avg E:B*
'/, x:Av+t:B T.,I/,x:Av, E:B"-
11, I[,IV,x: A+, (t|E)
IT/vriu:A I,T' b, fix.(t|E) : A- 11,
[,T ko (ulfix.(t|E)) Tr,7:T7

T by ulfix tIE))T
where we implicitly used Lemma A.1 to weaken Ilg:
g
ILTrgE:BY TLIVCI,I,x: A
I'T/,x:A+g E:B*

B ADEQUACY LEMMA

We give here the full proof of the adequacy lemma for the realizability interpretation of the
A[lvf*]-calculus.

LEmMMA 3.15 (ADEQUACY). The typing rules of Figure 3 for the I[lm*] -calculus without co-constants
are adequate with any pole. Namely, if T is a typing context, 1L is a pole and t is a store such that
7 I T, then the following holds in the A[j,«]-calculus without co-constants:

(1) Ifwv is a strong value such thatT +,, v : A, then (v|7r) € |Al,.

(2) IfF is a forcing context such thatT v F : A", then (F|r) € ||AllF.
(3) IfV is a weak value such thatT vy V : A, then (V|r) € |Aly.

(4) IfE is a catchable context such thatT v+ E : A%, then (E|7) € ||AllF.
(5) Ift is a term such thatT v, t : A, then (t|7) € |Al;.

(6) Ife is a context such that T . e : A", then (e|7) € ||All..

(7) Ifc is a command such thatT v, c, thenct € 1.

(8) Ift’ is a store such thatT +, ¢’ : T/, thentt’ I I',T".

Proor. We proceed by induction over the typing rules.
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Rule (k). This case stems directly from the definition of |X|, for X atomic.

Rule (—,). This case exactly matches the definition of |A — B|,. Assume that
I,x:Av; t:B )
Thr, Axt:A—> B

and let 1L be a pole and 7 a store such that 7 I+ T'. If (u|z’) is a closed term in the set |Al;, then, up
to a-conversion for the variable x, 77’ I T’ by Lemma 3.12 and 77/[x := u] I T,x : A. Using the
induction hypothesis, (¢t|77’[x := u]) is indeed in |B];.
Rule (—;). Assume that
F'r,u:A TrgE:B*
Trru-E:(A— B)*

and let 1L be a pole and 7 a store such that 7 I I'. Let (Ax.t|z”) be a closed term in the set |A — B|,,
such that 7 <: 7/, then we have:

Ax.tlu-Eyrt’ — (u|jix (t|EY)tr’ — (t|E)rr’[x := u]

(=1

By definition of |A — Bj,, this closure is in the pole, and we can conclude by anti-reduction.

Rule (V). This case, as well as every other case where typing a term (resp. context) at a higher
level of the hierarchy (rules (1), (1%), (1¢)), is a simple consequence of Proposition 3.10. Indeed,

assume for instance that
T'ryov: A

T'tyov:A a
and let 1L be a pole and 7 a store such that 7 I T. By induction hypothesis, we get that (v|7) € |A],.
Thus if (F|z’) is in ||Al|F, by definition (v|7)L(F|z").

Y)

Rule (x). Assume that
(x:A)eT
T'ryx:A
and let 1L be a pole and 7 a store such that 7 I T. As (x : A) € I, we know that  is of the form
1o[x := t]r; with (t|z9) € |Al;. Let (F|z’) be in ||Al|, with 7 <: 7. By Lemma 3.3, we know that 77/
is of the form 7y[x := t]7;. Hence we have:

XIF)To[x = t]ry — (tlalx](xIF))7%

(x)

and it suffices by anti-reduction to show that the last closure is in the pole 1L. By induction
hypothesis, we know that (¢|7) € |Al; thus we only need to show that it is in front of a catchable
context in ||Al|g. This corresponds exactly to the next case that we shall prove now.

Rule (jill). Assume that
Ix:AT'rpF:A T,x:Ar7 T’
T rg glx]{x|Fyr’ : A

and let 1L be a pole and 7 a store such that 7 I+ T. Let (V|z) be a closed term in |A|y such that
79 <: 7. We have that :

(A

(VIalx]4xIFyt) ot — (VIF)TT[x = V]’

By induction hypothesis, we obtain 7[x := V]z’ I I',x : A,I”. Up to a-conversion in F and 7’, so
that the variables in 7’ are disjoint from those in 7y, we have that 7,7 I I' (by Lemma 3.12) and then
" 2 or[x = V]r’ I+ [,x : A,T". By induction hypothesis again, we obtain that (F|z"’) € ||A||F (this
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was an assumption in the previous case) and as (V|1y) € |Aly, we finally get that (V|zp) LL(F|z”")
and conclude again by anti-reduction.

Rules (@). This case is obvious from the definition of 7 I+ T.

Rule (y). Assume that
Ia:A+,. ¢

'k pac:A "

and let 1L be a pole and 7 a store such that 7 I T'. Let (E|z”) be a closed context in ||A||g such that
7 <:7’. We have that :

(pa.c|Eyrt’ — crt’[a := E]
Using the induction hypothesis, we only need to show that 7z’[a := E] I T, & : A% T" and conclude
by anti-reduction. This obviously holds, since (E|z”) € ||Allg and 77’ I I byLemma 3.3.
Rule (ji). This case is identical to the previous one.
Rule (c). Assume that
IF't;t:A Tree: A
[ ke (tle)

and let Ul be a pole and 7 a store such that 7 I I'. Then by induction hypothesis (t|r) € |A|; and
(elr) € ||Alle, so that {t|e)r € L.

Rule (z;). This case directly stems from the induction hypothesis which exactly matches the
definition of r7’[x := t]  I',T’,x : A. The case for the rule (zg) is identical, and the case for the
rule (¢) is trivial. o

C CORRECTNESS OF THE CPS TRANSLATION WITH NAMES

We present in this section the proof of the correctness of the CPS translation from Section 4 with
respect to types. We first prove a few technical results that we will use afterwards in the proof of
the main theorem.

LEMMA C.1 (SUITABLE SUBSTITUTION). For all 0 andT such that o is suitable for T, if T is a store
such thatT v  : I’ for someI”, ift’,0" = [t] then o’ is suitable for T,I" and [[]r = [T]Z .

Proor. Obvious from the definition. O
LEmMA C.2 (SUBTYPING IDENTITY). The following rule is admissible: 2+ Y <:Y

Proor. Straightforward induction on the structure of Y, applying repeatedly the (<:)-rule (or
the (<:y)-rule). m]
LeEMMA C.3 (WEAKENING). The following rules is admissible:

F'rt:A TCIY

rre.a "

Proor. Straightforward induction on typing rules. O

LeEMMA C.4 (TERMs SUBTYPING). The following rule is admissible:

Trt:VY< Y. A THY1 <Yy
IF'rt:VY<:1.A

<iy)
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Proor. We can derive:

(<:ax)

F,Y<:Y1}—Y<:Y1 FFY1<ZYO
IX<:Yrt:VY<:1.A ILY< Y rY< Y
ILY<:Yjrt:A

(<)
Y ¢ FV(T)

(V)
(vn)

Trt:VY<:1;.A

where we use Lemma C.3 to weakenI', X <:Y; to T

Cororrary C.5. For any level o of the hierarchye,t,E,V,F,v, the following rule is admissible:

TF'rt:YoroA THEYI <Y

(<:>)
F'rt:Yipp A

We are now equipped to prove the main result of Section 4, that is the correctness of the
translation with respect to types.

THEOREM 4.5. The translation is well-typed, i.e.
L %fr Fo U :Ilethen[[l“ FUU:AJ]L 6.ifT k. e: A" then [T+, e: AY]
Z.Zfrl-FF:A then[[l"kFF:A]] .

; 7. if T k. c then[T r. ]
3.sz‘kVV:Athen[[FFVV:A]] ;

; n I 8 if T vy I then|[T'+; 1]
4.1fF|—EE:A then[[I“I-EE:A]] 9 1fF L Tthen[[l"l— T'F/H
5.lf1"l—tt:Athen[[rl-tt:Aﬂ ’ 4 ’ ’

Proor. By induction over the typing rules. Let I" be a typing context and o be a suitable transla-
tion of names of T'. We (ab)use of Lemma C.3 to make the derivations more compact by systematically
weakening contexts as soon as possible. We also compact the first V- and A-introductions in one rule.

1. Strong values
Case [Kk]. [k]. =k, which has the desired type by hypothesis.

Case [Ax;.t],. In the source language, we have:

I,x:Ar; t:B
Tt, Ax:A—> B

Hence, if n is fresh (w.r.t. o), o[x := n] is suitable for T, x : A, and we get by induction a proof IT; of
ﬂt]]f[x::"] [T,x : Aﬂ?[x::"] > 1(B). Observing that [T, x :A]]?[x;:"] = [[]r,n : 1(A) we can derive:

(<:ax)

s V<[ r Y <
i ﬂtﬂ?[x::n] 0 Aﬂl[“a’x::n] >r(B) Y<:[[JrrY,n:A<:[IJr,n:A (<2)
Y <:[I]r + [[t]]?[x::n] :Y,n:A—>Y,n:Avg1(B) —> L (Ve) o,
Y<:[[Jr,7t: Y,u:Yor (A [t]s c(u] : Y,n: Avpi(B) — L (@ 1y
Y<:[[]r,t:Y,u:Yve; i(A),E: Yop i(B) F M;f[x:n] (W E: L N (@

F /ITuE.[t]]?[x::n] t[u] E:VY <:[I]r.Y > Y 1(A) > Yopi(B) > L
where:
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o II, is the following subproof:

u:Yvo, i(A) Fu: Y (A (a:))

T,
t:Yr1:Y (22 Yo, (A) F [n:=u] : Yo, i(A) (t/)
TT

t:Yu:Ye, (A;rt[ni=u]l:Y,n: A

o IIj is the following proof (derivable using Theorem C.5):

FY<Y (<:ax)
(ax) y (<:2)
E:Yepu(B)FE:(Y,n:i(A)>g 1(B) F(Y,n:1(A) <Y <)
<in

E:Yepiu(B)FE:(Y,n:1(A)> g 1(B)

2. Forcing contexts
Case [«]F. [x]F = x, which has the desired type by hypothesis.

Case [t.E]r. In the source language, we have:

IF'+;t:A TrgE:Bt
IFtpt-E:(A— Bt

Hence we have by induction hypothesis a proof of + [¢]; : [[]r>;+(A) (and a proof of + [E]; : [[]r>£:(B))
that can be turned (using Theorem C.5) into a proof II; of Y <:[[]r + [t]; : Y »; 1(A) for any Y
(resp. IIg of Y <: [I'r F [E]: : Y »g 1(B)). Thus we can derive:

@ Ty

v:Yvey, (1(A) = 1(B)) Fv: Y, 1(A) = «(B)

v:Yve, ((A) > 1B) rov:Y > Y 1(A) > YepB— L (V) r:Yrr:Y (21
t:Y,0:Y>, ({A) > 1u(B)roT:Ye, 1(A) > Yepi(B) > L (@ I,
Y<:[[Jr,z:Y,0:Y>, ((A) > iB) rort];: YepuB) > L (@ Ig
Y<:[[Jr,z:Y,0:Y>, ((A) = «(B))(rovz [t]: [E]g: L " (@

FArvot [t]; [E]g : YY <:[T]r.Y = Y, (1(A) - «(B)) > L
3. Weak values

Case [v]y. In the source language, we have:

', v:A
l'ryv:A

Hence we have by induction hypothesis a proof IT,, of + [v],, : [T]r >, (A) and we can derive:
(ax)

(<:ax)
(V)

F:Yvepu(A)FF:Y>opi(A) FY<Y
F:Yspi(A)FF:Y > Yoy i(A) > L ryrrYy @ om, Y <:[T]r F Y <:[T]p (%)
Y<:[[[r,t:Y,F:Yopu(A)F Fr:Ypyi(A) > L @ vy [TIr + [olo : Yoo ((A) (<)
Y<:[[r,c:Y,F:Yopu(A)FF1[v]s:L (@
FATE.F 7 [v]o : VY < [IJr.Y > Yepi(A) > L

o)

where we used Theorem C.5 on the right part of the proof. Observe that 1 V is in fact independent
of the level t and that we could as well have written [0]y =T [v],,. We thus proved the admissibility
of the following rule:
F'rV:Yey A "
TV Yo, A
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Case [x]Jy. In the source language, we have:

(x:A)eT
'ty x: A
so that I' is of the form I}, x : A,I}. By definition, we have:
[x]v = AtF.let 1o, t,7; = splitt nint 7o (AzjV.V 74[n :=1"V]z; F) where n = o(x)
t:Yyrs L(A) Ft:Yyps l(A) (2x) FYy<:Yy E:’:aX)
t:Y()l>tl(A)l-t:Y0—>YODEI(A)—>J_ ) 0:YorF19:Yp EaX)
T():Yo,t:YODtAI-tT0:Y0>El(A)—>J_ @ IIg (
70 : Yot : Yoor t(A), 71 : (Yo,n: 1(A)) vy Y1,F: (Yo,n: (A),Y1)pp (At o E: L (@)l‘t
7 (Youn : 1(A), Y1), F : (Yo : 1(A), V1) op 1(A) r let o, t,r1 = splitznint E: L P9 11y .
<isplit

Y<:[[Jr,z:Y,F:Y>opu(A) +letrg, b,y =splittnint o E: L

A
F AtFlet ro,t, 7y = splittnint 7o E: VY <:[[r.Y > Yepi(A) > L @

where:

o IIy is simply the axiom rule:
)

(<:ax
Y <: ([[F()]]I‘,n : l(A), [[rl]][‘) FY<: (Hroﬂr,n : I(A), [[FI]]F)
e E = (AryV.V rj[n:= V]r; F) and Il is the following derivation:

’ t ’ (ax) ’ ’ (ax)
VY ey u(A) TPV Y e 1(A) FYn:AYi<Yin:A
v
VY ey (A) PV (Y n:AYy) = (Yn:AY)) sg i(A) > L (V) .,
@
1 (Yo,n: A) vy Y1,Y) <:Yo,75 : Y,V : Yy oy 1(A) H V g [n =1V (Y, n:1(A), Y1) »p 1(A) — L (@ Mr
@
1y (Yo,n: A)or Y1, F 2 (Yo,n: 1(A), Y1) op 1(A), Yy <:Yo,77: Yy, V : Yy oy 1(A) F V 7 [n =MV F: L (@
A
1 (Yo,n: A) vy Y1,F : (Yo,n : ((A), Y1) oF 1(A) - AggV.V 75[n =MV F: Yorg 1(A) @
o IIf is the following proof, obtained by Theorem C.5:
o o o (<)
YO <Yy + YO <:Yy
—— (<n)
F: (Yon: t(A), Y1) »p (A) F F: (Yo,n : 1(A), Y1) o 1(A) (2 Y < Yok (Y)on: ((A), Y1) <: (Yo,n: ((A), Y1) (<)
(<)

YO/ <:Y,F: (Y(),n : l(A),Yl) >F l(A) FF: (YO’,n : l(A),Y]) >F l(A)

e II, is the following derivation
(ax)
n

ViYiey (A rV Y ey A
VY ey i(A) TV Y e A
Y kT Y] @) 3 Yoy (A) F [n =11 V]: Y] o n i(A) (”)/
Y < Yor, YV Xy A r = V] k) ) L,

<)
1 (Yo,n: 1(A)) v Y1, Yy < Yo,75: Y,V : Yoy s(A) kgg[n:=V]r 1 Y,n: A Yy -
o II,, is the following derivation:
oo (<)
YO <:Yp+ YO <Yy
(<)

1 : (Yon: (A)) oy Y1 71 : (Yoon : (A)) vr Vi (2 Y) <:Yo F Y),n: (A) <:Yo,n: ((A)
1 (Yo,n: ((A)) oy Y, Yy <:Yo b7y = (Yg,n:((A) e Vg

(r<:)
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4. Catchable contexts
Case [F]g. This case is similar to the case [v]y.

Case [i[x].(x|F)t’]g. In the source language, we have:

Ix:AT'+p F:AY T, r:T’
T rp j[x].{x|F)r : A-

If n is fresh (w.r.t o), o[x := n] is suitable for I', x : A, and we then have by induction hypothesis
a proof of + 7”7 : [I',x : A]° »; [I"]°" and a proof IIf of + [F]% : [I,x : A]° »p 1(A) where
.0’ = [']7*=" for some fresh n. We can thus derive:

(<:ax)
FY<Y
(ax) e (<:2)
FY,n:u(A)[T']F <Y

V: Yoy u(A) F Yoy i(A)
YE
V:Yey (A rV:(Y,n: 1(A),[[F’]]§") - (Y,n: 1(A),[[F’]]§") >r 1(A) - L (ve) 1,

T Y,V Yoy u(A) RV o[n =1t VIE (Yo (A) [T7]2 1(A)pr — L @ p
Y<[IJ¢.t: Y.V : Yoy t(A) F V o[n =11 V]e” [F]S : L o @
FATV.Y o[n =10 V]e” [F]S VY < [T]2.Y = Yoy 1(4) > L
where:
o IIf is the following proof, derived using Theorem C.5 and Lemma C.1:
Y<[r]g v Y < [r]g (@
FIFIG : [Ton s (A T]E op i(A) Y <[] F Y.n:o(A) 1] <:[Ton: 1(A).17] ;E:

Y <:[F]¢ + [FIE : Yon - o(A)[I']E »F 1(A)

e II; is the following proof:

(ax)

V:Yey (A FV: Yy (A )

V:Yey i(A) FEV Y op i(A)
(ax) (7¢)
t:Yrr:Y V:Y»Vz(A)l—[n:=V]:Yl>Tn:t(A)( y
TT
T:Y,V:Yey (A Fr[n:=1V]:Y,n:1(A) I,

(
Y < [I]¢ 7 Y.V 2 Y oy A) Foln =t VI[]S= s (v, s o(4), ] o be=m))

')

o I, is the following proof, obtained from the induction hypothesis for z’:

Y <: [[Fﬂr FY<: [[rﬂr
F I 19 D 0(A) e [7]°0=1] Y < D] F Yon: 1(A) <: [D]ron - o(A)
Y < [[]r + [/ 2 v,n 2 u(A) o, [r7]0 =R

5. Terms

Case [V];. This case is similar to the case [v]y.

, Vol. 1, No. 1, Article 1. Publication date: August 2017.



Normalization and CPS interpretation of simply-typed call-by-need A-calculus with control 1:37

Case [ua.c];. In the I[lm*]—calculus, we have:
Ia:AY%v.c
'k pac:A
If n is fresh (w.r.t o), o[ := n] is suitable for ', @ : A%, and we then have by induction hypothesis a
proof I of F [c]l”*=™ : [T, a : AT la:=n] , | 1. We can thus derive, using Lemma C.1 to identify
[T]r and [T]2t="

(<:ax)

Y <:[[]r + ¥ <: [0
F ]2 L [T« :AJL]]?[“::"] be L Y<:[[]r+ (Y,n: (A" <:[[,a : AL]ole=n] =)
Y < [0+ [ : (Yon (A" > L ",
Y <:[[Jr.t: Y.E: Yop t(A) F [ t[n:=F]: L
b ATE.[c] S t[n = E] : VY <: [T]r.Y > Yepi(A) > L

where I1; is the following derivation:

E:Y>opu(A) FE:Yvegi(A) (20 o)

_ Tt
T:Yrr:Y (22 E:YDEL(A)I-[HZZE]:(Y1>Tn:l(A)JL)( )
TT

1:Y,E:Yepi(A) Ft[n:=E]: (Y,n:1(A)?b)

6. Contexts
Case [E].. This case is similar to the case [0]y.

Case [fix.c].. This case is similar to the case [pa.c];.

7. Commands

Case [(t]e)].. In the Z[lv”]-calculus, we have:
IF'r;t:A Troe: At
I ke (tle)
We thus get by induction two proofs + [e]. : [[]r »e t(A) and F [t]; : [T]r >+ t(A) We can derive:
lelesIlrec) My o
Y<:[Tlrr[e]e:Y = Yo i(A) - L t:Yr7:Y FItle : [Tlree i(4) Iy
Y<:[[[r,z: Y+ [e]ler:Yoru(A) - L Y<:[T]r F [t]e : Y »r o(A)
Y<:[[Jr,7: Y+ [efle v [t]r: L o
FAce]r v [t]s : VY < [I]r.Y - L

(Ve
(@

where Iy is simply the axiom rule:

(<tax)

Y<:[T]r+ Y<:[T]r
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8. Closures

Case [(t|e)r];. In the Z[lm*]-calculus, we have:
I T/ree T TV
Tkyer

We thus get by induction two proofs + 7/ : [[]¢ », [["]¢" and + [c]¢" : [[,I']¢ »c L where
t/,0’ = [r],. We can derive:
(<:ax)

Y <[] + Y < [r]¢ .
1

Fe]g LI ee £ Y < [D]2 F Y [IV]E <L)
’ ’ ’ (VE)
Y <:[r]2 + []g Y [I']S — 1 0,

7 ; (@
Y<:[I]Z,70: Y+ [e]d o7’ : L (
7 ; A)
F Az [c]g wor” : VY <:[T]Z.Y — L
where II; is the following subderivation:
’ ’ 7 7 (<tax)
Frl [[l"]]l‘f > [[F’]]Iq Y <: [[r]]‘r’ FY<: [[1"]]1(,y o

o Tro ¥ & Y<[[g ko' Yo [IV]
Y<:[I)¢ 70 : Yk ror’ - Y, [I']C

(r7")

9. Stores
Case 7[x := t]. We only consider the case 7[x := t], the proof for the case r[« := E] is identical.
This corresponds to the typing rule:
Fry7:17 T T/t A
Tty rx:=t]:T",x: A
By induction we obtain two proofs of + 7/ : [[]Z >, [[']¢ and + [t]¢ : [[,T']¢ > 1(A) where
t/,6’ = [r], We can thus derive:

3 [[F,F’]]I‘Z/ > 1 1(A)
b/ [O]2 e [0 [ne=[]¢]: [II7]S »r n: u(A)
Fo[ne=[t]9]: [T1E e [T7]9 0 2 1(A)

(72)

(r7’)
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[Tree:AY] 2 F [e]e : [T]r e (A)
[Tkt A] 2k [t] : [T]r > 1(A)
[[F tg E: AJLH £+ [[E]]E : [F]]r >E I(A)
[[F by V :A]] £+ HVHvi [F]]r >y l(A)
[[F l—FF:AJL]] £+ HFHF: [F]]FDF l(A)
[Tryv:A] £ F [9]o: [T]r o 1(A)
[T ke ] 2k Je]e : [TJree L

[T 1] £ [ e L
[Trez:T7] 2 r [z : [Tlre: [T]r

Fig. 10. Translation of judgments

D CORRECTNESS OF THE CPS TRANSLATION WITH DE BRUIJN LEVELS

We give here the proof of the correctness of the CPS translation from Section 4 with respect to
types. We first give the full definition of lifting and translations for judgments and types, that were
only sketched Section 5. We then prove a bunch of technical lemmas that are then used in the proof
of the main theorem.

D.1 Missing definitions
We start by giving the full definition of lifting.

Definition D.1 (Lifting). The complete definition of lifted terms, contexts, etc... is given by:

(Nyicr) LMo
(13 tlle) £ (it e)
Tile £ ¢
My =t) = @M =1y
T (zlaj = E]) = M @M a =T, E]
7 ) sk
14 () &AM %) (50
T;ll (Xj 2 Xj lf] <n
T;li (Xj) £ xj+i lf_] >n
T (paj.c) = ()1 o)
W (6) = K
5B L) (YR
() = qj ifj<n
;li ((Zj) = QAj+i lf] >n
TZ’: (ilx;]Ax;Fyr) = ﬁ[TZ’:xi]-(TZl: (xi|FyT)
i (ix.0) & ). (o)

The complete definition of the translation of judgments is given in Figure 10 while the translation
of types is given in Figure 11.
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Yo, A 2VY<:Y.Y > L

Yo, A AVY<Y.Y = (Yo, A) > L
Yr, A 2VY<:Y.Y > (Y A) - L
Yop A AVY <Y.Y — (Yop A) — L
Yoy A 2VY<:Y.Y > (Ypp A) > L
Yep A 2VY<:Y.Y - (Y, A) > L
Yo, Ao B 2VY <:Y.Y = (Y, A) — (Yop B) — L
Yo, X L x

[e]r =e

[[F’xi iAﬂr = [[r]]r,l(A)

[T,a; : AYr £ [T]r, (A"

Fig. 11. Translation of types

D.2 Correctness of the translation

We start with some lemmas about subtyping and weakening that will be useful in the proof of the
main theorem.

LEMMA D.2. The following rule is admissible for any level o of the hierarchye,t,E,V ,F,v:
;2Ft: T, A
[Zrt:1,Br, A
Proor. Directly follows from the observation that we can always derive:
ro:Y'<:Y,B
Sro:Y'<:Y

LeEMMA D.3. The following rule is admissible:
ZFt:VY<iYg.A Zro: 1<)
;2 (1) : VY <A

Proor. We assume that the variable X is not FV(T',X), otherwise it suffices to rename it. Un-
folding the definition of 7°¢, we can derive:

;X Ft: VX< Y.A Sro:Y'<Y; 20 :X<YMiro X<
;Y0 : X< Ykt : VX< YA S0/ : X< Yiro' oo: X<
I3,/ : X<:Yi+rt(c'o0o): A X ¢ FV(I,Y)

IXFAc’t (0’ 0o0) : VX <:11.A
where we use Lemma 5.10 to weaken X,0 : X <: 7.
O

We deduce from the former lemma the following corollary that will be crucial when typing the
translation of terms.

CoroLLARY D.4. For any level o of the hierarchye,t,E,V,F,v, the following rule are admissible:
ZFt:YgpoA ko 1<)y Xk Ype, Y ZFo: 1T < XY
LR : s, A LEr(%7): Gy, X
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LeEMMA D.5 (L1FTING VALUES). The following rule is admissible:
XV :Yep A
LSEEV Y A

M

Proor.
(<:ax)

2V iYepy A 0:Y<:Yro:Y<:Y
I1g [;30:Y<:YHV:Ypy A

[t:Y,E:YppAZio:Y<sYHEid;r (T°V): L E@)
2
I3+ AotE.Eid;, 7 (17V): Yo, A )
where we used Corollary D.4 and I is the following derivation:
EYosArE:VogAol ™ ¢ g y<y
E:TrgArEidy, Y > Yoy Ao L U ey @
T Y,E:Yop ArEid t:Yry Ao L (@
]
LEMMA D.6 (STORE FORMATION). The following rules are admissible:
;Zrr:Y T;Xrt:Y> A Sko:Y<: ]
L2k r[t] - YA DS G&‘ :(Y,A) <: [T, 4]
The same holds forT + E : Y »g 1(A) and T + t[E] : Y, A"
Proor. The left rule is a straightforward application of (z7’)- and (z,)-rules:
Xkt Yo 0(A) o
T,
L;SFr[t]:Y,A T;3F[t]: Yop (A ( ’,)
;Xrrt]:Y,A o
The right one is a reformulation of Lemma 5.6.
]

LemmA D.7 (SHIFTS). For any Yo, Yy, Yy, if o : Xy <:Xp and n = |Yol,p = n+ [Y1l, k = [Xg| = |Yol, if
we definec’ = o o SE'r’l‘p] then o’ : (Y X1) <: (YoX1).
In particular, the following rules are admissible for any level o:
LEXrt: Y420 A Zro:Yy<Yy LXrr:Ye: 3 Zro:Yy<Yy

TS F (171 : Yy o0 A TS (177): )oYy

Proor. We denote by Y(i) the iM-element of the list Y. By definition, we have:
o' (i) = i+k ifn<i<p
o’(i) ifj<n

Thus we have:

o ifi <n:

(Yo X1)(a’ (i) = Yg(o' (i) = Yg(a (i) = Yo(i)
e otherwise:
(LX) (o' (i) = GgX1) (i + k) = Yy (i + k = [Xg) = Y1 (i = [Yol) = (YoX1)(d)

Hence o’ : (Y1) <: (YoX1). O
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We are now equipped to prove the main theorem of this section, that is the correctness of the
translation with respect to types.

THEOREM 5.11. The translation is well-typed, i.e.
L %fr Fo U :zlethen[[l" FUU:AJ]L 6.ifT k. e: A" then [T+, e: AY]
Z.ZfFI-FF:A then[[l"kFF:A]] .

; 7. if T k. c then [T r. ]
3.sz‘kVV:Athen[[FkVV:A]] ;

; n I 8 if T vy I then|[T ;1]
4.ifT rg E: AY then [T b E : AL o T bt then[Troz:D]
5ifT +y t : Athen[Tr, t: A] ) ’ v

Proor. The proof is very almost the same as the proof of Theorem 4.5, using the previous
lemmas. We reason by induction over the typing rules of Figure 7. We (ab)use of Lemma 5.10 to
make the derivations more compact by systematically weakening contexts as soon as possible, and
compact the first V- and A-introductions in one rule.

1. Strong values
Case [k],. [k]. = k, which has the desired type by hypothesis.

Case Ax;.t. In the source language, we have:

T,x;: A+ t:B Il =1i
'ty Ax;:A—> B

Hence, we get by induction a proof I1; of [t]; : [T,x; : A] »¢ «(B) and we can derive:

11,
FItDe: VY < [Tox; : A].Y > Y/ »pu(B) > L g o)
;o Y < [TTF [r of = (Va(A) = (VA sgi(B) > L T,
t:Y,u:Yep (Ao Y <[] + [t]: 0|+T| t[u] : (Y,1(A))>g 1(B) — L (@ Ig

(@

T:Y,u: Yo l(A),E:YepuB)o: Y <:[T]+ [t]: 0|+T| r[u] E* : L

A
F AoTuE.[t]; 0'|+T| t[u] E:VY <:[I].Y - Y»; (A) > YepuB) — L 2

where:
o Il isaproof of E: Yvep «(B) F E : (Y,1(A)) »g 1(B) (derivable according to Lemma D.2);
o I, isaproofofz:Y,u:Yw>, 1(A);F t[u] : Y,i(A) (derivable according to Lemma D.6);
e II, is a obtained by Lemma D.6:

(<:ax)

o:Y<[[Jro:Y<:|I]
o:Y<:[T]+ 0"+T| 1 (Y,1(A)) <:[T,x; : A]

2. Forcing contexts
Case [«]r. [x]F = x, which has the desired type by hypothesis.
Case [t.E]r. In the source language, we have:

T+;t:A TrgE:B-
IFtpt-E:(A— Bt
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Hence we have by induction hypothesis that + [t]; : [[]r >; :(A) and + [E]; : [[]r »£ ¢(B), so that
we can derive:

o Yo tAd) > 1Byt 0 VY <Y Y o Ve d) = Vg iB) > L ™,
T Y.0: Yoy (A) > (B)it v idp Y = Yor f(A) > Yop B> L 0,
7:Y,0:Yey 1(A) = uB);Fvid), 7 Yo i(A) = Yepi(B) > L (@ I1;
T:Y,0: Yoy i(A) > uB)io: Y <:[T]Foid v (17[t]s) : Yep u(B) > L (@ Mg

(@

T:Y,0: Yoy ((A) > u(B)so: Y<:[I] ko id; t (17[t]s) (17[E]E) : L
FAorto.w idy T (1%Ttle) PIE]E) : VY <: [T]r.Y = Y >y t(A) = 1(B) > L

where:

e Ilg is a proof of &;0 : Y<:[I'] + (17 [E]g) : Y »g «(B), derivable from the induction
hypothesis for t and Theorem D.4.

e I, isaproofofe;o: Y <: [T + (1°[t]s) : Y 1(A), derivable from the induction hypothesis
for E and Theorem D.4.

e II, istheaxiomruler : Y;+7:Y

e II, is a proof of id|; : Y <: Y (Theorem 5.8)

3. Weak values
Case [v]y. In the source language, we have:

F'r,v: A
I'ryov:A

Hence we have by induction hypothesis that + [v],, : [T]r >, (A) and we can derive:

F:Yopi(A)FF: VY <Y.Y 5Y b, 1(A) » L Iy
F:Yepu(A);o:Y<:[[]FFid:Y > Y>,1(A) > L (@ T:YiFT:Y
T Y,F:Yori(A) FFidy z: Yoy i(A) > L @
T:Y,F:Yepu(A);o: Y<:[[]FFidyt(1v]e): L "
FAotE.F idi;) 7 (17[v]s) : VY <:[T].Y = Y»p1(A) - L

(@

where:

e I, is a proof of g5 : Y<:[I] v (17 [v]o) : Y o 1(A), derivable from the induction
hypothesis and Theorem D.4.

e II, istheaxiomruler : Y;+7:Y

e Ily is a proof of id|;| : Y <: Y (Theorem 5.8)

Case [x;]ly. In the source language, we have:

(i) = (x; : A)
Ty xi i A

so that I is of the form I'", x; : A,T'”’. By definition, we have:
[xi]v = AotF.let 7y,t,7; = splitnz in t id, 7o (Ao’ 7gAV.V ¢”[1* V](T(r”ﬁ) (TGNF))
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wheren =o(i) k= ||l —-n,p=n+|rl, ¢’ =0c’o0 5[*:[)].

G A ) ™ iy ey O
e)  —<m——vm (@

te Yo (At idy Y > Y pE(A) o L T0: Y ko Yy

70 VIt Y g AF £ idy 701 Y og 1(A) o L @
10 : Yt 2 Yot oy i(A), 7y (Yn i 1(A)) o Y1, F 2 (Y m o 1(A), Y1) pp i(A)sk tidp o E: L (@ 1Y =n (sp1
it
T (Yghn: 1(A), Y1), F : (Y§,n:1(A), Y1) »F ((A);+ let ro,t,71 = splittnint idy o E: L Mg split)
(<5split)

7:Y,F:Yopu(A);o: Y<:[T]r+letr,t,ry =splitcnint id, 7o E: L

A
F AotF.let rg,t,71 = splittnint id, 70 E: VY <:[[r.Y > Y>p 1(A) > L @
where:
o II, is simply the axiom rule:
(<:ax)
c:Y<: ([[r()]]r,n : l(A),[[rl]]r) Fo:Y<: ([[r()]]r,n : l(A),[[rlﬂr)
e E=A0’t"AV.V j[1' V] (1°"71) (1°'F)) and I is the following derivation:
VY] oy i(A) IV Y] o 1(A) (@) - idy Y, A Y, < Y], AT,
v
V Yy ey t(A);F V idp : (Yg,1(A), Y1) = (Y, 1(A), Y1) »F ((A) = L £ I, (
7 @)
71 (Y 0(A)) e Yiozg s Yo,V Yooy (A)s+ V idp 71 VI 1) 5 (Y, HA) Yi) o ((A) = L M
@)

T, YV Yoy (A)o” s Y < YRV idy [T VIAT ¢) (1 F) : L

’” ’” (A)
T+ Ac’'7yV.V idp r(;[Tt V(1% 1) (1% F): Y er 1(A)
where I' = 71 : (Y, 1(A)) »¢ Y1, F : (Y, 1(A), Y1) oF 1(A).
o IIr is the following proof, obtained by Lemma D.7:

(ax) (ax)

rLyl . yn /.yl . yn
cr,Y0<.Y0|—0'.YO<.Y0

F: (Y, 1(A), Y1) »p t(A);F F: (YT, 1(A), Y1) > 1(A)

F: (YP(A) Y1) o (A)io1: Y] <Y F (17 F) ¢ (Y], ((A), Y1) o (A)

e I, is the following derivation

ViYiey (A rV Yoy A (ax)
Vi Yy ey (A) TV Yier A @
AT @0 3 Yoy t(A) F 11 V]2 Y] or 1(A) (T’)/
Y] < YRt YLV Yy WA F [ VIS Y a(A) ",
71 s (Y2 U(A) o Y, Y] < YR YV Yoy (A) F VIO 71) 2 Y] u(A) Yy <)
e II,, is obtained by Lemma D.7:
11 (Yo,n:1(A)>r Y1 k11 (Yo,0(A) > Vq (%) oY <Y ro Y <Y (<o)

71 (VLAY or Yiso! 1Y) < Yo r (17 1) : Yon: (A) o Yy

4. Catchable contexts

Case [F]g. This case is similar to the case [v]y.
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Case [fi[x;].{x;|F)7’] . In the source language, we have:
I,x; :AT'+p F:AY T,x;:Av, ¢/ : T
T rg filx;] (x| Fyr” : At
We have by induction hypothesis a proof of + [z], : [I,x; : A]r »; [I”]r and a proof IIf of
F[FlF : [T.xi : AT ]r »F t(A). We can thus derive:
(0 idy : (Y,1(A),[[']r) <: Y
(YE)

IT| =i

V:Yvey (A);+V:Yesi(A)
V Yoy i(A);r Vidy s (Y,1(A), [I]r) = (Y, (A, [T]r) »F (A) — L I1, (
; @)
T:Y,V:Yey u(A)o: Y <:[T]r vV idp o[ VI [']) : (Y, 0(A), [I"]r) > F 1(A) - L If (
’ ’ @)
Lr:Y,V:Yey (Ao : Y<: [T v Vidp [T VI [']2) (17 [FlF) : L
T r AotV.V idy [T VI [e']2) (1 [F]F) : [Tl o 1(A)
where:
en=|ltl,k=n—-i,p=n+|7|, o"=0'05[+ikp]
o I is the following proof, obtained by Lemma D.7:
o F o ([T (A), [T]R) pF 1(A) o Y <:[T]rro:Y < [I]r (a0
so Y < [Ue k(17 F) : (VA [T]r) »F (A)
e II; is the following proof:
ViYoy (A rV Yoy i(A) (:TX))
V: Yoy (A IV Yy 1(A)
T Y ™V Yy A E V] Ve i(A) ET’)/)
7:Y,V:Yey (A Fr[1PV]: Y, (A) § (o)
Y, VY ey i(A)io: Y < [T + [Tt V][e']r : (Y.u(A), [I/]ox=n])
e II, is the following proof, obtained from the induction hypothesis for 7’ and Lemma D.7
(<:ax)
F [T,]]T : HFHF"(A) >z [[T/]]r o:Y<: [[I‘ﬂr Fo:Y<: [[F]]r =
co Y < [T]r 117 [¢']« : You(A) or [T]r
5. Terms

Case [V];. This case is similar to the case [v]y.

Case [ua;.c];. In the Z[lw*]—calculus, we have:
Taj:A v.c T =i
Ik pajc: A

Hence we have by induction a proof of ;+ [c]. : [[,x; : A4]r >, L and we can derive
ik [e]e s [Tox; : Apee L I,
+ I (V)
t:Y;0:Y<:[[]r+ [c]e o (YA - L I,
t:Y.E:Yopu(A)o: Y <:[[]r+ [c]c oy, 7[E]: L (@
@)
sk AotE.[c]c o 7[E] : [T]r > 1(A)
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where
e I, is the following derivation, obtained by Lemma D.6 (since |z| matches |Y]):

(<:ax)

oc:Y<:[T|rro:Y<:[T]r
o:Y<[Ir+ A (Y, (AN < [T,x; (A ]r

e Il is also obtained by Lemma D.6:

1:Y,E:Yopi(A);+ t[E] : Y, (A" (20 E:Yvopu(A);+E:Y>gu(A)

7:Y,E:Yopi(A);+ 7[E] : Y, (AL

(ax)

6. Contexts
Case [E].. This case is similar to the case [0]y.

Case [fix;.c]e. This case is similar to the case [ua;.c];.

7. Commands _
Case [(t]e)]c. In the A[j,4]-calculus we have:

IF'+;t:A Troe: At
I ke (tle)

thus we get by induction two proofs of ; + [¢t]; : [T]r >+ t(A) and ;+ [e]. : [T]r »e t(A). We can then
derive:

ik [ele : [Tr e 1(4)

(Ve)

t:Y;0:Y<:[[]r+[elec:Y > Ypr1(Ad) » L I, (
t:Y;o:Y<:[Irrfelecr:Ypri(A) > L @ T:YskT:Y Eax)
t:Y;0:Y<:[[]r+[ele oz 1°t]s) : L @ I1;

(0

sk Aot.felle o v (1°t]e) : [TIree L
where:

e II, is the axiom rule:

(<:ax)

oc:Y<:[Trro:Y<:[T]r

e II, is obtained using Lemma D.3:

(<:ax)

sE[]e : [Tree () so:Y<:[[frro:Y < [I]r
;0 Y < [T #1°[t]s : Yor t(A)

8. Closures

Case [cr’]}. In the Z[IUT*]—calculus, we have:

I'T"tee Trpo/: TV
I'+yet’

where n matches |I'|. We thus get by induction two proofs ;+ [¢']; : [[]r >, [I']r and + [c]. :
[T,T']r »c L. We can derive:
— v (ax)
= [[C]]C : [[F,l"’]]r > L 11, T:Y;kT:Y I1, (r7")
;oY < [[r+ [e]e o« (Y, [I']r) = L (V) t:Y;0:Y<:[[Jr+ T(TU/[[T’]]T) (Y[ ]r (
r:Y0:Y<[TrF [c)e o’ /(17 [']¢ : L ®

sk Aot [c]e o’ T’(TU/[[‘L'/]]T)

()
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where:
e k=|t'|-n,p=n+|z|, a’=0'05[+”1‘p]
o Il isaproofof o : Y <:[IJr+ o’ : (Y,[I']r) <:[I,T’]r obtained by Lemma D.7;
e II, is the following proof also obtained by Lemma D.7:

(<:ax)

skl [Tr e [T]r m
- (TU/[[T']]T) : Yo, [T]r

9. Stores

Case [r[x; := t]];. We only consider the case t[x; := t], the proof for the case r[a; := E] is
identical. This corresponds to the typing rules:
Tr,7:T7 Tk t:A LT =i
T'r, T[xl' = t] ZF/,Xi A
By induction we obtain two proofs of + [z]; : [[]r >, [[']r and + [t]; : [T,T]r »¢ 1(A). We can

thus derive:
a1 L NGV
Flele : [Tlree [D]r F [[E]e] : [T,0]r »r 1(A) (rtr’)
F L] -[0]e] : [T >z [T ]rs e(A)
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