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ON THE IDENTIFICATION OF MULTIPLE SPACE DEPENDENT IONIC PARAMETERS IN
CARDIAC ELECTROPHYSIOLOGY MODELLING

YASSINE ABIDI', MOURAD BELLASSOUED', MONCEF MAHJOUB! AND NEJIB ZEMZEMI?

ABSTRACT. In this paper, we consider the inverse problem of space dependent multiple ionic parameters iden-
tification in cardiac electrophysiology modelling from a set of observations. We use the monodomain system
known as a state-of-the-art model in cardiac electrophysiology and we consider a general Hodgkin-Huxley for-
malism to describe the ionic exchanges at the microscopic level. This formalism covers many physiological
transmembrane potential models including those in cardiac electrophysiology. Our main result is the proof of
the uniqueness and a Lipschitz stability estimate of ion channels conductance parameters based on some obser-
vations on an arbitrary subdomain. The key idea is a Carleman estimate for a parabolic operator with multiple
coefficients and an ordinary differential equation system.

Keywords: Lipschitz stability estimate, Carleman estimate, cardiac electrophysiology modelling, monodomain
system, Hodgkin-Huxley model, ionic parameters identification.

1. INTRODUCTION

The electric wave propagation in the heart can be represented by a non-linear reaction-diffusion system
coupled to an ordinary differential equation system called the bidomain model [39}15]]. It takes into account
the electrical potential both in the intra-cellular and extra-cellular domains. The coupled system describes
the evolution of the transmembrane and the extracellular potentials in the heart. This mathematical model
can be formulated as a three-field system (ionic state, transmembrane and extracellular potentials) coupling
a non-linear reaction-diffusion equation to an elliptic equation and a non-linear system of ODEs. A sim-
plification of this model is given by the so-called monodomain system, it consists of one parabolic non
linear PDE coupled to an ODE system. This model is equivalent to the bidomain model when ratios of the
intracellular conductivity anisotropy are close to those in the extracellular domains. It is widely used in
the computational electrophysiology community because it is computationally much cheaper than the full
bidomain model.

Recent works in the computational cardiology community have been dedicated to the personalization
of mathematical models [32, 37, (11} 16 [10} [8, 40] using different approaches. The idea is to assimilate
different measured data and automatically calibrate the parameters of the computational model in order to
make it behave like the measured observations. These approaches are very attractive because, in the future,
they could potentially help in improving the diagnosis of the heart condition and in planning therapeutic
interventions. On the other hand, very few works have been interested in studying the stability of the
parameters identification inverse problems for such models. To the best of our knowledge, only two works
have been performed on this subject [36,15]. Both of works still have some limitations that will be addressed
in this paper. The first limitation is that they only treat simplified ionic models: The first paper [36] shows the
stability of the identification a reaction parameter in the Mitchell-Schaeffer model [38]. The second work [5]]
treats the stability of a reaction parameter in the FitzHugh-Nagumo model [[14] and a parameter in the ODE
system of the model but separately. The second limitation is they do not treat the stability of identifying a set
of parameters at the same time. The main novelties in this paper with respect to the cited works are twofold:
First, we present a methodology for physiologically-detailed ionic models covering models under a general
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Hodgkin-Huxley formalism [19] (HH) including the Beeler-Reuter model [2]] and the Luo-Rudy I model
[34] (LRI) which are one of the most popular ionic models in the cardiac electrophysiology modelling
community and many other transmembrane potential models. Second, we present an approach and some
conditions under which one could prove the stability of multiple parameters identification problem. Here,
we are concerned about ion channels conductance parameters.

The paper is organized as follows: In the next section, we briefly recall the general structure of cardiac
cellular membrane models describing the transmembrane potential and the ionic exchange at the cell mem-
brane. Then, we present the monodomain model describing the electrical wave propagation and recall some
existence, uniqueness and regularity results that have been shown in [42]]. We also establish new regularity
results that would help us in the stability analysis. In section we announce the main stability result in-
cluding the conditions we need for the identification of multiple parameters. The proof of the main result is
divided into two sections. In section §4} we prove the global Carleman inequality for the reaction-diffusion
system. Most of the non-classical parts of the proof of the main result are presented in section §5|where we
prove the stability estimate of conductances parameters.

2. MATHEMATICAL MODELS FOR THE ELECTRICAL WAVE PROPAGATION

In this section, we first present the general structure of physiologically-detailed cardiac cellular membrane
models that we will use in this paper. Then, we introduce the monodomain model coupling a reaction
diffusion parabolic equation to a physiological ODE system.

2.1. General structure of cardiac cellular membrane models. The ionic current throughout channels of
the membrane is modulated by the transmembrane potential v := u; — u., where u; and u. are respectively
the intra- and extra-cellular potentials, the gating variables w := (wj, ..., wy) and by the ionic intracellular
concentration variables z := (z1, ..., 2z, ). In the membrane model, the ionic current I;,,, has the following
general structure [16]:

N k
@.1) Lion(8,v,w,2) = > gigi(v) [ [w? (v — Ei(2)),
i=1 j=1

where N is the number of ionic currents, g; is the maximal conductance associated with the ith current, Yi
is a gating function depending only on the membrane potentiel v, p; ; are positive integers exponents and £;
is the reversal potential for the i*" current I;, which is the related equilibrium (Nernst) potential and is given
by

_ Ze
(22) El(z> =7 log <Z) y L= (Zla AR Zm)a
(
where 7, is a constant and z;, 7 = 1, ..., m, are the intracellular concentrations. The constant z. denotes an

extracellular concentration. Here, we use the regularized form of the variable y;(v) in hyperbolic functions
such as sh, ch, th introduced in [13]]. In this case, y;(v) is a C* function with respect to the variable v for
1=1...N.

The dynamics of the gating variable w is described in the Hodgkin-Huxley formalism by a system of
ordinary differential equations which when wj; is a gating variable (0 < w; < 1) are governed by the
following equation,

(2.3) owj = Fj(v,wj) := oj(v)(1 —wj) — Bj(v)w;, j=1,...,k,
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where o and 3; are positive rational functions of exponentials in v. A general expression for both «; and
B; is given by

e & (o — v,)
1+ frgerso—om)

2.4)

i

where 1, u3, (44, vy, are non-negative constants and g, (5 are positive constants.

The dynamics of the ionic concentration variables z is described by the additional system of ordinary
differential equations:

2.5) Orzi = Gi(o,v,w,z) := —J;(o,v,w,log z;) + Hi(0,v,w,z), i=1,...,m,
where
2 o k oJi N o0Ji ,_
(2.6) J; € C*(RExRxR"xR), 0 < g«(w) < a—(g,v,wm) < g*(w), %(Q,U,W,O) < Ly(w),
T

G, g*) L’U belong to Cl(Rk,R+), and
(27) Hz € C2(Rj_ x R x Rk X (O,+OO)m) A Llp(Rj_ <« R % [0’ 1]k ~ (0,+00)m)

One could find in the literature many refined models based on Hodgkin-Huxley formalism taking into ac-
count different quantities. For example, we recall here the following models: Beeler-Reuter ([2], N =
4,k = 6, m = 1), phase-I Luo-Rudy ([34], N = 6,k = 6, m = 1), phase-II Luo-Rudy ([35], N = 10,k =
6,m = 5).

2.2. Monodomain system with generalized ionic models. In this paper, we consider the monodomain
system. It describes the propagation of the electric wave in the heart and is given by
(

o — div(e Vo) = Iupp + Lion(0,v,w,2z) in Q= x (0,T),
2.8 ow = F(v,w) in Q,

Ovz = G(§7 v, W, Z) in Q,

oVv-v =0 on ¥ =00 x (0,T).

Here 2 — R? is a bounded domain representing the cardiac tissue whose boundary 0€). The time domain
is given by [0,7"]. We also denote by Q; :=  x (0,t), for any time ¢ > 0. The variable v, denotes the
action potential and o := o;(o; + ae)*lae is the bulk conductivity where o; and o, are the intra- and
extracellular conductivity tensors and v = v(z) = (11 (), v2(x), v3(x)) is the external unit normal vector
to 0§ at x. The term I,;,, is an applied electrical current. We will consider that it satisfies the following
regularity.

(2.9) Ipp € LP(0,T; L2(Q)) n HY(0,T; HX(R)), p > 4.

The ionic current I;,, and the functions F' and G depends of the considered ionic model. We assume that

L . =\73%3 . .
the conductivities of the intracellular and extracellular o, o € [C ! (Q)] ** are symmetric and uniformly
positive definite, i.e, there exist a; > 0 and a. > 0 such that,

(2.10) loi(@)E = i ¢, €Toe(z)€ > ac ¢’ VEeR?,

and that the coefficients o 1, j,k = 1,2,3 of the matrix o, satisfy the uniform ellipticity: there exists a
constant g > 0 such that

(2.11) nlé)? <€log, VEeR:
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We set

3
|Vu\(2, :=oVu -Vu= Z 0 1, 0judj .
Jisk=1
To system (2.8), we attach initial conditions :
v(+,0) = vg € H?(),
(2.12) w(-,0) = wg, wq:Q — [0,1]*, measurable,
z(-,0) = zg € L*(Q)™, with log z, := (log 20 1, . - ., log 20.m) € L?(Q)™.

Before stating the main results, we recall the following lemma on the unique existence of a strong solution
to problem (2.8). The proof is provided in [42] and is based on a fixed point method.

Lemma 2.1. Assume that Q) is C1* and (vy, 2o, Wo) satisfying . Let us take as given the ionic currents

satisfying -, the dynamics of the gating variables F(v,w) satisfying , the dynamics of the
ionic concentration G(p,v,w,z), satisfying -. Then, there exists a unique solution (v, w,z) of
(2.8) with initial condition (2.14) with the regularity

v = u; — ue € WHP(0,T; L2(Q)) n L0, T; H*(R)) n C°([0,T],C°()), forp >4,
w:Q — [0,1]* measurable, z:Q — (0,40)™ measurable,
wi(z,.) e CH0,T) nC°([0,T]), for ae., x€Q, j=1,...,k
zi(x,.) € CH0,T) n C°([0,T]), for ae., z€Q, i=1,...,m,
ze HY0,T; L>(Q)™ n L®(Q)™, logz:= (logzi,...,logz,) € L*(Q)™.

Moreover there exists a constant C' > 0, independant of v, w, z, such that

2.13) 2w, 1)] < C(1+ |20(a)| + [v(@)|1200)s  ace. ze D,
and
(2.14) llog 2(x,1)| + |12(x, )] < C(1 + [20(x)| + [0(@) o))y a-e. € L,

Vt € [0,T1], for a.e. x € Q.
Also, there exists My, > 0, depending on the data of the problem, such that:

(2.15) sup{|v(z,t)| : (z,t) € Q} < M.

Remark 2.1. This lemma has been proved in [42] for constant ionic model parameters. The same result is
preserved when considering that these parameters are in C°().

Since we are interested in identifying ion channels conductance parameters, from now on, we will suppose
that all the parameters but p are constant. We will consider that conductance parameters g € (H 3(9))N
which already, using Sobolev’s embeddings, give us the C°(£2) regularity.

In the following lemma, we prove a lower bound on z when (2.5)-(2.7) holds. The proof is based on some
results in [41]].

Lemma 2.2. Under the same assumptions as in Lemma there exists a constant C' > 0, depending on
m, T such that, Vi = 1,...,m,

(2.16) zi(x,t) = exp[=C(1 + |zo[ L + [|[vllcoory.co))] > 0, VEe[0,T], a.e., x €.
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Proof. Since we want to show (2.16) and exp[—C(1 + |zo L= + [v]co[o,r1,c0()))] < 1, we can limit the
study to z; < 1. We consider the equation

atZi = _Ji(évvvw710g Zz) + Hi(g,U,W,Z)-
We note that, for i = 1,...,m, we can write

Jl(éa ’U,W,lOg Zi) - Jz(éa ’U,W,O)

Ji(@vvvw)logzi) = Ji(@,U,W,O) + lOg(ZZ)

log z;
Owing to (2.6), there exists a constant L > 0, depending on L,, and a constants G, G > 0 such that
(2.17) Ji(8,v,w,0) < L(1 + |v]), Y(v,w)eR x[0,1]%,

and

Ji(g,v,w,log Zi) - Ji(Q,U,W,O) < @) V(U,W, Zi) eR x [0’ 1]k > (O, +OO).

2.18) G <

- log z;
Moreover, by hypothesis (2.7) there exists a constant A > 0 such that
(2.19) |H(g,v,w,2)| < A1+ |v| + |2]), V(v,w,z)eR x [0,1]% x (0, +00)™.
Using 2.17)-(2.19), we find
(2.20) Orzi(z,t) = —L(1 + |v]) — Glog z; — A(1 + |v] + |z|).

Then, from 2.13)), if
Glogz < —L(1 + [[v(z)]coo) = AL+ [v(@)]coe + CA + |zl + [v(2)]22(0,)):

then
2.21) dyzi(z,t) = 0.
Since
lo@)l20) < VT v(@)lcoq.n
we deduce from (2.14)) that

zi(z,t) = exp[—C(1 + |2o| e + [v]co(0,0))]-
Let as now consider the case
Glogz = —L(1 + |v(x)|cog,e) — A+ [v(@)]lcoq,e + C(1 + |zo| + [v(@) | £2(0.4)))

then

(LA A+ Jo(@)logo) + AL+ Jo(@) oo + C1 + |2o| + [v(@) ] L2(0,6))]-

IQl ~

2i(w,t) > expl—
This completes the proof. |

Now, we will establish two propositions dealing with the regularity of the system (2.8)) solution. These
regularities would be useful in the parameters estimations that will be presented in Section §5| The aim is to
improve the regularity results given in Lemma 2.1]in order to satisfy the assumptions that would be taken in
the stability result. The proofs of the two following Propositions[2.1] and [2.2] are provided in the Appendix.
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Proposition 2.1. Let (v, w, z) be the solution of equations system (@), with initial conditions vg, Wq and
zo. If vo € H?(Q), wo € L%(Q)¥, 2o € L2(Q)™ and Iy, verify the regularity , then
o) v e WI(0, T3 HY(Q)) ~ L2(0,T; HA(R)) n HY(0,T; H'(Q)),

' we Whe(0,T; L2(Q)F, and ze WH2(0,T; L3(Q))™.

Moreover if

(2.23) woe HY(Q)*, and zoe H'(Q)™,
then
(2.24) we HY (0, T; HY(Q)*, and ze HY(0,T; HY(Q))™.

Also, if vg € H3(R), then
ve H?(0,T; L*(1)),

(2.25)
we H20,T; L2(Q)*, and ze H*0,T;L*(Q))™.

Proposition 2.2. Let the initial condition of be such that vg € H*(Q), wo € H>(Q)*, 29 € H2(Q)™
and Iy, verify the regularity ([2.9). Then the solution of satisfies

ve HY(0,T; H3(Q)) n Wh(0,T; H2(Q)) n H3(0,T; L*(Q)),
(2.26) w e Whe(0,T; H*(Q))k n L0, T; H?(2))*,
ze WL*(0,T; H2(Q))™ n L®(0,T; H*(Q))™.
Moreover if
(2.27) wo e H3(Q)*, and z9e H3(Q)™,
then
w e Whe(0,T; H3(Q))F — H(0,T; H*(Q))¥,

(2.28)
z e Whe(0,T; H3(Q))™ — H'(0,T; H3(2))™.

3. INVERSE PROBLEM: MAIN RESULT

Let ty € (0,7) (without loss of generality we can choose ¢y = T'/2) and w < (2 be an arbitrary open
subset of €2. Let us also select prp, 1 < ¢ < N suitably in order to determine o(z) = (01(z),...,on(x)),
from the observation data (vg, We, Z¢)|u,x (0,7) and (ve(w, to), We(, to), z¢(z,t0)), 7€ Q, 1 < L < N.

In the formulation of the inverse problem, the initial values are also unknown. The non-homogeneous
terms 1, gpp, 1 < ¢ < N, re consideerd as input sources to system (2.8). Then we determine g;(x), = € Q
by observation data (vg, Wy, Z¢) | x (0,7) and (ve(w, to), We(, to), z¢(x,t0)), * € 2,1 < £ < N, which are

refarded as outputs.

We shall determine 9;, 1 < ¢ < N in the neighbourhood of some known set of coefficients @Z@). We

shall denote by g; the unknown set coefficients. Our main concern is the stability estimate for the inverse
problem: Estimate ||g(!) — (|| 2()~ by suitable norms of observation data (vél) —véQ) , wél) —wf), zgl) -

ZEQ))IwX(O,T) and (vél) — véQ),Wél) — WEQ), z§1) — zf)) (x,t9), x € 2,1 < £ < N. The stability estimate

is a fundamental mathematical subject in the inverse problem and immediately yields the uniqueness. Sta-
bility estimates for inverse problems are not only important from the theoretical viewpoint, but also useful
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for numerical algorithms. In particular, by Cheng and Yamamoto [9] for example, a stability estimate gives
convergence rates of Tikhonov regularized solutions, which are widely used as approximating solutions to
the inverse problems.

Our inverse problem is related to determination of multiple ionic parameter of a non linear parabolic
reaction diffusion system coupled with an ordinary differential equations. To the authors’ best knowledge,
there are no papers on the determination of multiple coefficients of multiscale mathematical models in
cardiac electrophysiology, although we have an available methodology which was initiated by Bukhgeim and
Klibanov [7]. The determination of multiple coefficients requires repeated observations, and the application
of the method in [45] needs independent consideration.

Moreover, since we aim at the global stability in the whole domain {2 by means of data on an arbitrary
small subset w < €2, we have to establish a relevant Carleman estimate (Theorem 3.1 below).

In order to formulate our results, we need to introduce the following notations: For a sequence functions
(Vg, Wy, %) € H3(Q) x CH(Q)F x C1(Q)™, we define the N x N matrix A as follows

Sii(z)  Sea(z) ... Sni(z)
G.1) A(@e(), Wo(x), Zolx)) = 51,2:@) 52’2:(:6) SN’:Q(‘T) ,
Sin(xz) Sen(z) ... Snn(x)
where
Sie(z) = yi(Ve(2)) (Vo) — Ei(ig(x)))f[l(@)?j’i(x) yI<bis< N,

Let us fix constant M > 0. We introduce an admissible set of unknown coefficients vector g by
(32) A={oe BN, laleus @) < Mo -
We obtain the following stability result.

Theorem 3.1. Let ty € (0,T), w be a subdomain of Q and let 3*) € A be arbitrary fixed. We assume that

1L, € LP(0,T; L*(Q)) n H'(0,T; H2(2)), p > 4, 1 < £ < N, satisfy

(3.3) det (A <v§2) (x,to),wég) (x,to), zf) (ac,to))) #0, Vrel.
Here (vf), Wf), zéz)) is the solution of with 5 = 0@ and Topp =1, gpp. Furthermore, we assume that

(2) (2 )
(3.4) (K ||cO([0,T];01(§)) + lwy ||cO([o,T];01(§))k + |z Hco([O,T];Cl(ﬁ))m < M,
for some positive M. Then there exists a constant C' > 0, depending only on T, ), w, M such that we have:

N
3.5 18 = 8 ga@yr < C( Y10 = o) o 0 ooy
/=1
10 = o)ty + 1wl = W)ty + 12 = 22) b0 2y ).

forall gV e A.
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Remark 3.1. The condition (3.4) is a straightforward consequence of the two Propositions 2.1l and[2.2land
a Sobolev embedding theorem (e.g., Thm. 5.4 in [[1]], Cor. 9.1, p. 46, inVol. 1 of [33]])

(3.6) H'(0,T; H*(Q)) — ([0, T]; ¢ (),
if the initial conditions verify
3.7) vt =01 e HYQ), wD(t=0eH Q! and 27t =0)eHQ)™

Remark 3.2. We imposed a regularity H3(Q)) in the assumption (3.2), in order to guarantee the H?3-
regularity for the concentration variables z.

By Theorem 3.1 we can readily derive the uniqueness in the inverse problem.
Corollary 3.1. Under the same assumptions as in Theorem[3.1|and if
(3.8) WS (2, to), wi (@, t0), 28 (2, 10)) = (02 (&, t0), WP (2, 10), 27 (, t0)), @ € Q,

(3.9) vél)(x,t) = vl@ (x,t), inwx(0,7T),
fort=1,...,N, then o) = g in Q.

Since the number of the unknown coefficients is IV, it is natural to expect that N-times observations
can yield the Lipschitz stability. As is stated in Theorem our tool is an L2-weighted estimate called
Carleman estimate.

As for inverse problems of determining coefficients in parabolic equations, we refer to Elayyan and
Isakov [[12], Imanuvilov and Yamamoto [20]]-[21], Isakov [23]], Isakov and Kindermann [24]], Ivanchov [235],
Klibanov [29]], Klibanov and Timonov [30], Yamamoto and Zou [44]. In particular, in [36} S]], determination
problems for principal parts are discussed. In those existing papers, the determination of a single coefficient
is discussed, while here we consider an inverse problem for the identification of multiple coefficients based
on a finite set of observations. Our formulation is with a finite number of observations and this kind of in-
verse problems was firstly solved by Bukhgeim and Klibanov [7] whose methodology is based on Carleman
estimates. For similar inverse problems for other equations, we refer to Bellassoued [3]], Bellassoued and
Yamamoto [4]], Imanuvilov and Yamamoto [21]], [22], Isakov [23]], Khaidarov [27] , Klibanov [28]]-[29]],
Klibanov and Timonov [30], Klibanov and Yamamoto [31]], Yamamoto [43]].

4. GLOBAL CARLEMAN INEQUALITY FOR REACTION-DIFFUSION SYSTEM

In this section, we give Carleman estimate for the reaction-diffusion model. This Carleman estimate
would be used later for the stability and uniqueness of the solution of the parameter identification problem.
We are interested in identifying the parameters g;, ¢ = 1,..., /N, where p; is the maximal conductance
associated with the ¥ current.

We first have to define the weight function that we will use. This weight is fundamental in the sense that,
roughly speaking, information will propagate in space along the gradient lines of this function.

4.1. Weight functions. Let w be a subdomain of €2. We have the following

Lemma 4.1. Let wy be an open set such that wy < w. Then, under the symmetric hypothesis on o and
(m), there exists a function 3 € C?(QQ) such that

B(z) >0 VYaxeQ, Blon =0 and |VB(z) >0 VzeQ\wo.
Moreover, we have
4.1) o(z)Vp(z)-v(z) <0, x € 9.
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The proof of Lemma4.1]is given in [18].

Remark 1. The construction of the function B uses Morse functions and the associated approximation
theorem, such a weight function is introduced in [17].

We will now use the function 3 given by Lemma.T|to build new weight functions. Let A be a sufficiently
large positive constant that only depends on €2 and w. For ¢ € (0, T") we introduce the following functions:

4o eMB(z) 2Bl — oAB(x)
. t)= ——t t) =
(4.2) o(z,1) =0 n(z,1) T
and
. o(x,t) = ——— n(zx,t) =
(4.3) Pz, 1) =1 n(z,t) T—1
Notice that
(4.4) n(@,t) <7(z,t) V(z,t)eQ.
We now have for every A > 0 the following properties which will be helpful for our calculations
(4.5) Vo = Vi, Vi = =ApVp,
(4.6) Vo =-XVi, Vi = V.
T T T
4.7) 1< (30 e<(3)%% o< (3)%
2 2 2
(4.8) |0 < Tp?, 05| < 2T%¢°,
4.9) 0| < Te?, 05| < 27%¢°.

We can notice that 7 tends rapidly to +c0 when ¢ — T or ¢ — 0 but that 7 is uniformly bounded in
Q x [0,T — §] if § > 0. Our last weight function will depend on a second parameter s and will be of the
form e~*7(*:!) We can see that, for fixed s, this function tends very rapidly to 0 when t — T or t — 0.

4.2. Global Carleman inequality for parabolic equation. Let G; € L?(Q) and u € H'(0,T; L?(2)) n
L?(0,T; H?(2)) satisfy the following parabolic equation

4.10) oru — div(eVu) = Gy, in Q,
with the boundary condition
4.11) oVu-v =0, onX.

We can now state the global Carleman inequality.

Theorem 4.1. Suppose that o satisfy the condition m) Then, there exists \g = \o(Q,w) = 1, s =
s0(Xo, T') > 1 and a positive constant Cy = Co(Q,w,T') such that, for any X = \g and any s > s, the
following estimate holds

le™*"(s0) 203 + e (s) "2 div(oVu) 5 + s° X e 10 ul3 + sX?e” 0" *Vul3

(4.12) <C <|e_5"G1% + 53)\4J e 23 u? da dt + S)\2J e~ 2N |Vul? da dt) ,

w w

for any u solution to (#.10)-[{.11) and where | - |2,is the L*(Q)— norm.
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Proof. The proof of Theorem is very much technical. We gives a sketch of proof that is done by steps,
following [36].

Step 1. For s > 0, we define ¢y = e~*"u, we replace in equation (4.10) u by e*71), and we multiply the
equation by e~ *", we then obtain,

(4.13) e (0 (e®M)) — div(aV (e®Y))) = e "G (z,t).

By computing {#.13), we obtain an equality with the following symmetric and anti-symmetric operators
(4.14) Li((x, 1)) + La((x, 1)) = Fu(y(2,1),  (x,1) € Q,
where

(4.15) Li(y) = sop — s°X?? |V |2 — div(a V),
(4.16) La(¢h) = 25M\20 [V B2 ¢ + 0rtp + 25Mp0 VAV,
(4.17) Fi(¥) = e G (z,t) — shpdiv(aVB)Y + sX2p V|2 4.
Besides, by virtue of and properties of 1 we have

(4.18) W(x,0) =(z,T) = 0.

Applying the L?(Q)) norm on equation , we obtain

(4.19) [L1@)13 + L2 + 2(La(¥), La(¥)) = [F1()]5,

where (.,.) denotes the scalar product in L?(Q).
In virtue of (4.15) and (4.16), let us compute the scalar product in the left hand side of (4.19)), we get

3
(4.20) (L1(¥), La(3h)) = . L.

i,j=1
In (4.20), all the terms I;; represent the scalar products of the three terms in L1 (¢) by the three terms in

La(¢).
Similarely, by defining 1) = e 7u, replacing u by €7t in equation (4.10) and by multiplying the
equation by e %", we obtain

(4.21) Li(0(x,t)) + La(@(x, ) = F1(P(z, 1)), in (x,t) €Q,
where

(4.22) Li(¥) = somy — s*X°%* [V B|2 ¥ — div(o V),
(4.23) Lo(§) = 2sN*B VB2 0 + &) — 250GV BV,
(4.24) Fi() = e *1G + s\@div(aV )Y + sA?F |VB|2 .

Hence, we obtain the scalar products
p— p— p— 3 p—
(4.25) (La(9). L) = . Ty
i,j=1

In 1' all the terms Tij represent the scalar products of the three terms in L1(3)) by the three terms in
Lo(v).
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Step 2. In the sequel, by C' we mean various constants independent of s, A and 7" as we want to keep
track of the powers of s, A and 7" involved. In order to organize the calculations, we will give particular
importance to terms

Jy = 33)\4J O Y| dedt, and Jo = sAQJ © | V| da dt .
Q Q

From the definitions of ¢, p, n and 77 we have

(4.26) P<y¢, n<7, and [P <[y, inQ.
Additionally, since we have 1) = e 5=}, we obtain
(4.27) V| < C(IVY] + sAp [VBI[P]) < C(IVY] + sAg [9]),

where the constant ¢ depends only on /.
In addition, due to hypothesis on 3 of Lemma.1] we use that

(4.28) |0i0ij0k10k8] < C(Q,w),
4.29) ’JZJ (Uklﬁkﬂ)‘ < C(Qw),
(4.30) [div(eVB)| < C(,w),
4.31) lokidioijokBl < C(Q,w),
(4.32) |04j0;80:8] < C(Q,w).

Using Green formula, some terms /; ; and I; j would be absorbed by J; and Jo, then by summing them and
using the fondamental properties of the function 5 given by Lemma.1} we obtain

(433) |La()]E + | La()[3 + N j@ P 0P dw dt + 532 fQ o |V do di

< 2e” G| + C <s3)\4J > |w2d:ndt+s>\2f ¢|V¢|2dxdt>.
Qu Qu

Step 3. Back to the original variable u, we deduce the result of Theoremd.1]
This complete the proof of (4.12)). |

In order to prove Theorem [3.1] we need the following lemma to estimate the gaiting variable w and the
ionic concentration z.

Lemma 4.2. Let tg = T/2. There exists C > 0 such that the following estimate
(4.34)

1
J =210 [y(z, 1) d dt < C (f &2 fu(e o) durd + - f 20 | dyu (e, )2 da dt) ,
Q Q Q

holds for any u € H'(0,T; L*(Q)) and any s > 0.

Proof. By Cauchy-Schwarz inequality, we obtain
¢
opa(z, T)dr

2
J‘Q to

Using the fact that

e 251@) g dt < J

¢
< |opu(z, 7)[? dT) (t — to)e™ 2@ 4z dt.
Q \Jto

(4.35) ol t) = m<62>\llﬁm e,
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then, we get

(4.36) J
Q

2

t t
ou(z, 7)dr| e 2@ dy dt < C’J (f |oru(z, )| dT) oz, t)e= 2@ dy: dt
to Q to

t
= —2% < |opu(z, 7)) d7‘> Oy (e7 2@ dg: dt.
Q \Jto

By noting that e ~257(=1) — ¢=2s1(x.0) — (), the integration by parts with respect to the time variable implies
that the right hand side of (#.36)) is equal to

(4.37) ¢ J |opu(z, t)|? e 2@ dg d.
28 Q
‘We write
(4.38) lu(z, t)|* < C(luz, t) — u(z, to)]* + Ju(z, to)?),

then, we deduce that

t 2
opu(x, 7)dr
to

(4.39) J 6—2877(51:,15) |u(x,t)|2 dedt < CJ e—2577(a:,t) (
@ Q

+ |u(x,t0)|2> dz dt

1
<C <f e~ 2@ \u(z, to)|* de dt + J e~ 2@ | ou(x, t)|? da dt) .
Q sJQ
Thus, the proof of Lemma[4.2]is completed. 1

5. STABILITY ESTIMATE OF CONDUCTANCES PARAMETERS

This section is devoted to proof Theorem [3.1] The idea of the proof is based on the Carleman estimate
methode.

5.1. Linearized problem. In this section, we discuss a linearized inverse problem of determining . We
consider the solutions (v(”), w(), z(”)), n = 1, 2, to the following systems

.
o™ — div(eVo™) = Iy, + Lion (8™, 0™, w™ 2(")) in  Q,
5.1 orw™ = F(v™ wn) in Q,
oz = G(g™, v w 7)) in Q,
oVol .y =0 on 3,

and we consider the difference

) Y

Then, (v, w, z) is solution to the following problem

drv — div(aVo) = h(gW, g oM w® 2z 2w z22) in Q,
orw = (v, wl) () w?) in Q,
Oz = (v, w2z 2 w2 z(2) in Q,
oVv-v=20 on X.

5.3) <
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Here
5.4

(e, 32,0, wh 20 4@ w® @) — [ (50 0w 20y Z I (62, @, w®, 5?)
ST(0®, w®, 2.5+ R, wh), 2z 4@ w® 7))

where S = (5;)1<i<n With

(5.5
k

Si(w®, w®,2) = ) 0® — Bi@) [Ty, i=1.. N, w® = (@),
7=1

and

5.6 RO, w®, 20 4@ w® 7@y _ 160 40w Z0) _ 60 @) @@ 42

In |b T represent the transpose of any matrix and the expression ST(’U(Q) ,w®@, z(2)) - 0 is the Euclidian
scalar products of the row vector ST and the colon vector g := (3;)1<i<n formed by the ionic parameters

9.
Finally the functions ® and ¥ are respectively given by

(5.7) oM, wl) 0@ w®y = FM wl)) - Fu® w?),

(5.8) UM, wl 2z 2 w® £2)) = G(é(l),v(l),w(l),z(l)) — G(é(z),v@),w(z),zm).
In the next we denote

(5.9) R(z,t) = RW, w2z 4@ w® 2z 1), S(z,t) = ST (0P, w?, 2P (z,1),

and

(5.10) h(z,t) = h(aM, 82,0 w® 20 @) w® 7)) .= 8T (z,¢) - 8(z) + R(z, t).
Let p = dv and we consider the time derivative of the first equation of the system (5.3)

(5.11) Op —div(eVp) = f in Q,

with the boundary condition

(5.12) oVp-v=0 onX,

where

(5.13) f(z,t) = 0th(x,t) = ;ST (z,t) - o(x ) + OiR(z,t), (z,t) € Q.

The vector functions ST and the function R are defined in (5.5) and (5.6) respectively. First, we evaluate the
first equation (5.11)) at a fixed time ¢( such that 2t = T

(5.14) p(z,to) — div(eVu(z, to)) — ST (2,t9) - 5 — R(z,t9) = 0.
Then, we integrate over €2 the square of (5.14) with the weight function e~27(#:%0)  we obtain

(5.15) J —2sn(2t0) ‘ST (z,t0) - ‘ de < C (J —2sn(@;to) Ip(x, to)\ dx
Q
+ f e~ 21@10) |div (oY (z, to))|? d + f 6_25”(x’t°)R(m,to)|2dm>
Q Q

<C (f e 21m0) p(x, o) [* da + f e 2 00) | R(x, o) [ dar + o, to)?qz(m> :
Q Q

In order to estimate the second term in the RHS of (5.13)), we need the following lemma:
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Lemma 5.1. Let (v(”), W(”), z(")), n = 1,2, the solutions 0f. Then there exist a constant C' > 0 such
that the following estimates hold

(5.16) [R(z,t)P < C (Jo(e ) + [wiz, ) + la(z, D))
and
1
(5.17) 0. R( <o) (|é’tv 2, )2+ |ow(a, 1) + |85 (z, b)) )
s=0

Here, (v, w,z) is given by (5.2).

Proof. By a computation, we have

k
Ra,t) = 291 Ty (5 = y(w®)e®)

N Rk (1) — w@)a
_ w w
i=1 s=1 |a‘:5 :
3 : Dy\pj.i 1 2 1
£ 2 a0 [ [Ja)ue®) () - BED))
i=1 j=1
N e b 1) _ w@)a
_ w w
S z<1>< W (w®) | (0 ) Ey(2)
(6%
i=1 s=1 |o¢‘:5
N k
(5.18) = e Ty (5e®) = 5:0®)) Eiz?),
i=1 j=1
where

By (5.18), we have
5] ) — )|

RN (T

=1
max; pj,; 925 9
+ Y W - w® —I—‘Ei(z(Q))—Ei(z(l))‘ .
s=1

Back to estimate (5.16), we can show that
Ze z
log ( @ ) — log (&)
Zi Zi

2

Ei(a?) ~ Eiz®)| = 5

2
(5.19) <C ‘log(zlgl)) — log(zf))‘ < Clzl?,
and
2
(5.20) yi(v(l))v(l) — yi(v(2))v(2)‘ <C |v\2 ,
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since z — log z and v — y;(v)v are Lipschitz functions. Then

max]-pj,i
(5.21) |R(z,t)]> <C (lv(w,t>l2 + ), w(m )+ Z(fc,t)l2) :
s=1
Using the fact that |w;(x,t)| < 1, we deduce
(5.22) IR(z,t)]> < C <\v(ac,t)\2 +w(z, )2 + \z(x,t)|2) .

To prove inequality (5.17)), we use
(5.23)

N
BR?*<C) <
=1

2

2 2
y; () _yi(v(m)v(z)‘ n ‘@(yi(v(l))v(l) _yi(v@))v@))‘ n

50 ™) = i (0®)

2

o 0) = 50| + wib) — "+ oy (W) — w2
s=1 s=1 |a|=s
2
+[Ei(zM) —EZ(Z(Q))’ + ’at(E,(z@)) —E,-(z(l)))’ >
By 2.13), (2.14) and Lemma[2.2] we deduce that
2 2
0Bz ~ E(2®)[ = il |or(log 2 ~ 10g 27|
2
|7| 6tz§1) 8tzi(2)
= Yl T T
Zz‘(l) Zz‘(Q)
o [P0t — 27 Al
= 1% -
2 P
2
_ |2z
¢ Zz(l) Zi(l)zz@)
(5.24) < C (Iaml + \ZZIQ) ;
and
2 2
max; pj i max; pj.; k 1) (2)
o (wh —w@)m) =3 S e[ - wi?))
s=1 |a|=s j

(5.25) < Clawl?,
and
2 2
O (i (WMo — yi(v(Q))v(Q))’ = ‘&v(l)(yg(v(l))v(l) + 1 (vM)) = 8@ (g (1)@ + yi(v(g)))‘

(5.26)

N

C(Jv]* + [ow]?).
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Here, we have used that y;(v) is a C* function with respect to the variable v and then is locally Lipschitz
since v is bounded. Similarly for the function y;(v)v. The proof is complete. |

We integrate on € (5.16) for t = ¢, with the weight function e~257(#:%0)  we obtain
(5.27) L e 2wt} | Rz, 1) |* dor < C (He‘”@t%(x, t0) 720 + e " w (@, t0) 17 2 e

e 1z, 10)] 23 gy ) -
and we deduce the following Lemma.

Lemma 5.2. Let (v("), w(m), z(")), n = 1,2, the solutions of. Then there exist a constant C > 0 such
that the following estimates hold

(5.28) L e 210 | Rz, t0)* da < C (o, 10) 3 + W (@ t0)Za(aps + 122, t0) 2 2oym ) -
for any s > (.

The next part is devoted to estimate the first term in the RHS of (5.15)).

Lemma 5.3. Let wg be an open subdomain of Q). There exists constants \y, s, and C' > 0 such that for any
§ = 84 and any A = )\, the following estimate holds

C
(5.29) J B p(a to)|* d < e f] 2, + CAQJ 21 (%% [p + ¢ V| da dt.
Q

«o

Proof. We have
to d
Ki= | e o) do = [ [ S0 pfydzds
Q 0 Jodt

to
(5.30) = j J (7258,577(30,15) Ip|* + Zpé’tp) e~ 2@ dy: dt.
0 JQ

Besides, from (4.9) and using Young inequality, we have
|~2s0m(a,t) 1ol + 2p0| < 25 |om(a, )] bl + 2 1ol 10

< O (s o + 25 2 pl) (571972 forn
< C (sl + 2ol + 5727 Jawl?)
(5.31) < C <S2(p2 Ip|? + 527! |8tp\2) :

Then, we apply the Carleman inequality given in Theorem satisfied by p, we obtain that for s and A
sufficiently large

C
K < ;Hefsan%z(Q) + C(32A4f e 2% |p|? da dt + N\ JQ e 2 |Vp|? da dt).

This completes the proof. |

Lemma 5.4. There exist C' > 0 such that the following estimate
(532) [e " fl2(0) < C(f e 21(10,ST - g” + |of? + [p? + [w[? + |orw]? + |2I? + |02 [*)dx dt),
Q

holds for any s > 0.
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N
Proof. Using the definition of f = Z(ats);‘r 0; + 0: R, and taking into account (5.17), we get
i=1

S _92g 12
(533) e fl721q) < cer 20(16,8T - o™ + [v]* + |p]* + |W[* + |oew] + |2|° + |0vz|*)dw dt.

The proof is complete. |
Lemma 5.5. There exists constants My, ss and C' > 0 such that for any s > s, and any X = A4, the
following estimate holds

—s —2s ~2 ~|2 =
(5.34) e "fH%z(Q) < C(JQe >n(10,8" o] +[ST -2 + |o|?)de dt

+ 8)\2f e 22 XN203 v + ¢ |Vo|?)dx dt
Q

wo

+ 22 j@ e (s |Vp|2 + AP |P|2)d$ dt + [|w(., tO)H%?(Q)k + |z (., tO)H%Q(Q)m)‘

«o

Proof. We apply again the Carleman inequality given in Theorem 1] satisfied by p = d;v,

(5.35) JQ e 2N pdedt < C (s_3|e_5"f|%z(Q) + /\QJ e 2M(N20° p|* + 5720 |Vp)dx dt) :

w0

Let us now estimate the following terms

L = f e 2 |oyw|? dedt and I = J e~ |0z dux dt.
Q Q

From system (5.3) and (5.7), we have
(5.36) oy = @50, Wi 0@ WPy = F(®,wl) - F (0@, w'?), vj=1,... &

Since the function Fj : R? — R is locally Lipschitz continuous, we have
(5.37) L = f e~ 2 | oyw|? da dt < CJ e~ 2 (|o* + |w|*)da dt.
Q Q

Now, from (5.8)) and (2.7), we have

2
(5.38) |dvzi]? < C()Hi(v(l),w(l),z(l)) - Hi(U(Q),W(Q),Z(Q))‘

2
Ji(a*, oW, wl) log ZZO)) — Ji(2%,v®, w® log 21(2)) )

+

< C(f + [wl* + [2]* + |2),

since v/ € L*(Q), w® e LP(Q)*, log z» € L®(Q)™, and the fact that the ionic curent .J; is locally
Lipschitz. Then

(5.39) I = J e~ 2 | oz dx dt < Cf e 2(|v)? + |w|? + |z|* + |2 dz dt.
Q Q
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Substituting (5.33)), (5.37), (5.39) in (3.33), we obtain

—S —2s ~2 =
(540) e f[72) < C <er 20(16,8T - 0" + [a]* + [v” + |W|* + |2|*)da dt

+)\2J
Q

e 25 (s 2 |Vp|2 + A28 |p|2)daz dt) )

wo

Using Lemma[4.2] we get

(5.41) f 20w da dt < cf 2N ([w(z, t0)[2 + 5~ [®(x, £)[?)da dt.
Q Q

Using the Carleman inequality given by Theorem for the estimation of |v 2, using lemma 4.2 for \z|2

and the estimation (5.41)), we get, for s and X large enough

(542 e g < € JQ e 2 (|Rf? + B[ + ) dt + Wi t0) 22y + (-, t0) 22y

+3A2J
Q

e 2(2A20° [u]* + ¢ | Vo) da dt + /\QJ e 2 (5720 |Vp|? + X203 [p|?)da dit

w( QWO

+ J 6_23”(|8tST . §|2 +|o|*)dx dt).
Q

Setting D := J e~ 2(|h)? + |®|* + |¥|?)dx dt, and using the estimates (5.37), (5.39), we obtain, for s and
Q

A large enough

(5.43) D < CJ e 21(|ST - g + |o]? + |w|? + |2/?)da dt,
Q

since v/ € L*(Q), w? € L®(Q)*, log z? e L*®(Q)™. Using again the Carleman inequality given by
Theoremto |v|? and using Lemmauto |w|?, we get, for s and A large enough

(544) D < CJ e (ST - g” + |a]*)da dt + C ()\QJ eI ol + 5720 |Vof*)da dt)
Q

«o

1w (s t)[72ape + 1205 t0) Z2(ym-

Substituting (5.44) in (5.42)), we obtain

—s —2s ~2 - ~2 —2s
(5.45) e an%z(Q) < C(JQe 2n(1ST . g + la)* + 10,S" - 0| )dz dt + 33)\4J e~ 23 |v|? du dt

wo

+ sA? J e~ 2N | Vo2 da dt + 572N\ J e~ 2N |Vp|? da dt + )\4J e~ 23 |p|? dux di

0 QWO Q""O

+ HW(,tO)H%z(Q)k + Hz(atO)H%?(Q)m)

This complete the proof. |
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5.2. End of the proof of Theorem [3.1} Then, inserting these above inequalities (5.28), (5.29) and (5.34)
in (5.15), it yields

osn(z 2 _ —osm | =
(546) JQ e 257]( 7t0) |ST(.'L',tO) . Q($>| dx < C(S 1 JQG 2sm ’Q(aj)|2d$ dt + “UH?‘Il(O,T;Hl(wQ))

o )2y + 1w o) By + 12 t0) Bagayn )

Since vé2) e WhHo(Q), WEQ) e L®(Q)* and logz? € L*(Q)™, ¢ = 1,...,N. Summing up the above
estimate over £ = 1,..., N, we get that

(5.47) J e=2(10) | A (5) - 5(a)[2 da < C <Ns_1f e=251(00) | 5(2)| d
Q Q

N
% (Bl oz gy + 102 t0) gy + W t0) 3 agqye + |z£<.7to>ni2(mm)) ,
/=1

where the N x N real matrix A(z) = A(véz) (z,t0), WEQ) (x,tp), zé2) (x,%p)), for x € Q. Notice that we have
(5.48) [A(@)élrr = a1(z) [Elpn, 2€Q, £eRY,

where (a;(7))1<j<n = RY denotes the increasing sequence of the singular values of A(z), and |¢|px
stands for the Euclidian norm of €.

Moreover, by Sobolev embedding theorem (e.g., Thm. 5.4 in [1]], Cor. 9.1, p. 46, inVol. 1 of [33]]), we see
that H3(Q2) = C*(Q), hence vf)(., to), Wé2)(., to) and log z§2)(., to), £ = 1,..., N, being taken in C'(f2)
thanks to Proposition Then, a; € C! (ﬁ; R ) from [26] [Thm 6.8 p. 122]. This combined with equation
, yields o := inf,eq a1 (x) > 0. As a Consequence and by , we have

(5.49) f e 2n@t0) |\ (2) p() [ da: > o«%f e 2(0) | () da,
Q Q
and Theorem follows directly from this and (5.46)) by choosing s so large that CNs™! < a%.

6. DISCUSSION AND CONCLUSIONS

Accurate mathematical models are a necessary step towards the development of personalized cardiac
models from a set of observed data. Most of the accurate and physiologically-detailed models are based
on the HH formalism in which the ionic current is scaled by conductance parameters. Thus, in model
personalization procedures, identifying the conductance parameters is a key point in order to be able to
accurately assimilate the data. These parameters act directly on the ionic current representing the reaction
term in the PDE. They also act directly on the concentration rate and implicitly on the gate variables. In
this work, we proved that the parameter identification inverse problem is stable under certain conditions.
These conditions have to be satisfied in order to proceed to the computational estimation. Unless, there
in no guarantee about the uniqueness of the parameters obtained in the numerical results. Our approach
is based on a new Carleman inequality for the monodomain reaction diffusion model coupled to a general
form of ordinary differential equation system. We followed the same procedure as in [36, 5] dealing with
much simpler phenomenological models. But here, the Carleman inequality that we established for the ODE
system was adapted to the formalism of the physiological ionic models. This Carleman inequality is crucial
in order to prove the global Carleman estimate for nonlinear parabolic equation coupled with the ordinary
differential system, and thus, for solving the parameter identification stability problem. Here we addressed
the problem of identifiying ion channels conductances but the same strategy could be used for the other
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parameters of the transmembrane potential model. This result is very important step in order to numerically
solve the parameters identification problem in cardiac electrophysiology because it provides the condition in
which this problem is stable. The same approach could be used for other applications in electrophysiology
such as models in cerebral, intestine and uterine electrical activity. There are still some limitations that could
be addressed in order to reach the conditions of real life applications. The first issue is that it not possible
in practice to measure observation in a subset volume of the 3D domain. Ideally observations should be
considered on a part of the accessible boundary of the domain. The second issue is that not all of the state
variables are mesurable in real life application. In general, only the electrical potential is mesurable in
clinical application. In future works, our aim is to try to solve these two open questions.

7. APPENDICES
We will make use of the following Gronwall lemma.

Lemma 7.1. (Gronwall’s lemma)

Letyve R, ¢ € CL([0,T],R) and f € C°([0, T],R) with
¢'(t) < yo(t) + f(1),
then
(7.1) vie [0,T], o(t) <e’p(0) + J t e7t=5) f(s)ds.
0

Proof of Proposition
First we take the time derivative of equations system (2.8)

Opv — diV(O’V&tU) = 6tIapp + 0¢Lion, 1IN Q =0 x (0, T),
(7.2) Ouw = Ot F (v, w) in Q,
attz = atG(§7UaW7Z) in Q7

with initial condition

ow(t =0) =div(eVug) + Lgpp(t = 0) + Lipn(t = 0) in Q,
(7.3) ow(t =0) = F(vg,wo) in Q,
orz(t =0) = G(o,v0,Wo,Z0o) in Q.
Using the hypothesis vg € H2(Q), wo € L2(2)¥ and zg € L?(Q2)™, we deduce that
(7.4) div(oeVug) € L2(Q), Lion(t = 0) € L3(Q),
and then dyv(t = 0) € L%(12) since I, satisfy the hypothesis (2.9). Also we deduce that
(7.5) rw(t =0)e L2 ()%, and &z(t = 0) € L2 ()™

We integrate over €) the sum of the first equation of (7.2) multiplied by d;v, apply the divergence theorem,
and use the BC that oVd,v.v = 0 on 0}, and of the second one multiplied by d;w and the third one
multiplied by 0z, we obtain

1d
2 dt

f &gvétlappdx + f 00 liondr + J oyw.0y Fdx + f 01z.0;Gdx.

(HathLz + HatWHLQ )k + H&tzHLQ ) f O’V(?ﬂ) vaﬂ)dl‘ =
(7.6)
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First, from we consider

(7.7) JQ oVow.Vowdr > ,uJQ \Vow|* do = ,uHV&thQLQ(Q).
Second, from Cauchy-Schwarz inequality and Young inequality, we have

@) [| vttt < G100y + 00Tl

since I, verify the condition (2.9) and thanks to Lemma we have dyv € L2(Q).
We write

i=1 j=1
N k .
(7.9 + Z @iatvyi(v)(Z pLiw, ™ Gy H w?”)(v — Ei(z))
i=1 =1 j#l
N kN Oz k
+ Z 0i ’atv| yz(”) H wﬁ’w + 2 0i04v Zyz(v) H wf] '
i=1 j=1 i=1 t j=1

Thanks to Lemma we have v € L®(Q), logz € L®(Q)™, w € [0,1]¥ and y; is C*. Applying
Cauchy-Schwarz inequality and Young inequality, we deduce from (7.8) that

(7.10) L Orv0elappdiz + JQ dvdilionda < C(|0w|[72 0y + 0w 22 gy + 106272 (ym + 10 Lapp | T202))-
We recall that the function F}; given by (2.3) is C%(R?) forj = 1,...,k, and then we can write

(7.11) (9,5Fj(fu,wj) = &tvale + atwjagFj,

where ¢y is the partial derivative with respect the ['* variable, [ = 1,2. Since o, 3; are C*(R), v € L*(Q)
and w; € [0,1], 5 = 1,..., k, we deduce that

(7.12) 1 Fj(v,wj) =/ (v)(1 —wj) — B (v)w;, and 2 F;(v,w;) = —a(v) — Bv), j=1,...,k,

are bounded. Then, by Cauchy-Schwarz inequality and Young inequality, we have

(7.13) L ow.0Fdr < C(|0wl72() + 10eW[Z20e)-
Similarly for the variable z, for s = 1, ..., m, we can write
k
2Gi(0,v,w,2) = —(dwdai + . (dw;dj2i) + O 1og 20k 3.T;)
(7.14) o m
+owido H; + 2 0twjé’j+2Hi + Z 0t log Zjak+2+jHi.
j=1 J=1

By hypothesis (2.6) and (2.7), we deduce that 0;J;, 1 = 1,...,k+3,and O;H;, I = 1,...,m + k + 2, are
bounded since v € L*(Q), w € [0,1]¥, z € L®(Q)™ and from Lemma Then we have

(7.15) L 0v2.0,Gdx < C(| 0] 721y + 10w (T2 0r + 02 72(ym)-
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Thus, substituting (7.7), (7.10), (7.13) and (7.15) in (7.6), we obtain
(7.16)

10020y + 100wl T2 0y + 1002l T2 0ym) + 1] VO ]T2 (o) <

10022y + 10622 s + 0622y + [0t anpl 22 )

Applying Gronwall Lemma (Lemma [7.1)), we deduce

(7.17) 100172y + w720y + 0272 (ym + I VO[720) < Co, ¥t e [0,T],

where

(7.18) Co = C([vol z2()s [Woll L2 1ol L2 (ym s [ Lapp | 51 0,7 22(02))) > O-
Thus,

(7190 we WH?(0,T; HY(Q)), weWL?(0,T;L*(Q))*, and ze WL*(0,T; L*(Q)™
Now, for ¢t € (0,T"), we intergrate (7.16) over (0, ¢), we obtain

(7.20) [0ev )72y + 106w 20 + 102l F2gm + Mf: [V ] Z2qdr < 2Co,
and then
T
(7.21) L [Vow|7sq)dr < 2Cs.
We conclude
(7.22) ve HY0,T; H'(Q)).
On the other hand, we write
(7.23) div(eVv) = v — Topp — Lion € L7(0,T; L*(Q)),
then
(7.24) ve LP0,T; H*(Q)).

Let us now consider the hypothesis vg € H3(2) and (2.23). We have
(725) V(&tv(t = O)) = V(leVU()) + VIapp(t = 0) + VIion(Uo,WQ, Z()) € LQ(Q)

We multiply the first (respectively second, third) equation of (7.2)) by dyv (respectively 0y w, 0z), we
obtain

\&tv\z — 6ttvdiv(aV6tv) = 6tw8t[app + Opv0Lion,

1 .
O |* + 5( a(v) + 5( )) |<9th| — Opw;Owd Fy, j=1,---,k,
k
(7.26) \&tzz']? -|- 5k+3J ‘atZz‘ = Oy zi(— 0o J; — Z Oyw; 00 J;
j=1

m
+0w0o H; + Z at’ll)jaj+2Hi + Z Ot log zj6k+2+jH,~), i=1,---,m.
j=1 j=1
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We integrate over (2, using Cauchy-Schwarz inequality and Young inequality, for j = 1,...,k and i =
1,...,m, we have
(7.27)

l0avlTo) + 2 IVatv\ < ellduvlaioy + CellotLappl oy + Hf?tfionHiz(g)),

Hﬁttwjlle )+C l0rw;l 72y < elduwiliz) + Cellduvlzaq

7/8 dt
[0uzilZ2() + Ciz10r2il72 () < elPuziliago) + Ce(lowlTz() + HatWHsz(Q)k + 10zl (0)-

Here we have used two contants C,, g, C; > 0 such that a(v) + 3(v) = C 5 and 8k+3J C;.
Summing all equations in (7.27))

d
(7.28) [0uvl7 20y + 100w (T2 + 1042Z]72(qpm + *(\Vaﬂf\g + 0w 2y + [0e2]720pm) <

C(||o app” 2(Q) + [0 wn“ 2(Q) + Hatv”LQ(Q + HatWHLZ(Q T ”atZH%Q(Q)M)'
Using hypothesis ((7.25), for ¢ € [0, T], we integrate over the time interval (0, t)
(7.29)
t
L(Hattﬂ%z(g) + [ Cuw | T2 + 10zl T2iym)dT + 1|V o072 (g) + 10w 720k + 01272 qpm <

Here Cy is a non negative constant such that |V v(t = 0)]
([.18).
We deduce
(7.30)
T

< Co|V(t = 0)]12(q) and Cy is given by

o

JO (HattU”%;(Q) + HattW”%g(Q)k + HattZH%Q(Q)m) + HV&th%z(Q) + Hé’th%g(Q)k + ||atZH%2(Q)m < Cle,
then
(7.31) ve HX0,T; L*(Q)), we H*0,T;L*(Q)*, and ze H?(0,T;L*(Q)™

Let us now prove the regularities (2.23). Deriving equations (2.3) and (2.5) over the space variable z, we
obtain

(7.32) 8t(6$w]~) = (3351)(9117]' + 6$w]~62Fj, 7=1,...,k,

and

(7.33)
N k m

0t(022i) = Z 020j0;G; + 0viNn11Gi + Z Ozw;i0j+N+1Gi + Z Oz2j0k+N+1+Gi, i=1,...,m.
j=1 j=1 J=1

Without loss of generality 0, is the space derivative over one direction (here could be the first, the second
or the third dimension of the space R?).

According to Lemma 2.1} Lemma [2.2]and the hypothesis (2.3)-(2.7), there exist a constant C' depending
on 7', such that

(7.34) |01 Fj 172y + 102Fl72q) < €, G =1,... kK,
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and

(1.39)

2 |020;0,Gil 72 @ Hon+1Gi HL2 +Z 105+ N+1G; HL2 +Z |0k +N+1+45Gi HL2(Q) c, i=1,....,m
] 1 j 1 j 1

Multiplying the equation (7.32) by (0,w;),j = 1,...,k, the equation (7.33) by (0,z;),i = 1,...,m,
and integrating the sum over 2, and applying the Young inequality of the right hand side, we obtain
d
(7.36) @(Ha’cwué(o)k + Haxz”%?(o)m) < C(HGIUH%Q(Q) + HaﬂﬁWH%Q(Q)k + ”axZH%?(Q)m)'

Thanks to the regularity (7.22), we have |0, v 2(q) € C°[0,T]. Applying Gronwall lemma and using
hypothesis (2.23), we obtain

@30 0wl + 10: oy < CURWol 2yes 120l 2i0yn), Ve [0,T]:
Thus,

(7.38) we L0, T; H'(Q)*, and ze L®(0,T; H(Q))™

On the other hand, from (7.32)) and (7.33)), we deduce

(7.39) we WL, T; H'(Q)*, and ze WL*(0,T; H'(Q)™

The proof of Proposition [2.1]is finished. [ |
Proof of Proposition 2.2}

Let p = J;v. We have

(7.40) op — div(oVp) = Oilapp + Otlion,

with initial condition

(7.41) p(t =0) = dw(t =0) =div(cVug) + Iopp(t = 0) + Lion(t = 0).

We start by showing that p(t = 0) € H?(12) in order to be able to apply Proposition Using hypotheses
[9) and vy € H*(£2), we have diV(aVvo) € HQ(Q) We also have I, (t = 0) € H*(Q). It’s obvious that

(7.42) Tion(t = 0) Zgzyz vo Hwo (o)) € L*(92).

Thanks to hypothesis (2.12) and the fact the p is bounded in H3(Q)", there exists a constant C' > 0 such
that

|0 Lion (t = O)|2 < C(|axv0|2 + |axW0‘2 + |aCCZ0|2)7
(7.43) |CayLion(t = 0)[* < C(|0zvol* + [0wo|? + |0az0l” + |yv0]* + |0y wol® + |0y 20/
+|0eyvol® + |0y wol® + |Ony2o0l*).
So, from the assumption of Proposition and vg € H4(Q), wo € H2(Q)*, 2o € H%(Q)™, we deduce that

Oz Lion(t = 0) and Ozy Lion (t = 0) belong to L2(2). Thus I;p, (t = 0) € H?(Q), and then p(t = 0) € H*(1).
On the other hand, we have

(7.44) ve HY(0,T; HY(Q)), we Wb (0,T;H(Q)*, and zeWbh*(0,T; H (Q))™,

then I;,, € H'(0,T; HY(Q)).
Applying Proposition [2.1]to deduce that the solution p verify

(7.45) p:=owe HY(0,T; H(Q)).
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Thus

(7.46) div(eVv) = p — Lpp — Lion € H(0,T; H(Q)),
then

(7.47) ve L*(0,T; H3()).

Also

(7.48) div(e Vo) = 0p — Otlapp — Otlion € L2(0,T; HY(Q)),
then

(7.49) o € L*(0,T; H3()).

Thus

(7.50) ve HY(0,T; H(Q)) — C°([0,T];C*(Q)).

Always from Proposition[2.1) we have
o :=pe L*0,T; H*(Q)) = wve HY0,T; H*(Q)),
(7.51) ow:=pe L0, T; H3(Q)) = wveWh®(0,T; H3(Q)),
o :=pe H*0,T;L*(Q)) = wveH30,T;L*N)).
Let us now prove the regularities (2.26). Getting second derivatives of equations (2.3) and (2.5) over the
space variable x, multiplying both equations by 0,,w; and 0., 2; respectively and using that fact that g is

bounded in H3(Q)", integrating the sum over {2 and applying the Young inequality of the right hand side,
we obtain

d

where C'1 and (5 are two non negative constants.
From (2.23)), (7.51)) and applying Gronwall Lemma, we obtain

(7.53) Hamwugm(ﬂ)k + “amZ”%%Q)m < C(HamWOHH(Q)kv HamZOHLQ(Q)m)-
Thus,
(7.54) we L*(0,T; H*(Q))*, and ze L(0,T; H*(Q))™.

Similarly, computing the third space derivatives of (2.3) and (2.5) , multiplying both equations by 0z, w;
and 0,2 respectively and using that fact that g is bounded in H3(Q)", integrating the sum over 2 and
applying the Young inequality of the right hand side, we obtain

d
(7.55) %(Haxmmwuiz(g)k + Hammmz‘|%2(ﬂ)m) < C3(HammeH%2(Q)k + Ham(EJL’ZH%Q(Q)m) + Cy.

since v € L®(0,T; H3(S2)), where C3 and Cj are two non negative constants. Using wg € H3(Q)F,
zo € H3(Q)™ and applying Gronwall Lemma, we have

(7.56) ”ameHi%Q)k + ”ame”%?(Q)m < C(Hame0”L2(Q)kv HaxwazZOHL2(Q)m>~
Then
(7.57) we L*(0,T; H3(Q)*, and ze L(0,T; H*(Q))™.

Moreover, from the expressions of 0;(0yq W) and 0;(0r422), we deduce
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w e Wh(0,T; H3(Q))F < H'(0,T; H3(Q))* < ([0, T];C ()",

(7.58) 5
z e W(0,T; H¥(Q))™ < H'(0, T; H¥(Q))™ — ¢O([0, T]: ' ()™

|
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