N

N

A study of the Numerical Dispersion for the Continuous
Galerkin discretization of the one-dimensional
Helmholtz equation

Hélene Barucq, Henri Calandra, Ha Pham, Sébastien Tordeux

» To cite this version:

Hélene Barucq, Henri Calandra, Ha Pham, Sébastien Tordeux. A study of the Numerical Dispersion
for the Continuous Galerkin discretization of the one-dimensional Helmholtz equation. [Research
Report] RR-9075, Inria Bordeaux Sud-Ouest; Magique 3D. 2017. hal-01533177

HAL Id: hal-01533177
https://inria.hal.science/hal-01533177
Submitted on 6 Jun 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01533177
https://hal.archives-ouvertes.fr

A study of the Numerical
Dispersion for the

Continuous Galerkin
discretization of the
one-dimensional
Helmholtz equation

Hélene Barucq, Henri Calandra, Ha Pham, Sébastien Tordeux

RESEARCH
REPORT

N° 9075

June 2017

Project-Team Magique 3D

ISSN 0249-6399 ISRN INRIA/RR--9075--FR+ENG







V4

: in]armu!ics,mathematics

A study of the Numerical Dispersion for the
Continuous Galerkin discretization of the
one-dimensional Helmholtz equation

Héléne Baruc, Henri Calandraﬂ Ha Pham*, Sébastien
Tordeux*

Project-Team Magique 3D

Research Report n° 9075 — June 2017 — [73] pages

Abstract:

Although true solutions of Helmholtz equation are non-dispersive, their discretizations suffer from a
phenomenon called numerical dispersion. While the true phase velocity is constant, the numerical
one changes with the discretization scheme, order and mesh size. In our work, we study the
dispersion associated with classical finite element. For arbitrary order of discretization, without
using an ansatz, we construct the numerical solution on the whole R, and obtain an asymptotic
expansion for the phase difference between the exact wavenumber and the numerical one. We
follow an approach analogous to that employed in the construction of true solutions at positive
wavenumbers, which involves z-transform, contour deformation and limiting absorption principle.
This perspective allows us to identify the numerical wavenumber with the angle of analytic poles.
Such an identification is useful since the latter (analytic poles) can be numerically evaluated by an
algorithm based on [5, Theorem 2.4], which then yields the value of numerical wavenumber.

Key-words: z-transform, Numerical dispersion, Helmholtz equation, Finite element, Limiting
absorption principle.
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Une Etude de la Dispersion Numérique pour la
Discrétisation Continue de Galerkine de I’équation de
Helmbholtz

Résumé :

Alors que les solutions analytiques de 1’équation de Helmholtz sont non-dispersives, leurs
discrétisations souffrent du phénoméme de dispersion numérique. La vitesse de phase exacte
est constante; cependant, sa représentation numérique varie selon la méthode de discrétisation,
Pordre et le maillage. Dans notre projet, nous étudions la dispersion associée a la méthode
des éléments finis. Pour un ordre de discrétisation quelconque, sans utiliser d’Ansatz, nous
construisons directement la solution discrétisée dans R, et nous obtenons une dévéloppement
asymptotique de la différence de phase. Nous suivons une approche comparable & celle employée
pour la construction de solutions exactes pour un nombre d’onde positif, qui comprend la trans-
formée en Z, la déformation des contours et le principe d’absorption limite. Cette perspective
permet d’identifier le nombre d’onde numérique en fonction de I’angle des poles analytiques. Une
telle identification est utile, car ces derniers (poles analytiques) peuvent étre calculés en utilisant
un algorithme basé de |5, Theorem 2.4], ce qui donne la valeur du nombre d’onde numérique.

Mots-clés : Transformée en Z, Dispersion numérique, Equation de Helmholtz, Elements Finis,
Principe d’absorption limite.
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1 Introduction

Dispersion phenomenon The basis for time-harmonic planewaves of frequency 3 traveling

in a homogeneous medium with constant wavespeed ¢ are given by e’ e *~«"

. W
e c® are fundamental solutions of the Helmholtz equation at wavenumber x

(-A - KkHu=0,

. The spatial part

with x satisfying the dispersion relation x = %. The phase velocity of the above planewaves

is equal to the constant speed ¢ of the medium, thus depends only on material properties and
not w. In this case, we say that exact solutions to the Helmholtz equation display no dispersion
behavior.

On the other hand, the discretized solutions (e.g. by Finite Element or Finite Difference)
are of the form w;, = e {F»*=w where the numerical wavenumber x; depends on w, the
discretization step size h and order of discretization r. As a result, the phase velocity of the
discretized solution, given by m, also depends on these quantities, and is in general different
from the constant speed c. In this way, the numerical solution is said to display dispersive
behavior. The above discussion describes the numerical dispersion for monochromatic waves
(wave of a single frequency). For a polychromatic wave, i.e. one given by a superposition of
waves of different frequencies, while the exact solution retains its shape during propagation,
the discretized version will separate into a ‘train of oscillations’ [I], since each monochromatic
component travels at a different phase velocity varying with its frequency.

1

Figure 1: Dispersion associated with Finite Difference discretization of order 2 using planewave
analysis with A = 0.05 and 5 = 10. El = Re Uexact =cos(kz) ElRe up = cos(kpx) where analytic
wavenumber x = 10, and numerlcal one Ky ~ 10.107. The numerical wave with phase velocity ~ 0.989¢

lags behind the exact one (with numerical phase velocity c).

For a simple yet informative example, we consider the numerical dispersion associated with
Finite Difference of Order 2, c.f. Figure[I] The dispersion relation for the method can be obtained
via planewave analysis, c.f. Appendix[A] and is given by,

Ky = %aerln(“2h) ;K=

With ¢ = 10, the analytic wavenumber £ = 10. For discretization step size h = 0.05, the

numerical wavenumber has value

Kp = 0% arcsin (10><720.05) ~ 10.10721,

and the numerical phase velocity

h

=

w w/c K K
— =c¢c"— =c¢c— =c =c
Kh Kh Kh 2 arcsin(%) arcsin(

5

~ 0.98939 c.

P
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This means that the numerical wave (with phase velocity ~ 0.989 ¢) lags behind the true solution,
c.f. Figure[[] While this out-of-phaseness results in large error, c.f. Figure [2] the amplitudes of
the two solutions agree and their qualitative behaviors resemble. This means that an analysis
based only on error bound can give a misleading impression that the numerical solution is low-
quality. In more complicated cases, numerical dispersion can cause the apparition of parasitic
waves, which greatly affects the quality of the discretized solution, c.f. [3]. In short, in addition
to the error analysis, an understand of the dispersion phenomenon, i.e. the difference between
the analytical wavenumber and the numerical one, is essential. This understanding also serves
as a guideline in the choice of the mesh size and order of approximation, c.f. [I].

[y

| Uexact |

e '
=R I I
T

|uexact - uh|

|
|
|
| : | | | \ | | |
N 60 80 100 120 140 160 180 200
T

o
DO
o
[N
o

Figure 2: Error caused by dispersion associated with discretization by Finite Different of order 2. The
graph shows the relative error between Uexact = €' and up = €' **®. The first maximum is indicated
in red (H) and corresponds to 200% error.

Literature For a discussion of dispersion analysis, we refer to the introduction of [I] and
the book of [3] and the references therein. Analytic results at low order discretizations can be
obtained by planewave analysis or discrete Fourier analysis, c¢.f. [6 10, [7]. For general orders,
an upper bound of the phase difference was given by [8, Theorem 3.2], which states that, for
discretization order r > 1, and if % < 1, on uniform mesh, the difference between the continuous
wave number and the numerical one of the FEM solution is bounded above by,

r (gr)"1/2 K r
o — k] < wC (5T I (5T (1)

Here, C is a constant not depending on &, h and r. This upper bound is improved by [I, Theorem
3.2] which gives an asymptotic expansion of x;, in terms of x h and r; in particular,

2 K h)27 T2 r
cos(kp h) — cos(kh) = % [(2”—;),} % + O((kh)* 1), (2)

and for kh sufficiently small,

112 (sh)2rtt
pnh = rh = =% | 2| G 4 O((kh) (3)
This implies that
1= 0((kh)*), (4)
Kh

and that the bound by [8, Theorem 3.2] is sharp.

Summary of results In our work, we also carry out an analytic study of the phase difference
for Continuous Galerkin FEM for any order, however using a perspective different from that of

Inria
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[1] and [8]. The results in [I, Theorem 3.2] were obtained by using a Bloch-wave Ansatz for the
numerical solution. There are two folds to the novelty of our work: methodology and application
for numerical evaluation.

e Methodology Instead of starting from an ansatz as in [I], we use an approach that is anal-
ogous to and inspired by the limiting absorbing principle used to construct exact solutions
at positive wavenumber. The latter uses first Fourier transform to obtain solution at com-
plex wavenumber, then contour deformation to perform analytic continuation, c.f. the
discussion in Section To construct the discretized solution (on the whole R), we first
use ‘blocking’” and Z-transform to transform the system of two-sided infinite recurrence
relations generated by the discretization by FEM (on the whole R) into one matrix-vector
equation,

A(K%R% 2) W (K, 2) = hz H(z).

For convenience, this equation is called the characteristic equation and its coefficient matrix
the transfer matrix. The numerical solution at complex wavenumber can be obtained by
inverse Z-transform and ‘de-blocking’. Furthermore, we show that it can be written in the
form of a complex integral, which undergoes contour deformation and limiting absorption
principle to give rise to a numerical solution at positive wavenumber.

o Analytic results With contour deformation, we obtain explicit formula for the discrete
Green function and the numerical solution, which allows identifying the numerical wavenum-
ber x;, with the angle of the (analytic) poles of the inverse of the transfer matrix. In
particular, we show that all of the nonzero poles of [A(k?h?,2)]~! are a pair of conjugate
roots lying on the unit circle, denoted by e**¢(%":7) "and that the numerical wave is given
in terms of these poles by

p(kh, )

W .

Here the phase ¢ is a function of kh and r, hence the notation ¢(xh, r), c.f. Section @
For any discretization order r, we obtain an analytic expansion for cos ¢, c.f. Proposition [0]

Rp =

cos¢ = cos(kh) + (kh)? O((kh)?").
This implies dispersion relation [4] for small enough xh, and the bound

RKp — R

< C(r) (kh)*.

R

This means that we reobtain the asymptotic expansion and the bound . However,
our result is weaker than [I, Theorem 3.2], in the sense that the coefficient of the highest
order term is not specified, and we do not have knowledge of its sign. Our results only
concern kh < m, and not the high regime which was also studied in [I].

o Application Although we arrive at the same result regarding the order of the phase dif-
ference, the method we used offers a different perspective to characterize the numerical
wavenumber. Identifying the numerical wavenumber k;, in terms of the (analytic) poles
of the inverse of the transfer matrix allows using an algorithm based on [5, Theorem 2.4]
to calculate the poles, and hence kp, and obtain dispersion curves, for arbitrary order of
discretization. For convenience, we will call this Guillaume’s algorithm.

The remainder of the report is organized as follows. In Section [2, we review the limiting
absorption principle used to obtain true solution at positive wavenumber; as mentioned, this

RR n° 9075
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inspires our approach for the discretized problem. In Section [3| we introduce the discretized
problem and its ‘blocked’ version. In Section [ after performing Z-transform on the linear
system, we study the structure of poles of the resulting characteristic equation. Also in the same
section, we obtain the asymptotic expansion for cos¢. These results rely on technical details
in Appendix [C] In Section 5] contour deformation and limiting absorption principle are carried
out to obtain the explicit form of the discretized solution, which allows the identification of the
numerical wavenumber in terms of the phase ¢. Calculation of numerical wavenumber using
Guillaume’s algorithm and resulting dispersion curve are in Section [6}

2 Technical motivation - limiting absorption principle for
the continuous problem

The Laplacian A is an unbounded operator on L?*(R with domain H?(R). The spectrum of —A
is purely continuous with
U(_A) = acontinuous(_A) = R+~
When o ¢ o(—A), the inverse of —A — ¢ exists and called a resolvent R(c) of A.
(-A —0)™': L*(R) — L*(R) bounded, o € C\ R™.
In this case, the variational form is coercive in L?(R), and the unique solution in L?(R) can be
obtained by Fourier transform
1
§* —o
When o = x2,k € RT, we can construct a sequence w,, of ’almost eigenfunction’ (called the Weyl
seq.)

(A —o)ju=fin L*(R) = u=F ! Ff.

(A = Nwnllz@) = 05 [lwnllL2@) = 1.

This prevents the existence of a bounded inverse (—A — o)~ in L?(R) for o € [0, +00).

(k + ie)z
—Kk + i€ K+ i€
w2
TTTTTTTII Tt M
— ie)2
(Cg (k — i€) (C)\
(a) (b) Complex plane A\ = /o

Figure 3: Highlighted region C \ R is the resolvent set of —A. On this region, there exists
unique solution to the Helmholtz equation in L?(R), obtained by Fourier transform.

There are two approaches to construct a solution for positive wavenumbers. Both start with

the unique solution at complex wavenumber slightly off the spectrum, and then justify in different
way the limit as the wavenumber approaches the positive axis.

Inria
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Point-wise limit approach By separation of variables, we obtain
ei\/HQJrie |z|
Ge(z) = e E
21 VK? + 1€
as the fundamental solution to

(A — (K* +i€))Ge = 6(y) , K,e €RT.

The unique solution in L?(R) is given by

ue = /OO Ge(z —y) f(y)dy.

— 00

For each z ,

ik x|

int wi
GE(.’E) % Goutgoing(‘m) = (227

As a result of this,

e . 2
Ue E) Uoutgoing = Goutgoing * fin Hloc(R)

with Ugutgoing @ solution to
(~A—kHu="f,fecL2(R).

This solution satisfies the Sommerfeld radiation condition, and thus called ‘outgoing’,

: 1 _ : 1 —
mhﬁngo\;u/(x) —ku(z)| =0 xEIPoohu/(m) + ku(x)| = 0.

See e.g. the lecture note by [9] for further details.

Y

Figure 4: Outgoing solution defined by limiting absorption principle with deforming the
positive real line to contour C; .

Analytic Continuation approach We discuss here the general idea of this approach. Con-
sider f € C°(R), then its Fourier transform f has an analytic extension to C. For o € C with

RR n°® 9075
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Reo >0, Imo > 0, the unique solution in L?(R) to (—A — o)u = f is

U(O’, l’) _ 1 > PRESS (5) d¢

% —00 ‘5'2_0
10 e f© 1 [ e f(O)
- ix-€ d - ix-€ d
o) e ® Ty R
1 [ . .~ BN 1
- ix-€ —ix- el I
o /. {e Fle) + et F( 5)} o % Reo>0,Imo>0

In the last integral, we can deform [0, 00) to C4, as in Figure [4] to obtain an analytic continuation
of u(z) to {o : Reo > 0}. Denote this function by ugutgoing

d¢ , Reo>0.

Uoutgoing (0’, .13) =

L[ ot (e + e € F(=¢)
27 /C+ 2 -0

The above expression remains valid for o € Rt and defines a solution to the Helmholtz equation.
In this way, we have ‘crossed’ the spectrum RT, see also Figure [3 This solution can be shown
to satisfy the outgoing Sommerfeld condition. By uniqueness of such a solution, we reobtain the
outgoing solution constructed in the previous approach.

3 The discrete problem

3.1 Discretization

To avoid any parasite reflexion due to the boundary conditions, we will define a fictitious Finite
Element method on the complete real line R. Geometrically, R is partitioned into intervals of
length h

I;= [yJ,yJ+1] ,  with J e Z,

with the geometrical nodes given by
yys = Jh, with J e Z.
For a Finite Element method of order r, the global interpolation nodes are
zipi=+5n , withJeZ,0<k<r

For J € Z, we make use of the map Fy : & — ha + y; which is an isomorphism between the
reference element [0, 1] and the interval I, to construct a basis on R using the local Lagrangian
polynomials. We recall the definition of the local Lagrangian polynomials associated with the
defining set S = {%; =i/r; 0 <i<r},

oci<r, (Zi =)
i

A global basis for the set of piece-wise polynomial functions defined on R,

P, i={p € C°'R) | pli, € Po(L)), VJ €7}

Inria
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is given by the family ¢ ;-s defined on all of R,

éO(l?;lx) ) T e IJ
k=0: ¢Jﬁ(x)::: ¢T<]1;E1$) , v €l ;
0 , otherwise
br(F; I
O<k<r: ¢yip(x):= on(Fy w) . w€ J. .
0 , otherwise
Define the bilinear linear form a,
a(v,w) := / v'(z) W' (z) dz — HZ/ v(z) w(z) de.
—o0 —00
Denote by f = {fsx} the sequence defined by
Frn = / f(2) drpla); JEZ,0<k<r (5)

The numerical function u, € P, approximating exact outgoing solution Uoutgoing to the
Helmholtz equation, —Au — x%u = f, in the ¢ x-s basis is given by

up = ZUJ,k DI ks (6)

and satisfies the following relation,

o0

a(up, gr) = / f(x)psr(x)de, J€Z, 0<Ek<r. (7)
— 00

As a result, the coefficients uj,-s in @ have to satisfy the following system of r recurrence

relations at square wave number 2. Those at levels Jr, J € Z come from applying to @10

at geometrical nodes,

r—1 r—1
> Meyugig + 2Moouse + Y Morugs + Mopugpio = hfio. (8)
1=0 =1

The remaining types at levels Jr + k, with 0 < k < r, are obtained from applying (7)) to ¢ at
interpolation nodes,

r—1

ZMM ug1+ MkrUJ+170 = hf(]vk, , O<k<r. (9)
=0

The coefficients of the above equations are components of the matrix M defined as
M = M(k?*h?) := S — k?h%M,
from the local mass and local stiff matrix M and S, both of size (r + 1) x (r 4 1),
My = am(i, ;) 3 Sij=as(di,¢;) , 0<i,j<r (10)

These matrices describe the interactions between the local Lagrangian polynomials via the (local)
bilinear forms ay and as,

as(ﬁg):/o F@) @) di . f.ge H'(0,1);

1
aw(f.g) = / f@)g@)di | f.geI0,1).

RR n°® 9075
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Remark 1. FEquations and @D do not define uniquely the vector (ujk)sezo<k<r- As for
the continuous problem it is mecessary to resort to a limiting absorption principle to select the
outgoing solution. This procedure consists in adding a small imaginary part € > 0 to the wave
number k

ke = k(1 +1i€). (12)

This new term is classically interpreted as a damping term. It can be shown that the associated
formulation is coercive in 1*(Z), we can define the unique vector of 1>(Z x Z,,C)

r—1 r—1
ZM;Z uG_q g +2MuouGo + Z MG G, + Mo ugi0 = hfio; (13)
1=0 =1
r—1
> MiuG+ My uG o = hf . 0<k<r (14)
1=0

Here, M¢ = M(k2h?) = S — /{fh2M. The outgoing solution of and @ is finally defined by
taking the limit of u. for € going to 0.

uyEr = lim u5,. 15
sk = lim ug, (15)

3.2 The ‘blocked’ discrete problem

We will discuss the procedure of sequential ‘blocking’, which replaces the current system
—@ with a single equivalent recurrence relation of second order. We will need the following
definitions.

Blocking and unblocking sequences Because of their isomorphism, one can use Z or Z X Z,
to index the elements of a sequence; with Z,. denoting the set of integers k satisfying 0 < k < r—1.
We denote by M(Z, S) the set of sequences taking value in S and indexed by Z; its elements are
denoted by u = {us}jez. We denote by M(Z x Z,,S) the set of sequences taking value in S
and indexed by Z x Z,; its elements are denoted by u = {uj i} sez,0<k<r-

The sets of sequences M(Z x Z,.,C) and M(Z,C") are isomorphic via the ‘blocking’ mapping
b, and its inverse ‘unblocking’ b ! as follows. A scalar sequence u € M(Z x Z,,C) can be
‘blocked’ to obtain sequence U € 9MM(Z,C"), whose elements are given by

U=bu ; Uj= (usk)o<k<r (16)

Conversely, we can unblock a sequence U € 9M(Z,C") to obtain a scalar-valued sequence u €
M(Z x Z,,C), whose elements are given by

u=b"U ; ujp= Uk, JEZ,0<k<r (17)
In the above definition, (Uy)y is the k-th component of vector U;. We say that the (vector-

valued) sequence U = b,u is the ‘blocked’ version of the (scalar) sequence u, and u = b, 1U the
‘unblocked’ version of U.

Inria
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The interior local matrices We denote by S’mt, Mint the matrices of size r — 1 obtained from
the restriction of the local matrices S and M to the interior degrees of freedom,

(S'int)ij = S’ij ,(Mim)z‘j = Mij 1 <id,5<r—1. (18)
We next define matrix My (w) of size r — 1 as
Mint(w) = Sint - WMi11t~ (19)

As a result, My is symmetric and Siyy = Mint‘wf[) and My = —ﬁMiDJ

w=0"

Interaction between interior and ends The following quantities describe the interaction
between the interior Lagrangian polynomials {éj}lg j<r—1 and the left and right ones bo and ¢,..
We define scalars ag and aq R A

ap = Sor , a1 = Mo,. (20)

We define ag,a;, by and b; scalar vectors of size r — 1, whose components are given by, for

1 S.] S r—= 15
(a0); = Sjr L (00) =S50 (21)
We then introduce a(w), a(w) and b(w)

a(w) = ag(w) —war(w) ,  a(w) =dag—wa; , b(w)=bg —wby. (22)

The first coefficient matrix We define the first coefficient matrix B(w) of size r x r,
. 2M00(U}) bt(w)
B(w) = ( b(w) Mo (w) ) (23)

The vector b defined in is thus the truncated first row of B. As a first order polynomial in
w, we write B
B(w) = BO — ’LUBl, (24)

where By and B are scalar matrices defined as,

(Bo)oo = 2500 (B1)oo = 2Moo ;

N A 25
(BO)ij:Sij (Bl)ij:Mi' OS’L,]ST—l,Z#OOI‘]#O ( )

Note that, By = B|,_, and B; = —;=B|

w=0"

The second coefficient matrix We next introduce the second coefficient matrix A(w) of size

X7, Alw) = < O(Q(w) at(w) ) . (26)

r—1)x1 O@p—1)x(r—1)

See also Figure E] which summarizes the relation between B, My, a, a and b and the local
matrix M =5 —wM.
We introduce the equivalent form of system —@ as a second-order recurrence relation.

Proposition 1 (‘Blocked’ Recurrence relation). With sequences u and U, f and F related to
each other by the blocking relation, c.f. —, i.e

u=b U |, f=0b'F,

the following statements are equivalent:

RR n°® 9075
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3 2Moo Mor Mo(r—1) Mo,
3 Mg My Mir_1) My,
| M(T—I)O M('r—l)l L M(r—l)(r—l) M(r—l)r i
: M'rO Mrl T \\\ Mr(rfl) Mr'r :

Figure 5: Relation between the interior matrix Mj,; defined by , goefﬁcient matrices B
defined by and A defined by , the local matrices S and M defined by .

A B At

Uj—1,0
Uj—1,1 — U
Uj—1,2

Mszo Mz M32:2Mou Mor Moz Moz | 0 0 0 0 0
1 1 u.J,0
1 1
0 0 0 :Mm M Miz Maz 10 0 0 0 0 w1 < U
1 ! uj2
1 1
0 0 0 ' Mag Mz Moz Moas 10 0 0 0 0
1
1
7777777777777 R
1
0 0 0 :_./2/1_30__;/\/_13_1__-/\:13:2_ _2_/\/_10_0_|M01 Moz Moz 0 0 uyy1,1 Ujtr
Ugi1,2
0 0 0 0 0 0 My My My Mag 0 0  “JH20

wjto1 < Uiz

Figure 6: The recurrence pattern of the infinite linear system @D and definition of
coefficient matrices for recurrence relation (27)).

1. u solves the system of recurrence relations given in —@ at Kk with right hand side f.

2. With matrices A and B defined in and , U solves
Aw) Uy +Bw) Uy + A (w)Us1 =hFy , w=k*h? (27)

called the ‘blocked’ recurrence relation at k with right hand side F. See also Figure [0

Inria
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4 Analytic results (Part 1) : Root structure of the charac-
teristic polynomial and technical lemmas

4.1 Motivation

In Section |3} we have written system —@ as a second-order constant coefficient recurrence
relation (27)). In terms of shift operator 7 acting on sequences, c.f (131)),

(TKU)J = UJ+K,
recurrence relation can be written as
Aw) 11U 4+ B(w)U + A'(w)U =hF ; w=kh2 (28)

On can solve constant coefficient recurrence relations by a process analogous to the resolution
of constant coefficient ordinary differential equations by Laplace transform. This process is via
the discrete Z-transform, c.f. Appendix [E] which first transforms a recurrence relation into an
algebraic equation, a solution of the original problem is then obtained by taking Z~!-transform.
The above processes however need justification, c.f. Section[5] We give here a heuristic discussion
to give a glimpse of the technical difficulties that will entail.

We list our working definition of Z-transform and refer the readers to Appendix [E] for more
details.

Definition 1. For a scalar sequence u = {uy, }nez,

[Zu)(z) == ) un 2", (29)

n=—oo

if the RHS converges. We will also work with the following version

(Zu)(0) == Y w0 (30)

n=—oo

Since the relation in question is vector-valued, we will be using the ‘blocked’ discrete Z-
transform Zg. Definition [5] extends readily to vector-valued sequences, upon noting that for a
vector-valued sequence U € M(Z, C"), with m; denoting the projection onto the i-th component,
m; U is a scalar sequence.

Definition 2. For a vector-valued sequence U € MM(Z,C"), [ZsU](z) is a vector of dimension r
with components given by
AU =2mU ,1<i<r, (31)

if the RHS makes sense. Here there are also two versions corresponding to whichever definition
of scalar Z used.

In the case where U is obtained from by a scalar sequence u by the ‘blocking’ map b,., c.f.

(18)-(T7), i.c U = b,u,

oo
[ Zs Ul(z) = Z Uprgpr 2’ , 1<k <r.

J=—00
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This operator transforms the the shift operator 74k into a multiplication operator, see Propo-
sition [38] In particular, for a vector-valued sequence sequence U of the form U = b,u for some
scalar sequence u, we have

[Zs ek U)(2) = 275 [Z0U](2) , KeZ'.

Taking formal Zg transform of and write W(w, z) = Zy U(w) and H(z) = Zy F, we
obtain

A(w) z + B(w) + Al(w) 27 W (w,2) = hH(2) , w=r>h>
For z # 0, the above algebraic equation is equivalent to

[A(w) 2> + B(w) z + A'(w)] W(w,z) =hzH(z) , w=r’h>

A(w,z)

We define the transfer matrix A(w, z) = (A(w, 2))o<i,j<r of size r,
Aw, 2) := 22 A(w) + 2B(w) + A (w). (32)
Substitute the definition of A and B, c.f and into the RHS, the entries of the transfer

matrix are given by,

2 2t ¢
A:<za+22/\/loo+a 22at 4+ zb ) (33)

zb+a ZMint

By their definitions, we recall that A(w) and B(w) are matrix-valued polynomial of first order
inw, c.f and ; hence the entries of A(w, z) are polynomial of first order in w and second
order in z. We first make a general remark regarding the inverse of such a matrix.

Remark 2. For a square matriz D of size r , we recall the definition of its adjugate Adj D,
AdjD(2) =C'(z) , Ciy(z)=(=1)""M(z) , 1<i,j<n

where M;;(z) is the (i,j) minor of D(z). By Cramer’s rule, we have

(AdjD(2)) D(z) = D(2) (AdjD(z)) = detD(z) Id.
The inverse of D is given by
-1 L Adj D(z)
D™ (z) = det D(z)

outside the spectrum of D
op = {z € C| det D(z) = 0}.

For the rest of the discussion, we suppose that the components of D are polynomials in z.
Under this hypothesis, det D(z) and the components of AdjD are also polynomials in z, and
the function D~'(2), wherever it is defined, is rational in z, with scalar matriz coefficients. In
addition, the set op is finite and discrete in C, since op C {z € C| det D(z) = 0}, and the latter
is the set of zeros of a polynomial hence is finite and discrete itself. In short, the inverse D™1(z)
fails to be defined on op, but exists and is analytic on C\ op. The elements of op is discrete
and finite in C, with op finite and discrete and called the poles of D™, or also as generalized
etgenvalues of D. A
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Numerical Dispersion by z-transform 15

Following discussion and notation of Remark [2 we can define W (w, 2) as

W(w,2):=hzAw,2) "V H(z) , z¢ T A(w,)> (34)
where AdjA( )
—1 L ) w, z
A N w, 2) = Tt Alw o) Aw.2) 2 ¢ 0 A,

The justification of Z-transform of and of Z~! transform of W necessitates a clear under-
standing of o4 both for real and small enough w and well as its perturbation to the upper half
complex plane. This will be the goal of the current section.

The main results of the next sections are that

det A(w, z) = 6(w) 2" (22 — 2p(w) + 1)

and
p(w) = cosw'? + wO(w").

As a result, we will show that there the only nonzero poles are a pair of conjugate complex
number having the properties depicted in Figure 7]

4.2 Properties of the inverse of the transfer matrix A~!

In order to state the results, we need the following notations. Define functions 5(w) and §(w) as

= (ofay i) = (G0 ) @

We note that 8 and § are determinants of matrices whose components are polynomial of first
order in w, and thus are polynomials in w, c.f Remark 8]

Lemma 2. 1. The adjugate of the transfer matriz A(w, z) has the following factorization,

Adj A(w, 2) = 2" 2Q(w, 2), (36)

where the entries of Q(w, z) are polynomials of second order in z and first order in w.
2. The determinant of A(w, z) has the following factorization,
det A(w, 2) = §(w) 2" ! q(w, 2), (37)

with the characteristic quadratic q(w,-) defined by

q(w,z) = 2° — 2p(w)z + 1 (38)
and the rational function p

 B(w) + det B(w)
W) = == 55

Proof. Property 1 : We recall the more explicit form of the transfer matrix A, c.f. ,

A 22+ 22 Moy + o 22 at 4 2 b
B zb+a zMint '
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By direct calculation that, we obtain that, for some constant ¢y, constant vectors vy, vy, 01,09 of
dimension r — 1 and constant matrices Ey, F; and E5 of dimension (r — 1) x (r — 1), Adj.A can
be written as,

2" e 272 (2 vt + v) !
)

Ad'] A= ( T_l(Z U1 + 170) ZT_Q(Z2E2 + zF + Ey

z

This immediately gives (36]).
Property 2 : Using the fact the det is a multi-linear form, we develop det A along the first
row and then along the first column, and obtain

B 2ZMOO th 22044»04 22 Clt
det A = det( Zb+a 2z Mg + det zb+a M )

Expanding both terms with respect to z,

22Mpg 2 b? B 0 zb! 22Mpog 2 b?
det < sbta Mg ) det + det b > Mo

t
:zr_ldet<2 b )—i—zrdetB;

2at+a  22ad a Zat 2a  2?a

det ( zb+a z Mint = det a z Mint +det zb z Mint
t

zrldet<a Za >+Zr+1(04

a b

T 0 at r—1 « 0 r+1
=z det(a Mim)+z det(o Mint>+z 5(w)

Grouping the two last equations we get

det A(w, z) = 2"~ 16(w) + 2" (det B(w) + B(w)) + 2" (w)

4.3 Coefficients of the characteristic quadratic q

In subsection [£.2] we have obtained an initial decomposition of the determinant of the transfer
matrix A,

det A(w,z) = §(w) 2" ! (z2 —2p(w)z + 1) = 0(w) 2" q(w, 2).
where the expression p in the first order term of the characteristic quadratic q is given by

_ B(w) +det B(w)

See and for their definitions.

Inria



Numerical Dispersion by z-transform 17

For small enough w, we will show that
p(w) = cosw/? + wO(w") and d(w) #0.
Step 1 : In Lemma [3] we show

B(w) +det B(w) 3 _wdet./\/lint(w) w s ML) K

Step 2 : In Proposition 3] in Appendix [C] we show

-1, _ 2—2cos wl/? 2[r/2]+1
WK'MintH——1+m+o(w )

Step 3: In Lemma {4} we show 6(w) # 0 and furthermore satisfies
1/2

d(w) w 2[751142
+ 2 .
det Mipg(w) — sinw'/? v e(a.b)

Step 4: After obtained the necessary expansion for the coefficients of the quadratic q, we
can calculate discriminant. This is the result of Proposition [5

We now begin the proofs for Step 1.
Lemma 3. We have the following identity

Blw) + det B(w) + 28(w) = —w det M [1 +wn Mmin] ,

where k is defined by, c.f , k= (K1, hro1)t, Kj = f01 (ﬁj(i")

Remark 3. We next obtain a relation between f(w) + det B(w) and é(w). We first remark
that the terms appearing in the definitions of p are all polynomials in w, being determinants of
matrices whose components are polynomial of first order in w, c.f Remark@' in particular, B(w)
and §(w) are polynomials of degree r — 1, and det B(w) of order r. Similarly, since M, is a
matriz valued of size r — 1 first order polynomial in w, det Mn(w) is, for the same reason, a
polynomial of degree r — 1. As a result, the ratio of these quantities will be rational in w. In
particular, we will obtain expansion for the following functions

§(w) and B(w) + det B(w) + 26(w)
det M (w) det M (w) ’

By Proposition we have that for |w| < w2, Mn:(w) is invertible, in fact at w = 0, det M, =
det Sine, and the latter is invertible by Proposition 2/l As a result, the above rational functions
are analytic in |w| < 7% and are equal to their converging Taylor expansion in that neighborhood.

Proof. We first rewrite 3, det B and ¢ as follows

- 0 Clt _ Moo Clt —Moo Clt
6 = det (CL Mint) = det ( a Mint * det 0 Mint

B 2 Moo bt B Moo pt Moo pt
detB_det( b M) U0 M) T 0 M

a bt a b a a
26 = 2det <a Mint) = det (a Mint) + det (b Mim> .

and
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The second terms in the expression of 8 and det B cancel out. We group the first term of
[ and the second term of 29, and the first terms of det B and 20, using the fact that Mj,; is
symmetric,

N Moo + « at Moo + « bt
B—I—detB—l—Qé—det( 4t b Mint>—|—det( bta M) (40)

We recall the results from Proposition [21| which gives
b+ Col(Mint, 1) + ... + Col(Mipe,r — 1) + a = —w;
Mo +mb+ ... +m_1b+a=—wky.

M00+7r1a+...+7rr,1a+a:—wno.

These above identities give the value of the sum of the columns of matrices in . Hence, for
each of the matrix in , by multilinearity of det, we replace their first column by the sum of
all column, and obtain

. ¢
B —wKy @ —wrg b
8+ det B + 2§ = det ( —wk Mim) + det ( —wkK Mint)

t gt t
_ —wKry a +b _ —2wky —wWkK
= det ( —wk  Ming ) = det ( a+b Mint)

(41)

Note that we can compute the sum of the first row in the last matrix in , by using Proposition
and Corollary [I§ which give

Ko+ mKk+...+mT_1k+Kk-=1 ; K. =Ko

= 2K+ mMKE+...+ T k=1

As a result, for the last matrix in the expression , using the multi-linearity of det, we
replace its first column by the sum of the columns, and obtain

—w  —wk! 9 0 &
B+ det B 4+ 2§ = det <—w/-€ Mint) = —wdet My + w* det K M)
The proof is finished by using Lemma [39] which allows rewriting the determinant term, and we
obtain

B +det B+ 26 = —wdet Mipg — w? k- Ming k1.

Next we show the proofs for Step 3.

Lemma 4. For |w| < 72

converging Taylor series

, the rational function T s analytic in w and is given by its

S(w) wl/2 =

Cdet Mypy(w) — sinwl/2

With the analytic error term e(a,b) bounded by

51y (72 + w])?
(72 — [w])3

With the current assumption on w, matric M,; is invertible, c.f. Proposition |20; as a result,
d(w) # 0 for small enough w.

le(a,b)| < 37%(1
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Proof. We recall the definition of §(w),

_ S,0 — whl, bt (w)
§(w) = det ( Ou(w) 0 Mg, (0) ) .

We next use Lemma [39] to rewrite the RHS as

§(w) = (STO - wMTO) det My (w) — det My (w) x a- M 1b

int
= det Mint (UJ) |:‘§’7'O - wM’r‘O —a- Ml_n% b:| .

The proof is finished by using the expansion of a - M_1b given by Proposition

int
1/2

N N r—1
a(w) - Myt (w) b(w) = S0 — whyo + + w2 2 e(a,b).
S

in wl/2

O

Main results of subsection After obtained the necessary tools from Step 1- 3, we now
obtain the results on the coefficients and discriminant of the characteristic polynomial q. From
its definition, p = 8 Tg’g B is a ration of polynomials in w, see also the comments at the beginning
of previous Subsection, hence itself is a rational function in w, and thus the discriminant A(w) =
4(p? — 1) is also rational in w. At w = 0, §(0) = — det M (0) = —det S’int, and the latter is
positive, c.f Proposition As a result, p(w) and hence A(w) are analytic in w in a neigbohood
of w=0.

Proposition 5. 1. p as defined in s a rational function with real coefficients in w and
has expansion,

p(w) = cosw/? + wO(w"). (42)
2. The discriminant A(w) is a polynomial of degree < 2r with real coefficients in w and has
expansion,
A(w) = —4sin?(w'/?) (1 + O(w")). (43)
Proof. Step 1 : We list the relation between § + det B and § obtained in Lemma [3]
B(w) + det B(w) w det My 1 14wk - M 1k
=14+ —(1 . ; =1 T T int Y
“25(w) T o) (T Migs) = 14w ——o s
det Mint
2 —2cosw'/? O(uw?r/2+1)
™4 wl/2 sin wl/2
=1-w
2w’ o
smwZ (w )
1/2 w!/ 2[r/2]4+1
L (1 —cosw )sinw1/2+o(w )
wl/? grr=1
[ ]+2
sin w1/2 O™ >
. sin w'/? r—1, o sinw'/?
=1- [(1 —cosw'/?) +w O(w2[ /2]“) 73 ] [1 - O(wg[ 2 ]+2) 72 }
w w
r—1
= cosw'/? + O(w? 2 1+3) 4 O(w"/?1+2) 4 lower order terms.
(44)
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Equality () was obtained by substituting the calculation of & - M, ! given by Proposition

2 — 2cosw'/?
. -1, 2[r/2]+1
1+wk Mintn—iwl/zsinwl/z + O(w ),
and that of ﬁ% given by Proposition
1/2 .
5(w) _w / +O(w2[ 21]+2)

det Mint (w) sin wl/2

We next simplify the error in ,

r—

O(w2[ 21].:,_3) + O(wZ[r/2]+2)

can be simplied to wO(w") by

r—1 r+1 , riseven r r+2 , 1 iseven
2 +3= _ ; 2+2[0] = , .
2 r+2 , risodd 2 r+1 ,  risodd
As a result, we have obtained,
det B
plw) = MT?S = cosw!/? + wO(w").

Step 2 : We next calculate the discriminant A(w). In terms of p, the discriminant of q(w, -)
is
(B(w) + det B(w))? — 46%(w)

— 4 s %) — 200 o — u? O )O(w)

=4 [sinQ(wl/z) — wO(w") (2 cosw'/? — wO(wT))]
= —4sin*(w'/?)(1+ O(w")).

In the last equality, we have used sin(w'/?) = w!'/2(1 4+ O(w)).

4.4 Roots of the characteristic quadratic q

At real wavenumbers We would like to determine the requirements on w € R so that the
characteristic quadratic q(w, z) = 22—2p(w) z+1, introduced in and , has complex roots.
We first obtain more explicit expansions of the discriminant A(w) and the first order coefficient,
—2p(w), c.f. . As a result of Lemma [5| in particular due to the form of the discriminant
A(w) given in , for w > 0 and small enough, the characteristic quadratic z — q(w, z) have
complex conjugate roots of norm 1. We denote these roots by z4 g = eFi00(0) with

22 = 00— p(w) £ily/|A(w)]. (45)

2
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Numerical Dispersion by z-transform 21

In addition, due to the property of p given in (42), the argument ¢, satisfies,
cos o (w) = p(w) = cos w? +w O(w").

From this relation, Proposition in gives an expansion for the difference between ¢q(w)
and w'/2.

We summarize this discussion in the following proposition. This result will be crucial in the
dispersion analysis in Subsection

Proposition 6. 1. For w > 0 and small enough, the roots of characteristic quadratic q(w,-),
introduced in and , are complex conjugates of magnitude 1. Denote these roots by

+ido(w . c.f ,

2. The principal argument ¢o(w) € (0,7) is a function analytic in w and depends on r and
has the expansion,

Z+,0=¢€

cospy = cosw'/? + wO(w"). (46)

Thus for small enough w, implies

dofw) =w'* (14 0 (7). (47)

w—0

At complex wavenumbers We would like to study how the roots of q(w,-) behave under
small perturbations of w to the complex plane, in particular for w of the form

we = (1+ie)?’w , w>0,e€>0.

We will show that they have the properties depicted in Figure m For such w, denote by z4 (w)
the corresponding roots of q(w, -) with

22 = plwe) £ 5 /Alw). (48)

Here 4/ is the complex square root branch defined on C\ R* with

1
V7= |z|1/? 2 287 where z € C\ RT, (49)
Arg : C — [0, 27).
From Proposition [6] at € = 0 for real and small enough w, the roots are complex conjugates
and lie on the unit circle. When w is not real, these roots cannot remain on the unit circle; for
if 2 is a root of magnitude 1, we multiply both sides of q(w, z) = 0 by z2

2 - 2p(w)z+1=0 = 1-2p(w)z+7>=0.

This means 7 is also a root. By uniqueness of factorization of polynomials, this implies that p(w)
has to be real. However, this is not generally the case when w is not real, for p(w) = W is
a rational function with real coefficients in w since ,det B and § are all polynomials with real
coefficients in w, c.f Remark 8] On the other hand, it remains true that z,z_ = 1, one root will
lie inside the unit circle, and the other one outside.

To determine the relative position of z; . to the unit circle, we first obtain a complex version

of Lemma [B
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Figure 7: The structure of roots of the characteristic quadratic q(w, -) for w = (1 + ie)w with
€ >0 and w > 0, c.f Proposition @

Lemma 7. For w. = (1 +ie)w with w > 0 and € € RT, we have
p(we) =1- (% — &+ €2 ég)W—iWG(% — €9 — él).
with & €R | & =0(w), fori=1,2.
and
A(we) =2w!/? [2 (I14e1)—c¢ (% +eg)]
with e; € R, ¢ =0(w), fori=1,2.

Proof. Property 1 : Lemma[5remains true for complex w with small enough norm. As a result,
we obtain

p(w)=1-3w+wO(w) , forweC,|w|small enough.
Apply to p, we have
p(we) =1—F(1+ie)w+ (1+ie)w (&1 +icéa) (50)
= ]_— (% _é1—|—62é2)W—iW€(% _62_61)'

with &; € R, & = O(w), for i =1, 2.
Property 2 : Lemma [5| remains true for complex w with small enough norm. As a result,
we obtain
A(w) = —4w[1+ O(w)] , for w € C,|w| small enough.

Apply to A(w), we obtain

Alwe) =4w [ — (1+i€e) =26 —i€e2éy];
& eR , & =0(w), fori=1,2.

Now using the Taylor expansion for v/—1 — 2z, z € C and |z| < 1, given by , we have,

A(we) =2iw'/? (1—1—%2’6—!—61 —I—ieg)
=2w!/? [i(1+e)—e€(5+e2) ]
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with e; € R and e; = O(w) for i = 1,2. O

Proposition 8. The roots of characteristic quadratic z — q(we, z) at we = (1 +ie)w, forw >0
and small enough, which were denoted by zy ¢, c.f , have the properties depicted in Figure
4 i.e.

1. ase—0,z+— etito .
2. for e >0 and small enough, |z4 | <1 < |z_ .

Proof. Property 1 : For w > 0, we consider the limits of zy . as € — 0. Recall that w — A(w, z)
is a continuous function of w. Hence as e — 0, A ‘we) — A(w). The latter A(w) is strictly
negative, for w > 0 and small enough, c.f. Lemma 5| On the other hand, the chosen branch /-
is analytic across {z € C| Rez < 0}. Thus we have

A(we) — 1 |A(W)’ , €¢—0.
As a result, for w > 0 and small enough,

Zye —7 Z40 = e:ti¢o , €—0.

Property 2 : Insert the value of p and A at w. given and into the definition of
Z4+ ¢, we obtain

2o = p(we) + 3 v/ AW

:1—(%—él+€2é2)w—wl/2€(%+62) +iW1/2[1+61—Wl/QE(%—éQ—é1):|;
z-e = p(we) — 5 /Alw,)

:1—(%—él—‘rEQég)W—FWl/zé(%—Feg) —iW1/2|:1+€1+W1/26(%—éz—él):|.

Since e¢; = O(w) and é; = O(w), and for small w > 0 and small ¢ > 0, we have the following
comparisions,

0 < W1/26(%+€2) < 1—(%—é1+e2ég)w;

0 < W1/26(%—€2—é1) < 1+e;.

As a result, it follows that |zy (| < |z_|. Since z4 z_ . =1, we obtain |z4 | < 1 < |z_ |-
O

Remark 4. Since {w € C, |w+ 1| < 1} is disjoint from the branch cut R™ of \/-, the function
{]z] <1} 3 z+— /=1 — z is analytic. On the other hand, when restricted to {Imz =0, |z| < 1},
it coincides with (—=1,1) 3 x w— /=1 —x = i\/1+ z, which is real-analytic and whose Taylor
expansion 1s,

o0
reR, |z <1, vl—i—x:l—l—%x-i-chx" , ¢p €R.

n=2

As a result, being the analytic continuation of in/1+ x from {Imz = 0, |z| < 1} to {|z] < 1},
v —1 — z has the following Taylor expansion,

(o)
|z| < 1, \/—1—z:i(1+%z+20nz”). (52)

n=2
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Remark 5. 1. For e < 1, we have
(1 +i6)N =eiN+iceany ; e N ERande;ny =0(1) fori=1,2. (53)

This is seen from direct calculation.

[N/2] N*
1+ie)N =1— Z (=D)F (X)) + e Z(—l)k(%ﬁl )e% =ei,N +iceanN.
k=1 k=0

with e; € R and e; = O(1) for i =1,2. Here, N* = [%] — 1 for N even, and is equal to
[X] for N odd.

2. Suppose g is analytic in a neighborhood of zero with real Taylor coefficients, i.e,
g(w) =g(0)+ > gaw" , gn€R.
n=1
For we = (1 +ie)w where w € RT, by , we have,
N
g(we) =" gn(1+ie)"W" + By + i€E. (54)
n=1

Here E1 and Es are real-valued analytic functions in w defined as

B = Z gn €1,n w' = O(WN+1) i Ea= Z gn €2,n w" = O(WN+1).

n=N+1 n=N+1

5 Analytic results (Part 2) : Discrete Limiting Principle
and the resolution of the blocked recurrence relation

5.1 Construction of the [? solution for complex wave number

We recall that, via Finite element method of order r with step size h, the discretization of the
Helmholtz equation —u” — x?u = f gives the system of recurrence relations —@. Also recall
that the inhomogeneous f is defined from f by , c.f. Section |3l The latter is equivalent the
‘blocked’ recurrence relation , c.f. Proposition 1| The heuristic discussion at the beginning
of Section [4 show how the ‘blocked’ recurerence relation is ‘formally’ transformed into an
algebraic equation by using Zy transform, c.f. for definition. For x* € C\R* and f € I2,,,,(Z),
this process is readily justified as follows.

It can shown that the system of recurrence relations -@D is coercive in [?(Z) at complex
wavenumber, which assures the existence and uniqueness of solution € [2(Z) in these cases. Here,
we proceed to construct directly this solution in (?(Z). For U = b,u, U € (1*(Z))" if and only
if u € [?(Z). This means that, under the same assumption for x? and with inhomogeneous term
F € (I2,,p(Z))", the same proposition also gives existence and uniqueness of solution in (I?(Z))"
to the ‘blocked’ recurrence relation . As a result, under these assumptions on 2 and F, the
Zs of this unique solution exists, together with the applicability of the inversion formula (130);
hence, we are allowed to take Zg transform on both sides of and use the inversion formula
to construct this unique solution. We will do this for the case where x? is of the form

k2 = k*(1+ie) ,with x € R\ {0},e > 0. (55)

€
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To lighten the notation, we drop h from the variables, and denote by
W (k% 2) = WK% h,2) = Zu U(k*,h) and H(z) = H(h,z2) = Zx F(h).
After taking Zy transform on both sides of (27), c.f. the discussion at the beginning of
Section [ we obtain,

2 A(K2h?) 4+ B(k2h?) + 271 AY(k20%) |W (K2, 2) = h H(z)

For z # 0, the above equation is equivalent to
A(K2h% 2) W (K2, 2) = hz H(2). (56)
where we recall that we have denoted by A(w, z) the transfer matrix
A(w, 2) = A(w) 22 + B(w) z + A'(w).

By Cramer’s rule, we solve for W and the solution to the ‘blocked’ equation is then obtained by
the inversion formula ((130)).

Proposition 9. Consider sequences F € (12,,,,(Z))" and f € 12,,,,(Z) related to each other by

comp comp

F =0b,f. For k2 = (1 +ie)k? with k € R*, € > 0, we have

1. The unique solution in (1*(Z))" to the ‘blocked’ recurrence relation(27) at such k* with r.h.s
F' is given by

1 d
U], = 57 f, W22) im0 W) =h

Adj A(k2h?, 2)
det A(k2h2, 2)

2H(z).  (57)

2. The unique solution in %2(7) to system —@ at such k2 with r.hs f is given by
u(m?) = b;lU(ﬁf).

Remark 6. The validity of the integral in the RHS of is guaranteed by the fact that the
solution we are constructing is in (12(Z))". In the current case, this fact can be seen from another
perspective, since we also know the poles structure of W. From Lemma[37, we have obtained

Adj A(w, 2) = 2" ?Q(w,2) , with Q polynomial - matriz in z;

and
det A(w, z) = §(w) 2" *q(w,2)  with q a quadratic polynomial in z.

As a result,

Adj A(k?h?, 2)

det A(k2h2, 2)

Q(r?h?, )

WK, 2) = 5(Kk2h2) q(k2h2, 2) (2)-

zH(z)=h

Since both Q and H are polynomial in z, the poles of W (K2, z) come only from the roots of
q. By Proposition@ the roots zy . of quadratic z — q(we, z) satisfy |z4.] < 1 < |z_.|]. Asa
result, the poles of W do not lie on the integrating contour Cy, c.f. Figure[7. Here, C, denotes
the curve whose image is the circle centered at zero of radius r. v
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5.2 Construction of the outgoing solutions at real wave number. Lim-
iting absorption principle.

Having constructed solutions U(n2(1 + ze)) to the ‘blocked’ recurrence relation for € > 0,
c.f Proposition @ we next construct a solution at real square wave number 2, as the limit as
e—0T.

We first recall and simplify the notations.

We(z) = W((1 + ie) K°h?, z) , Qe(z) =Q((1 +ie) K*h?, 2)
qc(z) = q((1 + ie) KR, z) , de=0((1+ i€)k’h?).

We will denote by Wy(z), Qo(2), qo and dg, their corresponding limits as € — 0. We recall the
form of the currrent form of U (x2(1 + ie)), which is given by a contour integral along Cy, c.f
Proposition [9 and Figure [7]

Here C,. denotes the curve whose image is the circle centered at zero of radius 7.

That the limit of U, exists as € — 07 is not immediate. For € > 0, C; is free of poles of W,
c.f Remark [6] However, this ceases to be the case at € = 0, for the limit integrand W, has poles
at et*®0 c.f. Proposition [§] and Figure |7l On the other hand, W, has an analytic extension to
C\{z+,e,z_}. Asaresult, C; can be replaced by a homotopic curve, which can be carefully
chosen to be pole-free, even from those of Wj. We denote such a curve I'oytgoing @and proceed to
construct it.

We list the simple closed loops that will be need for the definition of I'outgoing. For ¢ > 0
chosen so that {|z — e'®0| < §} N {|z — e"¥%0| < §} = (), we define

Tiesy = 0 € [0, —¢o + 27] — € yp s = {|z —eF9[ =5} N {]z] > 1}
Fright 10 S [7¢0a¢)0} — 610 5 V+,< = {|Z - e:tl¢0| = 5} N {|Z‘ < 1}

C,. denotes the curve whose image is the circle centered at zero of radius r. For the above curves,
the orientation is anti-clockwise, and we use the same notation for the curve and its image, c.f
Figure [§ as well as[9] and We next define,

Fou‘cgoing = 1ﬂright U V+,> U 1_\lcft U V-,<
ry =Thgnt U Y4« U T U v« (58)
Ir_ = 1—‘right U V+,> U Fleft U V>
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I
I
I

Figure 8: I'outgoing = I'right U Y+,> U Dese U 7— < is homotopic to C; and are free poles of W,
for 0 < e < €. Hence, the contour integral along this curve gives an equivalent definition for
the solutions given in Proposition @

Using the relative position of z4 . with respect to C, given Proposition@ there exists ¢y > 0
such that z4 ¢ € I'outgoing for 0 < € < €. Since I'ouigoing i homotopic to Cq, we have a second

formula for U,
1 dz
() ZJ+17

(o),

In fact, this second formula stays valid at € = 0, since the following integral is valid

dz
%r WO(Z)Wv

outgoing

- 27 Jr

outgoing

and the fact that we can interchange the order, between taking limit and the contour integration,
as shown in the following lemma.

Lemma 10. We have for oall J € Z,

. dz dz
61_1)1(7% oo We(z) SJ+1 = ﬁomomg WO(Z) S+ (59)
Proof. We recall the expression of W,(z) and Wy(z),
We(z) = 2 Qe(2) H(z) |, Wol(z) = & Qo(2) H(2).

b (z =z, )(z—2-) S0 (z —€i%0)(z — e—i%0)

By its definition, the origin and e*%0 do not lie on Ioutgoing. Since z4 o — etido there exists

€0 > 0 so that the family {z4 }o<c<e, stay away from I'gugoing and the origin. In short, there
exists C(J) > 0 with

LIl L—J-1
sup <C(J) ; sup . -
B [ eers ey ) IR S [ P [Py

< C(J).
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Similarly, Q. H(z) and Qo H(z) are finite sum of integer powers of z and polynomials in €; hence,
there exists C(J) with

sup Q.H < C’(J) ; sup QoH < C'(J)
Zeroutgoixxg Zeroutgoing
As a result, we have
(WezmUHD [ <C(C(T) , [Wor VT <C(N)C(T) 3 2 € Toutgoins-

To obtain , we next apply dominated convergence theorem to the family W, z=(/+1) whose
limit is Wo 2= (/+1), O

We now can take the limit as ¢ — 07 on both sides of the ‘blocked’ Recurrence equation
[27) at square wave number k2 = (1 +ie)x? and obtain a solution at square wave number 2 for
k € R*, called the outgoing solution.

Definition 3 (Outgoing solution). For x € R*, and f € I2,,,(Z) and F € (12,,,,(Z))r") with
F =b,f, we have

1. Uoutgomg(/‘iz) = lim_,o+ U(nf) 1s called the outgoing solution to the ‘blocked’ recurrencre
relation at square wave number k% with right hand side (r.h.s) F

2. uoutgomg(/iz) = b;onutgomg(nz) 18 called the outgoing solution to the system —@ at
square wave number k2 with r.h.s f.

In addition, as a result of Lemma [I0] the above solution can be written in the form of a
contour integral.

Proposition 11. For k € R*, the outgoing solutions defined in Definition[3 are given by,

1 dz

2 _ .
(Usutgoing(K7)) ; = i I Wo(2) oy dz;

outgoing

1 _ dz
uoutgoing(’%Q) = %br ! fi_‘ WO(’Z) m dz.
outgoing

5.3 Formula of the ‘blocked’ outgoing solutions

We can obtain an explicit calculation of Ugytgoing by using the definition in Proposition and
Cauchy residue theorem.

Lemma 12. Consider a sequence F of compact support with Supp F' C [Nmin, Nmax|. Define
H(z) := ZyF, i.e. H(z) = g;“]"{;‘min 2% Fy,. The outgoing solution Usutgoing t0 at k2 with
Kk € R*,

A(/{QhQ) Uj_1+ B(K2h2) Uy + At(I‘iQhQ) Ujy=hFj.

s given by
1. For J < Nuin,

(Uoutgoing)J = ﬁ QO (e”."’)- H(e“ﬁo) e—i $o (J+1).
do 24 sin ¢g
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2. For J > Npax,

(Usutgoing) s = h Qo(e ") H(e ") et b0 (J+1)
outgormng oo 214.sin ¢q

8. For Npin < J < Npax

J—1
h Qo(e~%0) eivo
Uou oin, E - k)¢0F
(Uoutgoing) 1 = 50 2zsm¢>0 € k

k=Nmin
h |:Q0(e—i¢0) eibo 1 Qo(ei¢o) e~ b0

+ﬂ 2 sin ¢

) —1 Niax
LR $ cmhag,
0 1811 Qg

+ Qo(0) +Q5(0)| F

k=J+1

4. For J = Nmin or J = Nmax;

+Qo(0) + Q4(0) | Fi,,

(Uoutgoing) Nupin =

h {%(ei%) € + Qo(en) e
0,

21 sin ¢g
h Qo(e') 44 o i(J—k) &
e 'vo e TR0 [
(50 21 sin ¢g k:Nz; "

— Niax—1
h Qo(e™%0) . Z (i (T=k) do |7

Uou oin, max o
( tg g)N 50 21 sin ¢0 k=Nmin
h [Qo(e™i%0) ei%o + Qq(ei?0) e~ %0 0
200 { 21 sin ¢y R

Proof. Case 1 with J < Ny, @ Since Nypin — J > 1, for all j € Z with Npin < j < Npax,
j—J—12> Ny —J—1>0.

In addition, Qg, qo and H is analytic at z = 0. As a result, for such J,

Q (Z) Nmax
Z*J—lwodz:hoizaf—l < i (fk) >dz.
50 CI(Z) j:;mm Jik)o<k<r—1

is also analytic at z = 0. Because of of this, we deform I'oytgoing into I'y, by deforming vy » to
the opposite side of the unit disk into vy <, crossing the pole at '?°; see the following figure.
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Fleft I‘right

Figure 9: Deform I'gutgoing t0 'y I'p := I'iight U Y4,< U Tege U v—,< I'y is homotopic to C,,
r<l1.

1
; = —(J+1) d
(Uoutgomg)J o S W()(Z) z z
1 1
= - Wo(Z) z*(J+1) dz + 7% W()(Z) Zf(J+1) dz
2mi Jp, 270 Sy DUy <
1 .
= — Wo(z) 2D dz 4+ Res (Woz*(JJrl)?ez%) o<1
2mi Jg,
— Res (Wo L~ (+1) 6i¢>0> _h QO(?i¢O)H(¢i¢0)e—i¢0(J+1)
’ (50 eiPo — e—ido

_h QO(ei%)H(€i¢0)e—i¢o(J+1)
50 27;Si11¢0 '

Case 2 with J > Ny ¢ With 2 := 27! by Lemma we have

_ dz  h QL(Z). LN
J az _ 0 J 2 : J(f
27" Wo(2) > 5o qo(g)z ‘ OZ (ff”“)oékﬁr—l

d

z

I3

If J > Npax then J — Ny > 1. Thus for all j € Z with Ny < 7 < Npax,
J—7—1>J— Npax — 1> 0.

As a result, the factor of dZ in the above expression is analytic at Z = 0. Because of of this, we
deform I'gutgoing into I'_, by deforming v_ - to the opposite side of unit disk into vy_ -, crossing
the simple pole at e™*7°; see the following figure.
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Fleft Fright

Figure 10: Deform I'gutgoing to I'— ; '~ :=I'vight U Y4,> U T'egy U v—,» ' is homotopic to

C.,r>1.
1 ~(+1)
(Uoutgoing)J = Tm . Wo(Z) z dz
outgoing
1 —(J+1) 1 _(J+1)
= Wo(z) = dz + — Wo(z)z dz
271—2 outgmng 27TZ Y <U Y—,>
=95 j{ Wo(z (Ut gy  —  Res (Wo Z—(J+1)’ 671@50) L l<r
T
dz .
_ e ~.] Qo(Z) H(~—1) NZ _ Res (WO Z_(J+1),6_1¢0) , 1<
2w C,- 50 qo(Z) z
= —Res (Wo PR e‘i%) = ﬁ Qo(e™"%°) H(e™'™) et do (J+1)
' 5o 21 sin ¢

Note that the orientation of C, is chosen to be anti-clockwise.

Case 3a with Ny, < J < Npax ¢ We break up z JWO £ into three terms as follows,

ZﬁJWO%
Ninax (60)
h( (2) — Z jFi +Q0(2)HJ% (2) Y o )
8 (2) & ao(z) z z) Pt
Since Qo(2) QO( ) by Lemma and 2z~ !'dz = 77 'dz, the first term of the RHS in the
a(z)  a(?)

above expression is analytic at Z = 0, thus can be calculated by using the choice of contour
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deformation in Case 2.

J—1

j{ QO(Z)z_J_l Z szjdz:—Qm’ Res Qo ) 27 Z zJF e "o
l—‘outomg

q(2) P z2qo(z)

J—1
. Qole” Qo(e") T+ )0 Z e~ p,.

sin ¢q =

The third term in the RHS of is analytic at z = 0, and thus is calculated by using the
choice of contour deformation in Case 1.

Nmax Ninax
% QO(Z) Z—J—l Z Zij dz = 27i Res MZ_J_l Z Zij ,€i¢0
T

outoing qo(2) =Tt qo(z) =T+

_ QO( ) —z(J+1)¢o zmix ez](bOF
sin ¢g Py

It remains to calculate the second term in . This term can be calculated in two ways,
either by reading off its residue in z at {0, €!*0} or at {co, e~*}. The first choice gives,

d ,
7{ @o(2) Hj 9 _ 271 Res < @o(2) Hy, eld’o) + 27i Res < @o(2) Hy, O)
Toutoing qO(Z) Z 290 (Z) z qo(z)
igo )
= Q™) i 4 9ri00(0)H,
sin ¢g
By the change of variable given in Lemma we obtain the second equivalent version,

]{ QO(Z)H dz _ Qo(z )H 7_2 i Res <Q0(Z) HJl,e“ﬁO)
T z

outoing do(2) 772 c, qo(2) qo(2)
:/C go((j)) Hy ? — 27 Res (23((;) HJ%, ei¢°> (62)

—ido) .
= 2mi Q}(0) HJ+7T7QO<6 )€z¢0H].
sin ¢g

(61)

We combine the two versions to obtain,

j{ Qo(2) i, % (Qo(ei%)e—i% + Qo(e~i0)eito
@ _ L .
Toutoing qo(2) 77 2 sin ¢q

+1iQo(0) + iQt(0)> Hjy.  (63)

Case 3b with J = N,,;, or J = N ¢ The calculation for these two cases can be read off
from that for Case 3a, with a difference being that expression , for these cases, will contain
only 2 terms; explicitly

N,
h d max d
Woz Nmin = — — Ql2) HNpin =4 QO(Z)ZﬁJ Z A F— :
L R 2l e 7

and

Nomax—1
d h ~— d d
Wz~ Nmax &2 — QO(Z)Z_J Z ZJFJi + Qo(2) Hn, o =
z z qo(2) z

Inria



Numerical Dispersion by z-transform 33

The following calculation applies for both € > 0 and € = 0, thus we will drop this subscript.

Lemma 13. With 2 = 2~ ', we have the following identities.

Proof. Recall that AdjA(z) = 2" ~2Q(z) and det(32A + B + A') = 2" 'q(z), c.f. Lemma[37]

thus
AdjA(z)  Q(»)
dotA(z) ~ Zq(z)’ (64)

. Adj A(z) . = -1
We next write detJA((z)) in terms of Z = 271,

Adj A(z) Adj(z72A+z7'B+ AY)

det A(z)  det(372A 4 2B + A?)
22D AQj(2A' + 2B+ A)  _, Adj(EA' + 2B+ A)
T T 2 det(2A1 + ZB+ A) det(2At + 2B + A)
_ 2 [AdiGA+ 2B + A") ‘ SQ'(?)
det(z2A+ ZB + A?) q(z)

We deduce immediately the first identity. As for the second one, we can write 2~/ W (z) in terms

of Z as
_J Adj(22A + 2B + AY) Q'(2)

—J _ APy (e s—1gr(5—1
2 'W(z)=hz det(:2A 1 2B + AD) zH(z)=hZz zq(é)z H(z7).
And thus p 0'(2) i
—J az s Z -1y &%

5.4 The outgoing discrete ‘blocked’ Green’s function

We have denoted by 9(Z,S) the set of sequences taking value in S and indexed by Z, c.f.
SubSection . Denote by M,,, x (F) the set of matrices of size m x n with F-valued entries.

For a sequence B € M(Z, My« (F)) and sequence V € IMM(Z, M, xx(F)), the discrete
convolution B V is defined to be the sequence in 9 (Z, My, xx(F)) with

discrete

(B * V),:==> ByxVk (65)

discrete
KEZ
under suitable hypothesis on the support of B and V.

Definition 4 (Outgoing Discrete ‘blocked’ Green’s function). For k € R*, the outgoing dis-
crete ‘blocked’ Green’s function for the ‘blocked’ recurrence relation at k2, denoted by
G outgoing(K?), is a sequence in M(Z, M,.«,.(C)) with the property

Goutgoing(RQ) * r = Uoutgoing(KZ) )

discrete
where Ugytgoing @5 the outgoing solution to with F' as the right hand side, defined in Definition
[3 v
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Given the explicit calculation of outgoing solution Uputgoing by Lemma[I2] we now obtain an
explicit formula for Goutgoing-

Proposition 14.

h . -
. — i|J| ¢o . .
(Goutgmng).] 2 6() <in d)o (& (Goutgmng> J 3 (66)
where
Qo(e'®0) et %0 ,J <0
(Goutgaing) J = % [Q0(67i¢0) €i¢0 + QO(@id}O) 677;(#0] + Z[QO (O) + QB(O):I sin ¢0 ) J=0.
Qo(e™"#0) e’ %0 ,J >0

Proof. Denote by G the matrix-valued sequence defined by the RHS of . Consider a sequence
F of compact support with Supp F' C [Nin, Nmax]- Denote by H(z) := Zyg F, i.e. H(2) is given
by,
Nmax
H(Z) = Z ZJFJ , Fy= (fJ,k)ongr_l .
J=Nmin

We will show that sequence U := G " * . F is equal to the outgoing solution Usyigoing (cOTTE-
1screte

sponding to the same F'), by comparing with the explicit form of latter given in Lemma
By definition,

Nmax
UJZ: E GJ,KFKZ E GJfKFK'
JEZ K=Nmnin

Case 1: If J < Ny, then J — K < 0 for all k € Z with Npjn < K < Npax. As a result,

N,
U, = s i$o —’L(J—K+1)¢0F
d Z 21 g sin ¢g Qo(e"™)e K
K=Nmnin
h Qo) s N
- %6_2(‘]4_1)(;50 Z equbOFK
0o 2isin ¢g Pl
_ h Qo(e™) H(e'™) o—i%0 (J+1)
(50 21 s8in ¢0

(Uoutgoing ) J-

Case 2 : If J > Ny then J — K >0 for all K € Z with Nyyin < K < Npax. As a result,

Np:
max h 4 _
U, = —i¢o 1(J—K+l)¢0F
1= 2 55, smg 0(e e K
K=Nmin
h Qo(e™) , =
= — %el(n”rl)(bo Z e*le?oFK
do 21isin g P
— ﬁQo(efwo)H(e*wO) i do(J+1) (Uoutgoing)
(50 2isin ¢0 outgoing ) J -

Case 3 : If Nyin < J < Npax, we split the expression defining U into

Nmax
vt > Gk P
K=Nnin+1

Un,.. =GoFn

min
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Nmax—1
U = O, GNpur—i Fic + Go Py,
K=Nmnin
And for Npin < J < Nuax,
J—1 Nmax
Uy = Z Gj_xFx + GoF; + Z Gj_k Fk.
K=Nmin K=J+1

We will carry out the calculation for the more general case Ny < J < Npax. From this,
the result for J = Ny and J = Npax can be readily deduced.
For J with Ny, < J < Npax, we have

i J—1
= 1 Qu(€?) —irine S Ko,
do 21isin ¢g o
B (Qole %) €% 4+ Qo(e®0) e :
250 0 0) | F,
24 ( 2 sin dg +Qo(0) +Qo(0) ) Fy
; N,
h Qo(e™™™) iss1)e0 N~ —iK oo
N Tt 7 F — U . 0 )
S0 2isindo « K;ﬂe k (Uoutgoing) s
This finishes the proof. O

5.5 Formula for the scalar outgoing discrete solution

In previous sections, for kK € R* and sequence F' € (lgomp(Z))T, we have written the outgoing

‘blocked’ solution Uoutgoing(/fg), c.f Definition to the ‘blocked’ recurrence relation with
right hand side (r.h.s) F,

Aw)Uj_1 4+ Bw) Uy + A(w)Uyy1 =hFy , w=r*h?,
in terms of the outgoing discrete ‘blocked” Green’s function Goutgoing(K/Q) computed in ,

Uoutgoing("{2) - Goutgoing(/€2) ox F.
discrete
Using the equivalence in Proposition (1} we ‘unblock’ Uoutgoing(/i2) to obtain a solution of the
original system of the recurrence relation —@ with r.h.s given by f = b 'F € M(Z x Z,,C),
i.e
Fy = (fr)o<i<r—1,J €Z.

Under the current hypothesis on F', f € lgomp(Z). We have denoted this solution by uoutgoing(l'iQ),

c.f Deﬁnition and Proposition In terms of Goutgoing, the outgoing solution Ugutgoing (k2) can
be written as,

Uoutgoing (H2 ) Jk = Tk+1 Uoutgoing (52 ) J

= Tk+1 (Goutgoing(ﬂ2) * F)J

discrete
. (65)
¢ €k+1 Z Goutgoing(’iz)‘]—[ FI (67)
I1€Z
RR n® 9075 = Z Z (Goutgoillg(HQ)fi—f)(l+1)(k+1) fr-
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We recall that Goutgoing (k2)_; is a matrix of size 7 xr, c.f Proposition and (Goutgoing (k%) _1)
is the (k,[)-th entry of matrix.
As a result, we have

kl

Proposition 15. Forxk € R* and f € 12, (Z), the outgoing solution Uoytgoing(K?) to the system

comp

of the recurrence relation —@ with r.h.s f is given by,

uoutgoing(HQ)J.,k = Z goutgoing(h:z)(‘]’k)’(j’fg) fj,];; ; (68)
(J, k) ELX Ly

where scalar sequence goutgomg(/sQ) indexed by 7 x Ly X 7 X Ly is defined in terms of G outgoing

c.f ,

2 e 2
goutgoing(n )(Jl,kl),(Jz,kg) = (Goutgoing(’i )317‘]2)(1?22+1)(k1+1) . (69)

Suppose Supp F' C [Nmin, Nmax]. We consider the nodal points at 2 = Jh with J > Npax
and J < Npin. In this case, we will use the corresponding formula of Goutgoing, ¢.f Proposition

4

o2y h i1J] 60 idoy —ido .
Goutgomg(K/ )J = 2Z60 sin ¢0 (& QO (6 )6 ) J < 0,

2y h i 171 60 —idoy i b0
Goutgoing(K°)J = 2760 sin ¢Oe Qole e , J>0.

in the formula for the scalar solution given by , we obtain

h etd o

) 2 _ i(1=J)¢o ¢_ t(,—ido .
uoutgomg(/i )J,O = 2150 in ¢0 O<;_1 e fJ,l [Qo(e )] (+1)1 ,J > Nmax,
Npnin <J < Nmax (70)
—iJg¢ _
w ing (k%) 70 = _heT%0 Z efU—Deo g [Qt(ei%)] J < N
outgoing J,0 2250 sin ¢0 J,l 0 (+1)1 3 min -

0<i<r—1
Nmin <J<Nmax

6 Dispersion Analysis

6.1 Numerical Wavenumber

After having obtain the approximating solution in Subsection [5.5] we now compare its form with
that the form of the analytic (/exact) outgoing solution at large x, to determine the role played
by the wave number £ in their oscillatory behavior.

Exact solution For x > 0 and f € L2(R), from the discussion in Section [2] we recall analytic
problem,
—u" —k?u=f in D'(R);

find u e H2 (R) satisfyin
foc(R) Y g{limz_)ioowu’(x)qimu(xﬂ:0

with unique solution, denoted by Uoutgoing given by the convolution of the outgoing Green’s
function Goutgoing With f,

iein\z\

2K

Uoutgoing(x) = / Goutgoing(m - y) f(y) dy ,  where Goutgoing(m) =
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Suppose Suppf = [a,b]. When = > b, = ¢ Suppf, then

Uoutgoing(aj) = / Goutgoing(z - y) f(y) dy + / Goutgoing(x - y) f(y) dy

— 00

0

ik (x—y _ KX —iKY
/ 2.¢ f(y) dy 7€ / e "V f(y) dy.

— 00 —00

We carry out the same computation for x < a, to obtain that

Q. 'Lnacf: . 0 )
<x>={ W) e>b e / e~ f () da.

ﬂeiinz?(_’%) < a —0o0

In particular, for 2y = Jh with |J| large, we have

ie“gn(m“ F(sgn(J)k). (71)

Uoutgoing (l'J) =

Here sgn is the signed function.

Discretized solution With discretization step size h, using the technique of Garlekin Finite
Element of order r, the Helmholtz equation —u” — x2u = f is discretized to give the system of
recurrence relations —@D at square wave number k2, with the r.h.s being the approximating
sequence f created from f by . A solution to the latter is given by the sequence uoutgoing (£2),
with Uoutgoing(HQ) 7,k approximating the analytic solution Ugutgoing at © = Jh + k:%, J € Z and
0<k<r-1

In particular, at x; = Jh, the value of the analytic solution is approximated by, c.f

iJ o _

2y he 3 i(1=J) b0 ¢ [t (o—i 0 .
uoutgomg(K/ )J,O - 23 60 Sin¢0 e ) € f(],l [Qo(e )} (I+1)1 7J > Nmax,

= 7T7
Nmin <J<Nmax
—iJ o -
2 he i (J—1 tood

Uoutgoing (K~ )J,0 = m E el )P0 fj,z [Qo(el ¢0)] (+1)1 ,J < Nmin.

0<I<r—1
NminSjSNtnax
Here Npyin and Ny . are defined as Nyijn = [%] and Npax = [g] + 1.

Upon comparing, we see that, for the numerical solution Ugutgoing, the role played by

_ &

KRp - A

(72)

is equivalent to that of the analytic wave number x for the analytic solution Ugutgoing-

6.2 Dispersion Analysis

We recall that by Proposition [6] for real w > 0 and small enough, the characteristic quadratic
q(w, -) has conjugate complex roots on the unit circle, denoted by e**#(*) We write ¢ = ¢o(w).
With ¢o € (0,7) being the principal argument of e*?° the roots of characteristic quadratic q.
For w real with w > 0 and small enough, we have ¢ is analytic in w and has the following
expansion, c.f in Proposition @,

¢o = w'/2(1+O(w")).
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On the other hand, at the end of Section[5.4] we have introduced the numerical wave number
kp == %, c.f. . As a result, we obtain readily the dispersion relation between the numerical
wavenumber k; and the analytic one k from the expansion of ¢g. The following proposition is
just the restatement of Proposition |§| with (x h)? replacing w.

Proposition 16 (Phase difference). For small enough kh, kph is an analytic function of kh
and is given by
cos(kph) = cos(kh) + kh O((kh)*").

This implies for small k h that
k= k+ KkO((kh)*).

The approzimation error is O((kh)?") and is in fact is bounded by C(r)(k h)?
C depends only on r, the order of the method.

" where the constant

6.3 Pole location algorithm

Suppose M is a matrix of size r x r, and whose components are polynomials in z. Denote by

Ru(z) = ‘gftj J\AZI((’:)) , wherever the RHS is defined. Define the set of generalized eigenvalues of M,

on = {z € C| M(z) is not invertible}.

These are also called the poles of Ry, since Ry (-) fails to be defined on opy, but exists and is
analytic on C\ ops. For zg & o, [, Theorem 2.4] provides an algorithm to locate the closest
pole of Ry to zg. First, to find all poles of Rys, we look at the poles of z(-) = Ras(-) b for
arbitrary scalar vector b € C". Write

x(z) = Zxk(z — 2)*.
k=0

Denote by 7; the projection onto the I-th component. If Ay is one of the closest poles to zg, then
for 1 <1 <, the ratio of the m z and m 2,1 converges to A\g — zg, c.f., [l Theorem 2.4].

In the results of previous sections, we have shown that the numerical wave number kj is
related to the argument of the poles of W which solves

Ay (2) Wy (-) = hzH(z)

with H(z) = Zg f and A = 22 A, + 2B, + Al), w = k?h? and k € R*. By Guillaume’s algorithm,
to look for these poles, we approximate the poles of x(z), which solves A(z)x(z) = hzb, for
arbitrary scalar vector b € C". Specifically, for zg ¢ o4, we first expand b and x about an
analytic point zg

zhb=hzgb+h(z—20)b ; xz(2)= Zxk(zo) (z — z0)".
k=0

Then we expand A(z) about zg
A(Z) = M() + Ml(Z — ZO) + MQ(Z — 20)2,
where the coefficients are given by

Mo(Zo) = ZoB + At + ZgA N Ml(ZO) = QZOA + B N MQ(Z()) =A.
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The coefficient x of the expansion of x at zy solves the following algebraic equation,

Mo(z0) w0 =hzob ;
Mo(ZO) xr1 = —Ml(Z()) zo+hb ;
M()(Z()) Tk —Ml(ZO) Tl—1 —MQ(ZQ) Tk—2 k Z 2.

Since the vector b will be chosen arbitrarily, which means xq can be chose arbitrarily, x; is then
obtained by,
MO(ZO) T = —Ml(Zo)xo + Zo_lMO(ZO) xg- (73)

If Ao is the unique closest pole to zy, we have

T Tk

—)Ao—Z(), k — oo.
T Th+1

Here 7; the projection on the I-th component of a vector.
Since o4 = {e'%0, e~} c.f. Section we can restrict ourselves to looking for poles in
region = [—2,2] x [-2,2] C C. We partition € into smaller squares of width ¢, > 0,

Qu=[—-2+ké., 2+ (k+1)6.] x [-2+10,, -2+ (1 +1)6.].

Our choice of initial analytic point zy will be an arbitrary non-zero point in ; ; as long as My(+)
is invertible there. We then use the following procedure to approach poles closest to this initial
guess. We compare condition number cond My(zp) t0 €cond, as a criteria for the invertibility of
My at zg. Note that, when cond My(z9) < €cond, this means zq is close enough to a pole, and
thus zp can be considered one numerically.

Algorithm We summarize from the above discussion the operations carried out for each square
; ;. In addition to the condition number of My, the second stop criteria is the number of
iterations Njter. Denote by nger the number of derivative we will use to approximate the distance
between zp and the closest pole.

1. Start : Choose initial data zg # 0 arbitrarily in €; ;.

o If cond My(z0) > €cond, then zg is an analytic point, and continue to step 2;

e If this is not the case, zg is a pole numerically, and move onto the next square.

2. Choose zg arbitrarily. Calculate x1(20),...,Zn,.,+1(20), using
M(J(Zo) . = —M; (Zo) To + Z(;lMo(Zo) Zo
Mo(z0) i, = —Mi(20) Tp—1 — Ma(20) Tp—2 , k > 2.

1 Tngertl
T1 Tnger

initial data zp, hence an approximation of the direction to get from zy to Ag.

The ratio vt = gives an approximation of A\g — zg, where \q is the closest pole to

3. Restart : For the next iteration, we update the initial data as zp — 2o + t, and reiterate
the process, as long as the stop criteria have not been met.

4. Stop criteria are

the condition number of My and the number of iterations Nier.
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Numerical Results Denote by z;; the result given when apply the above algorithm using
initial guess located in square 2;;. As discussed, z;; is an approximation/candidate for the poles
that we are looking for (i.e. of A=!). Denote by ky, ;; the numerical wavenumber extracted from
theses poles z;;-s via the relation

_ ifchy"h
Zpi; = € A

Figure [TIJ[I2|show the results for discretization order 4 and Figure[I3]for order 9. The parameters
for these results are:
k=1, h=0.1, dimension of ;; : §, = 0.2.

Stop criteria parameters are
Niter =5 ; €cond = 10713 ; Nb of derivatives for approx nqe = 20.

The numerical results confirm what is predicted by the theory: the nonzero poles consist of
only two conjugate complex numbers (which are expected to represent ¢!®0 and e~ by the
theory). For order 4, subfigure (a) in Figure says that values of the real part of these z;; take
on approximately one value (same color for each of the square), while subfigure (b) and (c) show
that set of the imaginary part of z;; take on two values of equal absolute value and opposite sign.
For order 9, Figure show that variation in the values {Rez;;} and {|[Imz|} are of order 1078
and 1077, hence each set corresponds to only one number. In short, the value of {z;} for each
case, consists of exactly a pair of conjugate numbers. As a result, each of these square predicts the
same numerical wavenumber xj. The final representative numerical wavenumber for the current
parameters (in particular discretization order r, analytic wavenumber k and discretization size
h), can be obtained by taking the average of this family {xy, ;;}.

2 . 0.2 2 J o4
1.02 EEEmEEmREmEEEE: :
1 0.1 1 0.12
0 1 0 0 0.1
-1 -0.1 -1 8-1072
0.98 —2
-2 ! 0.2 -2 : 6-10

-2 -1 0 1 2
(a) Rezij

-2-10 1 2

(c) [Im z;]

Figure 11: Application of Guillaume’s algorithm for Order 4. z;; - the numerical poles
calculated with Guillaume’s algorithm, using initial guess from square located in €;;. The
value of {z;;} consists of exactly a pair of conjugate numbers.

In the previous paragraph, for a discretization order r, analytic wavenumber x and discretiza-
tion size h, we have discussed how to obtain a representative numerical wavenumber kp. In order
to obtain the dispersion curve which represents the relative difference in wavenumber *2=% in
terms of kh, for each discretization order r, and analytic wavenumber fixed at k = 1, and
discretization stepsize h in the range

grid in kh = 0.01:0.01: 3,
we apply this algorithm to calculate the corresponding numerical wavenumber.

Remark 7. In the Figure[I]] and[I5, we show the curve an an interval away from the region of
numerical instability. As the order grows, this region starts with large rh.
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—10
2 2 10 6
FHHH 1.02 FEFEE AR
L L 4
O T 1 0 | |
_ : 1 Hoee e 2
1 : 0.98 1
_2 I i I _2 I i | I 0
-2-10 1 2 -2-10 1 2
(a) Re Hh,ij (b) Im K/h,ij

Figure 12: Application of Guillaume’s algorithm for Order 4. Here &y, ;; is obtained from z;;
via the relation z;; = e*ii . Note that the imaginary part is of very small order, which is
expected since kp, ;-5 approximate the analytic wavenumber x = 1.

108
2 0"y 0.2
1 - 3 0.1
0 2
—1 B ﬁ—ﬂhﬁ 1 _o1
LI -
2 1T I I 0 _0.2

2 : ] i 4
1 . 4 3
0 2
I i, 2
—1 1
R Tﬁ 0 0
-2 -1 0 1 2
I iil—b
(c) ezl =b (d) |knij — 1]

Figure 13: Application of Guillaume’s algorithm for Order 9. Here z;; = the numerical poles
calculated with Guillaume’s algorithm, using initial guess located in square €;;.
Fig. (a) shows the variation of the real part of z;; with a := mini<; j<21 Re z;;. Since this is order
1078, they are approximately equal to one another.
Fig. (b) shows the variation of the absolute value of the imaginary part of z;; b = min;<; j<o1|Im z|.
Since this is order 1077, they are approximately equal to one another.
Fig. (c) shows that imaginary part of z;; consists of exactly two numbers of equal magnitude and
opposite sign.

Fig. (d) showing the variation of x4,;; compared with the true k = 1, with k5, ;; obtained from z;; by
h

Zij = eih,ij

As a result, the value of {z;;} consists of exactly a pair of conjugate numbers.
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10~1 — ‘ ;
- Order 2 - slope = 3.85 |

-+ Order 3 - slope = 5.61
1073 | - Order 4 - slope = 7.73

|in— k|
K

Relative Phase difference

[
10t 100
Kkh

Figure 14: Dispersion curve for xh taking values in 0.1 : 0.01 : 3. The slopes of each curve are
approximately twice the discretization order, as predicted by the asymptotics .

7 Conclusion

In this project, we have used a method different from that in [I] and [8] to characterize and
quantize the numerical dispersion associated with continuous Galerkin finite element. Without
starting from an ansatz, we construct directly the numerical solution (on the whole real line)
via the limiting absorption principle. We also obtain an asymptotic expansion for the difference
between the analytic and numerical wavenumber, which agrees with the results of [I] and [§].
With technique in complex analysis like contour deformation, we arrive at an explicit formula
for the numerical solution, which allows the identification of the numerical wavenumber in terms
of analytic poles of an algebraic equation. This identification is useful since we can evaluate
concretely the numerical wave number from analytic poles, and the latter are calculated via
Guillaume’s algorithm.
There are few points of ameliorations and questions for the current work.

1. Although we arrive an asymptotic expansion of the same order, our coeflicient for the
highest order term is a generic constant, and is not explicit, as in [I]. The question is
whether with the same method, we can do more careful analysis and calculate this term,
or at least its sign. Furthermore, can we make statements in higher regime, i.e. when
kh> 17

2. The algorithm uses local quantities described in terms of the interactions of the local
Lagrangian polynomials with one another via the local pairing a,, on [0,1]. In the current
codes, these quantities are calculated explicitly in terms of the coefficient of the Lagrangian
polynomials in the basis 1, Z, ..., 2". For higher orders, this approach suffers from numerical
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Order 5 - slope = 9.78 i
10=6| - Order 6 - slope = 11.82 E
Order 7 - slope = 14.67 ]
e 107¢
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Figure 15: Dispersion curve for kh taking values in 1.5 : 0.01 : 3. The slopes of each curve are
approximately twice the discretization order, as predicted by the asymptotics .

instability. In order to have a more stable numerical evaluation, perhaps it is better to
describe the Lagrangian polynomials in terms of Legendre polynomials, and make use of
the orthogonality of the second family. We also note that [I] used Legendre polynomials.

3. Can we extend this idea, in particular the identification of numerical wavenumber with
analytic poles and thus the pole evaluation algorithm, to other discretization schemes like
discontious galerkin, and in higher dimension, e.g. a waveguide, and inhomogeneous media
with periodic heterogeneity?

Acknowledgement This Project has received funding from the European Union’s Horizon
2020, research and innovation program under the Marie Sklodowska-Curie grant agreement No.
644202.
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A Toy example with Finite Difference order 2

Uniform discretization of R with step size h by nodes x,, = nh with n € Z. The recurrence
relation given by second order Finite Difference

fun_1+(27n2h2)un7un+1 =0 , necz.
The characteristic polynomial of the recurrence relation,
22— (2-kKH)24+1=0 |,

for 0 < kh < 2, has conjugate complex roots of norm 1: e**7». The solution of the recurrence
relation
Up = ap e 4 oq_e i

(Analytic) wavenumber r controls the oscillatory behavior of texact,
Uexact (T) = ay e’ + a_e " x

The numerical wave number sy, : controls the oscillatory behavior of numerical solution. At
x = nh, the value of the numerical solution

—
="

- Yn . n
Up, = Uqist(nh) = age’ 'k (rh) 4 g _e™th (7R
= ay eirnT + a_ e"irne

Since e solves 22 — (2 — k2h?)z + 1 = 0 thus e satisfies z — (2 — k2h?) + 271 = 0, and we
have ‘ .
e fem =2 — k2h? = 2(1 —cos(yn)) = K2AZ.
—_——
2 cos(vn)

As a result,
4sin®(3y,) = K°h%.
For x> 0 and h is chosen small enough so that sin(3v,) > 0, we have
sin(3y,) $kh = v = 2arcsin(3xh)

Thus we have obtain the dispersion relation, for |kh| < 2,

2 . 2 = 1 2n+1
/ih:harcmn( ) EZ 2n+1)2-4” (kh) .

The phase difference is given by

1
op = kKpn—K = ﬂm3h2 + &n(kh) ., |kh| <2
with &, analytic,
En(kh) = IihZ%(ﬁh)Qn = khO((kh)") ; |ch| <2
427 (n)2(2n + 1) 7
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B Properties of the local quantities

B.1 Reference Lagrangian polynomials

Denote by P. = P,(I) the set of polynomials of degree less than or equal to r defined on interval

I. A basis of P. on the reference interval [0,1] are given by the Lagrangian polynomials (;ASh
0 < i <r, for the defining set S = {&; =i/r; 0 < i <r}. In particular,

b= I o=2
0<j<r, Y
i

It follows from their definitions that ¢;(i;) = d;; for 0 <1d,j < 7.
We denote by I; € P, the interpolated version of a function f : [0, 1] — C,

Ir=> f(&;)d;. (74)
=0

Since the éj—s form a basis for P, any polynomial p € P, is equal to its interpolated version I,

by ¢j-S.
p =1, (75)

B.2 Symmetries of the local quantities

Proposition 17. The Lagrangian polynomials {éj}ogjgr have the following symmetries,

G;(1—2)=¢,_j(2) , —Pi(1—2)=¢._;(&) , 0<j<m (76)

Proof. For j with 0 < j < r, the value of function f : z — 1 — z at interpolation node z; = j/r
is

flaj))=1—z;=1—j/r=(r—j)/r=2a—j.
Hence, j,k with 0 < j,k < r, we have
Foi(xr) = &5 (f(21) = ¢j(xr—r) = Gjrry = O(r_jyk = Orj(@k)-

The second to last equality follows from the fact j = r —k is equivalent to k = r — j. This means

f*¢ agrees with ¢,_; on the defining set S which is of cardinality » + 1. On the other hand,
both f*¢?j and ngbj are polynomials of degree r. As a result, f*(ﬁj = gz;r,j on [0,1].
O

Define x; and vector x € R"—! as follows

1
K :/ ¢jdr,0<j<r ; K= (Kj)igj<r—1. (77)
0

The above symmetry of (ﬁj—s gives the following properties for k, a, b, c.f , and the local
matrices.
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Corollary 18.
Kj =Kp—j , 0<7<T

Mij =Mo-iyo—j) » Sij=Se-ie-g - 0<ij<r
bj:a,n_j s 1§j§r—1.

Proof. The identity of  follows symmetry of g?)j—s and a change of integration variables. With
the same idea, we write out completely the identities with the local matrices. For 0 < i,57 <r,
we have

/Olcz% ¢ df;z/ol(f*é,._i) (f*ér_j)dae:/ol by by dic

/ 8 di = / (i) (b di = / AT

This gives Mij = M(T,i)(r,j) and Sij = g(r,i)(

r—j)- As aresult of this, for 1 < j <r —1, we
have
Moj = My(r—jy = mjbo = mr—jdo.
Soj = AT(T_]-) = 7ijl = Tp—;01.

The proof is finished by using the definition of a = ag — wa; and b = by — wby.

B.3 Property in terms sum of row (column)

We obtain properties of local mass matrix M and local stiff matrix S, c.f , regarding sum of
row /column.

Proposition 19. 1. The sum of any row / column of S is zero.
2. For 0 <j <, the sum of the j-th row / column of M is equal to Kj.
8. The sum of all components ofM is equal to 1, which in terms of k;, is Z;ZO kj = 1.

Proof. Since M and S are symmetric, it suffices to prove the statement regarding row summation.
Using (75), we can write the constant function 1 is equal to its interpolated version by ¢;-s, c.f

@ |
1=15=>) ¢,
=0

Using the above identity and the definition of M and S in terms of ngSj, c.f , we obtain

1 N 1 . r R r R
m:/o ¢j(5c).1d5c:/0 ?;(2) (;@(@)) di:;MM C0<j<nr
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O

We state the above results in terms of the components of matrix M which has been defined
as M(w) =5 —wM.

Corollary 20. M is symmetric and has the following properties,
1. Mij = M_iyr—j), 0 < i, j < r;in particular, Moo = M.
2. The sum of the j-th row of M, 0 < j <r, satisfies
Mjo—‘r...—l—MjT:—wK)j , 05535
Since M is symmetric, we also have the same statements stated above in terms of columns .

Proposition 21. With Row(C, k) and Col(C, k) denoting respectively the k-th row and column
vector of matriz C, and 7; the projection onto the j-th component of a vector, we have

b" + Row(Mps, 1) + ... + Row (Mg, 7 — 1) + a® = —w k';
b+ Col(Mpnt, 1)+ ...+ Col(Mjpp, 7 — 1) +a = —wk
Mo +mb+ ...+ 716+ a = —wko;

Mo +ma+...+m_1a+a=—wkKo.

Proof. By Corollary the sum of entries in a row of M is equal to
Mo + M+ ...+ M1y + My = —wrj, 0<j5<r (78)
We recall the definitions of a, b, a and My, in terms of M, c.f (21)), (20)), and (19),
Ming)is =Mi; ,1<i,j<r—1 ;5 a=M,;g= Moy

b;:Moj:MjO ; az':Mm’:Mjr , 1<j=sr—1L
In terms these quantities, can be rewritten as,

76" + 7 Row(Ming, 1) + ... + 1 Row(Mipg, 7 — 1) + mjaf = —wry, 1<j<r—1.
In the form of summation of row vectors, the above expression can be written as,
b + Row(Mint, 1) + ... Row( My, 7 — 1) + a* = —w k.
For j =0, can be written as,
Moo +mb+ ...+ 71+ a=—wky.

The relation between a and b, b; = a,_;, 1 < j < r — 1, c.f Corollary then gives the last
identity in the statement.
O
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B.4 Relation between local matrices and the bilinear forms

We have introduced P,.(I) as the set of polynomials of degree < r defined on interval I. We will
also work with its subsets P, p defined as

P.p(I):={g € P.(I); g(0) = g(1) =0} , with I =[0,1]. (79)

For a continuous function f defined on [0,1], introduce the (column) vectors [f] € R+ and
[fline € R"™! whose components are created from the values of f on the interpolation nodes
{k/r}o<k<r as follows,

[fl e R with  [f]; = f(j/r), 0<j <r;

fline € R with  ([fline); = fG/r), 1<j<r—1. (80)

Note that for f with f(0) = f(1) = 0 then [f] = (0, [f]int, 0)*. In the current notation, that
every elements of P, is equal to its interpolation version, c.f and (74), can be written as

T

gEP 1 g=1I,=> gl é5;
=0
JT R r—1 ~ (81)
g€ P.p cog=1,= Z[g]j ¢5 =) ([glint); 5-
j=0 j=1

We have introduced the bilinear forms ay and as, c.f ,

adﬂ@=%}ﬂ@d@ﬂi, fog€ HY0.1);

1
angr:A f@) g@)di f.9€ I(0,1).

The components of the local stiff matrix S and local mass matrix M which give the interaction
among the Lagrangian polynomials ¢; via the bilinear forms as and awm, c.f. 7 are given by,

Sij = as (ng,agg) . M =am (ng,ﬂgg) , 0<4,5<r

The interior matrices S’int, Mint introduced in Subsection

(Sint)ij = gij o (Ming)ij = Mij , 1<i,5<r—1

We introduce Sint’* and Mim,* of size (r — 1) x (r+1) as

(Simt)ij = Sij 5 (Mingx)ij =My , 1<i<r—1,0<j<r (82)
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. Moo Mo Mo(r—1) Mor
3 Mio M Mgy M, 3
i M(r—l)O M(r—l)l | M(r—l)('r—l) M(r—l)r i
: MrO Mrl T \\ Mr(r—l) Mrr i

Figure 16: Local matrices Sint,«, Mint,«, interior matrix Mip.

The following proposition describes the action of the matrices listed above in terms of the
bilinear forms ap and as.

Proposition 22. 1. For g e P,

(3[9])j=35<¢3j79) ; (M[ngzaM(éjag); 0<ji<n

R A . X (83)
(Sint,* [g])] = as (¢]7g> 5 (Mint,* [g])] = am (d)]ag) 5 1 S J <r-— 1.
2. Forge Pobpand1 <j<r-—1,
(Sinto 191); = (Sine [9)int) ; = as (a@pg) = am(¢;,—9¢") ; )

(Mines [91); = (Mint [gint) ; = au ((Igj,g) :

Proof. We will write out the proof associated to as, that for ay is completely analogous.
Property 1 : For g € P., we have

T

(Sl =3 Sunlole = 3 a5l 1) gl a5 (éi,z[g]k ¢) (51, 9).
k=0 k=0

k=0
Property 2: For g € P, p, since g(0) = g(1) = 0, we have [g] = (0, [¢int, 0). This fact together
with the definition of Myt ., we obtain the first equality,

Sint [g]int = Sint,* [g}

We next compute the components of Siyt[gling. For 1 <i <r — 1, we have

(Sin [9he), = 3Gt (o) = 3 as(b10) ([l
k=1 k=1

R r—1 R R
=as <¢z’ > ([glint )k ¢5k> as(di, 9) = am(di,—g").

k=1

The last equality is obtained by integrating by parts, using that ¢;(0) = ¢;(1) = 0 for 1 < j <
r—1.

OJ
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Corollary 23.

Loge P as(f,g)=[f1-Slgl 5 awlf,9) =[f]-Mlg);
fag S PT,D : [f] : g[g] = [f]lnt . Sint [g]int ; [f] : M [g] = [.ﬂznt . Mint [g]int;
fepr,Dagepr : [f]int'gint,* [g]:[ﬂé[g] ; [ﬂthmt,*[g]:[f]M[g]

B.5 Invertibility of the interior matrices

Proposition 24. The interior matrices Smt, Mint, c.f are symmetric and definite positive,
and thus invertible.

Proof. For v € R"~1, define g € P, p(0,1) associated to v by

r—1

9(&) =Y _v;d;() 5 v=glnt.

Jj=1

By , we have

1
0 Smev = a5 (g, 9) = / J(@)g(#)di >0.
0

If v - Sipgv = 0, this means ¢’ = 0 in L2(0, 1), which implies that g is constant on (0,1). Since,
g vanishes at 0 and 1. As a result, g is identically zero on (0, 1), which gives that v = 0. This
means iy i positive definite, and since it is symmetric, it is invertible.

The proof is similar for Mmt, which is also symmetric. By , we have

1
“'Mmcv:am(%g):/ g*(@)di > 0.
0

If v € R with v - Myv = 0, the above identity implies ¢ = 0 in L?(0,1). Since g is a
polynomial, g is zero everywhere, which means v has to be the zero vector. Thus we obtain the
definite-positivity of Miut.

O

The matrix ]\Zfim is definite positive and symmetric, thus the following bilinear form is a scalar
product and induces the norm denoted by ||y .

= v Migw : |U|fw = v Migv. (85)

int

v,weR™H 1 (v,w)y

int

We have the Cauchy-Schwartz inequality
. . 1/2 . 1/2
v - Miggw < (v . Mimv> (w . Mmtw> .

9 N
. =0 M.

veER™ N

Lemma 25. With p(C) denoting the spectral radius of matriz C, we have

p (Mmté.—l) <7

int
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Proof. Step 1 : We recall the fact that for a square matrix C' and any matrix norm,

p(C) = lim |[CH||VE < |C]. (86)
k—o0

We will work with the vector norm |-y, —introduced in (85).
For v € R™~!, denote by w

w=S8"Muv = Smw= Mpv.

int

Scalar product on both sides with w, and by Cauchy-Schwartz to obtain the upper bound, we
have
w - Sintw =w- Mintv = (U}, v)Nfint = |w|Mint |/U‘Nfint.

For the lower bound we use (116]) which gives

As a result,
-1 2 —2 -2
Vo eR" ? |w‘]§lim =7 |w|Mint |U‘Mint = |w|Mint =7 |U|Mim'
This means that

ISt My, <772 @) o (St M) <72

=

O

We next discuss the invertibility of M, = S’int — wMint. For a polynomial p of order n we
define its reciprocal polynomial preciprocal by

prccip(x) = xnp(xil)'

Denote by x¢ the characteristic polynomial of matrix C' of size n x n i.e xo(w) = det(wId —C).
In the above notations, (X )reciprocal is the reciprocal polynomial of the characteristic polynomial
of matrix C.

Proposition 26. 1. det M1 is a polynomial in w of order r — 1 and can be written as
det My = det Sins (XMintg;i)recip(w) . (87)

The last polynomial can be written as,

r—2
)recip(w) =1—-wtr (Mmtg;jg) + Z Bk wk + (_1)T_1 det (Mm,tg;i)wr_l.

k=2

(X]\?[.

zntéi_ni
2. When w satisfies |w| < w2, Mni(w) is invertible with analytic inverse in w with ezpansion
i k
-1 _ a-1 k(a-1y) 51
Mint = Sint + Z w (SintMi”t> Sint . (88)
k=1
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Proof. Property 1 - Determinant : We recall the definition of My, c.f ,
Mint(w) - Sint - wMint-
Since Sing is invertible, c.f Proposition we can factor it out in the definition of M,

Mine(w) = Sing (Id —w§ Mm).

int

As a result,
det Mine (w) = det Sine % det (Id — w8 ! Ny, )

int

. (89)
— det Sy % deet( “11d—$- Mnt>.

int

Since the characteristic polynomial of S—! My is of degree 7 —1 and has the form y & g1 (w) =

int int int

wId =S} Miy, the second factor in the RHS of (89) is the reciprocal polynomial of XE=1 Nt

It follows immediately that, the coefficient of the zero-th order term is 1, while the coefficient
of the first order term, which corresponds to that of the (r — 1)-th order term of X§=1 Wy 19

—tr(S} Miy) -

int

Property 2a - Invertibility: We determine w so that the matrix is definite positive. By
Proposition for v € R"~!, we have

1 1 r—1
v-./\/lintvzf g'Qdi—w/ ¢?di , g:= Vi
0 0 ; o (90)
> (7% — w)||gll7--

The 1ast inequality comes from the Poincaré inequality for all f € H}(0,1). As a result, if
w < pi%, My is definite positive and hence thus is invertible, since My (w) = Sing — WMy is
symmetric.

Property 2b - Analyticity : For w with |w|p(S’ 'Mine) < 1, the Neumann series of

int
w8 Mg converges and gives the inverse of Id —wMimSint which is then analytic in w, i.e

int
(Id —wS;y) Miyy) Zw (St ar t)k

The proof is finished by using Lemmawhich gives a bound on the spectral radius p(Slnt My t) <
2
.

O

Remark 8. There is another way to see that det M, is a polynomial in w. The k-th order
derivative of the determinant of a matriz is given by, c.f [2],

Row(C, 1) j%— Row(C, 1)
d—kdet Row(C,2) B i k! det d‘fvfz Row(C,2)
dwk : B — alka!. . k! ;

Row(C,r) bbbtk 4% Row(C,7)

Since the components of Mns are polynomials of first order in w, det M, is polynomial of
degree <1 —1in w. In fact, the degree is exactly r — 1 since coeﬁiczent of the (r — 1)-th order
term is (—1)"~ L det Mmt and is not zero by invertibility of Mmt, c.f Proposition \Y,
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C Relation between the Discrete Problems, variational prob-
lems and continuous ones

C.1 Variational Formulation

Define for f,h € H'(0,1) the bilinear form

aw(f h) ==as(f,h) —wam(f,h) ; Lg(h) :=aml(g,h).

For g € L?(0,1), define the variational problem (VP) for a suitable Hilbert space H C
H(0,1):
Find f e H:a(f,h) =Lg(h) ; VheH. (91)

In H}(0,1), by Poincaré Lemma, the H! semi-norm ||-||; defined by || f|1 := || f/||z2 is a norm
equivalent to the usual H'-norm. Using the optimal Poincaré constant 1/, c.f Subsection
we obtain the boundedness (for all w) and coercitivity (for 0 < w < 72) of a with respect to

(H017||||1)7
law (£, )] < (U4 fwlzm )| £l L2 W]l Y f,h € Hy; (92)

aw(f, /) =112 —wlflz = A —wa )17, VfeH. (93)

Hence, by Lax-Milgram’s theorem, the variational problems in (H},||-||1) and (P- p, ||-|1) have
existence and uniqueness of solution.

For g € L? and 0 < w < 72, we denote by f the solution of the VP for H}, and by f;, that
for P, p, i.e.

feHy : ayu(f,h)=Lgh ,Vhe Hj;
thPT,D : aw(fh,h):Lgh ,VhGPT’D.

Follows directly from this is the a -orthogonality of f — f;, to P, p.
ay (f—fn,h)=0 , VheP p. (94)
We also recall Lemma of Céa for symmetric bilinear form gives

1+ w|r=2
1—|w|r—2

1/2
H(f—fh)’Hng( ) IE— byl . Yhe Pop. (95)

C.2 Main results

With 0 < w < 7% and g € P,(0, 1), we will compare the solutions of the following problems
1. f the solution of the variational problem in Hi,
feHy : au(f,h)=Lgh ,Vhe H].
This solution also uniquely solves the Dirichlet BVP,

—f —wf =g ; f(1)=f1)=0. (96)
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2. fn € P, p the solution of the variational problem (119) in P, p,

fn€Pp : aw(fa,h)=Lgh ,Vhe P p. (97)
3. The discrete problem whose solution is given by [pline With p € P, p,
Mint [pling = Mint,*[g] (98)

Remark 9. For the given form of the matrix problem , we have used the isomorphism
between P, p and R~ L discussed in Subsectwn . Note also that at w = 0 the M, becomes

Smt The invertibility of M, and Smt, for 0 < w < w2, are proved in Subsectzon- A

Relation between the VP @ and the discrete problem : We first establish the
relation between the VP and the discrete problem for both w =0 and 0 < w < 72.

Lemma 27. For g € P,., the vartational solution fy to VP gives the solution to ;
explicitly, we have

S1z'nt [fh]int - Mint,* [g] ) Mint [fh]int = Mint,* [g] 5 w < 7T2~

Proof. For h € P, p, using Corollary we can write the RHS of the variational problem
solved by f, as

Lg(h) = am(g. h) = [h] - Mg] = [Alint - Mint.[9]-
We also use Corollary [23] together with the isomorphism between R"~! and P, p to rewrite the
LHS of . As a result, we can write @ in matrix form,
v - SVint [fh]int —U- Mint [fh]int =v- Mint,*[g] 9 Vv e erl'

= Mint[fh]int = Mint7*[g]'
O

Relation between the discrete problem and the continuous problem : This is
done for w = 0 and 0 < w < 72.

Casel: w=0 ‘For p € P._», we will show that the VP solution f; in P, p concides with

the solution f = A'g to (122).

Remark 10. If g is polynomial, then so is f = ABlg; furthermore, we have,

_ d% _
AL'g € Pacggiorp m(ﬁpkf) = (-DFf. (99)

This can be seen from the explicit form of ABl,

// dsdy+z// s)ds dy. (100)

Implicitly hidden in the above statement is that the kernel of —f" = 0 is polynomial, which is
not the case for —f" —wf = g when w > 0. JAN
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Proposition 28. For g € P._s, we have

Sznt M”Lt * [ } = [A51 g] nt’
In general, if degg + 2k < r then

k—1
(Sotdine) St Minele] = [AT0e],,- (101)
Proof. Property 1 : We have shown in Lemma [27] that

Smt Mnt gl = [fh]int :

On the other hand, as we have discussed above, since p € P,_o, f = ABlg € P, p. At the same
time, being the solution in H}, it satisfies

as(f,h)=Lgsh , heP p.
By uniqueness of solution of the VP in P, p, this means that
fn=Ff=A g

Property 2 : We prove ([101)) by induction for 1 < k < kg := [Pd%] — 1. We have shown
that (101)) holds for ¥ = 1 in Property 1. Suppose the statement is true for k —1 with k —1 < ko,
i.e.

k—
(Smt M ) mt nt sk [p] [ D p] int °
We next verify for k. We first note that, for k — 1 < kg , k < kg, and as a result

r— degp]
2

deg ALF p = degp + 2k < degp + 2ko = degp + 2] —-2<r-—2.

As a result, Aka € P._2p.

(S W) 83 i ] = S W | (S5 ) S35 i,

induction hypothesis 5,

mth [ABk p:l int
. Smthlnt * [ABk p] .

Since Aka € P._5 p we can apply Property 1 and obtain

(Smt Mnt) ;n int,« [P] = [ (AZ)k p)}lnt [A ey }

This finishes the proof.

int
O
Remark 11. We can also prove Step 1 directly. Applying Proposition[29 to p € P,, we obtain
1<j<r—1: (Mmt,* [p])j = am <€g)j+1 ) p) am (ng-&-la _(ABlp)N> .

On the other hand, since p € P, with degp+2 <r, A, lpe P, p. Hence we can apply ., c.f.
Proposztwn to AD p, and obtain

1<j<r—1: (Smt [ABl p]mt)j =am (ng-&-la —(ABI p)”) . A
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‘Case 2: 0<w<m?| When w > 0 and for any g € L?, due to the existence of the of a
non-polynomial kernel of the continuous problem —f” —w” = g generated by sin(w'/?z) and
cos(w'/?z), the exact solution f is no longer polynomial, which is the case when w = 0, c.f
Remark [T0] Nevertheless, we still have analogous statement to Proposition 28] but this time we
incur an error term but with well-known bound.

Proposition 29. For g and g € P,, with 0 < w < 72, we have

Mins.ilg] - M2 Mg 8] = 20 (F,f) +ay (fh—F,f—fh).

where f.f are the exact solutions to (122) with inhomogeneous term g, g, respectively, and
fn, fn € Pr.p the solutions to the variational problem in P, p with inhomogeneous term
g, g, respectively. Specifically,

' —wf=g, f(O)=f1)=0  au(fnh)=Lgh
—f"—wf=g, f(0)=f1)=0 " auw(fa,h) =Lsh VI € Prp.

FEach term in the above expression is analytic in w, with the errorl term having the bound,

g I 7T2—|-’LU 2 —2n(g)—2n(g n n(g =
Ayw (fh_f,f_fh) < E7T2:’LU;37T 2n(g)—2 (g)w (g)+n(@)+2 ||g||L2 HgHLz.

where the n(g) is defined in terms of r and the degree deg g of polynomial g ,

n(g) = {T_(Qiegg} ~1. (102)

Proof. Lemma |7_7| relates the solution of the variational problem in P, p to the matrix problem
, explicitly we have

Mmt Mnt <8l = {fh} ot ; M;é Mint,*[g} = [fh]int :

And we can write .
Mint,*[g] = Mint [fh]imr

Since f;, and fh € P, p, we can apply Proposition [22| to obtain
Ming 1[g] - Mot Ming 1 [8] = {fh} " - Mins o [g]) = [fh} . - Mine[fa)ine = a (fm fh) . (103)
Using the a-orthogonality between f — f5, f — f, with P p,
a (f*fh,fh) =a (F*fh,fh) =0,
we replace the last expression of with
a(fus fu)=a(fos fu—f+6) =a(fu.f) =a(fu—F+i.f)

_ (f F) (ﬂf) :a(fh—f,ffchrfh)Jra(F,f)

a( ,f)+a(fh—ff,f—fh

Il
-+

N——
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Hence we have arrived at
N o[g] - Mot Nulg] = (FoF) +a (fu—F.f= 1)

Part 2 : We next obtain a bound for a (fh —f i — fh). By the H} boundedness of a,,, c.f
, we have an initial bound,

aw (fh —f,f— fh) < (L4 |w]77?) H(fh ?>I’

[ =)z - (104)

L2

We next use Céa ’s Lemma to bound the difference f, — f, and f, — f; since the two bounds
are similar, we only write that for f,

1+ jw|r2

1/2
T w|7r—2> [[(f — h)’||L2 , Yhe P p. (105)

6= 5 <

We are going choose a candidate in P, p to bound the RHS of (105)). For this purpose, we
turn to Proposition which gives that, for |w| < 72, f is analytic in w and has the follwing
expansion, for any N > 0,

N
f=Hyg+wN " Eyvg ; Hyg:=Y w A" g (106)
k=0

We also recall the bound on the error term,

1-2N

™
I(Eng)lL> <

gl

By Remark the approximating function Hyg € Pyeg g+2(N+1),p- By its definition, n(g) is the
largest index N so that Hyg € P, p. In fact, the degree of H(,)g is equal to r when r —deg g is
even, and is to r — 1 when r — deg g odd. This means we can choose Hy (g to bound the distance
between f and P, p, which is in the RHS of ,

—lgllz2.

1+ Jw|r—2 1/2 1-2n(g)
T

6= 5 s < w0

1— |w|r—2

We use the above inequality in (104) and obtain the stated bound .

Remark 12 (The difference between the exact solution and the approximate Galerkin solution).
The current notation remains the same as in previous discussion. By Proposition[2 and[3], for
lw| < 72, both f and fr, are analytic in w. By Céa’s Lemma, we have the bound , which
implies that first n(g) — 1 terms in their expansions in w coincide. This can be seen independenly
as follows.

By Proposition for 0 <w < w2, M;ni is analytic in w, and for any N > 0, we can write

N
~ A N k. ~
[fn)int = M%;Mma*[g] = Z wh (Sz_ni Mz‘nt) S%%)Mmt,*[g] + Nt [englints
k=0
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with
eng € PT,D and [eNg]mt = (Sthmt) MmltMmt*[ ]

We can apply Proposz'tion to the first n(g) terms and obtain

(S Mmt) S Minsilg] = [A]—J(’“*”g} . 0<k<n(g).

int int .
wnt

The sum of these terms are in fact Hygyg, c.f (L06). As a result, we can write

[fh]int = [Hn(g)g] it T W@+ [en(g)g} int’

—  fn= Hyqg+ "9 eng)g = f+ Hygg — F+ 0" ey .

In short, the difference between fy, € P, p and f is given by

Pr,D > fh =f— wn(g)+lEn(g)g + w”(g)Hen(g)g.

C.3 Applications (Important technical lemmas)

Lemma 30. We have the identities

S;l:}ao = |:(£r - Jf} ot ; 51‘71150 = [éo Tz 1} int

.S bo—Sro-f—l ; boS bo—Soo—l

wnt int

Proof. The components of ay are given by, c.f. (21)),
1<j<r—1: (ap);=as(djbr) =am(d;,—¢.).

The last equality is obtained by integrating by parts and noting that qﬁj(O) =
1 < j <r—1. By Proposition 22] we can then write ag as

ap = Mint,* [—Ggﬂ .
Applying Proposition we obtain

Smt Sthnt * [—Qgﬂ = [9ins »

(107)

(1) = 0 for

where g solves the BVP —g” = —¢/!, g(0) = g(1) = 0, whose unique solution is given by ¢, — z.
The same reasoning applies to obtain the result with by, which can be written as by =

Mint,*|: ] c.f. . As a result, S 1

1nt

g(0) = g(1) = 0, whose unique solution is given by ¢¢ + z — 1.
Using the above calculations, we obtain directly

1
ao‘Si;tlbo:as(¢>r,¢o+x—1):sro+/ b dx = Spo + ¢r(1) — ¢r(0) = Spo + 1.
0

1
bo - St bo = as (¢0,¢0+9€*1) :Soo+/ #0 dx = Soo + ¢o(1) — $o(0) = Soo — 1.
0

= [g;,x where g solves the BVP —g”

_éo y
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We next apply of Proposition 29] to obtain explicit description of the coefficients of the first
r terms in the expansion in w of k - /\/li_nin. This plays a crucial role in the results of Section
We recall the definition of k,

K’:(Rla'"vﬂr—l) ; “{j:aM(é]Wl) ’ 1§]ST*1
Here 1 denotes the constant function taking value 1.

-1
int

Proposition 31. For |w| < =2

converges and is given by,

, the Taylor expansion of the rational function k- M_ . (w)k

. 2—2cosw!/?

k- ML

znt(w) Kk=-w + wQ[’l"/Q] e(H),

w3/2 sin wt/2

With const(w) defined in (102), the analytic error term e(k) is bounded by,

le(r)| < wAC-1r/2) |

(m?

Proof. By Proposition We can express k as kK = M 1% [1], and then apply Lemmato evaluate

K- Mtk = My [1] - Mt My, [1] P02 B2

int

aw (f, f) + O(w?"/2).

Here f = (Ap —w) 11 is the unique solution to the BVP

—f"=wf=1 ; f0)=fQ).

Since f € Hg we do an integration by parts and get
1 1
K Mtk = / F(—f" —wf)dzx + O(w?/?) = / fdx 4+ O(w?/2]).
0 0
It remains to evaluate fol fdz,
1 1 1
wf:_l_f// = w/ fdx:—/ dx—/ f”dm:—l-l—f/(())—f/(l).
0 0 0

We can solve explicitly for f,

cos(w'/?z) —1 cosw'/? —1

_ _ o 1)2
f= w w sin w!/2 sin(w' ")

;L sin(w'/?z)  cosw'/? —1 1/2

= f=- o2 sl cos(w/“x).

In particular, we have
/2 _ 1 ; 1/2 1/2 _
ey CoOsw o ey sin(w'/®) cosw Lo
f'(0) = vy R )= VP sl cos(w'/?). (108)

Inserting in the values of f/(0) and f’(1) give in (108]), we obtain

1 : 1/2 ( 1/2_1)2
simw cosw
w/o fde=-1+ wt/? * wl/2sinwl/2
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The RHS simplifies to give the leading term stated in the lemma.

It remains to obtain the bound for the error term, which is also given in Proposition 29 We
note that the corresponding inhomogeneous term for our case is the constant polynomial —1,
with

n(-1)=[/2]-1 ; [=1ffz2=1.

As a result, we obtain the bound as stated. O

We next carry out the same calculation for a - M; {b. This will play a crucial role in the
results of Lemma[d] We first define the following vectors, c.f. Remark [I3 for a dicussion of their
introduction,

Y = 1ntS

lnt

bl 5 X:= 1ntS

mt

—ai. (109)
As a result, we have

bl — mtS - X.

i nt

-Y 5 ap = mtS

1nt
We insert these above expressions into the definition of b and a to obtain,

= b= by — why = S S bo + w (Y Nt S00 ) = Mt Sy Lo + wY; (110)

a=ay— wa; = Min S tag + wX.

int
The advantage of using these new vectors can be seen as follows. Using Corollary [30] we have
Smc ap = |:((£7~+1 — x)} L Smt by = ((50 +z— 1).
and then Proposition 22] to write the components of X and Y as: for 1 < j <r—1,
7T]XZ T lntSult — 01 = aM((ﬁ.ﬁéT —.'L') _aM(éj’ér) am (¢7’_ )’
;Y = 1 Mini S350 00 — 7501 = am(5, do + & — 1) — am(9;, do) = am(d;, @ — 1).
This means that R A
X =M [—2] ; Y =Mine[z—1]. (111)
Proposition 32. For |w| < 72, the Taylor expansion of the rational function a(w)- M,k (w)b(w)
converges and is given by,

~ ~ 1/2 r—1
a(w) - M} (w) b(w) = Spog — wMyg + N A e(a,b).
sin w1/2
With const(w) defined in (102), the analytic error term e(a, b) is bounded by
(s (4 Juw)?
bV < 37401555 .
N

Proof. Step 1 : We first rewrite a and b by using their equivalent expressions (110)) in terms
of X and Y,

a- Mo = (MiS;lag +wX> ML (Mmtsmt bo +wY)

(M
(MineSistao +wX) - (S0 +wMiLY)
=(
ap

Sine — w i) St Sitbo +w (Sialao - Y + X Sty ) + wX - MY

int int

mt

Slnt bo +tw ( llltSmt Slnt bO +Slnt Y+X Slnt bO) +w2X M
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As a result, at the end of Step 1, we have obtained

int int int

a- Mflb =4ap - S’l;tlbo —|—w(;§_1a0 -Y — ap - §~_1bo) + wQX . Ml_ml:Y (112)

Step 2 : It remains to evaluate the three terms in the RHS. The first term is given by Corollary

Ba

ap - S;]tlbo = S(T+1)1 + 1. (113)
The second term can be computed readily from the form (111)) of Y,

Sidao-Y —a; -8 00 = am(¢ — z, 2 — 1) — am(by, o + 2 — 1)

int int

(114)

1
z—/ x(w—l)dw—MTO:%— r0-
0

We calculate the third term by first replace X and Y by their equivalent expressions given by
(111)); after this step, we can apply Proposition
X- MI_H%Y = Mint,* [7.%] : M;%Mint,* [I - 1]

=ay (f’f>+aw (fh_fvf_fh)
ane (fo=f" = wf) +aw (Fuo = F.F = 1),

where f and f are the unique solution to the following BVP-s
[ —wf=—z, f0)=f1)=0 ; —f"—wf=x-1,f0)=f(1)=0.
We can thus compute f and f explicitly,

- — i 1/2(1 =
f:f ; f:1 z  sin(w /(1 —z))

w  wsinw!/2 w w sin wl/2

B sin(w!/?z)

Using this, we calculate ap(f, —f" — wf)

T sin(w!/?z)

~ 1
aM(fv—fH—wf):/O [w wsinwl/Q}(x_l)dx
1 1 1

w? 6w w3/2sinwl/2’

It remains to obtain the bound for the error term a ( fo—f.f— fh), which can be obtain

directly from Proposition 29 In our case, the corresponding inhomogeneous term is the polyno-
mials —x and z — 1, with

n(—z) =n@-1)=[F]-1 3 lz—1l20n =2l = 35
As a result, we obtain

1 1 1 r—1
. N _ - _ - 4L - 2] ]
X MY w? 6w + w3/2 sin wl/2 w2 e(a,b). (115)

The proof is finished by inserting (113)), (114) and (115) into (112)). After simplification, we

obtain the stated expression in the lemma. O
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Remark 13. We will discuss why a direct application Proposition [29, without the rewrite with
X and Y as we did, will introduce problems. We first write a and b so that they satisfy the
hypothesis of Proposition [29,

a(w) = ap — way = Sint« [QZ)T:| — WMt {037}
= M int,x [_é{r/ - wér} = Mmt,* [(A - w)é’r} .

Similarly, we have

b(w) = by — wby = Mipy [(AD - U’)QBO} .

Application of Proposition[29 gives

a-M;lb =apm ((;30 + ¢y sin(w'/?z) + ¢ cos(w/2x) , (A — w)g{),) + Error Term.
The error term is only O(w?) since n ((A - w)dA)T) = [#} —1=0. Thus without further

work, we do not have information of the coefficients of first v terms in the erpansion in w of
the error for r > 2. As a result of this we introduced vectors X and Y which are associated with

polynomials of lower degrees and with simpler definitions, c.f (109) and (111)). A

D Properties of the continuous problem

D.1 Optimal Poincare constant in dimension 1
Consider f € H}(0,1).

1. The family of functions v/2sin(nmz), n = 1,2,... are eigenfunctions corresponding eigen-
2 d?

7= with Dirichlet boundary conditions.

values n?72, n = 1,2, ... of symmetric operators —

2. The family of functions 1, v/2cos(nmz), n = 1,2,..., are eigenfunctions corresponding

. . 2 .
eigenvalues nm? , n = 0,1,2,... of symmetric operators —% with Neumann boundary

conditions.

As a result, each of these families of functions forms an orthonormal basis for L?(0, 1) equipped
with the usual L? inner product. Using this fact, for f € H}(0,1), we write

f= Z fnV2sin(nmz) = f = Z nmw V2 f, cos(nmz) .
n=1 n=1

With Bessel’s equality, we have

oo o0
1A =D f2 5 Il =72 >_ n’fr.
n=1

n=1

> > 1 Cauchy Schwart > 1 12 oo 12
auchy Schwartz
n=1 n=1 n=1 n=1
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As a result 1 1
1£1I72 < ;Hf'llm\lfllw = || fllz < ;Ilf’llw-

Thus 1/7 is a Poincaré constant. In fact, it is the smallest Poincaré constant,

1 i 1

L el e 1

w ) e = o 17 =
F#0

Remark 14 (Relation with the discrete problem). We recall that for p € P, p, c.f Proposition
5.4, where P, p denotes the set of polynomials of degree v with Dirichlet boundary conditions,

1F11Z2 = [flint - Mona[Fline 5 1132 = [flint - Sinelflin-
Since P p C H& we have

/112 7112 A
LG T

7o it S gt = gy et S
€br, €pP,, M )

ffeﬁ)o L2 f¢0D L2 inD [f]mt mt[ﬂmt

As a result, for all v € R"™1 we have

720 Mo < 0+ Simgv - (116)

D.2 Apriori Estimates
Lemma 33. With 0 < w < 72, for f € H} a solution of —f" —wf = g with g € L?(0,1), we
have the following apriori estimates

1

1l < ——

[[ull > (117)

s

L2 < [[ull > (118)

w2 —w
Proof. Since f € Hj asolution of — f”/ —wf = g, we multiply both sides by f and do a integration
by parts on the LHS to obtain,

1 1 1
/ (fVds—w | f*ds= / gf ds. (119)
0 0 0

Using Poincaré Lemma to bound from below of LHS and Cauchy-Schwartz to bound from above
RHS we obtain

1 1 1
(2 —w)|| f12s < / (F) ds —w / P ds = / uf ds < |lull= |fl|2-

As a result, we obtain (117)). Next, we use the L? bound in (119) to give

/Ol(f’)2ds:/01ufds+w/olf2ds

(117)
2

2
s
lull72 +

w 2 _ 2
2 _w m”unm = (% — w)? [ullze -

This finishes the proof. O
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D.3 Properties of Solution of the Dirichlet BVP
For g € L?(0,1), the boundary value problem (BVP),

—f"=g , fO)=fQ1)=0. (120)

has a unique solution in Hg(0,1), which we denote by A'g. By Lemma with w = 0, we
have that (Ap)~! is a bounded operator on L?(0,1) with norm bounded by

JAD o < 72 (121)
For w > 0, the boundary value problem

—f"—wf=g ; f0)=fQ1)=0. (122)

has a unique solution, which we denote by (—=Ap —w)~tg. The following proposition shows that
this solution is analytic in w in a neighborhood of w = 0. See also Remark [IF] for another point
of view.

Proposition 34. For g € L?(0,1) independent of w, with 0 < w < w2, (Ap —w)~tg is analytic
i w and can be written as

[(Ap —w) 'g] (w,2) = Fy(w,z) + w" ' Ey(w,2) , VN >0; (123)

where

N

Fy(w,z) = Z w" AB(”H)Q i En(w,z) = AB(N'H)(AD —w) g
n=0

(l)NJrl 1-2N

1-— s
1F e < = llgle 5 IBAllee < S llgllee

w2 —w
Proof. The Dirichlet operator Ap with domain Hi N H? is a self-adjoint extension of an un-
bounded operator (—%,CS" (0,1)). Using that Ap has an bounded inverse A, in L2, we can
factor Ap —w as,

Ap — wIdHéﬂH2ﬁL2 = (IdL2_>L2 711}A51) o Ap.

Since |Ap |22z < 772, ef ([121), if w < 72, the Neumann series of wA ' converges in the
operator norm ||| 22, and hence Id —wAp' is invertible as a bounded operator on L2(0,1).
In this case, we have

Ap—w) b= AP Id—wAR) = AP Y wh AL = Y whA Y.
D D D D D
k=0 k=0

As a result of this, we obtain the expansion (123]) of (Ap —w)~1g for g € L?(0,1), for any N > 0.
We next obtain a bound for the approximating term Fy and the error term FEy using the
apriopri estimates in Lemma [33] For Fy,

N
FN = —AD Z wnAl—)ng
n=0

N N
= [Fylle <77 ) w AR glle <77ty wm gl e

n=0 n=0

Inria



Numerical Dispersion by z-transform 65

1 — wN+1 p—2(N+1)

= | Fyllpe <77 ——llgllz>-

1—wr
For Ey, we first rewrite to get rid of the infinite sum notation,

o0 o0
wNH By = Z kaB(kH) g =wNtANT Z kal—)(kH) g
k=N+1 k=0

= wNHAB(NH)(AD —w)"ty

s

—(N+1 _
1A, gl < 724D gl o

/
= [|[Enllre < o w

O

Remark 15. Since we are dealing with ODE, we can write out readily the exact form of (Ap —
w)~tg. A basis for solutions of —f" —wf = 0 is the pair cos(w'/?z) and sin(w'/?z), the
Wronskian of which W(w,x) = w'/2. By variation of parameters method, a particular solution
to —f" —wf = wu is given by

sin(w'/ 2z

su(s)ds + x ) /03j cos(w'/?s) u(s) ds.

® sin(w'/?s
frarticutar == — Cos(wl/zx) / g wl/2q

o wl/2s
The above function is analytic in w with infinite radius of convergence. Incorporating the bound-
ary conditions at 0 and 1, we obtain the solution to the Dirichlet problem (122)),

_ sin(w!/ 2z
(AD - w) 19 = fparticular(wa x) - fpa'r'ticular(wa 1)5111((11)1/2)) (124)

In the above expression, fparticular(W, ), and thus fparticular(w,1) is analytic in w with infinite
radius of analyticity, and the last factor, which is
sin(w'/?z)  w/?z(1+ Y07, cuuwna®)

_ , 125
sin(w!/2) wl/2(14 37 cow™) (125)

is analytic in w in a neighborhood of w = 0 with the radius of analyticity m2.

E Discrete Z-transform

We refer the readers to [4] and the references therein for a brief history on z-transform and for
a list of fields of applications using this transform, e.g. signal theory, harmonic analysis and
quantum physics, among others. Our working definition of z-transform is the following.

Definition 5. For a scalar sequence u = {uy, }nez,

[Zu)(2) = > un2", (126)

n—=—oo

if the RHS converges. We will also work with the following version

[Zu)(8) := Z u,, €27, (127)

n=-—oo
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Recall in Subsection we have denoted by 9(Z,S) the set of sequences taking value
in S and indexed by Z; its elements are denoted by u = {u;} ez, and by M(Z x Z,,S) the
set of sequences taking value in S and indexed by Z X Z,; its elements are denoted by u =
{Uj,k}JeZ,0§k<r-

Definition [f] extends readily to vector-valued sequences, upon noting that for a vector-valued
sequence U € M(Z,C"), c.f for the, m; U is a scalar sequence for 1 <+ < r. Here, m; denotes the
projection onto the i-th component,

Definition 6. For a vector-valued sequence U € M(Z,C"), [ZsU](z) is a vector of dimension r
with components given by
Ay U=2ZmU ,1<i<r, (128)

if the RHS makes sense. Here there are also two versions corresponding to whichever definition
of scalar Z used.

In the case where U is obtained from by a scalar sequence u by the ‘blocking’ map b,., c.f.

(16)-(17), i.e U = by,

[WkZ‘B U](Z) = Z UJT+;€ZJ, 1 S k S r.

J=—o0

Remark 16. The corresponding continuous version to our discrete transform is the following:
for a function u

oo o0

Zu)(w,2) = > w@tn)2"  [Zu)(@,0):= > ulz+n)en.

n=—oo n=—oo

Let [2(Z) denote the set of square summable sequences,

1*(z) = {u € M(Z,C) : Zui < oo}

keZ

We recall that {e?>"™"*}, .7 is complete orthonormal set for L2(0, 1) equipped with the usual
complex L? scalar product,

1
(fs9)r2(0,1) :/0 fgdx.

As a result, if sequence u € (%), then Y, ., ure*™* converges in L3(0,1). Thus, for u € 1*(Z),

Zu is well-defined as an L?(0, 1) function in 6, with w,, being the n-th Fourier Series coefficient
of Zu,

un = ([Zu](0), 627Tin9>L2(071) :/0 [Zu](0) e=2mint go

In addition, by the Plancherel’s identity, we have

E m 6271'7,’69

kEZ

||ZUHL§(0,1) = = [lulli2(z). (129)

L2(0,1)

Proposition 35. For a scalar sequence u € 12(Z), Zu defined by (126) is well-defined as a L>
function on (0,1) in 0, with the following additional properties:
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1. Zu is periodic in 0 .
2. By ([129), Z : 1*(Z) — L3(0,1) is an isometry.

3. uy is the n-th Fourier coefficient of Zu, thus can be retrieved by
Un = <[Zu](9), 62ﬂ1n9>L2(0,1) = /0 [Zu)(0) =77 df.
If 2 € C with |2| = 1, we can write z = €2™ for some 6 € [0, 1), thus these above results can

be transferred to the second version of Z, c.f. (127).

Proposition 36. For a scalar sequence u € 1*(Z), Zu defined by (127) makes sense as an L*
function in z on the unit disc S* C C.

Z :1%(Z) — L*(S') is an isometry.
In this case, u, can be obtained from Zu by

1 dz

=— 0 [z .
Un = o cl[ u(z)

Here Cg is a simple closed curve counter-clockwise oriented and lying in the circle centered at 0
with radius s.

The above results extend readily to the vector version of the Z transform.

Proposition 37. For a vector-valued sequence U € (I1*(Z))", ZsU has the following properties.
1. With definition of Z given by (126)), [ZxU](0) € (L3(0,1))".
2. With definition of Z given by ([127), [ZaU](z) € (L2(S*))".

3. We have the inverse formula,

! - 1 dz
o —27iJ 6 _ -
Uy = /0 [ZsU)(0) e ) = — Cl[Z%U](Z) T (130)

Define the shift operator 7 acting on a sequence U

(TkU)J = U]+k. (131)

We will make use of the following relation between the translation operator and Zg operator to
convert an recurrence relation with constant coefficients into an algebraic one.

Proposition 38. 1. For scalar sequence u,
(Z Tanu)(z) = 2TF [Zu)(z) , keZT.

2. For the vector-valued sequence sequence U of the form U = b,u, c.f —, for some

scalar sequence u, we have
[Zs 2xU)(2) = 27 [ZaU)(2) , keZ'.
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Proof. Property 1 :

[ZTpu](z) = Z u(n+ k)28 = i u(n—l—k)zk—i—Zu(n—i—k) K

Let j=n+kthenn=j5—k

—1+k oo )

[Zru)(2) =27 > u(j) 2 + 2~ Z )2l =27F " u(j) 2
j=—o0 =k

Property 2 : Working from the definition of Zgy

j=—o00

[mi Zss 71 U](2) =

(ZmmU), 1 <i<r.
we obtain the following series of equality.

[WiZ% TkU)} (Z) = [ZﬂiTkU](z) ; Z ’U/(J_;’_k)N_‘_i ZJ
J=—o00
=7k Z uJN+,;zJ = sz[Z%mU](z).
J=—00

Equality (%) comes from the fact that (7,U); = Ujik, so for U = b,u

(it U)g = wsryn4is 1< <7
As a result, we have

[Zss 7 Ul(2) = 27 ¥[miZes Ul(2) = 2~ *[2U](2).

O
Remark 17. In literature, the type of Z transform used to solve recurrence relation with constant
coefficients are usually one sided rather two-sided as currently used in our paper

(oo} n
Ziu= Zun 2"y Z_u= Z Up 2"
n=0 n=-—oo
Their interaction with the translation operator is
k—1
Zsm) (2) = =M Zyd)(2) = 3 uln)=H;
n=0

(Zi7m_pu](2) = 2" Z u + _Z u(n)2F+m,

n=—k
In particular if u is such that u(n) =0 for n <0 then

[Zir pu)(K) = 2*Z u.
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F  Miscellaneous Facts

F.1 Some calculations of determinant of matrices

We consider a matrix C' of size n x n of type

t
= )
with v, w are row vectors of size n — 1.
Lemma 39. Suppose Ciy; is invertible
det C' = —det Cypy x w - C;, 1.

Proof. We first write C' as the following product,

R )
O(n—l)xl Cing Ci;tw Id(n—l)x(n—l)

The proof is finished if we can show that the determinant of the second matrix in the factor is
w - Ci;tlv.

Denote by [Id(;,—1)x (n—1)]; the matrix obtained from the square identity matrix of size n — 1
by replacing j-th row by v¢ . Since

n—1
t_§ : Lt
v= vjej,
Jj=1

using the multilinearity of det, we obtain that

det [Id(,—1)x (n—1)]j = ;-
As a result of this,

0 vt = ; _ i
det (C_lw Id) = Z(—I)UH)(C’intlw)j X (—1)] 1det[ld(n71)x(n71)]j

int
- S = ot
i=1
The factor (—1)7~! comes from having to permute v' from the first row to the j-th one, for

1<j<n-1.
O

F.2 Asymptotics with arccos

Proposition 40. The following statement is equivalent
1. ¢ =w'?(140(w")).

2. cos ¢ = cosw'/? + wO(w").
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Proof. (1) = (2) : Suppose ¢ — w'/? = w!'/20(w"), then we have
cos(¢p —w'/?) =1 =wO(w?) ; and  sin(¢ — w'/?) = w/20(w").
Hence

cos(¢) — cosw?/? = cos(¢p — w/? + w'/?) — cosw!/?
= (cos(gb —w'/?) — 1) cosw'/? — sin(¢ — w'/?) sin(w!/?)
= wO(w?")0(1) — wO(w")O(1) = wO(w").

(2) = (1) : This direction follows from Lemma [41] and [42].

Lemma 41. Suppose cos ¢ = cosw'/? + wO(w") then
cos(¢ — w'/?) = 14+ w'/20(w").
Proof. Suppose cos ¢ = cosw'/? + wO(w") then
1 — cos® ¢ = sin?(w'/?) — 2w O(w") cos w'/? — w? O(w")O(w")

= sin?(w'/?) — wO(w") <2 cosw'/? — wO(wT)>.
Note that since sin?(w'/?) = w(1 + O(1)) we can write the above expression as

1 — cos? ¢ = sin®(w'/?) (1 — O(w’”)).

= sinl) = VT 6 = s ) (1- ") ).

As a result of this,

cos(¢ — w'/?) = cos(¢) cosw'/? — sin(¢) sin w'/?

= cos? w'/? + wO(w") cos w'/? — sin® w!/? + sin w'/20(w").

The RHS simplies to give
cos(¢p — w'’?) =1+ w'/20(w").

Lemma 42. Suppose cos(¢ — w'/?) =1+ w!/20(w") then
6= w!/2(1 4+ O(u").
Proof. We recall the Taylor expansion of arccos and arcsin

arccosr = 5 — arcsinz;

arcsinr = i $x2”“ lz| <1
L wepenry’ ks
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As a result,

—w'? =T — arcsin <1 + wl/QO(wr))

m 2n+1
= % - Z qn nl;Q n + 1) <1 + wl/QO(wT)>
- 2n 1/2 T
“E- 2 g G (v ow)
=z arcsm( )+ w'/20(w").

As a result, we have

é— w1/2 _ w1/2o(,wr)'
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