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Abstract Fungal plant parasites represent a growing concern for biodiversity and
food security. Most ascomycete species are capable of producing different types of
infectious spores both asexually and sexually. Yet the contributions of both types of
spores to epidemiological dynamics have still to been fully researched. Here we stud-
ied the effect of mate limitation in parasites which perform both sexual and asexual
reproduction in the same host. Since mate limitation implies positive density depen-
dence at low population density, we modeled the dynamics of such species with both
density-dependent (sexual) and density-independent (asexual) transmission rates. A
first simple SIR model incorporating these two types of transmission from the in-
fected compartment, suggested that combining sexual and asexual spore production
can generate persistently cyclic epidemics in a significant part of the parameter space.
It was then confirmed that cyclic persistence could occur in realistic situations by pa-
rameterizing a more detailed model fitting the biology of the Black Sigatoka disease
of banana, for which literature data is available. We discuss the implications of these
results for research on and management of Sigatoka diseases of banana.
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1 Introduction

Fungal plant parasites represent a growing concern for biodiversity and food secu-
rity (Pennisi 2010, Fisher et al. 2012). In many fungi (mainly ascomycete species but
also in other groups) the asexual production of infectious spores is complemented
by the possibility to produce spores through the fusion of haploid individuals and
meiosis, i.e., sexual reproduction. Epidemics are thus propagated by two different
types of spores often produced from the same hosts. Sexually produced spores of-
ten have higher propagative abilities than asexually produced spores, be it in terms
of dispersal, survival, or both (Bonner, 1958; Williams, 1975). Moreover, in most of
these fungi, the successful fusion of gametes can only occur between haploids car-
rying functionally different mating-type alleles (hereafter + and −), a phenomenon
called heterothallism (Billiard et al, 2011). The production of spores through sex-
ual reproduction therefore requires that sufficient density is attained for two sexually
compatible pathogens to meet. It is thus exposed to mate limitation at low density.

Numerous plant pathogens, some of which are considered serious threats to global
food security, are heterothallic. The South American leaf blight of rubber tree, his-
torically known as having ruined Ford’s industrial production of latex in Brazil by
devastating local Hevea plantations in the 40s, is caused by the ascomycete Micro-
cyclus ulei, presumably heterothallic (Watling et al, 2002). The Gibberella fujikuroi
species complex counts at least eight different heterothallic species pathogenic on
pine, maize, rice, banana in both temperate and tropical conditions, with massive
socio-economic effects (Steenkamp et al, 2000; Nirenberg and O’Donnell, 1998).
Colletotrichum lindemuthianum, responsible for black spot disease of common bean,
is considered heterothallic as well as many strains in the Colletotrichum genus (Rodrı́guez-
Guerra et al, 2005; Cannon et al, 2012). More generally, with the advent of genomes
studies, more and more species once classified as asexual, are now recognized as
having retained the machinery for sexual reproduction and in some cases as having
operational heterothallism genes (Ene and Bennett, 2014).

Despite the importance of these species for human welfare, there are very few
studies on the effect of sexual reproduction on epidemiological dynamics (Castel
et al, 2014). Epidemiological dynamics have traditionally been modeled assuming
clonal reproduction of the parasite. Models accounting for sexual reproduction in
parasites mostly focused on helminth-like life histories, with obligate sexual repro-
duction in one of several hosts. Importantly, these models showed that mate limitation
may give rise to demographic Allee effects and epidemiological thresholds (May,
1977; Anderson and May, 1981; Nåsell et al, 1985; May and Woolhouse, 1993; Cor-
nell et al, 2004). Nevertheless, the specifics of helminth life cycles make these models
inadequate for most fungi. There is currently no generic epidemiological model for
species able to produce distinct asexual and sexual spores from the same host, ham-
pering the understanding and control of these pathogens.

A good example of diseases where improved understanding of the epidemiolog-
ical roles of asexually and sexually produced spores would be helpful is given by
Mycosphaerella musicola and Mycosphaerella fijiensis, respectively responsible for
the Yellow and Black Sigatoka banana diseases. The Yellow Sigatoka, caused by M.
musicola was first identified in Java in 1902. It rapidly spread throughout the whole
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intertropical belt. The Black Sigatoka disease, caused by M. fijiensis, appeared in red
the Fiji islands in 1963. In the 70s, it was reported in Central America (Honduras) and
in Africa (Gabon). Since 2011, it has been present in most tropical banana-producing
areas, where it seems to have replaced M. musicola. Both diseases cause huge eco-
nomic losses (i) through important defoliations and subsequent yield loss, (ii) by
compromising banana export through their precocious overripening, and (iii) because
only fungicide applications are considered efficient in controlling the disease. Both
species infect the main commercial banana varieties and share the same life cycle
(Figure 3). Spores deposit at the surface of young banana leaves at the top of the
canopy where they germinate and form mycelia. When a mycelium penetrates the
leaf epiderm, through stomata, it forms a lesion and grows by consuming plant cells
around. After a latency stage, the lesion turns mature and produces structures (conid-
iophores) bearing asexual spores (conidia). These spores are dispersed by rain-splash
and infect plant tissues as much as a few meters (Rieux et al, 2014). As lesions keep
on growing they form large necrotic areas and turn sexually mature. At this stage,
if two mycelia of compatible mating types are large and close enough on the same
leaf, they engage in sexual reproduction by producing specific structures (perithecia
and spermogonia) and spores (ascospores). Sexual spores are then dispersed by wind
from several hundred meters to several kilometers (Rieux et al, 2014). In all types
of established plantations, banana trees regularly produce new leaves in a non syn-
chronous manner providing the parasite with an fairly constant input of healthy tis-
sues to infect. M. fijiensis produces fewer asexual spores and more sexual spores than
M. musicola, so that it has sometimes been suggested that the ecological superiority
of M. fijiensis was rooted in its greater investment in sexual reproduction (Stover,
1980; Fouré, 1982). However, due to a lack of adequate epidemiological models, we
have only limited understanding of the contributions of both types of spores to the
epidemiological dynamics of both diseases.

Aims and outline of the study

The first objective of the present study was to explore how epidemiological dynamics
are affected by the ability to produce both asexual and sexual spores from a single
infected host. To do so, we built and analyzed a simple and generic Susceptible-
Infected-Removed (SIR) model incorporating the key specifics of heterothallic fun-
gal parasites, i.e., that disease transmission relies on two distinct types of infectious
spores respectively produced asexually and sexually from the infected compartment.
The effects of this nonlinear density-dependence on epidemic thresholds, and long-
term epidemiological dynamics were documented using analytical and numerical bi-
furcation analyses. It was especially shown that sexually-produced spores could cause
sustained oscillations of disease prevalence. The second objective of the paper was
thus to evaluate whether the parameter range leading to such oscillating epidemics
was likely to be encountered in nature. To implement this, a more detailed model was
built, which accounts for the precise sequencing of stages that lesions go through after
Sigatoka infection occurred. The detailed model was parameterized using literature
data for the Sigatoka banana diseases (Robert et al, 2012), and its epidemiological dy-
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namics were compared to the simple model. We discussed the theoretical importance
of our findings and highlight some perspectives for research on Sigatoka diseases.

2 Simple model

Here we study a simple SIR model incorporating the key specifics of heterothallic
fungal parasites i.e. that disease transmission relies on two distinct types of infectious
spores respectively produced asexually and sexually from the infected compartment.

We looked at an environment in which host plants are continuously present. The
term ‘site’ hereafter designates an infection site, i.e., a part of leaf tissue where an
infection may take place and where a lesion may develop (Zadoks, 1971; Gourbière
and Gourbière, 2002; Savary et al, 2015), so that multiple infections cannot occur in
the model. Let S(t), I(t) and R(t) be respectively the densities of susceptible, infected
and removed (no longer infectious) sites at time t. The removal rate of infected sites
is α . Total site density is N = S+ I+R. Let φ be the mean one-sided site area, so that
φN is the so-called Leaf Area Index (LAI) (Jordan, 1969). The spatial arrangement
of hosts and spore dispersal distances are left implicit in this study, the latter point
being addressed in a companion paper (Hamelin et al, 2016).

2.1 Host population dynamics

Host dynamics, i.e., the rate of emission of new leaf tissues, are assumed disease
independent. Let µ be basic leaf mortality rate and f (N) be their renewal rate, which
includes natural host dynamics and possible agricultural practices. We introduce the
notation Ṅ to denote the derivative of N with respect to time t. Host dynamics follow
Ṅ = f (N)− µN. Let N̄ be equilibrium host density, i.e. N̄ is such that f (N̄) = µN̄.
We assume that host renewal is such that the host has stable population dynamics, i.e.
f ′(N̄)< µ . From now on, N is assumed to be at equilibrium (N = N̄).

2.2 Asexual dynamics

Let b denote the number of asexual spores (conidia) produced per infected site per
unit time, and 0 < r < 1 be their infectivity, that is, the probability that an asexual
spore in contact with a susceptible site succeeds in infecting it.

We are interested in deriving the average number of spores deposited on an in-
dividual site, within a short time, given spore density. A fully detailed model would
take into account the architecture of vegetation cover. For the sake of producing an
analytically tractable and clear formulation, we consider two possible simplifications.
Firstly, let us suppose that leaves do not overlap. The canopy is open. Total leaf area
is smaller than ground area and therefore LAI is lower than 1: φN ≤ 1. Secondly,
that leaves overlap up to the point that canopy is closed. Then φN > 1. In brief,
per capita exposed site area is either φ (if φN ≤ 1) or 1/N (if φN > 1). That is
to say, if the canopy is open and leaves do not overlap, then each site exposes its
entire one-sided area to spore landing. If the canopy is closed and leaves overlap
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homogeneously, then each site exposes an equal part 1/N of the total area to spore
landing. Thus, within a time interval (t , t + dt), small enough to neglect new infec-
tions, the mean number of spores received per site is either (i) φbI(t)dt (if φN ≤ 1)
or (ii) (1/N)bI(t)dt (if φN > 1). Hence, the mean number of spores received per site
is min(φ ,1/N)bI(t)dt. Let X be a random variable that accounts for the number of
spores received by a site during this short time, i.e. X is an integer whose mean is
EX = min(φ ,1/N)bI(t)dt� 1.

Let

β =
br min(φN,1)

N
. (1)

The probability for a susceptible site to escape infection is E(1− r)X . Assuming that
r� 1 (low infectivity), a Taylor approximation of (1− r)X in r = 0 yields 1− rX , so
that the probability of escaping infection during dt is approximately 1− rEX = 1−
β I(t)dt. We thus get S(t +dt) = [1−β I(t)dt]S(t). Assuming that dt is infinitesimal,
asexual disease dynamics reads

Ṡ =−βSI ,

which corresponds to a classical SI model.
Note that the above assumptions yield (i) Ṡ =−φbr×SI or (ii) Ṡ =−br×SI/N,

i.e., density- and frequency-dependent transmission rates, also called mass-action
and proportional incidences, respectively (McCallum et al, 2001; Arino and Mc-
Cluskey, 2010). Transmission is frequency-dependent in closed canopies (φN > 1)
and density-dependent in open canopies (φN < 1).

2.3 Sexual dynamics

In many heterothallic diseases, sexual reproduction occurs through a direct contact
between two adjacent lesions of compatible mating types. To simplify, we assume
an even sex-ratio. Let s be the number of sexual spores (ascospores) produced per
infected site per unit time, provided that two infected sites with compatible mating
types meet. Let 0 < q < 1 be the infectivity of sexual spores. Let n be the mean
number of neighboring sites surrounding any given site. The mean number of infected
sites in the neighboring area of any given site is n(I/N).

Assuming that the spatial distribution of infected sites is random, the number
of compatible partners in the contact area of a given site, i.e. the neighboring sites,
follows a Poisson distribution with parameter nI/(2N), the division by 2 accounting
for a balanced sex ratio. Therefore, the probability of having at least one compatible
partner in the contact area is

P(number of compatible partners in the contact area≥ 1)
= 1−P(number of compatible partners in the contact area = 0) ,
= 1− exp(−nI/(2N)) , (2)

≈ n
1
2

I
N
,
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provided that the argument of the exponential is small. This is a reasonable assump-
tion since I/(2N)� 1.

Proceeding as in Section 2.2, but conditioning sexual spores production when
there is a compatible mating partner, we end up with

Ṡ =−n
1
2

I
N︸ ︷︷ ︸

mating

× sqI︸︷︷︸
infectious sexual
spores emission

× min(φ ,1/N)︸ ︷︷ ︸
area exposed to spore

landing (per site)

×S =−nsqmin(φN,1)
2N2 ×SI2 ,

which corresponds to a SI model with non-linear transmission terms (Liu et al, 1986).
Let

σ =
nsqmin(φN,1)

2N2 . (3)

2.4 Mixed sexual-asexual dynamics

Lesions are identical regardless as to whether they were created by sexual or asexual
spores. When we merge, Sections 2.1, 2.2, and 2.3, and assume that only susceptible
hosts are introduced into the system, the simple model reads:

Ṡ = µN−βSI−σSI2−µS ,

İ = βSI +σSI2− (α +µ)I , (4)
Ṙ = (α +µ)I−µR . (5)

For all t, R(t) = N−S(t)+ I(t), so that we hereafter leave the R equation implicit.

2.5 Non-dimensionalization

Let

S∗ =
S
N
, I∗ =

I
N
, t∗ = (α +µ)t , (6)

and

µ
∗ =

µ

α +µ
, β

∗ =
βN

α +µ
, σ

∗ =
σN2

α +µ
. (7)

Model (4) becomes

dS∗

dt∗
= µ

∗−β
∗S∗I∗−σ

∗S∗I∗2−µ
∗S ,

dI∗

dt∗
= β

∗S∗I∗+σ
∗S∗I∗2− I∗ , (8)

so that the model behavior is entirely determined by the 3 parameters µ∗, β ∗, and σ∗.
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2.6 Epidemic threshold

Let G be the Jacobian matrix associated with (8):

G =

(
−β ∗I∗−σ∗I∗2−µ∗ −β ∗S∗−2σ∗S∗I∗

β ∗I∗+σ∗I∗2
β ∗S∗+2σ∗S∗I∗−1

)
.

Linearizing around the Disease Free Equilirium (DFE) (S∗, I∗) = (1,0), we get

G(0,0) =

(
−µ∗ −β ∗

0 β ∗−1

)
,

whose eigenwalues are Λ1 =−µ∗ < 0 and Λ2 = β ∗−1. Hence the DFE is asymptot-
ically stable if and only if

R0 = β
∗ < 1 . (9)

Note that R0 does not depend on sexual transmission rate σ and is the same as ex-
pected under SIR dynamics without sexual reproduction (Anderson and May, 1981).
When R0 > 1, the parasite population initially grows. Conversely, when R0 < 1,
an initially infinitesimal pathogen population cannot grow. Nevertheless, an initially
rare, but not infinitesimal, population may grow even for R0 < 1 thanks to the pos-
itive density dependence in the parasite growth rate induced by sexual reproduction,
as already observed for instance by Nåsell (1978) and Reluga et al (2008).

2.7 Long-term dynamics

The long-term dynamics of diseased leaves depend greatly on the balance between
sexual and asexual reproduction. After initial growth, a strictly asexual parasite (σ∗=
0) reaches a stable endemic equilibrium provided R0 > 1 (Anderson and May, 1981).
The strictly sexual case (β ∗ =R0 = 0) is a particular instance of a model by Liu et al
(1986), who considered nonlinear incidence rates: in this case, cyclic persistence is
possible.

To explore the possible dynamics brought about by mixed reproduction systems
as described in equation (8), a bifurcation analysis was conducted using MatCont
v5.2 (Dhooge et al, 2008) on Matlab R2013a (The Mathworks Inc. 2013). We explore
the parameter space where µ∗ > 0 and σ∗ > 0 for different values of β ∗ representing
three different generic cases: (i) strictly sexual reproduction (β ∗ = 0), (ii) low asexual
reproduction (β ∗ = R0 = 0.8 < 1), (iii) high asexual reproduction (β ∗ = R0 = 2 >
1). Local and global co-dimension 1 and 2 bifurcations are researched (Kuznetsov,
1998). The analysis shows that, for strictly sexual species, cyclic persistence is not
a generic outcome (Figure 2A). Under mixed reproduction (σ∗ > 0, β ∗ > 0), the
range of parameters for which cyclic persistence is possible increases (Figure 2B)
and becomes significant when R0 > 1 (Figure 2C and 1).
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Fig. 1 Mixed mating may lead to cyclic persistence of parasites. Dimensionless model (8) with parameters
σ∗ = 25, µ∗ = 0.1, and β ∗ = 2.

3 Sigatoka diseases of bananas

In what follows, we adapt the simple model to the biology of the Sigatoka diseases of
bananas and explore whether sustained oscillations may occur in realistic parameter
ranges.

The life cycle of the causal agents of the Sigatoka diseases, M. musicola and M.
fijiensis, is depicted in Figure 3. For these and many other fungal plant diseases, leaf
susceptibility decreases over time so that most infections occur by spore deposition
and germination on young leaves. After germination, lesions grow and go through a
series of stages: latent, producing asexual spores, latent again, and producing sexual
spores (Stover, 1980; Robert et al, 2012). The epidemiological literature provides
durations of these stages, spore production rates and spore infectivities.

The full model is represented in Figure 4. The infected compartment, in density
I(t), was decomposed into four sub-compartments, so that I = Ea + Ia +Es + Is. In-
fections initially produce latent lesions, in density Ea, unable to produce spores for
a mean time period of γ−1

a time units (asexual latency). The next stage encompasses
lesions, in density Ia, producing asexual spores. This stage lasts α−1

a time units on
average (asexual infectious period). The next stage, in density Es, encompasses le-
sions that have finished producing asexual spores but are not yet sexually mature.
This stage lasts γ−1

s (sexual latency). After this stage lesions, in density Is, produce
sexual spores during α−1

s time units (sexual infectious period).
The full model reads:

Ṡ = µN−βSIa−σSI2
s −µS ,

Ėa = βSIa +σSI2
s − (γa +µ)Ea ,

İa = γaEa− (αa +µ)Ia ,

Ės = αaIa− (γs +µ)Es , (10)
İs = γsEs− (αs +µ)Is .

Ṙ = αsIs−µR .
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Fig. 2 Bifurcation analysis of the dimensionless model (8) as a function of sexual transmission (σ∗) and
host basic renewal rate (µ∗) for three pathogen types: strictly sexual (β ∗ = 0, panel A), mixed reproduc-
tion with low basic reproduction number (R0 = β ∗ = 0.8, panel B), and mixed reproduction with high
basic reproduction number (R0 = β ∗ = 2, panel C). The stars indicate co-dimension 2 bifurcations (BT:
Bogdanov Takens; GH: Generalized Hopf). These points give rise to curves locating co-dimension 1 bifur-
cations (black thick line: fold; gray thick line: Poincaré-Andronov-Hopf), and global bifurcations (black
thin line: homo-clinic bifurcation; black dashed line: fold bifurcation of periodic orbits). Parasite extinc-
tion is direct below the black thick curve, and may be preceded by a single epidemic between the black
thick curve and the other curves. Above any curve, the parasite can persist at equilibrium although its low
asexual capacities combined with low initial densities still drives it to extinction (panels A, B). Cyclic
persistence is possible but not generic for strictly sexual species (panel A); the conditions for cyclic persis-
tence get less and less stringent as asexual capacities increase (panel B, C). To best describe the possible
dynamics in the figure, we used plain text with the following code: I means that persistence is conditional
on initial densities, and L means that the set of initial conditions leading to persistence is restricted nearby
the persistence equilibrium or cycle; otherwise the parasite goes extinct.
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Healthy leaves Diseased leaves

Infection

Sexual spore
production

Asexual spore
production

Young leaf

Old leaf

Susceptibility

Incubation

Sexual maturation

Latency

Pathogen life cycle

-

+

Fig. 3 The development of Sigatoka diseases on a banana tree. Left. Approximately once a week, a young
banana leave deploys at the top of the trunk and develops for several weeks, going down as new leaves
are produced. Susceptibility to infection is maximal upon leaf emergence and decreases over time. Right.
Infection occurs as spores deposit on leaves and germinate into stomata. Lesions develop by mycelial
growth. After a latent stage, they start producing asexual spores, called conidia, in specific structures
called conidiophores (M. fijiensis) or sporodochia (M. musicola). Meanwhile lesions keep on growing to
form large necrotic areas. At some point these become sexually mature and sexual reproduction may occur
between two adjacent mycelia, in structures called pseudothecia, resulting in ascospores. Both conidia and
ascospores can initiate new lesions. Modified from Agrios (2005).

3.1 Epidemic threshold

Let J be the Jacobian matrix associated with (10):

J =


−β Ia−σ I2

s −µ 0 −βS 0 −2σSIs
β Ia +σ I2

s −(γa +µ) βS 0 2σSIs
0 γa −(αa +mu) 0 0
0 0 αa −(γs +µ) 0
0 0 0 γs −(αs +µ)

 .

Linearizing around the DFE (N,0,0,0,0), we get

J(N,0,0,0,0) =


−µ 0 −βN 0 0
0 −(γa +µ) βN 0 0
0 γa −(αa +mu) 0 0
0 0 αa −(γs +µ) 0
0 0 0 γs −(αs +µ)

 ,
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Fig. 4 Epidemiological models for diseases with both sexually and asexually produced infectious spores.
Top. The full model inspired by the life cycle of Sigatoka diseases. Bottom. The generic SIR model.
Parameter notations are defined in the text.

whose eigenwalues are λ1 =−µ < 0, λ2 =−(γs +µ)< 0, λ3 =−(αs +µ)< 0,

λ4 = −1
2

(
αa + γa +2µ +

√
4βNγa +(αa− γa)2

)
< 0 ,

λ5 = −1
2

(
αa + γa +2µ−

√
4βNγa +(αa− γa)2

)
.

Hence the DFE is asymptotically stable if and only if λ5 < 0, which can equivalently
be expressed as

R0 =
γa

γa +µ

βN
αa +µ

< 1 . (11)

Again, the basic reproductive number R0 is the same as in a simple SEIR model, see
e.g. (van den Driessche and Watmough, 2008). In particular, it does not depend on
the parameters related to sexual reproduction, αs, γs, and σ .

3.2 Parameterization for Black Sigatoka

We now parameterize the model using literature data concerning the Black Sigatoka
disease of banana. We only focus on orders of magnitude here, as full parameteriza-
tion would require further experiments.

In a commercial banana plantation, the Leaf Area Index (Jordan, 1969) ranges
from 2 to 5 (Turner et al, 2007). In that case, with LAI φN greater than one, equations
(1) and (3) yield

β =
br
N

, and σ =
nsq
2N2 . (12)



12 Virginie Ravigné et al.

As the model is spatially homogeneous, we chose a space unit so that N = 1 without
loss of generality.

Banana trees deploy a new leaf each week. A leaf stays green on the banana
trees for about 12 weeks. Then it dries and falls on the ground, where, depending on
agricultural practices, it may or may not be removed. Asexual latency lasts for about
20 days (Stover, 1980; Fouré, 1982) so we let γa = 0.05 per day. Asexual infectious
period is about 10 days (Robert, 2012; Landry, 2015) so we let αa = 0.1 per day.
Sexual latency period is estimated to be around 10 days (Stover, 1980) so we let
γs = 0.1 per day. Sexual infectious period is around 25 days (Stover, 1980) so we let
αs = 0.04 per day. Infection efficiency is about 1% for both sexual and asexual spores
(Landry, 2015), so we let q= r = 0.01. M. fijiensis produces about 10 conidia (asexual
spores) per mm2, and 200 ascospores (sexual spores) per mm2 (Landry, 2015). Since
average lesion size is φ = 20 mm2 (Stover, 1980), we let b = 10× 20/10 = 20 per
day and s = 200×20/25 = 160 per day. Oldest leaves may continue hosting sexual
spore production even after they have fallen on the ground up to their disintegration
(Stover, 1980), i.e. for several weeks. Hence µ may vary from 1/500 ≈ 0.002 to
1/(12×7)≈ 0.01 per day. With such parameter values, R0 ranges from 1.5 to 2. To
conclude, considering that the number of neighbor sites n ranges from 1 to 8, σ may
vary from 0.8 to 6.5 per day.

3.3 Bifurcation analysis

All parameter values were fixed except µ and σ , the most uncertain parameters. A
bifurcation analysis was conducted using XPP-AUTO (Ermentrout, 2002). Figure 5
shows that for parameter values realistic for the Black Sigatoka diseases of bananas,
cyclic persistence occurs in a significant part of the parameter space.

4 Discussion

Epidemic thresholds The present study has shed light on the contribution of asexual
and sexual spores in heterothallic fungal plant pathogens. It was shown specifically
that with the production of both asexual and sexual spores from the same host, the
basic reproduction number, R0, was unaffected by sexual reproduction. At very low
densities the probability that two sexually compatible lesions interact is so low that
sexual reproduction hardly occurs. Parasite dynamics thus essentially rely on asexual
transmission and R0 is the same as in the SIR models. However, we also found that
R0 cannot be confidently used as a threshold for epidemic development, since in
species with low asexual (R0 < 1) yet additional sexual reproduction capacities, non-
infinitesimal initial parasite densities may generate epidemic outbreaks.

Cyclic dynamics Cyclic patterns of disease prevalence can emerge through different
mechanisms such as (i) the interaction between demographic stochasticity and the
inherent propensity of host-parasite dynamics to weakly dampened oscillations (An-
derson et al, 1979), (ii) time-dependence of population parameters, (iii) intra-guild
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Fig. 5 Bifurcation analysis of the detailed model (10), as a function of sexual transmission (σ ) and host
basic renewal rate (µ) with parameter values corresponding to Black Sigatoka (Section 3.2). Above the
curve, the parasite can persist at equilibrium. Below the curve, there is cyclic persistence of the parasite.

predation among parasites infecting the same host (Hochberg and Holt, 1990), and
(iv) “various kinds of nonlinearities in disease transmission terms” (Anderson et al,
1979). The present models do not incorporate (ii) or (iii) and clearly falls into the
latter category of mechanisms, i.e., nonlinear transmission.

Without sexual spore production (σ= 0), the simple model has linear (asexual)
transmission and never leads to limit cycles. Nonlinearities in transmission terms may
result from a wide array of biological mechanisms, among which, non-homogeneous
mixing of the host population, saturation of transmission rate when prevalence is
high, free-living infective stages, or the impossibility of multiple infections (McCal-
lum et al, 2001; Korobeinikov and Maini, 2005). It has been shown that in SIRS mod-
els with constant population size, the concavity of the transmission function relative
to infected individuals density ensures the uniqueness and stability of the endemic
equilibrium (Korobeinikov and Maini, 2005). In the present model, the transmission
function (βSI+σSI2) is convex in I, so that the endemic equilibrium might be unsta-
ble, leading to sustained oscillations (Zhang et al, 2016). Convex transmission arises
when some form of cooperation is required for infection to occur, which is indeed
what sexual reproduction implies.

Previous studies have focused on transmission terms of the form SpIq (Liu et al,
1986; Hochberg, 1991). It was found that, for p = 1 and q = 2, i.e., strictly sexual
species, cyclic dynamics were possible. Yet, we show here that cycles are non-generic
in strictly sexual species, i.e., oscillations are confined to a thin range of parameters.
Mixed reproduction enlarges the conditions for oscillations by allowing population
growth at low densities. Thereby, even with high sexual transmission abilities, the
parasite may alternate episodes of intense sexual spore production, which tend to
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over-exploit the host, with episodes where density has dropped and only asexual spore
production is possible.

Many fungal plant diseases, including the Sigatoka diseases, and the South Amer-
ican leaf blight of rubber tree present sustained oscillations. Most of them are at-
tributed to seasonal changes in climatic conditions (humidity, temperature, or both)
or to temporal variability in the availability of susceptible host tissues. Management
strategies consisting of roguing and replanting may also produce cyclic dynamics
(van den Bosch and de Roos, 1996). In this study we provide a novel hypothesis to
explain the cyclic nature of some epidemics for species capable of both sexual and
asexual reproduction. However both previous studies and the present model suggest
that correct epidemiological predictions will critically depend on the precise shape of
the function that links infected density to transmission - called the mating function
in two-sex models of population dynamics. In most heterothallic fungal pathogens,
such data are currently missing.

Perspectives for Sigatoka diseases Using data from the literature, we parameterized
the detailed model for the Black Sigatoka disease of bananas. From this very prelim-
inary analysis, we suggest that M. fijiensis exhibits sufficient asexual reproduction to
develop sustained epidemics starting from very low densities (R0 ≈ 2). M. fijiensis
has long been considered as relying mostly on sexual reproduction (Stover, 1980;
Fouré, 1982). Accordingly, management practices include the removal of necrotic
tissues, i.e. those that produce sexual spores. Yet our study suggests that hampering
sexual reproduction is likely insufficient to eradicate the disease. Despite its delete-
rious consequences over yield, the removal of all wounded tissues (including leaves
bearing lesions producing only asexual spores) should be considered as a complement
to achieve eradication.

We also suggest that the species could well go through inherently sustained os-
cillations depending on environmental conditions and management practices. The
Black Sigatoka does present cycles in disease severity. Whether these demographic
variations correspond to inherently sustained oscillations caused by the mixed mat-
ing system or to variability in climatic conditions and management practices, is still
unknown.

Moreover, until recently, it was generally considered that M. fijiensis excluded
its sibling species, M. musicola, where both had been present, apart from elevated
growing regions, where M. musicola persisted. However, these observations rely on
very scarce data and it seems that in some places, M. fijiensis has been supplanted
by M. musicola (Gomes et al, 2013). The present study suggests that competitive
exclusion is not necessarily the rule, as two species can coexist on a single resource
provided that one species oscillates autonomously (Armstrong and McGehee, 1980;
Adler, 1990). Correctly predicting the year-to-year dynamics of the prevalence of
both diseases would be of great help in optimizing the application of management
practices. Nonetheless, achieving this goal will require obtaining long-term disease
severity data on the scale of a growing region.

Conclusion Our study showed that precise knowledge of both sexual and asexual
transmission abilities is required to predict the epidemiological dynamics of mixed
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mating species. Although M. fijiensis is one of the fungal heterothallic pathogens for
which the most precise epidemiological data could be found, major gaps remained in
our understanding of the pathogen biology. Spore infectivities, latency and infectious
periods, lesion production rates need to be further documented. Beyond the present
model, sexually and asexually produced spores often differ drastically in their epi-
demiological characteristics. For M. fijiensis for instance, sexually produced spores
disperse from several hundred meters to several kilometers, whereas asexually pro-
duced spores travel only a few meters (Rieux et al, 2014). In other diseases it has been
shown that the two mating types differed in their infectivity. From a theoretical per-
spective, this means that much work has to be done to understand the contributions
of distinct types of spores to the epidemiological dynamics of fungal pathogens, in-
tegrating the key biological features of this important group of parasites.
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A Pair-formation, mating functions, and mate limitation

In Section 2.3, we derived a bilinear (quadratic under even sex ratio) mating function from first principles
focusing on plant pathogenic fungi. In this section, we discuss whether alternate mating functions could
be considered to account for mate limitation in fungal plant parasites in general.

According to Hadeler (2012), a good mating function φ(x,y), where x and y are densities associated
with both mating types, should satisfy the following conditions:

1. Preservation of positivity: φ(x,0) = φ(0,y) = 0 for all x,y≥ 0,
2. Homogeneity: φ(kx,ky) = kφ(x,y) for k ≥ 0,
3. Monotonicity: u≥ 0, v≥ 0 implies φ(x+u,y+ v)≥ φ(x,y) .

Possible mating functions which satisfy these criteria include

– the geometric mean: φ(x,y) = (xy)1/2,
– the harmonic mean: φ(x,y) = 2xy/(x+ y),
– the minimum: φ(x,y) = min(x,y).

However, quoting Caswell (2001), “each of these function has been considered, and rejected by human
demographers for one reason or another (Mc Farland, 1975), but the harmonic mean is regarded as the less
flawed.”

The bilinear mating function φ(x,y) = xy does not respect homogeneity since φ(kx,ky) = k2xy. Al-
though this condition is indeed required for pair-formation, this does not invalidate our model since fungi
and many other species with two mating types may not be monogamous, so that the mating function need
not be restricted to pair formation.

Moreover, the homogeneity condition makes the function φ necessarily such that φ(x,x) = cx for
some coefficient c (Hadeler, 2012). In other words, such mating functions, per se, cannot account for mate
limitation (or positive density dependence at low density), since the per capita mating rate is a constant
c under even sex-ratio. By contrast, the bilinear mating function yields a per capita mating rate with is
increasing in population density: φ(x,x)/x = cx (Dennis, 1989).

In fact, we believe that the bilinear (or quadratic under even sex-ratio) mating function used in this
study is the most natural one to model mate limitation, since it is simple and it can be derived from first
principles; according to Dennis (1989), it was introduced by Volterra (1938). Note that Dennis (1989)’s
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caution that the quadratic (mate-limited) growth rate should not exceed the linear (mate unlimited) growth
rate is easily taken into account by normalizing population density with respect to its carrying capacity, as
naturally done in this study (i.e. in his notations, λαn2 ≤ λn is ensured by taking α = 1/n̄, with n ≤ n̄).
Also, the bilinear mating function is commonly used in the literature, e.g. (Veit and Lewis, 1996; Lehtonen
and Kokko, 2011).

Actually, we simply used a cubic equation similar to the classical ṅ = kn(n− a)(1− n), where a
represents an Allee effect threshold; this model is classically used to model mate-finding Allee effects
in population dynamics (Lewis and Kareiva, 1993). Indeed, with α = 0, our strictly sexual model reads
İ = σ I2(N− I) (since in this case S = N− I), which amounts to taking a = 0 in the former model.

Extending our study to a negative exponential (Eq. 2) or to a rectangular hyperbola (Dennis, 1989)
would be interesting but we do not think this would qualitatively change the results.
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Billiard S, López-Villavicencio M, Devier B, Hood ME, Fairhead C, Giraud T (2011) Having sex, yes,

but with whom? Inferences from fungi on the evolution of anisogamy and mating types. Biological
Reviews 86(2):421–442

Bonner JT (1958) The relation of spore formation to recombination. American Naturalist pp 193–200
van den Bosch F, de Roos AM (1996) The dynamics of infectious diseases in orchards with roguing and

replanting as control strategy. Journal of Mathematical Biology 35(2):129–157
Cannon P, Damm U, Johnston P, Weir B (2012) Colletotrichum current status and future directions. Studies

in Mycology 73:181–213
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Fouré E (1982) Les cercosporioses du bananier et leurs traitements. comportement des variétés. 1: Incuba-
tion et évolution de la maladie. Fruits 37(12):749–766

Gomes LIS, Douhan GW, Bibiano LB, Maffia LA, Mizubuti ES (2013) Mycosphaerella musicola identi-
fied as the only pathogen of the sigatoka disease complex present in Minas Gerais State, Brazil. Plant
Disease 97(12):1537–1543

Gourbière S, Gourbière F (2002) Competition between unit-restricted fungi: a metapopulation model.
217:351–368

Hadeler K (2012) Pair formation. Journal of Mathematical Biology 64(4):613–645



Mate limitation in fungal plant parasites can lead to cyclic epidemics in perennial hosts 17

Hamelin FM, Castella F, Doli V, Marçais B, Ravigné V, Lewis MA (2016) Mate finding, sexual spore
production, and the spread of fungal plant parasites. Bulletin of Mathematical Biology 78(4):695–712

Hochberg ME (1991) Non-linear transmission rates and the dynamics of infectious disease. Journal of
Theoretical Biology 153(3):301–321

Hochberg ME, Holt RD (1990) The coexistence of competing parasites. I. The role of cross-species infec-
tion. American Naturalist pp 517–541

Jordan CF (1969) Derivation of leaf-area index from quality of light on the forest floor. Ecology pp 663–
666

Korobeinikov A, Maini PK (2005) Non-linear incidence and stability of infectious disease models. Math-
ematical Medicine and Biology 22(2):113–128

Kuznetsov IA (1998) Elements of applied bifurcation theory, vol 112. Springer
Landry C (2015) Modélisation des dynamiques de maladies foliaires de cultures pérennes tropicales

différentes échelles spatiales : cas de la cercosporiose noire du bananier. PhD thesis, Université des
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