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RATIONAL INVARIANTS OF TERNARY FORMS
UNDER THE ORTHOGONAL GROUP

PAUL GORLACH, EVELYNE HUBERT, AND THEO PAPADOPOULO

ABSTRACT. In this article we determine a generating set of rational invariants of minimal cardinality for
the action of the orthogonal group Os on the space R[z,y, z]oq of ternary forms of even degree 2d. The
construction relies on two key ingredients: On one hand, the Slice Lemma allows us to reduce the problem
to dermining the invariants for the action on a subspace of the finite subgroup B3 of signed permutations.
On the other hand, our construction relies in a fundamental way on specific bases of harmonic polynomials.
These bases provide maps with prescribed Bz-equivariance properties. Our explicit construction of these
bases should be relevant well beyond the scope of this paper. The expression of the Bs-invariants can then
be given in a compact form as the composition of two equivariant maps. Instead of providing (cumbersome)
explicit expressions for the Ogz-invariants, we provide efficient algorithms for their evaluation and rewriting.
We also use the constructed Bs-invariants to determine the Og-orbit locus and provide an algorithm for the
inverse problem of finding an element in R[z, y, z]o4 with prescribed values for its invariants. These are the
computational issues relevant in brain imaging.
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1. INTRODUCTION

Invariants allow to classify objects up to the action of a group of transformations. In this article we determine
a set of generating rational invariants of minimal cardinality for the action of the orthogonal group O3 on
the space R|z,y, z]2q4 of ternary forms of even degree 2d. We do not give the explicit expression for these
invariants, but provide an algorithmic way of evaluating them for any ternary form.

Classical Invariant Theory [GY10] is centered around the action of the general linear group on homogeneous
polynomials, with an emphasis on binary forms. Yet, the orthogonal group arises in applications as the
relevant group of transformations, especially in three-dimensional space. Its relevance to brain imaging is
the original motivation for the present article.

Computational Invariant Theory [DK02, [GYT0] [Stu08] has long focused on polynomial invariants. In the
case of the group Os, any two real orbits are separated by a generating set of polynomial invariants. The
generating set can nonetheless be very large. For instance a generating set of 64 polynomial invariants for
the action of Oz on R[x,y, 2]4 is determined as a subset of a minimal generating set of polynomial invariants
of the action of O3 on the elasticity tensor in [OKAT7|. There, the problem is mapped to the joint action of
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SLo(C) on binary forms of different degrees and resolved by Gordan’s algorithm [GY10, [OIi16] so that the
invariants are given as transvectants.

A generating set of rational invariants separates general orbits — this remains true for any groups, even for
non-reductive groups. Rational invariants can thus prove to be sufficient, and sometimes more relevant, in
applications [HL12, [HL13, [HLI6] and in connection with other mathematical disciplines [HKO7bl Hub12].
A practical and very general algorithm to compute a generating set of these first appeared in [HK07a]; see
also [DK15]. The case of the action of O3 on R[z,y, z]4, a 15-dimensional space, is nonetheless not easily
tractable by this algorithm. In the case of Rz, y, 2]4, the 12 generating invariants we construct in this article
are seen as being uniquely determined by their restrictions to a slice A4, which is here a 12-dimensional
subspace. The knowledge of these restrictions is proved to be sufficient to evaluate the invariants at any
point in the space Rz, y, z]4. The systematic computational use of characterization of invariants in terms of
their restrictions to a slice is a novel approach to Computational Invariant Theory that we shall introduce.

More generally, by virtue of the so-called Slice Lemma, the field of rational invariants of the action of Og
on R[z,y, z]aq is isomorphic to the field of rational invariants for the action of the finite subgroup Bjs of
signed permutations on a subspace Asg of R[z,y, z]a4. Working with this isomorphism, we provide efficient
algorithms for the evaluation of a (minimal) generating set of O3 invariants based on a (minimal) generating
set of Bs-invariants. Finding an element of R[z, y, z]aq4 with prescribed values of Og-invariants and rewriting
any Og-invariant in terms of the generating set are also made possible through the specific generating sets
of Bz-invariants we construct.

Rz, y, z]2a decomposes into a direct sum of Os-invariant vector spaces determined by the harmonic poly-
nomials of degree 2d,2d — 2,...,2,0. The construction of the Bs-invariants relies in a fundamental way on
specific bases of harmonic polynomials. These bases provide maps with prescribed Bsz-equivariance proper-
ties. Our explicit construction of these bases should be relevant well beyond the scope of this paper. The
explicit expression of the Bs-invariants can then be given in a compact form as the composition of two
equivariant maps. Both the rewriting and the inverse problem can be made explicit for this well-structured
set of invariants.

The whole construction is first made explicit for R[z, y, z]4 and then extended to R[z,y, z]24. It should then
be clear how one can obtain the rational invariants of the joint action of O3 on similar spaces, as for instance
the integrity tensor.

In the rest of this section we first introduce the geometrical motivation and then the context of application for
our constructions around the invariants of the action of O3z on R[x,y, z]24. Notations, preliminary material
and a formal statement of the problems appear then in Section [2] In Section [3] we describe the technique
for reducing the construction of invariants for the action of O3z on R[z, ¥, z]24 to the one for the action of a
finite subgroup, the signed symmetric group, on a subspace. Based on this, we construct a generating set of
rational invariants for the case of ternary quartic forms in Section[d] We extend this approach in Section 5] to
ternary forms of arbitrary even degree; central there is the construction of bases of vector spaces of harmonic
polynomial with specific equivariant properties with respect to the signed symmetric group. Finally, we solve
the principal algorithmic problems associated with rational invariants in Section [6]

1.1. Motivation: spherical functions up to rotation. In geometric terms, the results in this paper
allow to determine when two general centrally symmetric closed surfaces in R? differ only by a rotation.

The surfaces we consider are given by a continuous function f: S> — R on the unit sphere S? := {(z,y, 2) €
R? | 22 4+ y? + 22 = 1}. The surface is then defined as the set of points

S:={(z f(z,y,2),y f(z,y,2),2 f(z,9,2)) € R?| (z,y,2) € S’} C R?,

i.e. for each point on the unit sphere we rescale its distance to the origin according to the function f. For
example, the surface described by a constant function f = r (for some r € R) is the sphere with radius |r|
centered at the origin. As f takes on more general functions, a large variety of different surfaces can be
described. For the surface to be symmetric with respect to the origin, one needs the function f to satisfy
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FIGURE 1.1. Two centrally symmetric surfaces only differing by a rotation.

the property
(1.1) f(p)=f(=p) Vpes

Since the unit sphere $2 C R3 is a compact set, the Stone-Weierstrafl Theorem implies that a given continuous
function S? — R can be approximated arbitrarily well by polynomial functions, i.e. by functions f: S? — R
of the form

(1.2) f(z,y,2) = Z Qijk 'yl 2.

i+j+k<d
The symmetry property (|1.1)) is then fulfilled if and only a;;x = 0 whenever ¢ 4+ j + k is odd, in other words,
f must only consist of even-degree terms. We can then rewrite f in such a way that all its monomials are

of the same degree, by multiplying monomials of small degree with a suitable power of 22 + 32 + 22 (which
does not change the values of f since x2 + y? + 22 = 1 for all points (z,y, z) on the sphere).

We therefore model closed surfaces that are centrally symmetric with respect to the origin by f: S2 = R, a
polynomial function of degree 2d:

f(x,y,z) = Z aijk xiyjzk'
i+j+k=2d

The modeled surface can then be encoded ezactly by simply storing the %(Qd—l— 2)(2d +1) numbers a;;1 € R.
However, from such an encoding of a surface via the coefficients a;;, of its defining polynomial, it is not
immediately apparent when the defined surfaces have the same geometric shape, only differing by a rotation.
As an example, Figure depicts the two surfaces S§; and Sy described by

fi(z,y,2) := 182% — 27y* 4 182% and

fo(z,y, 2) := 132% + 20zy — 20x2 — 2y* + 40yz — 227,
respectively, whose numerical description in terms of coefficients look very distinct, but whose shapes look
very similar. Indeed Sy arises from S; by applying the rotation determined by the matrix

2 —1 -2
2 2 1],
1 -2 2

so that

20 +2y+ 2z —x+2y—2z 2x+y—2z
fQ(xayVZ) :f1< .

3 ’ 3 ’ 3
In general, we want to consider surfaces to be of the same shape if they differ by a rotation or, equivalently,

by an orthogonal transformation: Since we only consider surfaces symmetric with respect to the origin, two
surfaces differing by an orthogonal transformation also differ by a rotation.
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The question which arises is: How can we (algorithmically) decide whether two surfaces only differ by an
orthogonal transformation, only by examining the coefficients of their defining polynomial?

Regarding this question, we should to be aware that if f: S> — R describes S C R?, then its negative — f

describes the same set S € R3. With the intuition of describing the surface by deforming the unit sphere,

this ambiguity corresponds to turning the closed surface S inside out. We typically want to think of the

surfaces defined by f and by —f as two distinct objects (even though they are equal as subsets of R?). For

example, the surface defined by the constant function f = 1 is the unit sphere, while the surface defined by
= —1 should be considered as the unit sphere turned inside out.

Then the question above corresponds to the following algebraic question:

Question 1.1. Given two polynomials f = ijHc:zd aijrriy? 28 and g = Zi+j+k:2d bijraiyzF, how can
we decide in terms of their coefficients a;;r. and bji, whether or not there exists an orthogonal transformation
p: R3 = R3 such that f = go ¢ as functions R? — R?

Once we can decide whether two polynomials define equally shaped surfaces, a natural question is how to
uniquely encode the shape of a surface, i.e. an equivalence class of surfaces up to orthogonal transformations.
The corresponding question for polynomials is:

Question 1.2. How can we encode in a unique way equivalence classes of polynomials up to orthogonal
transformations?

For the purpose of illustration we discuss next the case of homogeneous polynomials of degree two, i.e. qua-
dratic forms. In the following section, we shall describe the mathematical setup for addressing Questions[I.]]
and [L.2] with the rational invariants of the action of the orthogonal group on ternary forms of even degree.

Hllustration for the case of quadratic surfaces. Quadratic forms are in one-to-one correspondence with sym-
metric 3 X 3-matrices, as indeed we can write (1.2)) as:

1 1
G200 34110 3@101 x

(1.3) f(xay72)=($ Yy Z) %6110 ap20 %0011 Y
%alm %aon aoo2

=:A

When we compose f with a rotation, given by a matrix R, we obtain another homogeneous polynomial of
degree 2. The defining symmetric matrix (as in of the obtained polynomial is then RART. For two
symmetric matrices A and B, Linear Algebra then tells us that there is an orthogonal matrix R such that
B = RART if and only if A and B have the same eigenvalues. Yet, eigenvalues are algebraic functions of
the entries of a matrix and thus cannot be easily expressed symbolically. It is thus easier to compare the
coefficients of the characteristic polynomials. Up to scalar factors, these are:

€1 = a200 + @20 + @002,
. 2 2 2
(1.4) ez 1= 4ap20a200 + 440020020 + 4@002a200 — 119 — G101 — Gp11>
o 2 2 2
e3 1= 4a002a020a200 + 10101100011 — A101@020 — Ap113200 — A0024710-

The result is that two homogeneous polynomial of degree 2 are obtained from one another by an orthogonal
transformation if and only if the functions ey, e, e3 of their coefficients take the same values. This answers
Question[T.1]in this case. The functions eq, ez, e also provide a solution to Question[I.2}] To each polynomial
of degree 2 we can associate a point in R? whose components are the values of the functions e, e, e3 for
this polynomial. All equivalent polynomials will be mapped to the same point. One can check for example
that this point is (9, —2592, —34992) for both f; and fy defined above.

1.2. Application in Neuroimaging. DMRI (Diffusion Magnetic Resonance Imaging), developed since
1984, is a field where the problem of characterizing spherical shapes arises. DMRI measures non-invasively
the amount of water diffusion in biological tissues. These diffusion properties are intimately related to the
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FIGURE 1.2. Slice of a brain diffusion image (a). The yellow boxes indicate the regions that
are zoomed in (b) showing the individual voxel shapes. From [PGD14].

structure of these tissues notably in fibrous structures such as muscles — e.g. the heart — or brain white matter.
The measurements are made in a rectangular portion of the 3D space sampled by voxels (volumic picture
element). At each voxel, the diffusion information is captured as a function f: S* — R of orientation
v, sampled at several points v; on the sphere S?. This (discretized) spherical function f is called an ODF
(diffusion Orientation Distribution Function) [TRWWO03]. Here f(v), for v € S?, is a positive value that
characterizes the amount of diffusion in the direction v in a given amount of time 7' (which is a constant
defined in the diffusion acquisition protocol). f satisfies f(v) = f(—v), meaning that f is symmetric with
respect to the origin. Figure shows an example of such a diffusion image for brain white matter.

Integrating the discrete diffusion information into a global model is interesting for e.g. noise reduction or
for computing mathematical properties of f. This global model was initially a simple a ternary quadratic
function (or tensor), leading to what is called Diffusion Tensor Imaging (DTI). For DTI, all rotational
invariants can be easily computed as functions of e, ez, e3 given in . Biologically interesting quanti-
ties have been computed as combination of these invariants, with clinical validation showing their interest
to detect various important deseases such as Alzheimer’s or Parkinson’s diseases, writer’s cramp disease,
etc [DVW™09, [LMM™10].

With diffusion MRI improvements, acquiring more and more samples on the sphere S? is both possible
and interesting (High Angular Resolution Diffusion-weighted Imaging - HARDI - technique [Tuc02]). This
allows the study of complex fibrous structures, e.g. revealing places in the brain where white matter fiber
bundles are crossing, with the potential of characterizing more completely such complex structures and their
abnormalities which may occur in patients. Fully exploiting these images can only be realized using shapes
for the diffusion information more complex than those described by quadratic forms.

One popular solution is to represent f using a spherical harmonic basis [Fra02]. Because of the symmetry
property mentioned above, only spherical harmonics of even order are meaningful. Using spherical harmonic
functions up to order 2d is mathematically equivalent to representing f as a homogeneous polynomials of
even degree 2d:

f(x7y>z) = Z aijk: xiyjzk'

i+j+k=2d

Of particular interest is the case of degree 2d = 4 introduced in [BVF0S| as it is the simplest model generaliz-
ing the DTT case (2d = 2) and as the positivity of f can be imposed using Hilbert’s ternary quartic theorem.
Since then, numerous efforts have been made to obtain a complete invariant description for these homoge-
neous polynomials of degree 2d = 4 [BP07, (GPD12al (GPD12b|, with the prospect of finding more powerful
generalizations of the biomarkers found in the DTI case. A maximal set of functionally independent local
invariants were proposed in [PGD14]; they are algebraic functions of a;;; € R. Functionally independent
sets of polynomial invariants were also determined in [CV15] for the cases 2d = 4 and 2d = 6.

The present article provides a complete (functionally independent and generating) set of rational invariants,
for all even degrees 2d.
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2. PRELIMINARIES

In order to set the notation, we review the definitions of the action of O3 on the vector space of forms
Vi := Rz, y, z]q and of its rational invariants. We then elaborate on the Harmonic Decomposition of V.

2.1. The action of the orthogonal group on homogeneous polynomials. We start out with a few
notational conventions. We denote by R[x,y, z]4 the set of homogeneous polynomials

f = Z aijk xiyjzk
it+j+k=d
of degree d in the three variables z,vy, z with real coefficients a;;;, € R. By O3 C R3*3 we denote the group

of orthogonal matrices and we consider the action of O3 on R[z,y, 2] given by

03 XR[w7y?Z}d — R[xaywz]d
(9,.f) = fogh.
By fo g~ !, we mean the composition of the orthogonal transformation ¢—': R? — R? with the polynomial
function f: R?® — R, resulting in a different polynomial function that we denote by gf. Note that gf is again

homogeneous of degree d, so the above action is well-defined. As g~! = ¢, the polynomial gf is obtained
from f by applying the substitutions

T = g11% + g21y + 9312, Y = G122 + g22Y + G322, Z = g13T + g23Y + g33%2,

when g = (g;;) € Os is an orthogonal 3 x 3-matrix with entries g;;. The use of the inverse g~ (= ¢7)
instead of g in the above composition is only of notational importance, guaranteeing g1 (g2f) = (9192)f for
all g1, g2 € Os.

A counting argument shows that there are N := (d;rz) = 3(d+ 2)(d + 1) monomials z'y’ 2" of degree d, so
formally, R[z,y, z]4 is an N-dimensional vector space over R. In order to stress this point of view, we shall
denote

Vd = R[l‘,y, Z]d

and, accordingly, we shall from now on typically denote elements of V;; by letters like v or w. The monomials
{2%yi2* | i + j 4+ k = d} form a basis for this vector space. But alternative bases will prove useful in this

paper.

As g(v+w) = gv+ gw and g(Av) = A(gv) holds for all g € O3, v,w € V; and A € R, the action of O3 on Vy
is a linear group action. If we fix a basis for Vj, there is polynomial map from O3 to the group of invertible
N x N matrices that describes the action of O3 on Vj in this basis.

Example 2.1 (The action on quadratic forms). We show the matrix that provides the transformation by
g= (gij)lgi,jgs € O3z on V5 in two different bases, starting with the monomial basis.
If
f = as00 2% + a110 2y + ao20 y* + a101 ¥z + ao11 Yz + agoz 2>
and
gf = baoo &° + b110 TY + bozo ¥ + bro1 T + bo11 ¥z + booz 27,

then the relation between the coefficients of f and gf is given by the matricial equality:

b200 g1 g11912 G35 g11913 912913 gis a200
bi1o 2g21911 921912 + 911922 2g22912  ¢21913 + g11923  G22913 + 912923 2923913 aiio
bo2o | 951 g21922 932 921923 922923 953 @020
bior | | 2931911 931912 + 911932 2932912 g31913 + 911933 32913 + g12933 2933913 aio1
bo11 2931921 g31g22 + g21932  2g32922  §31923 + g21933 23932 + 922933 2933923 aoit
boo2 9§1 931932 ggz 931933 932933 g;‘fg @002

Let us denote by R(g) the matrix in the above equality.
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Alternatively the set of polynomials {z? + y2 + 22, yz, zx, zy, y? — 22, 2% — 22} forms a basis for V5. Let P
be the matrix of change of basis, i.e.

2 2

(a:2+y2+22 Yz Zxr TY y2—z z —332):(x2 Ty y2

zr Yz z2) P
If

f=a(@® +y* + 23 +agyz +az zx + ag vy + a5 (y* — 22) + a6 (2* — %)
and

gf =by (;162—i—y2 +22)—|—b2yz+b3zgc+b4my+b5(y2 —22)+b6 (22 —$2),
then the vector of coefficients b = (b ... bG)T is related to the vector of coefficients a = (a1 ... aG)T
by the matricial equality: . 5

b= R(g)a, where R(g) =P 'R(g)P

Using that g € Og, one can compute that

1 0 0 0 0 0

0 g23932 + 922933 931923 + g21933  g31922 + g21932 2932922 — 2933923 2g33923 — 2931921
R(g) _ 0  g32913 + 912933 g31913 + 911933 931912 + g11932 2932912 — 2933913 2933913 — 2931911

0 22913 + 912923  g21913 + g11923  G21912 + g11g22 2g22912 — 2923913 2923913 — 2921911

0 922923 921923 921922 G52 — 933 933 — 9o

0 gs2gss + 922023 g31933 + 921923 gs19s2 + o192z Goo + G2 — g3 — G33  Uas3 + 933 — 951 — a1

Hence the linear spaces generated by z2 + 32 + 22, on one hand, and by {yz, 2z, Ty, Y2 — 22, 2% — a:Q}, on

the other hand, are both invariant under the linear action of O3 on V5.

As we shall see in Section the quadratic polynomial 22 + y2 + 22 € V5 also plays a special role in the
action of O3z on V, for d > 2 due to the property that it is fixed by the action of Og.

2.2. Rational invariants and algorithmic problems. We denote by R(V;) the set of rational functions
p: Vg --» R on the vector space V. Explicitly, if we denote elements of Vy as
Z Qijk 'y’ 2",
i+jt+k=d
then
is the field of rational expressions (i.e. quotients of polynomial expressions) in the variables a;j.

The explicit description of elements in R(V;) as expressions in the variables a;;; however reflects the choice of
the monomial basis {z'y/2* | i +j+k = d} for V. Later on, we will work with a different basis for V giving
rise to an alternative presentations of elements in R(V;). We will therefore mostly avoid the description of
R(Vy) as in in the following discussions.

When working with rational functions p = z—; € R(Vy) (where p1,po: V4 — R are polynomial functions and
p2 Z 0), there is always an issue of division by zero: The function p = 2 is only defined defined on a general
point, namely, on the set {v € V| po(v) # 0}. To keep this in mind, the rational function is denoted by a
dashed arrow p: Vy --» R. Similarly, the equalities we shall write have to be understood wherever they are
defined, i.e. where all denominators involved are non-zero.

More generally, it is said that a statement P about points v € V' in a given R-vector space V (e.g. V = V)
holds for a general point if there exists a non-zero polynomial function pyo: V' — R such that P holds for
all points v € V' where py(v) # 0.

The set of rational invariants for the action of O3 on Vj is defined as
R(Va)?® == {p € R(Va) | p(v) = p(gv) Vv € V4, g € Os}.

For any d there exists a finite set {py,...,pm} C R(Vy)©? of rational invariants which generate R(V;)©¢ as a
field extension of R. This means that any other rational invariant ¢ € R(V4)©? can be written as a rational



P. Gorlach, E. Hubert and T. Papadopoulo

expression in terms of py,...,p,. We call such a finite set {p1,...,pm} a generating set of rational
invariants.

In contrast to the ring of polynomial invariants, the fact that the field of rational invariants is finitely
generated is just an instance of the elementary algebraic fact: Any subfield of a finitely generated field
is again finitely generated (see for example [[sa09, Theorem 24.9]). A lower bound for the cardinality
of a generating set of rational invariants is given by the following result, implied by [VP94, Corollary of
Theorem 2.3]:

Theorem 2.2. For d > 2, any generating set of rational invariants for the action of O3 on Vy consists of
at least dim Vg — dim O3 = (df) — 3 elements.

An important characterization of rational invariants is given by the following theorem, for which we refer to
[VP94, Lemma 2.1, Theorem 2.3] or [Ros56].

Theorem 2.3. Rational invariants py,...,pm € R(Vy)9® form a generating set if and only if for general
points v, w € Vy the following holds:

w = gv for some g € O3 & p;(v) =p;(w) Vi € {1,...,m}.

In this article, we explicitly construct a generating set of rational invariants for the action of O3 on Va4, i.e.
even degree forms, whose cardinality attains the lower bound indicated in Theorem [2.2] The results appear
in Corollary [£.4] for V; and in Corollary for Vaq, d > 2.

Theorem [2.3] gives a crucial justification for approaching Question [I.I] with rational invariants. It further
addresses Question [I.2]of how to encode even degree polynomials up to orthogonal transformations: We may
encode a general point v € Va4 as the m-tuple (p1(v),...,pm(v)) € R™. Then the m-tuples of v € V24 and
w € Vaq are equal if and only if v and w are equivalent under the action of Os.

Associated with this approach are the following main Algorithmic Problems:

1. Characterization: Determine a set of generating rational invariants pi, ..., pm, € R(Vagq)03.
2. Evaluation: Evaluate p;(v),...,pm(v) for a given (general) point v € Va4 in an efficient and robust way.
3. Rewriting: Given a rational invariant ¢ € R(V24)9%, express ¢ as a rational expression in terms of

P1,---sPm-
4. Reconstruction: Which m-tuples = (u1, ..., ) € R™ lie in the image of the map

7w Vog -+ R™, v (p1(v),...,pm(v))?

If 1 lies in the image of 7, find a representative v € Va4 such that w(v) = p.

General algorithms for computing a generating set of rational invariants based on Grobner basis algorithms
exist [HKOT7al], [DK15, Section 4.10], but the complexity increases drastically with the dimension of Vag,
which in turn grows quadratically in d. Already for 2d = 4, these general methods are far from a feasible
computation. Furthermore, these algorithms typically do not produce a minimal generating set. In this
article we shall demonstrate the efficiency of a more structural approach for describing a generating set of
rational invariants with minimal cardinality. How to address the algorithmic challenges 2-4 will become
more apparent from our construction of the generating rational invariants, and we will examine them in
detail in Section [6l

The field of rational invariants R(V54)9% is the quotient field of the ring of polynomial invariants R[V54]9?
[VP94, Theorem 3.3]; Any rational invariant can be written as the quotient of two polynomial invariants.
Yet determining a generating set of polynomial invariants is a somewhat more arduous task. In [OKAT1T] the
author determined a minimal set of generating polynomial invariants for the action of O3 on H4 ®2Ho P 2H,,
the space of the elasticity tensor. We can extract from this basis a set of 64 polynomial invariants that
generate R[V,]92. These invariants are computed thanks to Gordan’s algorithm [GY10, [OIil6] after the
problem is reduced to the action of SL(2,C) on binary forms through Cartan’s map. One has to observe
though that polynomial invariants separate the real orbits of Os [Sch0ll, Proposition 2.3], while rational
invariants will only separate general orbits (Theorem [2.3)).
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2.3. Harmonic Decomposition. In the study of the action of O3 on Vy, the Harmonic Decomposition plays
a central role. We start out by collecting some basic facts about the apolar inner product and harmonic
polynomials.

Definition 2.4. The apolar inner product {-,-)q: VaxVy — R is defined as follows: Ifv =
Vg and w = Zijk bijraiyi 2k € Vy, we define

<’U, w)d = Z ’L'j'k" aijkbijk..
.5,k

ol d ok
ijk QigkT Y’ 2 S

The apolar inner product arises naturally as follows: Identifying V; = Rz, y, z]4 with the space of symmetric
tensors Sym®(R3)* = Sym® (1), it is (up to a rescaling constant) the inner product inherited from V% via
the embedding Sym?(V;) < V4. Here, the inner product on V;2? is induced by the standard inner product
on V1 = (RB)*

Since the group Oj preserves the standard inner product on Vi, this viewpoint leads to the following fact.
Proposition 2.5. The apolar inner product is preserved by the group action of Os, i.e. if v,w € Vg and

g € Oz, then (gv, gw)q = (v, w)q.

Another intrinsic formulation of the apolar product [Veg00] is given as follows: For a polynomial function
f(z,y,2z) € Rlz,y, 2]q, let f(I) be the differential operator obtained from f by replacing x,y, z respectively
9_ 9 QOne then checks that for fi, fo € Rz, y, z]4 the apolar inner product is given by

by 520 oy 02
(f1, f2)a = f1(0)(f2) = f2(0)(f1).

With this viewpoint, Proposition follows by observing that (gfi, f2)a = (f1,g" f2)q holds for all group
elements g.

From now on, we denote

qi=2>+y*+ 22 V.
This q € V5 plays a special role as it is fixed by the action of O3: gq = q for all g € Os.
Definition 2.6. For any d > 2, we consider the inclusion of vector spaces

Voo —=Vy, ve—=q-o.
and its image qVy_o C Vy, which is given by those polynomials in Vy = R|x,y, z]q that are divisible by q.
We define the subspace Hq C Vy of harmonic polynomials of degree d to be the orthogonal complement of
qVg—o C Vg with respect to the apolar inner product on Vy.
An immediate consequence of the invariance of q and Proposition [2.5] is the following observation.
Proposition 2.7. Let g € O3 and v € V. Then the following holds:

(i) If v € qVy_o C V4, then also gv € qVg_s.
(i) If v € Hq, then also gv € Hy.

Harmonic functions are typically introduced as the functions f such that A(f) = 0, where A is the Laplacian
operator, i.e. A = g; + 2—22 + g—;, [ABRO1]. We can see that this is equivalent to Deﬁnition as follows:
Understanding the apolar inner product via differential operators as described above, we have

<f1f3af2>d = <f1a f3(a)(f2)>k for all fl € R[x?yvz]ka f2 € R[xvy7z]d7f3 € R[x7y,z]d*k'

In particular, (f1,qf2)a = (A(f1), f2)a—2 holds for all f1 € Rz, y, 2]4, f2 € Rz, y, 2]4—2, so that f; € Hgy if
and only if A(f1) =0.

So far, all formulations have been made for arbitrary degree d. However, we are ultimately interested in the
case of even degree only. We therefore will from now on and for the remainder of the article only consider
the case of degree 2d.
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By Deﬁnition@ there is an orthogonal decomposition Voq = Hoq®qVaq—2. For d > 2 we can also decompose
Vad—o in this manner, so we may iterate this decomposition which leads to the following observation, [ABRO1],
Theorem 5.7].

Theorem 2.8 (Harmonic Decomposition). For d > 2 there is a decomposition
Vaqg = Hoa ® qHoa—2 ® Q*Hoa—s -+ ® q" > Hy ® q¥ V2,
i.e. each v € Voq can uniquely be written as a sum
v = hog + qhaa—z + @ haa—s + ... + q*hy + qT
where hoy, € Hop and v’ € V.

We mention at this point that it would be possible to refine Theorem 2.8 by further decomposing Vo =
Hs @ Rq, but this is not beneficial for our purpose.

Even though Voq = Hag ® qVaq—2 is a decomposition into orthogonal subspaces with respect to the apolar
inner product, we wish to highlight that the decomposition in Theorem[2:8]is not an orthogonal decomposition
if 2d > 4. This is due to the fact that in general (v, w)aq_2 # (qQU,qw)aq for v,w € Vag_o. On the other
hand, it remains true that each of the subspaces in the Harmonic Decomposition is preserved under every
element g of O3 as in Proposition [2.7]

Different bases for the vector spaces Hog C Voq of harmonic polynomials are used in applications. A frequent
choice in practice is the basis of spherical harmonics [AH12] which are usually given as functions in spherical
coordinates. In Section 5] we shall construct another basis for Ho4 that exhibits certain symmetries with
respect to the group of signed permutations.

3. THE SLICE METHOD

Our aim is to determine a generating set of rational invariants for the linear action of the orthogonal group
O3 on the vector spaces Vo4 of even degree ternary forms. The group Og is infinite and of dimension 3 as an
algebraic group. We reduce the problem to the simpler question of determining rational invariants for the
linear action of a finite group B3 (contained in O3 as a subgroup) on a subspace Agg of Vay.

3.1. The Slice Lemma. We now introduce the general technique for the reduction mentioned above, called
the slice method. For the formulation, we abstract from our specific setting: We consider a linear action of
an algebraic group G on a finite-dimensional R-vector space V', denoted

GxV =V, (g,v)—gv.

In our particular case, we have G = O3 and V = V54, and the action is defined in Section We denote
by R(V) the field of rational functions and by R(V)© the finitely generated subfield of rational invariants,
as introduced already for V' = V54 and G = Os.

The main technique for the announced reduction is known as the Slice Method [CTS07, Section 3.1]. It is
based on the following definition.

Definition 3.1. Consider a linear group action of an algebraic group G on a finite-dimensional R-vector
space V. A subspace A C'V is called a slice for the group action, and the subgroup

Bi={geG|gsecAVse A} CG

is called its stabilizer, if the following two properties hold:

(i) For a general point v € V there exists g € G such that gv € A.
(i) For a general point s € A the following holds: If g € G is such that gs € A, then g € B.

The Slice Lemma then states that rational invariants of the action of G on V' are in one-to-one correspondence
with rational invariants of the smaller group B C G on the slice A C V:

10 July 31, 2017
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Theorem 3.2 (Slice Lemma). Let A be a slice of a linear action of an algebraic group G on a finite-
dimensional R-vector space V , and let B be its stabilizer. Then there is a field isomorphism over R between
rational invariants

0 R(V)S S RA)E, pespl,y,

which restricts a rational invariant p: V --» R to p|,: A --» R.

This observation goes back to [Ses62], and we refer to [CTS07, Theorem 3.1] for a proof. Explicitly, the
inverse to o: R(V)“ =N R(A)B is given by
o R(A)P = R(V)E,
q— (V --+ R, v q(gv), where g € G such that gv € A).

We will apply Theorem for G = O3, V = V5, and a suitable choice for the slice A. The consequence of
Theorem [3.2] for the construction of a generating set of rational invariants is the following.

Corollary 3.3. Let A be a slice of a linear action of an algebraic group G on a finite-dimensional R-vector
space V, and let B be its stabilizer. If T = {p1,...,pm} is a generating set of rational invariants for the
action of B on A, then J:= {0 1 (p1),...,0 1 (pm)} is a generating set of rational invariants for the action
of G on V' (where g is given as above).

Proof. Let py € R(V)G. By assumption, o(py) € R(A)® can be written as a rational expression in the
generators pi,...,p,. Since o is a field isomorphism, py = 07 1(0(po)) is the same rational expression in

o (p1)s -y 07 (pm)- 0

A corresponding statement for polynomial invariants requires much stronger hypotheses on the slice. In
particular, even if the generating set for R(A)® consists of polynomial expressions pi,...,pm € R[A]E, the
construction described above typically introduces denominators, so that o='(p1),...,0 *(pm) € R(V)¢
become rational expressions.

3.2. A slice for V54. We now describe a slice Aog C Vaq for the action of Oz on Voy for any d > 1.

We recall from Section the description of the action of O3 on V5: Elements of V5 are ternary quadratic
forms and they can be identified with symmetric 3 x 3-matrices as in (|1.3). If the associated symmetric
matrix of v € V5 is A, then for any g € O3 C R3*3, the associated symmetric matrix of gv € V5 is the matrix
product gAg”.
Definition 3.4. Let Ao C V5 denote the subspace of quadratic forms whose associated symmetric matriz is
diagonal. Explicitly,

Aoy = {\z® + Xy + X322 € Vo | A1, A2, A3 € R}
For d > 2 we consider the Harmonic Decomposition of Vag from Theorem and define Aoy C Vaq to be the
subspace

Aog i= Hoqg @ qHog—o - ®q¥*Hy ® ¢ As.

In other words, elements of the subspace Aoy are those v € Vo4 that can be written as

v = hag + qhog—2 + q*hog_a + ... +q2hy + gt

/

with hop € Hor and v/ € As a quadratic form whose associated symmetric matrix is diagonal. The main
observation is now the following:

Proposition 3.5. Let d > 1. The subspace Aog C Vaq is a slice for the action of O3 on Vog and its stabilizer
is the group Bs C O3z of signed permutation matrices. In particular, there is a one-to-one correspondence
between rational invariants

0: R(V2q)?® S5 R(Agq)P?

given by the restriction of rational functions.

11
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We recall that a signed permutation matriz is a matrix for which each row and each column contain only
one non-zero entry and this entry is either 1 or -1. Below we will remark on further structural descriptions
of the group Bj.

Proof of Proposition[3.5. The second statement is a consequence of the first statement by Theorem
Let
v = haa + qhza—z + @®hag—a + ...+ q*Phy + ¢

be the Harmonic Decomposition of an element v € Vay and let A € R3*3 be the symmetric matrix associated
to the quadratic form v’ € V5. By the Spectral Theorem for symmetric matrices, there exists an orthogonal
matrix g € O3 C R3*3 such that gAg”T is a diagonal matrix (whose diagonal entries are the eigenvalues of
A). Since gAgT is the associated symmetric matrix of gv’ € V5, this means that

gv = (gh2a) + a(ghaa—2) + a*(ghoa—1) + ... + 4" *(gha) + a?"} (gv")
is contained in Agy. This verifies property (i) of Definition for Aoy C Vay.

Note that an orthogonal matrix g € Og is an element of the stabilizer B := {g € O3 | gv € Agq Yv € Aoy} if
and only if the matrix product g diag(\1, A2, A3)g” is again a diagonal matrix for all values of A;, A2, A3 € R.
This means that the rows of the matrix g are orthonormal eigenvectors of diag(\1, A2, A3) for all values
of A1, A2, 3 € R. In particular, this holds when A1, A3, A3 € R are distinct, in which case the only unit
eigenvectors are d-e; (where e, ea, €3 is the standard basis of R3). Hence, g is a signed permutation matrix.
This establishes the description of the stabilizer B = Bg.

Similarly, to verify property (ii) of Definition we only need to show: If g € Og is such that for a general
point (A1, A2, A3) € R? the matrix product gdiag(\1, A2, A\3)g” is a diagonal matrix, then g € Bs. Indeed,
we have just seen that this property holds whenever A1, Ao, A3 € R are distinct values, i.e. wherever the
polynomial function

R?® = R, (A1, Ao, Az) = (A1 — A2) (A2 — A3) (A3 — Ap)

does not vanish. O

We note that in the proof we verified property (i) of Definition for all v € Vaq, while for property (ii) we
had to make use of the notion of a general point.

Above, we introduced the group Bs C Og of signed permutation matrices. This is a finite group with
23 . 3! = 48 elements and is known as the hyperoctahedral group or as the wreath product G, &3, i.e. as the
semidirect product of the symmetric group &3 with the abelian group {1, —1}3. For an explicit description,
we introduce the following notation.

Notation 3.6. For 0 € ©3 we denote by g, € O3 the permutation matrix such that

aq Ag—1(1)
Jo | Q2 | = | Cs-1(2)
(6%} Ag—1(3)
For 7 = (71, 72,73) € {1, —1}3 we write g, = diag(m1,72,73) € O3 and we will call these matrices sign-

change matrices.

Then Bj is the smallest subgroup of O3 containing all permutation matrices and all sign-change matrices:
Each signed permutation matrix g € Bz can uniquely be written as g = grg, with 7 € {1, —1}37 o € Gs.
Indeed, 7; must be 1 or —1 corresponding to the sign of the unique non-zero entry in the i-th row of the
matrix g. For this 7, the matrix g, := g7 'g is a permutation matrix. Analogously, we can also write each
g € B3 uniquely as g = g,g, with 7’ € {1, —1}3, o € G3. However, 7/ # 7 in general.
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3.3. Illustration on quadratic forms. We illustrate the Slice Method on the well-known case of quadratic
forms: The slice Ay C V5 is given as

Ay = {)\11‘2 + )\21/2 + )\323 | A1, Ao, A3 € R}

By Theorem the field of rational Os-invariants on V5 is isomorphic to the field of rational Bz-invariants
on Ag.

We observe that sign-change matrices in Bs act trivially on As, so
R(A2)% = R(A2)%% = R(A1, Az, Ag) 2,

where the symmetric group &3 C Bs acts by permuting A1, A2, A3 (which we view as coordinates on As). By
the Fundamental Theorem of symmetric polynomials, we can thus choose the set of elementary symmetric
polynomials

7 = {/\1 4+ Ao 4+ A3, At Ao + Aoz + Az, )\1)\2/\3}

as a generating set of rational invariants for R(A5)B3. By Corollary there exist unique rational Ogs-
invariants J C R(V3)©% on V3 restricting to these invariants on the subspace As, and they form a generating
set for R(V5)93. By uniqueness, the generating set J consists up to scalars precisely of the polynomial
invariants ey, es, e3 € R[V3]9% described in , arising as the coeflicients of the characteristic polynomial
of the symmetric matrix corresponding to a quadratic form.

In this case, one can in fact show that [ even generates the ring of polynomial invariants R[Vz]93. This will
however no longer be true for our construction of generating rational invariants in higher degree. Furthermore,
the construction of Bs-invariants on the slice will be more involved, especially because the sign-change
matrices in B3 no longer act trivially on Agy for d > 2.

4. INVARIANTS OF TERNARY QUARTICS

In this section we implicitly describe a generating set of rational invariants of minimal cardinality for ternary
quartics under the action of Og, i.e. for the case 2d = 4. Following the approach of Section [3.1] this set of
rational invariants is uniquely determined by a set of rational invariants for the action of Bz on the slice
A4. The first step is to construct an appropriate basis of A4 that is equivariant. In this basis, a minimal
generating set of Bs-invariants takes a particularly compact form, and can be chosen to consist of polynomial
invariants.

We provide an additional (near minimal) generating set of R(A4)5? that extends the invariants for quadratic
forms. For both choices of generating invariants, we make explicit how to write any other invariant in terms
of these, following [HKQTa].

The construction of this section serves as a model for invariants of ternary forms in higher degree 2d > 4
which are treated in Section [l

4.1. A Bs-equivariant basis for harmonic quartics. In order to construct Bs-invariants on the vector
space Ay = H4 ® qAs, we introduce a basis of H,4 that exhibits certain symmetries with respect to Bs. In
Section [b| we show how to construct bases of Hoy with analogous symmetry properties for arbitrary d > 2.

Proposition 4.1. The following nine ternary quartics form a basis for the R-vector space Hy:

4 2 2 4 .3 3 . 2 3 3
rii=y —6y“z°+ 25, s :=y’z—yz’, t:=6x"yz—y’z—yz",
ro i= 24—622x2+x4, S9 1= zgx—zx?’, to = 6y2zx—23x—zx3,

ry = zt — 69c2y2 + y4, S3 1= x?’y — xy3, ts = 622xy . x3y — xy?’.

13
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FI1GURE 4.1. Harmonic quartics

The group Bz C Oz acts on Hy with respect to this basis as follows: For o € &3 and T € {1,—1}3, the
corresponding permutation and sign-change matrices g, and g act by

JoTi = To(i)s Jo5i = 5gN(0)84(1), Joti = to(s),
T1T27T3 T1T2T3
grTi = T4, grSi = Siy g'rtz - tz
Ti Ti

Figure [£.I] illustrates this basis of H4 as explained in Section [I.1} similar to Figure[I.1] Here, different colors
within one picture correspond to different signs of the harmonic polynomial at corresponding points.

Proof. One can first check that the polynomials r;, s;,t; (1 < i < 3) are in the kernel of the Laplacian
operator A = g—; + g—;z + g—;. As H,4 is a 9-dimensional R-vector space, it suffices to check that all r;, s;, ¢;
(1 <4 < 3) are linearly independent. This easily follows from examining the monomials occurring in their
expressions.

Note that a permutation matrix in B3 acts by applying the corresponding permutation to the variables z,
Y, z, and a sign-change matrix acts by replacing some of the variables x, y, z by their negatives. The claim
about the action of Bs is then read off the formulas for the basis elements. O

A polynomial v in Ay = qAs @ H4 can thus be written as

3 3
(4.1) v= (P + 57+ 25D N+ (uri + Bisi + viti)-
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We introduce the vector of coefficients A = ()q Ao )\3)T and similarly «, 8 and . Then Proposition
shows: For o € Gg, if g,v has coefficients ()\,&,B,’y), then

goct, B =sen(0)goB, 7= go7-
For 7 € {1, —1}37 if g,v is determined by (Xd,B,ﬁ), then
A=), a=cqa, [=det(g,)g.0, 7=det(g:)g,7.

X=goA, @

4.2. Bs-invariants on the slice. The rational invariants of B3 on A4 can be obtained computationally by
applying the general algorithm for generating sets of rational invariants presented in [HK07a]. The results
obtained with this approach allow to suspect nice structures, when the basis of Proposition is used. We
accordingly present generating sets of invariants as the results of the composition of equivariant maps. We
first present a minimal generating set, which consists of 12 algebraically independent polynomials, and then
a generating set that consist of 13 rational invariants, including the invariants for A,.

Lemma 4.2. The maps Wi, Wa: Ay — R3*3 and W3, Wy: Ay — R3 whose values at v as in are
respectively given by

1N )\% 1 ’Y% ’Yil B171[A] Bim [72}
Wiw)=[1 X2 A5|, Waw)=(1 % ], Ws(v)=|pB27}] and  Wy4(v) = | B2y2[] |,
1 A3 A3 1 7 B3y3[A] Bsvs[v?]

where
A== (A= A2) (A2 = A3) (A3 = A1) =det Wi(v)  and [ := (4] —23) (%2 — 73) (73 — 1) = det Wa(v),
are equivariant in the sense that W;(g,v) = g, W;(v) and W;(g,v) = W, (v).

Proof. This is a direct consequence of the discussion in Section of the action of B3 on the basis of
Proposition O

It follows that the entries of W' W, for 4, € {1,2,3,4}, and of W;IWj, for i € {1,2} and j € {1,2,3,4},
are rational invariants on A4. With this mechanism, we provide a generating set of invariants of minimal
cardinality.

Theorem 4.3. A generating set of rational invariants for R(A4)B? is given by the 12 polynomial functions
Ty = {4;,a;,b,¢; | 1 < i <3}, whose values at v as in are given by

c1(v) =97 +93 + 73,

c2(v) = 117273,

c3(v) =7 + 72 + 75,

and the entries of the 3 x 3 matriz

61(’0) al(v) bl(’U) 1 1 1 )\1 (6751 51’)/1[’)/2]

l(v) ag(v) ba(v) | =127 % || A a2 Bor[y?

3(v) az(v) bs(v) o ) \Xs as B3y
where [y*] := (7§ —93) (%3 —3) (73 — 1)

Proof. We first observe that the polynomials ¢;,a;,b; € R[A4] are the entries of the matrix WI (v)W (v),
where Wy was introduced in Lemma and W: Ay — R3%3 ig given by

Mooar fim[yY
W)= (X2 ax Bara[r?]
A3 az Bas[y’]
With Lemma one easily checks that W is equivariant in the sense that W(ov) = g, W (v) and W (7v) =
W (v). Hence the entries of W1 (v)W (v) are invariants. It is also straightforward to check that c1,cq,c3 €
R[A4] are polynomial invariants.

15
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We now show in three steps that any rational invariant can be written as a rational expression in terms of
C;, &, a;, bi, for i € {1, 2, 3}

Step 1: Reducing the problem to rewriting invariant polynomials.

For a finite group, the field of rational invariants is the quotient field of the ring of invariants [VP94, Theorem
3.3]. That means that for any rational invariant p € R(A4)52 there exist p;, po € R[A4]B? such that p = 5—;.
We are thus left to show that any polynomial invariant can be written as a rational expression of ¢;,a;, b;, ¢;,
for i € {1,2,3}.

Step 2: If p € R[A4]B* is an invariant whose value at v as in is given by a polynomial expression in
Y1, Y2, Y3 only, then p can be written polynomially in terms of c1,ca,C3.

First, we consider the monomials Wﬁg'yéf of the polynomial expression p. By Proposition a sign-change
matrix g, = diag(i, 72, 73) € B3 acts on g by replacing yiy37% by
ek ian i i
7 g,
so p can only be invariant with respect to all sign-change matrices if for all its monomials 7{7§7§, the
numbers ¢ + j, i + k and j 4+ k are even numbers, i.e. i = j = k (mod 2). In particular, we can write p as a
polynomial in

Co =T1Y2Y3, 01:=7%, O2:=13, O03:=13.

If g» € B3 is a permutation matrix, then g, acts according to Proposition on p by replacing d; by
0y, Therefore, p is a symmetric polynomial expression in the three variables 41, d2, d3. By the Fundamental
Theorem of symmetric functions, p can therefore be written as a polynomial expression in the three symmetric
power sum polynomials

01+ 02 + 03 = c1,
67 + 05 4+ 62 = c3 and

3 1
63 + 05 + 03 = €168 = icf + 3c3.

With this, we have expressed p as a polynomial expression in terms of ¢y, co, c3.

Step 3: If p € R[A4)B* is a polynomial expression in \,«a, 3,7, then p can be written as a rational expression
in the invariants £,a,b,c.

We have

AMoar Bim l1(v) ai(v) bi(v)
Aoz Bae[y?] | = W3 (v) [ L2(v) ax(v) ba(v) ],
Az as B33y l3(v) az(v) bs(v)

where W (v) is a matrix that only involves the variables 71,2, v3. With this, we can replace each occurrence
of A\;, o, B; for i € {1,2,3}, by a linear combination of 4;, a;, b; with coefficients that are rational expressions
in v1,72,73. Hence, p is written as a polynomial in ¢;,a;,b; with coefficients that are rational expressions
in vy, Y2,7v3. Since the ¢;,a;,b; are algebraically independent, these rational expressions of 1,2, y3 must be
invariant. By Step 1 and 2 they can be written as rational expressions of cq, ca, c3. O

Except maybe for Step 1, the proof above shows how to rewrite any rational invariants in terms of the
minimal generating set. One could alternatively rely on a computational proof following [HK07al; that way
shows that rewriting a rational invariant in terms of this minimal generating set of invariants can be done
by applying the following rewrite rules to both the numerator and denominator. They indeed reflect a
(non-reduced) Grobner basis of the ideal of the generic orbit of the action.

A he) (03 =) e =5 15— (4
2 e (-3 -1 n-4H] ],
A3 O\ =i -7 B-71) \b
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o 1l (=) Y- B—%\ [
az | — = (i —13)1B7n s — ﬁi -7 | a2 |
a3 O\ =i M- i) \as
B (s 00 00 (=930 a0y 933 [
Bo) ———| 0 wm 0 (3 =¥ 7 - vi =7 [b2],
Bs 2\ 0 0 mye) \(¥E - - % -] \bs
1 1 1
m— g(cwm—vgw—wﬁ), Y2 — B = e s gl —dl), 5 — Sl —el)ri +erns+l,
where
. 212 2 2\2 2 2\2 2 2\2 1 3 1 6 4 4 5 2 2 2 2.3
co =" =M -2 0107 = 5% T % 27cy + cjeg — 7619 9cjcice + Sejey.

The field of rational functions R(A4) has transcendence degree dim A4 = 12 over R, and since Bg is a finite
group, the same is true for the field of invariants R(A4)B2. Therefore, the generating set Zy C R(A4)B? of
rational invariants specified in Theorem is of minimal cardinality. By Corollary and Proposition [3.5
there are 12 unique rational invariants in R(V})®% restricting to the Bs-invariants Z; on the subspace Ay,
and they form a generating set for R(V4)92. In particular, the cardinality of this generating set attains the
lower bound given in Theorem [2:2}

Corollary 4.4. There exists a generating set of dim Vy — dim O3 = 12 rational invariants J, C ]R(V4)O3
restricting to the invariants T, C R[A4}B3 on the subspace Ay C Vy specified in Theorem .

While the above generating set Jy C R(V4)9* (respectively, Z, C R(A4)B2) is minimal, we observe that it
does not directly contain the three invariants for quadratic forms from Section which can be considered
as invariants on Vj via the decomposition V3 = Hy @ qVa (respectively on Ay via Ay = Hq @ qAa). We
therefore now introduce an alternative, non-minimal, generating set of rational Bs-invariants on A4, such
that a generating set of invariants of B3 on As is obtained by restriction. We also make explicit how to
rewrite any other invariants in terms of these.

Theorem 4.5. A generating set of rational invariants for R A4)B% is given by the 13 rational functions
l;,a;,b;, ¢, fori € {1,2,3}, and & whose values at p as in are given by
¢o(v) = 117273,
) =M+ X+ A3, L) = A2+ A2+ 02 O3(v) = AT+ A5+ A3,

and the entries of the 3 X 3 matrix

a(v) Di(v) &) Lo A\ 7 (e B o

fa(v) ba(v) Ev) | =1 X2 A ay  Bava[N] 73

as(v) bs(v) &(v) 1 X A2 oz Bsys[A] 73
where [)\] = ()\1 — /\2)(/\2 — )\3)()\3 — )\1)

Let
~ ~ 1- S 4 - . ) = = 1
lo = (M1 = A2)? (A = A3)? (A3 — M)? = 2525411 - gg? + 603020, — 5533‘;’ - ;*gﬁ — 305 + 5%-

Then any rational invariant p = po/p1 € R(A4)B3 can be written in terms of the above generating set by
applying the following rewrite rules to both the numerator pg and the denominator py:

(65) 1 )\1 )\% 51

(0%)] — |1 )\2 )\% ag s

Qs 1 )\3 )\% 53
fe31 N (7208 0 0 L A AT\ (b
/82 — —= 0 Y3Y1 0 1 /\2 )\% b2 s
B3 Gt \ o 0 v/ \1 A3 A3/ \bs

Y17Y2¥3 — Co,

17
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V3 1 A M (& Y273 1 71 (€1 4 A2C2 + A3E3) (€1 + A3C2 + A333)

’Y% — [ 1 Ao )\% ¢ |, "Ys | — — ’}/2(61 + MG + )\%63)(61 + A3Co + )\%63) R

e 1 X3 A3/ \@ N2 0 \3(E1 + Aiéa + A283)(C1 + AaCa + A3¢3)
and finally

1 1 1 1 1 1
A1 — gl—)\g—)\%)\% — 51)\2-1-51)\3—)\3/\2—)\%-‘1-5@2—5@%,)\g — §£3+éf?—56251+§(52—€%)’}/3+€1’y§.

One observes that with this generating set the rewriting of a polynomial invariant only introduces powers of
¢o and £y as denominator. This result was first obtained by applying the construction in [HK07al, Theorem
2.16]. This latter theorem shows that the coefficients of the reduced Grobner basis of the generic orbit ideal
form a generating set and how to rewrite any other rational invariants in terms of these. The rewrite rules
given above can be recognized as a Grobner basis of the generic orbit ideal. We do not present the reduced
Grobner basis as it is rather cumbersome.

5. HARMONIC BASES WITH B3-SYMMETRIES AND INVARIANTS FOR HIGHER DEGREE

In this section, we extend the description of generating rational invariants for ternary quartics given in
Section [4] to ternary forms of arbitrary even degree. According to Section [3] the Og-invariants on Va4 are
uniquely determined by the Bs-invariants on Asg.

A crucial step in order to describe invariants of the Bs-action on Aoy consists in constructing a basis of the
vector space Haq exhibiting certain symmetries with respect to the group Bj of signed permutations. We
make precise what we mean by this in Section [5.1} and subsequently we give an explicit construction of such
a Bs-equivariant basis.

Because of the wide-range of applications that involve harmonic functions, this Bs-equivariant basis is of
independent interest. We therefore devote Section to an illustration of the constructed harmonic basis
and briefly discuss connections to other bases for Hog. We mention at this point that our construction of
Bs-equivariant bases for harmonic polynomials would work analogously for the case of odd degree Hogy1,
but with a view toward rational Bs-invariants on Ay, we restrict our treatment to the case of even degree

Hoq.

Finally, in Section [5.5] we deduce from the Bs-equivariant basis for Hoy a generating set of rational Bgs-
invariants on Asg, as a natural extension of Theorem [4.3

5.1. Bs-equivariant bases. We construct a basis Hog (d > 2) that essentially splits into subsets of three
polynomials that are obtained from one another by permutation of the variables. Each of these subsets spans
a Bs-invariant subspace and the action of B3 on this subspace is given by signed permutations on the subset.
We introduce the following notation to be more precise.

Definition 5.1. Let k € N and consider two maps (,£:{0,...,k—1} — {0,1}. An indexed set
{ui’j|1§i§3,0§j<k}Cng

of 3k elements of Vaq is called a Bs-equivariant subset of Vaq with respect to (,& (or, a ((,§)-
equivariant subset) if the action of By on this set is given as follows: For o € &3 and 7 € {1, —1}3,
the permutation and sign-change matrices g, and g act by

Vi,j: o geuiy =sgn(o0) D u,py;  and gr“m'=<

Our aim is to find a Bs-equivariant basis for the vector space Hoq for arbitrary d > 2, similar to Proposi-
tion in the case of Hy. For d # 2 (mod 3), however, we need to slightly relax this aim, and instead of
a basis, we shall determine a Bs-equivariant spanning set of the vector space Hog together with the linear
relationships satisfied.

18 July 31, 2017



Rational invariants of ternary forms

Theorem 5.2. Let d > 2 and let k := [%] Then there exist 3k harmonic polynomials u; ; € Haq for
1€{1,2,3},5 €{0,...,k — 1} forming a (¢, §)-equivariant set for some maps ¢,&: {0,...,k —1} — {0, 1},
such that:

(i) The harmonic polynomials u; ; € Haq fori € {1,2,3}, 7 € {0,...,k — 1} span the vector space Haq.
(ii) (a) If d =2 (mod 3), then the u,; ; form a basis of Haq.
(b) If d=1 (mod 3), then dim Hoq = 3k — 1 and the u; ; satisfy the linear relation
u1,0 +uz,0 + uzo = 0.
(c) If d =0 (mod 3), then dim Hoq = 3k — 2 and the u; ; satisfy the relations

U1,0 = U2,0 = U3,0-

s

We observe that Theorem generalizes Proposition [4.1f For 2d = 4, we have kK = 3 and the harmonic
polynomials u; o 1= r;, u;1 = s; and u; 2 :=¢t; (1 € {1,2,3}) form a basis of Hay satisfying the assertions of

Theorem [5.2] for
<(j):{1 if j =1, i g(j):{l if j e {1,2},

0 otherwise 0 otherwise.

We formulated Theorem as an existence result, but the crucial part for applications is the constructive
proof given below. We provide explicit closed formulas for the elements u; ;, in addition to algorithmic
constructions that appear as proofs.

5.2. Construction of Bs-equivariant harmonic bases. We prove Theorem by constructing a span-
ning set with the asserted properties.

For nonnegative integers i, j, k and r = i + j + k, we denote the multinomial coefficient

r . r!
i,5.k) " gkl

The following result is a simple characterization of harmonic polynomials.

Lemma 5.3. Let d > 2. A ternary form

2d P

i+j+k=2d
lies in Hoq if and only if Bivo j ik + Bij+2.k + Bijk+2 = 0 holds for all i, 5,k € N such that i+ j +k = 2d — 2.

Proof. Recall that Hoy is the orthogonal complement of qV54_2 in Vo4 with respect to the apolar product,
where q = 22412+ 22. Hence, v € Hag if and only if (v, qz'y? z¥) = 0 for all i, j, k such that i+j+k = 2d—2.
From

(a7 2K iyl Ry

k! ifi=4 =45 k=Fk
0 otherwise.
we see that
(v,qz'y?2") = (2d)! - (Biga,jk + Bijrok + Bijk+2),
so the claim follows. O

Lemma 5.4. Let d > 2 and 0 < ¢ < d. There ezists a harmonic polynomial 8y € Hog, unique up to scaling,
with the following properties:

(1) Each monomial of 0y is of even degree in each of the variables z, y and z.

(2) The highest degree in which the variable x occurs in 6, is 2¢.

(3) The monomial y?2%* (for j +k = d) does not occur in the expression 0, if |7 — k| < £.
(4) Permuting the variables y and z in the expression 0y gives (—1)=40,.

Then all monomials in Vagq of degree 2¢ in x and even degree in each y and z occur in 0.
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Proof. By Lemma [5.3] determining the expression
2d o
0, — iy 21,25 .2k
=2 (2@,2;‘,%)5*” vos

i+j+k=d
amounts to finding 5; j 1 € R for ¢,5,k > 0, ¢ + j + k = d such that

(1) Bix1,jk + Bij+1,k + Bijry1 =0forall i,k >0,i+j+k=d—1,

(11) ﬁivj:k =0ifi> E,

(iii) Be, .k # 0 for some j, k,

(iV) 51’,]’7!@ = (—1)d_eﬁi7k)j forall i+ j+ k =d,

(v)

From this, the coefficients §; ; x can be determined iteratively. Combining (v) with (i), one shows by induction
on 7 that

A% ﬁOJ,kZOif ‘_j—k| < /.

Moreover, (ii) imposes f; ; = 0 if ¢ > £. Then (i) implies that S¢ j41,6 = —Bejk+1 for all j,k > 0 with
(+j+k=d—1. Hence, Bejr = (—1)7Beo.a—e. Because of (iii), we may assume (after rescaling all 3; ; x)
that Bejx = (—1)7 forall j+k=d— .

If d — ¢ is even and s := %, we additionally have By_1 s st1 + Be—1,541,s + Bes,s = 0 by (i). From
Be,s,s = (—1)®, we conclude with (iv) that

(-1
(52) ﬁf*l,s,erl = ﬁf*l,erl,s = T (7£ 0)

At this stage we have determined all §; ; ; for i + j + k = d such that ¢ > £ or |j — k| < max{¢ —¢,2} and
they are compatible with (i)-(v) in the sense that all statements from (i)—(v) only involving those 3; ;1 are
satisfied. We now proceed to determine 3,_ ;i for K € N increasing from 1 to ¢, assuming that the values
Bi,jx for i > £ — K are already known and compatible with (i)—(v).

Recall that from (5.1]) and (5.2) we already know the values S;_x j r whenever |j — k| < max{K,2}. For
increasing values of |j — k|, we then iteratively obtain the values B;_x jx for j > k from the recursion

Be—K jt1.k = —Bo—(K-1),j,k — Be—K jk+1
and for k > j from the recursion
Be—K.jk+1 = —Be—(K—1).5k — B—K,j+1,k

(both resulting from (i)). This determines all By_k jx. Note that Be_x jr = (—1)*Be_kx; follows
iteratively from the assumption that property (iv) holds for all previously constructed f; ;. Hence, we
determined the unique values for 8,_k ;  such that the properties (i)—(v) are still preserved. This concludes
the construction. ]

Remark 5.5. We just saw an iterative construction of the coeflicients 3; ; , defining 6, in the proof above.
We now give an explicit formula: If d — ¢ is odd and s := d;gﬂ, then the values

Big = (1) @ _ j)

are easily checked to satisfy (i)—(v). Here, we employ for a,b € Z the convention

a\ a(afl).Al;!(aberl) if b > 0,
b) " ]o otherwise

(4) + (,¢,) and () = (=1)*(*"¢7"). On the other hand, if d — ¢ is even and
(T (P
= () e (P
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satisfy the desired properties. This gives an explicit closed formula for the harmonic polynomials 6,.

Similar to Lemma we also obtain the following result:

Lemma 5.6. Letd > 2 and 0 < { < d — 1. Then there exists a harmonic polynomial 1y € Hagq, unique up
to scaling, with the following properties:

(1) Each monomial of ng is of even degree in x and of odd degree in each of the variables y and z.
(2) The highest degree in which the variable x occurs in 1, is 2¢.

(3) The monomial y*+122*+1 (for j 4+ k = d — 1) does not occur in the expression 0 if |j — k| < £.
(4) Permuting the variables y and z in the expression gy gives (—1)=+1n,.

Then all monomials in Vaq of degree 2¢ in x and odd degree in each y and z occur in ng.

Proof. Writing
2d 2i, 2541 2k+1
mw= ( o )ﬂi,j,kl'lyj 27,
iithed—1 26,27+ 1,2k + 1
the coefficients 3; ; i for i+ j+k = d—1 have to meet the same conditions as before (replacing d by d—1), so
the construction is the same as before (and the corresponding explicit formulas from Remark apply). O

While the harmonic polynomials 6y, 1, are (anti-)symmetric with respect to the variables y and z, the
variable x plays a special role. We therefore now consider the expressions that arise from 6y, 7, by cyclically
permuting the variables z, y and z. For this, we consider the cycle ¢ = (123) € &3 and its associated
permutation matrix

0 0 1
g-=1(1 0 0] €Bs.
0 1 0

Lemma 5.7. Let d > 2 and consider ng,0; € Haq as in Lemmas[5.6 and[5.4 Then the harmonic polynomials

N0, 9eos 9210, My Gy oMy ooy Tde1, Gelld1, 92Nd—1,
907 90907 902'607 017 gcela 9391; LR} 97'; 9097" 9397

@J_

are linearly independent in Haq for r = L 3

Proof. The monomials in 6y, 9.0, g0, are of the form 2y 22* in 1, of the form x2'y?+122k+1 in g.ny of the
form %1y 22641 "and in g2ny of the form z%+1y2+122k Therefore, we can show the linear independence

of those families of harmonic polynomials separately.

The linear independence of 79,71, . ..,74—1 € Haq is a consequence of property (2) in Lemma The same
for geno, - - - gena—1 and for g2no, ..., g>na—1 follows directly.

To see that {gi~16, | 1 <4 < 3,0 < ¢ < r}isalinearly independent set, suppose that Z?Zl o QiegiT 0, =
0 for some ;¢ € R, not all equal to zero. Let s € {0,...,7} be maximal such that ;s # 0 for some
i € {1,2,3}. We may assume that a; s # 0. Note that s < r = Ldf‘implies that there exist integers
j,k > s such that j + k 4+ s = d. It follows from property (2) in Lemma that the coefficient of z25y27 22+
in the expression Zle ijo aiwggi’lﬁg is ay A1, where Ay # 0 is the coefficient of 2259?71 22% in @,. This
implies 27 | S7°_ ;.09i 0 # 0, contrary to the assumption. 0O

Lemma 5.8. Let d = 3kg + 1 for some kg > 1 and let g. € B3 and 0, as before. Then
eko + gcako + ggoko =0.
Proof. From Lemma we know that the set {g10, | 1 < i < 3,0 < ¢ < kg — 1} forms a basis for a

3ko-dimensional subspace W C Ha4. By properties (2) and (1) in Lemma all monomials occurring in
any g5 10, for 1 < i < 3,0 < £ < ko — 1 must be of the form 2?'y?22* with min{s,j,k} < ko — 1, so
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W is contained in the subspace U of Va4 spanned by the monomials of this form. Lemma [5.3] implies that
dimU NHog =d—1 = 3kg, soin fact W = U N Hag.

By properties (2) and (4) in Lemmawe have 0y, = Az2Foy2kot2,2ko _ \3:2koq2ko+2,2k0 4 4y for some u € U
and A € R. Therefore,
Oko + 9ebry + 20Ky = u+ geu + giu =:u' € U N Haq

and we can write v’ = Z?Zl Z]Zigl ai’ggf:_lw. Suppose for contradiction that not all «; , are zero and let

s € {0,...,ko — 1} be minimal such that a; s # 0 for some i € {1,2,3}. By symmetry, we may assume
aq s #(l

If d + s is even, then the monomial y occurs in ¢ with a non-zero coefficient u € R, but not in 6, for
¢ > s by property (3) in Lemma Observe also that the y-degree and the z-degree of this monomial are
both larger than 2kg, so y?t$297¢ is not contained as a monomial in any of the expressions g.0; or g6, for
¢ < kgy. Therefore, the monomial y?+52%=% occurs in v’ with the non-zero coefficient o, s/t, but not in 6, or
9eOr, or 920, , a contradiction.

d+szd—s

If d + s is odd, then s < kg — 2 and we consider the monomial y?+s+124=5=1  Ag before, this monomial does
not occur in @y for £ > s+ 1 or in any of the expressions g.0; or g6, for 0 < ¢ < kg. Hence, its coefficient in
u'is a1 sp + a 414’ = 0, where p, i/ # 0 are the coefficients of y4 51247571 in 0, and 0,1, respectively.
In the same way we can consider the monomial y?~*~124+s+1 which then gives —aq spt + a1 s414/ = 0 by
the (anti-)symmetry of 65 and 6,11 due to property (4) in Lemma From both equations we deduce
a1 s = 0, a contradiction. O

Proof of Theorem[5.34 We use the notations of the previous Lemmas and denote
d—2 4d +1
ko= | —— and k:= + =ko+d+ 1.
3 3
For i € {1,2,3} and j € {1,...,k — 1}, we define
9 Oy 5, it 1 <j < ko,
Uij = ; . .
! 9 ko1, ifko+1<j <k
Note that we have only defined u; ; for j > 1. Additionally, let
. i 10k, ifd=1or2 (mod 3),
YO Oky + 9eOk + 920k, ifd=0 (mod 3).

)

In the following, we show that these harmonic polynomials u; ; € Haq for i € {1,2,3}, j € {0,..., k} satisfy
the properties stated in Theorem if we define ¢,£:{0,...,k—1} — {0,1} as

C(j)::{o if d+ ko + j even, and f(j)z{

1 otherwise,

0 if0<j < ko,
1 ifhko+1<j<h

First, we check the (¢, £)-equivariance of the harmonic polynomials u; ;. The symmetric group &3 is generated
by the cycle ¢ = (123) together with the transposition ¢ = (23), so in order to show g,u; ; = sgn(a)g(j)ua(i)7j
for all o € &3, it suffices to check this for ¢ = ¢ and o = t. By definition of u; ; we have

gel,j = U245, GclU25 = U35, GclU3j = Ul,j,

i.e. geusj = ucgy,;- Note that sgn(c) = 1. Since g; acts by interchanging the variables y and z, it follows

from property (4) in Lemmas and that gyuy ; = (—1)*@uy ;. Indeed, for j > 1 or d # 0 (mod 3),

this is immediate from the definition of u j, while for j = 0 and d = 0 (mod 3), it follows after using the

identities g;g. = g2g: and g;g> = g.g: and observing that ¢(0) = 0 in this case. After that, we deduce
geuz; = gi(geun,;) = ge(grunz) = (=1 Vg2 (u ;) = (=1)*Vug 5,

(where we used again g;g. = g2g:) and therefore also giuz; = (—1)$Wuy ;. All together, we have giu; ; =

(71)4(3' )ut(im. Note that sgnt = —1. With this, we have verified verified the equivariance for permutation
matrices.
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Now let 7 € {1,—1}". Note that property (1) of Lemmata and ensures that g,u; ; = (1273)5Wuy ;.
Using

9rge = diag(7a,73,71) and grg2 = diag(rs, 71, 72),
we also see that grus ; = (Tng)g(j)uLj and gruz; = (7172)5(j)u17j. This concludes the proof of the (¢, §)-
equivariance.

If d = 2 (mod 3), then k = MTH, so dimHoq = 3k. The 3k harmonic polynomials u; ; are linearly in-
dependent by Lemma hence they form a basis of Hag. This verifies properties (i) and (ii) for d = 2
(mod 3).

If d =0 (mod 3), then dim Hgoq = 4d + 1 = 3k — 2 and the identities uy o = ug o = uz hold by definition
of u;o. This shows property (ii). The 3k — 3 harmonic polynomials u, ; for ¢ € {1,2,3}, j € {1,...,k — 1}
are linearly independent by Lemma and the subspace of Hoy spanned by them does not contain the
harmonic polynomial 11,9 = uz,9 = u3,0, because the latter contains the monomial x%y% z%, which does
not occur in w; ; for j > 1. This also establishes (i) for d =0 (mod 3).

We are left with the case d = 1 (mod 3). Note that then dim Hyy = 4d +1 = 3k — 1. By Lemma the
3(k — 1) polynomials u; ; for ¢ € {1,2,3}, j € {1,...,k — 1} span a 3(k — 1)-dimensional subspace of Hag.
From considering the (non-)occurrence of the monomials

2d+2 2d—1 2d—1 2d—1 2d42 2d-—1 2d—1 2d—1 2d+2

x3y323’ x3y323 and x3y323

in the expressions u; ;, it follows that the subspace of Haq spanned by all the 3k harmonic polynomials u; ;
must be at least of dimension 3k — 1 and must hence coincide with Ho4. Together with Lemma [5.8] this
verifies (i) and (ii) in this last case, concluding the proof. O

5.3. Illustrations and examples. For degree 4, the construction above reproduces the basis for H4 given
in Proposition (up to scalars). For arbitrary d, the proof of Theorem together with Remark give
explicit closed formulas for elements u; ; of a Bs-equivariant spanning set of Haq, by means of several case
distinctions.

For example, tracing back the definitions gives: If 1 < j < kg = [%] and d + j — ko is odd, then

. 19— S . . .
ul,j 2 : (_1)12 (k ] ) > $211y212z2137
—j—1i
i1+iz+iz=d 0= J !

where s := %(d — ko +j+1); and us j, us; are obtained from this by cyclically permuting «,y, z. For the
other elements u; ;, similar formulas can be written out.

We give examples for Bs-equivariant spanning sets of Hogq for d = 3 and 4. For this, we will denote the
constructed harmonic polynomials u; j € Haq from Theorem@by ufjd) to avoid confusion between different
values of d.

In degree 6, the following 13 harmonic polynomials form the Bs-equivariant basis for Hg constructed in
Theorem [5.2}

u(16()) = u(26()) = u:(f()] = —225 — 226 — 2y6 + 151:4y2 + 15y4z2 +152%2% + 152422 + 15y4w2 + 1524y2 — 1803:2;1/2,227
u(6) — % 4 15y%22 — 2_4 6 6) _ 9.5, 3.3 5
11 =~y +15y7z 15y~“z~ + 27, Uy y = 3y°z — 10y°z° + 3yz°,
ué?i = —25 + 152%22 — 15222% + 25, ug)j% =325z — 102323 4 3225,
u‘(fi =—xz%+ 15304y2 — 159L’2y4 + ys, U(SG; = 3m5y - 101’3?}3 + 393?/57
u§6; = —10z2y3z + 10$2y23 + ysz — yzs, u§6}1 = 10x4yz — 1Oz2y3z — 10$2y23 + ysz + yzs,
u(;i:)s = 710y2z3a: + 10y2zw3 + 2%z — z2°, u(;ii = 10y4zw — 10y2z3x — 10y2zz3 + 2%z + za®,
uéf; = —1Oz2r3y + 1022zy3 + :v5y — zys, ugfi = 10z4ry — 1Ozzr3y — 10221y3 + rsy + zy5.

The five harmonic polynomials ug6]) for j € {0,...,4} are illustrated in Figure presented in the same
way as previously for quartics in Figure @ The remaining basis elements u;?; and ufj not depicted arise
from these by permuting the coordinates.
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FIGURE 5.1. Illustration of the elements ugﬁj) in the Bs-symmetric basis of Hg

FIGURE 5.2. Illustration of the elements u(?)-

1,; in the Bz-symmetric spanning set of Hs

For degree 8, the following polynomials form the Bs-equivariant spanning set for Hsg:

ugs()) = —14w2y6 + 210221;21;4 - 210y2z412 +142%2% + y8 — 14y6z2 + 14y2z6 — 28,
u;i)) = —14y%2% 4+ 210y22% 2% — 210222%y? + 142592 + 28 — 142522 + 142225 — 28,
ués()) = —142%2% + 210z2$4y2 - 210z2m2y4 + 14y6z2 + a8 — 14161,/2 + 14172.1;6 - ys,
ufi = yB — 2831522 + 70y424 — 28y226 + z87 uf; = —y7z + 7y523 — 7y3z5 + yz77
ugsi = 28 — 28,642 —+ 702%2% — 282226 + ms, ués; = 2"z —+ 72523 — 7282° + zw7,
ug?i = 2% — 2825¢y2 4+ 702%y* — 282295 + o8, us; = —aTy 4+ 72%y® — 723y® + 237,
ufg’ = 4Qz2y5z — 140m2y323 + 4212yz5 — 3y7z + 7ysz3 + 7ye‘z5 — 3yz7,
uész,' = 42y225w — 140y2z3w3 + 42y2zz5 — 327z +72%2% + 725%2% — 3227,
ué?; = 4222$5y — 14022131;3 + 4222:ty5 — 3m7y + 7m5y3 + 7z3y5 — 3my7,
uﬁ = —352%y% 2 4+ 352%y2® + 212%y° 2 — 212%y2® — yTz + 927,
u(;:i = —35y4z3a: + 35y4zac3 + 21y2z5x — 21y2zac5 — 2Tz + zx7,
uési = —35z%2%y 4 35z2%wy® + 212225y — 212%29° — 2Ty + 2y,
58% = 14z6yz - 35w4y3z - 35:1:4yz3 + 21w2y5z + 21w2yz5 - y7z — yz7,
ugsi; = 14y5zx — 35y4z3x — 35y4zac3 + 21y2z5x + 21y2z9c5 — 2Tz — zac7,
ué% = 14z6wy - 3524m3y - 35z4zy3 + 21z2a:5y + 2122my5 - z7y - wy7.

They satisfy the linear relation

)+ 05 =0

and are otherwise linearly independent. This spanning set is illustrated in Figure [5.3]
Generating these expression is straightforward, as the definition of ug?jd) in the proof of Theorem and the
formulas for 6, and 7, in Remark give explicit formulas for the coefficients in DA straightforward

,J
implementation in MapleEl produces the Bs-equivariant basis of Higo in a few seconds.

1Maple 2016. Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.
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Representation-theoretic viewpoint and cubic harmonics. While spherical harmonics form the most com-
monly used basis of harmonic polynomials, another basis is given by the cubic harmonics [Mug72}, [FK77],
which correspond to the decomposition of the space of harmonic polynomials into irreducible Bs-representation
spaces. With the following representation theoretic viewpoint on Theorem one can see how our explic-
itly constructed Bs-equivariant basis are related to these cubic harmonics. Indeed, the construction of the
. (2d) . . o .
spanning set u; .’ of Hag can be seen as decomposing Hsag into Bs-invariant subspaces endowed with one

i,
out of six possible representations of dimension 3, 2 or 1.

For ¢,¢ € {0, 1}, there is a three-dimensional representation space W ¢ of B3 given by
By = GL(R®) CR¥®, g = g,9, — (sgno)(det g-) g5 g,

where we (uniquely) write g € Bz as a product of a sign-change matrix g, and a permutation matrix g,-.
Wo,1 and Wy ; are irreducible representations of B3, but

Wo,0 & Wiriv ® Wita, Wi0 = Wsgn ® Wia,

where Wi, is the one-dimensional trivial representation, Wgiq the two-dimensional irreducible represen-
tation of the symmetric group, and We, the one-dimensional alternating representation of the symmet-
ric group. The five irreducible Bs-representations Wiriv, Wsgn, Wsta, Wo,1, Wi, are all the irreducible
Bs-representations such that —id € Bgs lies in the kernel of the corresponding group homomorphism
B; — GL(RF) [GW09].

For d = 2 (mod 3), Theorem then corresponds to a decomposition of Hoy into the four types of repre-
sentations WQQ, WLO? W071 and W171 as

k—1
Haa 2 D Wei e

Jj=0

and we have given an explicit construction of a basis u; ; of Haq corresponding to this decomposition. Indeed,
for each j € {0,...,k — 1}, the three-dimensional subspace of Hs4 spanned by wuq ;, us ;,us ; corresponds to
the representation We () ¢(j)-

If d # 2 (mod 3), then only for j > 1 is it true that the subspace spanned by uq j, ug j,us ; is the three-
dimensional representation We ;) ¢(;). For j = 0, we get the one-dimensional trivial representation Wiy
if d =0 (mod 3), or the two-dimensional irreducible representation Wyq of the symmetric group if d = 1
(mod 3). Precise counting gives the following decompositions of Ha,4 into the mentioned Bs-representations:

[C] Woo @ |G| Wio @ [$]Wo @ [2] Wiy ifd=2 (mod 3),
Hoa = S Wiy @ | 2] Woo @ [¢]Wio @ [2] Wou @ |4] Wi ifd=1 (mod 3),
Wetqa @ ’V%—I W070 (&) L%J WI,O D LgJ W071 D Irg—l W171 ifd=0 (HlOd 3)

5.4. Bz-equivariant bases for As;. In order to describe rational Bs-invariants on Asy, we now describe
a basis for Aog = Hoq ® qHog—2 & - ® q% 1Ay with Bs-symmetries. The main observation is that we can
combine the linear spanning sets of the spaces Hagt2 and Hag, when d = 0 (mod 3), from Theorem SO
as to remove the linear dependencies. Specifically, we observe:

Lemma 5.9. Let m > 1 and k := 8m + 2. The 3k-dimensional subspace Hem+2 B qHem C Vomt2 has a
Bs-equivariant basis @; ; (1 <1i<3,0<j < k) with respect to some maps ¢,&: {0,...,k—1} — {0,1}.

Proof. A Bs-equivariant basis is given by
6m 6m+2 . 6m .o 6m+2 ..
{aufp” +uy™™ [ 1<i <3} U {qu™ |45 2 1} U {7 [0 2 1)

where {uEGJm)} and {uE’G;nJrQ)} are respectively the spanning sets of Hg,, and Hemao constructed in Theo-
rem [5.2] and the maps ¢ and ¢ are defined accordingly. O

25



P. Gorlach, E. Hubert and T. Papadopoulo

Theorem 5.10. Let d > 1 and let k = {(dﬂ)(deH)J — 1. Then the vector space Aog contains 3k linearly

independent elements w; ; € Aog for 1 <i < 3,0 < j <k forming a Bs-equivariant set with respect to some
maps (,€: {0,...,k—1} — {0,1}.

If d is not divisible by 3, then these w; ; form a basis of Aag. If d =0 (mod 3), the set {w; ;} can be extended
to a basis of Hag by adding an element wso € Aog which is fixed under the action of Bs.

Proof. We recall that Agg = Hoq @ qHag—2 @ - ® q¥2Hs ® q*'Ay, where q 1Ay C Voq is a three-
dimensional subspace with basis wq = q¢~ 1a:2 ywao = q¥ Y2 wa g = q?7122 For i € {1,2,3} we
observe that gw; o = wy(;),0 if g € B3 is a 3 X 3 permutation matrix with corresponding permutation o and
gw; o = w; o if g € Bs is a 3 x 3 sign-change matrix.

From Theoremand Lemma [5.9] we obtain bases {u(6m 2)} C Hem—2 and {u(6m+2)} C Hem+2 D qHem
with the desired Bs-equivariance property By multlplylng with appropriate powers of ¢, we obtain the
desired elements w; ; € Agq. Explicitly,

—3m—1~(6m d—2 —3m m— d+1 m d .
(o) = fatomtaltr e < S oLt s m < O[S = 21,

additionally to the elements w; o from above. Note that the last set in this union is empty if d # 0 (mod 3),
and otherwise consists of those elements u( 4 ¢ Hoq that are linearly independent.

From Theorem [5.2[ and Lemma it is clear that this set {w;;} is Bz-equivariant (adequately inheriting
the definition of the maps (, ¢ from Theorem and Lemma . In the case d = 0 (mod 3), we do not yet
have a basis of Agg, because we left out the element
2d 2d 2d
Woo ~—U§o) —“éo) —Uz(%o)

from the linear spanning set u( 4 of the subspace Hog C Asgg described in Theorem Note that the
relation u?g ) = u22g ) = gzo) and the description of the Bs-action on uf{;’ ), ug 0), gfg ) T eorem imply

that gwe = Weo for all g € Bs. This concludes the proof.

Again it is important for applications to not consider Theorem [5.10] a pure existence result, but to observe
how to immediately obtain the basis {w; ;} (resp. {w; ;j, wso }) of Agq from harmonic polynomlals u( k) ¢ Hor
as in Theorem[5.2] In particular, one can easily write out such a basis. Slightly deviating from Deﬁnltlon
we will call the constructed basis Bs-equivariant, even in the case d = 0 (mod 3), when the basis 1ncludes
an element we, fixed under Bj.

Remark 5.11. We observe that for d > 2 there exists an index jo € {0, ...,k — 1} such that ((jo) = 0 and
&(j0) = 1 (and may assume after permuting the basis elements that thls holds for j = 0). Indeed, the basis
contains — up to multiplication with a power of q — the elements u( ;.; forming a basis of H4. This basis of
M4, given in Proposition [{.1] satisfies the desired property, as remarked after Theorem [5.2}

5.5. Rational invariants for ternary forms of arbitrary even degree. With the construction of the
Bs-equivariant basis for the slice Aoy C Vo4 established for arbitrary d, we can now turn to the construction
of a generating set of rational invariants for the action of B3 on Asy, generalizing the case 2d = 4 described
in Section [

Let d > 2 and consider a basis {w; ; | 1 < ¢ < 3,0 < j < k} [U {ws}] of Agq and corresponding maps
¢,6:{0,...,k—1} — {0, 1} as described in Theorem Here, and from now on, we distinguish between the
case d £ 0 (mod 3) and the case d = 0 (mod 3), where there is an and additional basis element we, € Asg,
with square brackets, whenever we are confident that no confusion arises from this.

As observed in Remark we can assume ((0) = 0,£(0) = 1. With this chosen basis, an element v € Agy
can be uniquely expressed as

3 k-1

(5.3) v= Z%wz 0F DD aijwij [+ dooed)

=1 j5=1
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for v;, i ; [, 0] € R. In this way, we identify R(Asq) with the field of rational expressions in variables

Vi Q5 [, Qoo], 160
R(Asa) = R(yi, iy [;aoe] |10 <3,0<j < k).

Theorem 5.12. With the notations as above, a minimal set of generating rational invariants for R(Agq)B?
is given by the 2d*> + 3d — 2 = dim Aaq polynomial functions Ioq = {pi ;} [U{poc}], whose values at v as in

(5.3) are given as follows:

e Three invariants are given by
p1o(v) =1 +93 + 73,
p2,0(0) = 717273,
oA A4
p30(v) == + 72 + 73
e In the case d =0 (mod 3), one invariant is given by
Poo (V) 1= Q-

e The remaining invariants in the generating set are given as the entries of the 3 x (k — 1)-matriz

p171(’U) . ka_l(”U) 1 1 1
p21(v) o prra(v) | = |0 B | M(a),
p3a(v) .. psr-1(v) o
where k = L%j and M («) is the 3 x (k — 1)-matriz whose (i, j)-th entry is
j ¢()
M(@)iy =% ((0F =)03 =133 =) auye

Proof. With Theorem [5.10] established, the proof is analogous to the one for Theorem [£.3} One checks that
Z54 consists of Bs-invariants (for example, by the use of equivariant maps as before, or directly from the
definitions). In order to express a given rational invariant p € R(A24)B? as a rational combination in terms
of Z4, we may first replace each occurrence of the variables «; ; in p by a rational expression in terms of
invariants in Zog and y1,72,73 by using that M (a); ; is the (i, j)-th entry of the matrix product

—1
11 1 p1i(v) .. pre—1(v)
7}21 ’Y% ’7% p2,1(11) cee pz,k—1(v)
M Y2 Vs p3a(v) ... p3r—1(v)

If d =0 (mod 3), we also replace each occurrence of as by poo. As in the proof of Theorem Wwe express
the remaining Bs-invariant rational expression in 7;,7v2,7v3 in terms of p; o, p2,0,p3,0 — note that v1,v2,7s3
play the exact same role here as in Theorem [4.3] O

Explicitly, as in Section we again have a routine for expressing rational Bs-invariants on Asg in terms
of T4, given by the following rewrite rules:

£07)

a1 simco) (r2vs 0 0N (B =303 8 —g A8 -3 [P |

azj | — —7| 0 wm 0 (=) 9= =3 | | P vj> 1,

s CoP2,0" \ 0 0 M7 B =) -7 -] \ps,;

Qoo — Poos Y1 — a(pm’)’ﬂ:a - ’YS’V?, - 7273)7
1 7 1
Y2 = PLOY — 7305 T PLoYs — 5 + 5 (P20 —Plo)s % — (P20~ PT0)YE +P1oYs + PR,
where
§:=(% -7 -3 —11) and
1 1 5
co =062 = 510%,0 — Zp?,o - 27p§,0 + Piopz,o - ZP%,OP%,O - 917%,01)1,01)2,0 + 5p§,op?,o-

As in Section we notice that the generating set Zoq C R(A24)P? is a transcendence basis for R(Agq)B? as
a field extension over R, since |Zo4| = dim Asg. In particular, this generating set is of minimal cardinality.
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By Corollary [3:3] there uniquely exists a corresponding generating set Jaq of Og-invariants on Vo with
|J2d| = |Z24| = dim Agg, attaining the lower bound from Theorem because of dim Voq = Agg + dim Os.

Corollary 5.13. There exists a generating set of dimVaq — dim O3 = 2d? + 3d — 2 rational invariants
Joa C IR(VQd)OB uniquely determined by their restrictions to Aog C Voq that are given by the invariants
Toq C R[Aog)B® specified in Theorem .

6. SOLVING THE MAIN ALGORITHMIC CHALLENGES

In Sections [f and [5] in Corollaries [£.4] and we identified, for any d > 2, a finite set of rational invariants
J2a C R(Vayq)0? generating R(V24)??. We denote the number of these rational invariants as m := |Ja4)-
Recall that m is minimal, that is

2 + 2
mdimVQddimOg( ;>3

Instead of being given by a closed form formula, each invariant p € Jo4 is uniquely determined, in viture
of Theorem by the restriction p = pl,, € R(A24)B* of the rational map p: Vaq --+ R to the subspace
Aoy C Voq. We shall in this section examine the practical implications of Theorem in addressing the
algorithmic challenges formulated in Section 2.2l For these, we provide algorithms that rely only on the
explicit knowledge of the restricted invariants Zoq = {p|,,, | P € Jaa}-

6.1. The Evaluation Problem. Having identified a finite generating set of rational invariants Joq C
R(V54)9%, the most basic algorithmic question is: How can we evaluate each of the generating invariants
D € Joq at a given point v € Voq?

Let p € Joq and consider the restriction p := ﬁ\Azd € Tog of p: Voq --+ R to the subspace Ayy C Voq. By
construction of the invariants, we know explicit expressions for p € R(Ay4)B?, which allow us to evaluate
D € Joq at any point of the slice u € Agy by computing p(u) = p(u) € R.

When we want to evaluate p(v) for arbitrary v € Va4, we observe that p(gv) = p(v) for all g € Oz, since p
is an invariants for the action of O3. By Proposition [3.5] we know that for general v € V5, there exists an
orthogonal transformation g € O3 such that gv € Agg. For such g € O3, we may then compute

p(v) = p(gv) = p(gv).

Recalling the definition of the slice Aggy, this idea leads to Algorithm

Input :wv € Vo =Rx,y,2]2q, d > 2
Output: p(v) € R for each p € Joy
1 Compute v' € V5 in the Harmonic Decomposition

!/

v = hag + qhod—2 + QChoga + ... + qd_2h4 + qd_lv , where hop € Hog.

2 Let A € R3*3 be the symmetric matrix corresponding to the quadratic form v’ € V4 as in ([1.3)).
3 Determine g € O3 such that the matrix product gAg” is diagonal:

gAgT = diag(A1, A2, \3)  for some A1, Ag, A3 € R.
a If \; = \; for some i # j, output “undefined at v” and stop.

5 Compute u := gv € Aggy.
6 Compute and output the values p(u) for each p € Zy,.

Algorithm 1: Evaluation Algorithm

In the following, we comment on the validity and on the computational realization of the various steps of
Algorithm [I]
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Validity of Algorithm [1 First, we describe how the formulation in Algorithm [I] corresponds to the idea
described above of evaluating p(v) as p(gv) where g € Os is some orthogonal transformation such that
gv € Aoy, We recall that if

/

v = haa + qhza—2 + *hog—a + ... + q Phy + g o
is the Harmonic Decomposition of v computed in Step [I} then the Harmonic Decomposition of gv is given as
gv = ghaa + a(ghad—2) + a*(ghaa-a) + ... + 4 72(gha) + a~ ' (gv")

by Proposition [2.7 Then the definition of Ay gives: gv is contained in Asg if and only if gv” € V4 lies in
As, ie. the symmetrlc matrix associated to the quadratic form gv’ is diagonal. This matrix is gAg? (where
A is the matrix of the quadratic form v’ € V3).

To validate Step 4| in Algorithm |1} we recall that even when the restricted invariant p € R(A2q)B? is known
to be a polynomial invariant, the corresponding invariant p € R(V54)? is typically only a rational function,
defined at a general point only. In fact, going back to the proof of Proposition we see that the rational
function p: Vagq --+» R which we obtain from p € R(A34)B? is only defined at those points v € Vg whose
quadratic part v’ € V5 (in the Harmonic Decomposition) does not have repeated eigenvalues in the matrix
representation . This precisely corresponds to Step |4l We observe that leaving out Step |4) Algorithm
would still output a (meaningless) value for the non-defined cases, but that value would depend on the choice

of g in Step

Computational realization of Algorithm [1 First, we discuss the implementation of Step In order to
compute v’ € V5 in the Harmonic Decomposition of v € Va4, we can use the explicit projection operators on
Hod, - .., Hq given in [AR95]. Alternatively we express the given element v = Eijk aijkxiyjzk in terms of a
basis of V54 that reflects the Harmonic Decomposition

Vaa = Hoa @ ... ®q  Hy ® q? V5.

Say, Bap C Hag is a basis of the space Hag of harmonic polynomials of degree 2k (for 2 < k < d). Then

4= U qd—kBQk U {qd_lxz,qd_lyQ,qd_lz27qd_lxy,qd_lyz,qd_lzx}
k=2

is a basis of V54 and we can uniquely write

(6.1) v= Z Z b q“ b + Baooq® 'z + 502001Gl_ly2 + Boo2q? 12t + 5110qd_1$y + ﬁouqd_lyz + Bro1q* 2z
k=2 beBay

with ay, Bij1 € R. Then the Harmonic Decomposition of v as in Step [1]is given by

hay, = Z ayb € Hay, V' = Bagor? + Bo20y® + Boo2z” + Briozy + Po11yz + Piorzx € Va.
beBay
For By, C Hak, we might as well use the elements u(zj ) explicitly constructed in Theorem [5.2] (by selecting
a linearly independent subset of these in the cases k # 2 (mod 3)), though it is not essentlal at this stage.
For chosen bases By, C Hak, computing the expression ) for a given v = ), ik aijkziyj z* corresponds
to converting from the monomial basis {z'y7z* | i + j + k = 2d} C Viq to the basis Byy C Voq. The
corresponding base-change matrix is the inverse of the matrix whose entries are given by the coefficients of
the expressions b € Boy in the variables z,y, z. This base-change matrix may be precom puted for fixed d.
If we use bases Boy C Hap built from elements u( ig k) ¢ Hop as constructed in Theorem [5.2] the base change

transformation could in fact be described explicitly by a careful analysis of the proofs in Section

Step [3] is the problem of computing the eigendecomposition of the symmetric matrix A and is equivalent to
finding the eigenvalues and eigenvectors of A. Erxact (symbolic) algorithmic solutions to this problem would
involve introducing (nested) square roots and cubic roots, but such expressions are typically very undesirable
from a practical standpoint. However, there are well-established numerical methods for computing the
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eigendecomposition of a symmetric matrix — with the additional benefit that the numerical stability of these
methods is well-studied [Kre05], [GVLI3l Chapter 8§].

Realizing Step [5| is straightforward by the definition of the action of g = (g¢;;) € O3z on Vag: Applying the
substitutions

T g11% + g21Y + 9312, Y = G122 + g22Y + g32%2, Z = g13T + g23Y + g33%2,

to v € Vag = R[z,y, z]24 and expanding the resulting expression gives u = gv € Agg. This expansion may
also be precomputed symbolically for fixed d such that it is only necessary to evaluate with the entries g;;.

Finally, for Step @ we want to evaluate at u € Aoy the expressions for the rational invariants Zog C Aoy
described in Theorem For that, we express u = 23:1 Yiwio + E?Zl Zle Q@ jW; ;i [+ QooWoo] , Where
{w; ;11 <i<3,0<j <k} [U{ws}] is the basis of Ayg from Theorem This can again be realized by
an appropriate linear base change transformation. We then evaluate p(u) for each p € Zy4 with the formulas
for the invariants given in Theorem [5.12

6.2. The Rewriting Problem. In this section, we discuss how to address the Rewriting Problem specified
in Section 2.2

For notational simplification, we now assume that the rational invariants in Joq € R(ng)o3 are indexed as
J2a = {P1,---,Dm} and their restrictions to Agy are Tog = {p1,...,Ppm}. Since pi,...,pm € R(Vaq)©? form
a set of generating rational invariants, it is possible to express any other rational invariant py € R(Va4)©?
as a rational combination of py, ..., P, i.e. there exists a rational expression in m variables r(Ty,...,Tp,) €
R(T4,...,Ty) such that

(6.2) po =711, ,Pm)-

Determining such r(T1,...,T,) € R(Ty,...,Ty,) for any given py € R(V4)9% is a problem that can be
reduced to the corresponding problem for Bsz-invariants on the subspace Aoy C Vaq.
Note that restricting the equality (6.2 to the subspace Agq C Vaq gives:

ﬁO|A2d = T(pla ce 7pm)

Hence, to determine the rational expression r, it is sufficient to rewrite po := pol,,, € R(A24)B® in terms of
the restricted generating rational invariants p1,...,pm, € R(Aag)B2. This leads to Algorithm

Input : py € R(Vzq)©? for some d > 2

Output: A rational expression r € R(T1,...,T,,) such that py = r(p1,...,Dm)
1 Let pg := §0|A2d € R(Agq)Bs.
2 Determine r € R(Ty, ..., T,,) such that pg = 7(p1,...,Pm)-
3 Output r.

Algorithm 2: Rewriting Algorithm

Step is the problem of rewriting a rational Bs-invariant on Ay in terms of the generating rational invariants
D1y Pm € R(Agq)B3. The realization of this is addressed in the proofs of Theorems and and made
explicit by the “rewrite rules” given in Sections [4:2) and [5.5

6.3. The Reconstruction Problem. By construction,
Foa = {Pij | 1 <0 <3,0 < j <k} [U{po}]
is the set of rational Os-invariants on V54 such that
Pijla,, =Pig Yij  land  Pocly,, = Pul

are the Bs-invariants on Ay from Theorem [5.12
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In Section we saw how to numerically evaluate p; ;(v) € R [and p(v) € R] at a general point v € Vagq.
Now we consider the inverse algorithmic problem: Given real values p; ; € R for 1 <4 <3,0 < j < k [and
loo € R], we want to compute v € Vaq such that p; ;(v) = p,; for all i, j [and ps = o). This may not
be possible for all m-tuples 11 = (pij [, ftoo] |1 <7 <3,0 < j < k) € R™, so we are also interested in the
following question:

For which m-tuples p = (pi; [ ptoo) |1 <4 <3,0<j < k)eR™ does there exist v € Vaq such that
Di,; (V) = i j for alli,j [and pe = poo/?

Note that the reconstructed v € Vay is not uniquely determined, since for any orthogonally equivalent
w € Vaq (i.e. w = gv for some g € O3), the invariants p € J24 take the same values for v and w. Theorem
implies that generically, the reconstructed v is unique up to orthogonal transformations, i.e. any different
reconstructed w € Vaq is orthogonally equivalent to v.

By Proposition for any v € Va4 there exists g € Og such that v := gv € Agy. Then
p(v) =p(gv) =p(u) VD € Jaa, P :=Dly,,-
In particular, we can always choose to reconstruct an element v that lies in the subspace Asg.

With respect to the basis {w; ; | 1 <7 < 3,0 < j <k} [W{ws}] of Agg from Theorem we therefore
want to determine o j, Vi, [@s] € R such that

3 3 k-1
v = Z%‘wi,o + Z Z%‘,jwi,j [+ ocos] € A2g
i=1 i=1 j=1
satisfies p; ;(v) = pi; Vi,j [and peo(v) = poo]. With the explicit formulas for the invariants given in

Theorem [5.12] this leads to the problem of solving the following system of polynomial equations in unknowns
Q4 5,4 [, Oéoo] e R:

VY3 +E =10, M2 = H20, Y =ps0, (0o = fsd),
(63) 1 1 1 [1,171 e ,Ufl,k—l
7% 7% 7§ M(a)= | p21 .. pPor—1 |,
711 W% W:ff M31 .. M3E—1

where the (i, j)-th entry of the matrix M(a) is M(«); ; = ai’jwf(j) ((7% —12)(v2 = 2) (73 - 7%))<(j).

The crucial part for the resolution of the polynomial system (6.3]) lies in solving the first three equation for
Y1,Y2,7v3- Once values for v1,72,73 € R are known, we are left with a system of linear equations in the
remaining variables. Therefore, the following observations are essential:

Lemma 6.1. Let (1,0, 2,0, 3,0 € C. If v1,72,73 € C are a solution of the system
47 473 = 10, Y1Y2Y3 = 142,05 M+ +75 = a0,

then the squares vi,v3,v3 € C are the zeroes (with multiplicities) of the cubic polynomial

2
Hio0 — 3,0

T3 — p1,oT? + >

T — p3 4 € C[T].

Proof. Let v1,72,7v3 € C be solution of the system and let f € C[T] be the polynomial whose zeroes (with
multiplicities) are v7,+3,v3. Then

O =T -%T - T-7)=T>- (% +7%+7)T+ (%% + 7 + BT — s
M%,o — M3,0

= T3 — M1,0T2 + 2

T— Mg,0~

The following classical fact then characterizes when the solution in Lemma [6.1] has real solutions:
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Lemma 6.2. A cubic polynomial f(T) = T3 —aT? + bT — ¢ € R[T] has three distinct positive real solutions
if and only if
a,b,e>0 and a?®b® —4b® — 4ac — 27¢2 + 18abe > 0.

Proof. The expression a?b? — 4b> — 4a3c — 27¢% + 18abc is the discriminant of the cubic polynomial f, which
is positive if and only if f has three distinct real solutions. Descartes’ rule of signs implies that f has no
negative solutions if and only if the signs of the coefficients of f alternate, i.e. a,b,c > 0. O

Combining these two results, we obtain Algorithm [3]

Input :p;; € Rfor1<i<3,0<j<k[pluspe €R]
Output: A ternary form v € Vaq such that p; ;(v) = p; ; for all 4, j [and Do (v) = poo), if possible

1 if d is a multiple of 8 then

2 Qoo = fhoo
3 end
— _ Mio—H30 . _ 9

4 a:=p10, bi= 25—, ci= s

5 if a,b,c > 0 and a?b? — 4b3 — 4a3c — 27¢% + 18abc > 0 then

6 Compute the (distinct) roots 71, 72,73 > 0 of the polynomial T3 — aT? + bT — ¢ € R[T].

7 7 = E£/T1, 72 i= £4/T2, 73 := /T3, where we choose signs such that vy1y2y3 = p2,0.
1 1 1 ! M1 - M1 k—1

8 Calculate the matrix product M := | r; ro 73 H21 - [2k—1
T% T% T% H3,1 oo M3 k-1

9 for 1 <i<3,1<j<kdo

YD ((r1—r2) (ra—r3) (r3—r1))¢ D’

10 ‘ Q5 =
11 end

12 Output the ternary form v = Z§:1 Yiw; o + 2?21 Zle QG Wi 5 [+ CooWos] € Agg.
13 else

14 ‘ Output “The values p; ; allow no unambiguous reconstruction in Vaq”.
15 end

Algorithm 3: Reconstruction Algorithm.

For Step [14]in Algorithm [3] it should be observed that an unambiguous reconstruction requires 7%,73,v2 to
be distinct and non-zero. Then the validity of the algorithm follows from the discussion above.
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