On the homogenization of a two-conductivity problem with flux
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Abstract

In this paper, we study the homogenization of a thermal diffusion problem in a highly
heterogeneous medium formed by two constituents. The main characteristics of the medium
are the discontinuity of the thermal conductivity over the domain as we go from one con-
stituent to another and the presence of an imperfect interface between the two constituents,
where both the temperature and the flux exhibit jumps. The limit problem, obtained via
the periodic unfolding method, captures the influence of the jumps in the limit temperature

field, in an additional source term, and in the correctors, as well.
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1 Introduction

Our goal in this paper is to analyze the effective thermal transfer in a periodic composite
material formed by two constituents occupying a domain € in RY(N > 2), divided in two
open subdomains, denoted by €25 and €25, and separated by an imperfect interface I'*. We
assume that the phase €] is connected and reaches the external fixed boundary 02 and that
25 is disconnected, being the union of domains of size €, periodically distributed in Q with
period of order e, where ¢ is a positive real number less than one. Nevertheless, if N > 3, our
results still hold true if the domain )5 is connected, too. The order of magnitude of the thermal
conductivity of the material occupying the domain Q5 is of order £2, while the conductivity of the
material occupying the domain €] is supposed to be of order one. Our problem presents various
sources of singularities: the geometric one related to the interspersed periodic distribution of
the components, the material one related to the conductivities and the ones generated by the
presence of an imperfect interface between the two materials. All these singularities are described

in terms of €.
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More precisely, we study the asymptotic behavior, as the small parameter € tends to zero,

of the solution u® = (uf,u5) of the following problem:

—div (A°Vuj) = f in Qf,

—div (e2A4°Vu§) = f in Q5,

APVui - nf =¢eh® (uf —u3) — G® on I,
e2A°Vu§ - nf = eh® (u§ —u§) on I€,

uj =0 on 00.

The case G* = 0, which corresponds to a continuous flux, proportional to the jump of the
temperature field across the imperfect interface, has attracted, in the last two decades, the
interest of a broad category of researchers. In the pioneering work [8], using the asymptotic ex-
pansion method, the authors study the homogenization of a thermal problem in a two-component
composite with interfacial barrier in the particular case in which the conductivities of the two
components are both of order one. For this problem, the convergence results were rigorously
justified later by using various mathematical methods: the energy method in [21] and [33], the
two-scale convergence method in [23] and the unfolding method for periodic homogenization in
[20], [39], [40] and [32], to quote just a few of them. Also, for problems involving jumps in the
solution in other contexts, such as heat transfer in polycrystals with interfacial resistance, linear
elasticity problems or problems modeling the electrical conduction in biological tissues, see [4],
[5], [24], [25], [26], [30] and [41]. The case corresponding to the scaling of the conductivities
considered in this paper is addressed, among others, in [6], [36], [35], [34], [22], [28], [1], [2].
After passing to the limit with respect to the small parameter ¢, a regularised model of diffusion
is obtained, which in fact is a special case of the double-porosity model, introduced in [37] in the
frame of the heat transfer and in [9] in the context of the flow in porous media. For a review of
such models in various types of fissured porous media, see, for instance, [38] and the references
therein.

In this paper, we consider the case G° # 0, which corresponds to a discontinous flux as well.
We study here two representative cases for the jump function G¢, stated explicitly in Section 2,
relations (2.2) and (2.3), which both lead to different modified reguralized models of diffusion.
More precisely, in the first case, a new global source term, macroscopically distributed over the
entire equivalent domain, appears in the right-hand side of the homogenized equation (3.8). In
the second case, the novelty brought by the presence of the flux jump is the emergence of the new
non homogeneous Neumann cell problem (3.25) and the presence of its solution in the corrector
(3.24). We notice that this jump plays no role in the homogenized problem (3.23). Nevertheless,
in Remark 3.11 we mention a case in which the homogenized problem depends on this jump, too.

This last result is to be compared with the Neumann problem in perforated domains (see [14]



and [18]), where the same cases of G° are considered on the boundary of the holes and a similar
phenomenon occurs. More recently, this type of functions G¢ is encountered in [12] for the study
of a thermal problem with flux jump, involving conductivities of order one and a scaling of the
jump in the temperature field of order e~'. We also point out here the effect of the jump of the
solution, which is recovered in the corrector (3.10) and in the weak limit (3.15), via the solution
of the local Robin problem (3.13). This phenomenon was already noticed in the case in which
G*¢ = 0. For transmission problems involving jump in the flux in other contexts, such as linear
elasticity, theory of semiconductors, the study of photovoltaic systems, combustion theory or
heat transfer problems, see [7], [10], [11], [27], [29], [31].

Let us notice that if in the microscopic problem the temperature and the flux are continuous
across I'* and if moreover the thermal conductivities of the two materials are both of order one,
we have a standard transmission problem, and, then, the limit process leads to a single-diffusion
equation. However, if we assume that the thermal conductivities of the two materials are both of
order one, but we keep our jump conditions at the interface, then the limit problem is a system
of two coupled equations. The case G¢ = 0 is studied in [23] and the limit process leads to the
celebrated Barenblatt system, introduced in [9]. The case G° # 0, which leads to a modified
Barenblatt model, is addressed in [13].

The rest of the paper is organized as follows: in Section 2, we introduce the microscopic
problem and we fix the notation. In Section 3, we state and prove the main homogenization
results of this paper. Corrector results are given, too. We end our paper with a few concluding
remarks, an appendix in which we review the definition and the basic properties of the unfolding

operators and their adjoints, and some references.

2 Setting of the problem

Let Q be a bounded open set in RV (N > 2), with a Lipschitz continuous boundary 9 and let
Y = (0,1)" be the reference cell in R". We suppose that Y7 and Y5 are two non-empty disjoint
connected open subsets of Y such that Yo C Y and Y = Y; UY 5. We also assume that I' = 0Y5
is Lipschitz continuous and that Y5 is connected.

Throughout the paper, the small parameter € takes values in a positive real sequence tending
to zero and C' is a positive constant independent of &, whose value can change from line to line.

For each k € ZV, we denote Y* = k +Y and Yf = k4 Y, for a = 1,2. We also define
for each €, Z. = {k SYAR 5?'5 C Q} and we set Q5 = Uy (€Yy) and Qf =Q \ Q5. The
boundary of 25 is denoted by I'* and n° is the unit outward normal to 5.

Our goal in this paper is to analyze the asymptotic behavior, as ¢ — 0, of the solution



£

u® = (uj,u§) of the following problem:

—div (A°VuS) = £ in €,
—div (e24°Vu§) = f in Q5,

ASVug - nf =¢eh® (uf —u3) — G®  on I (2.1)
e2A*Vu§ - nf = eh® (uj —u§) on I°,
uj =0 on 00.

Remark 2.1 We remark that the flux of the solution is discontinuous across I'*. Indeed, we
have
ASVuS - nf — 2 A°Vu§ - nf = —G°.

The function f € L?(1) is given. Let g be a Y-periodic function that belongs to L*(I"). We
define

9 (x)=yg (E) a.e. on I'°.
€
For the given function G°¢ in (2.1), we consider the following two relevant situations (see, also,
[12], [14] and [18]):

Case 1:G°(z) = 5g<§>, if Mr(g) # 0, (2.2)

Case 2: G°(z) = g(g), if Mr(g) = 0. (2.3)
1
Here, Mr(g) = m /Fg(y) dy denotes the mean value of the function g on T'.

Moreover, we make the following assumptions on the data:
(H1) h is a Y-periodic function such that h € L*(I') and there exists hg € R with
0 < hp < h(y) a.e. on I'. We set

he(x) =h <g> a.e. on I'°.

(H2) For \,p € R, with 0 < XA < p, let M(\ p,Y) be the set of all the matrices A €
(L>®(Y))V*N such that for any & € RN, M2 < (A(y)€, €) < plé|?, almost everywhere in Y.
For a Y-periodic symmetric matrix A € M(\, u,Y), we set

Af(x)=A (g) a.e. in €.

In order to write the variational formulation of problem (2.1), we introduce, for every positive
€ < 1, the Hilbert space
H® =Ve x H'(95).



The space V¢ = {v € H'(Q5), v=0on 90} is endowed with the norm [jv[|y= = INGHIET R
for any v € V¥, and the space H'(€25) is equipped with the standard norm. On the space H¢,

we consider the scalar product

(u,v)ge = Vui1Vuy dx + /

£2Vus Vs dz + 5/ (ug — ug)(v1 — ve)doy (2.4)
0f Q3

€

where u = (u1,u2) and v = (v1,v2) belong to H. The norm generated by the scalar product

(2.4) is given by
ol = 19910305, + <1703 + llon = 223 (25)
The variational formulation of problem (2.1) is the following one: find v € H* such that
a(u®,v) =1(v), Yve HE, (2.6)

where the bilinear form a : H* x H®* — R and the linear form [ : H* — R are given by

a(u,v) = / A*Vu Vo do + 62/ A*VusVuy do + 8/ h®(u1 — ug)(vy — ve) doy
05 03 .
and
l(v) = fuide + fuode + G®vy doy,
Qs Qs e
respectively.

We recall in the next lemma a result from [22], which is a key argument allowing us to prove
an existence and uniqueness result and a priori estimates for the solution of the variational
problem (2.6). In the sequel, unless otherwise mentioned, by C' we denote a positive constant

which is independent of € and whose value can change from line to line.
Lemma 2.2 For every v given in the space HE, the following inequalities hold true:
[villz2s) < Cllvllue

and

[v2llL20g) < Cllvllae=

Proof. The first inequality is a direct consequence of the definition (2.5), together with the

Poincaré inequality applied to functions from the space V¢, namely
[villzzes) < CllVoillzeas)- (2.7)

In order to prove the second inequality, we need the following inequalities (see [22]):



1
[v2llz2s) < C(ellVvallrz(ag) + €2 [lv2ll L2 (re)) (2.8)
and
1
e2|lvil[2rey < ClelVurllzzag) + llvillzzas))- (2.9)
The triangular inequality applied in (2.8), together with (2.9) and (2.7), imply
1 1
[v2llr2(ag) < C(l| Vvl L2(as) + €2 [lve — villp2re) + €2 |val L2 (re))
1
< C(e||Vuillreas) + el Voollr2as) + €2 lor — vallL2rey + l|villL2(as))
1
< O([[Vuillzes) +ell Vel zeas) +e2 (v — vall2(re))
and the second inequality then follows, by using the definition (2.5). O

Theorem 2.3 For any € € (0,1), the variational problem (2.6) has a unique solution u® € HE.

Moreover, there exists a constant C' > 0, independent of €, such that
luillzzg) <€, luallrzeg) < C (2.10)
and

IVaSllizion < O el Vasliag < O, e2lluf — ugllpae) < C. (2.11)

Proof. In order to prove the existence and the uniqueness of the solution for problem (2.6),
we apply the Lax-Milgram theorem for the space H¢ endowed with the norm (2.5). Due to the
hypotheses (H1) and (H2), we easily get that the bilinear form a is coercive and continuous.
Indeed, we have

a(v,v) > C’HUH%{E, Vv € HE,

and

a(u,v) < Cllu||g=||v]|ge, VYu,v € HE.
Let us prove now that the linear form [ is continuous, i.e.
l(v) < Clv||ge, Yve HE.

One obviously has

L) < | fllz2s)llvillzeasy + 1l z2s) lvallzzos) + ‘/FE G*(z)v1(z) doy| . (2.12)
According to Proposition 3.8 in [18], we obtain the estimate of the last term in (2.12) as follows:

(i) if G* satisfies (2.2), then

/5 £g (g) vi(z) doy

G*(z)vy(z) doy
Ie

C
< e (Mr(g)l +e)[IVuillrzias) < ClIVorllz(as);




(ii) if G* satisfies (2.3), then
G*(z)v1(z) doy
1—‘8

Lo
since Mr(g) = 0.

Coming back to (2.12), we obtain:

C
< — (IMrg)l+e) IVurllzos) < CliVuilizzs),

L) < Cllvillzz@s) + lv2llz2@g) + Vorllz2@s)-

By using Lemma 2.2 and the definition (2.5), we get the continuity of . Thus, the Lax-Milgram
theorem applies.
In order to obtain the a priori estimates (2.10) and (2.11), we take v = u® in the variational

formulation (2.6). By using the coerciveness of a and the continuity of [, we obtain
[u|| = < C,

which obviously imply (2.11). Estimates (2.10) are then obtained by applying Lemma 2.2.

3 Homogenization results

Our goal in this section is to pass to the limit, with ¢ — 0, in the variational formulation (2.6) of
the problem (2.1). To this end, we make use of the periodic unfolding method and the general
compactness results given in the appendix of this paper.

More precisely, using the a priori estimates (2.10)-(2.11) and the general compactness re-
sults from Proposition 5.6, it follows that there exist u; € H{(Q), u1 € L*(Q, H, (Y1),

Uy € L2(Q, H'(Y3)) such that Mrp(u1) = 0 and up to a subsequence, for ¢ — 0, we get:

TE(u§) — uy  strongly in L2(Q2, HY(Y7)),

(Vu§) = Vuy + Vyip  weakly in L2(Q x Y1),
(u§) — Uy weakly in L2(Q, H'(Y3)),

eT5 (Vu§) — Vs  weakly in L2(Q x Y2),

a5 — |Yilup  weakly in L?(Q),

333

u5 — [ Us(r,y)dy weakly in L*(Q),
Ys

where the space Hl, (Y1) is defined by

per

H!, (Y1) = {ve H' (Y1) |v is Y-periodic}.

per

Remark 3.1 We notice that in (3.1) we omitted to write |Y|. Indeed, since Y is the unit cube,

we have |Y| =1 and, in order to simplify the presentation, in the sequel we shall not write it.



Let Wyer (Y1) = {v € H),(Y1) | Mr(v) = 0}. We introduce the space

er
V = Hj(Q) x L? (Q; Wper(Y1)) x L? (0 H' (Y2)) ,
equipped with the norm
2 ~ 112 -~ 12 ~ 12
VIS = IV + Vyoill72axvy) T IVy02ll720xv,) + [0 = 2ll720x1) »

for all V = (v,01,02) € V.
In order to pass to the limit in (2.6), we need to distinguish between two cases, depending

on the form of the function G°¢.
Case 1: G° =¢g <§>, if Mr(g) # 0.

Theorem 3.2 The unique solution u® = (uj,u) of the variational problem (2.6) converges, in

the sense of (3.1), to the unique solution (uy,u1,us) € V of the following unfolded limit problem:

A(y)(Vur + Vyu1) (Ve + V@) de dy + A(y)VyuaVy®o do dy+
QXYl QXYQ

/ h(y)(ur — B2) (0 — ®2) dz doy, = / f(@)p() dz dy + / F(2)®a(z, y) do dy+
QxT

QXYl QXYQ
M) [ o) d. (3:2)
Jor all o € Hi(Q), ®1 € L*(Q, H,,,.(Y1)) and 3 € L*(Q, H'(Y2)).

Proof. 1In order to get the limit problem (3.2), we unfold the variational formulation (2.6).

Then, by using Proposition 5.3 and Lemma 5.4, we obtain

lim ( T (AS) T (Vui) T (Vo) de + T (A%)T5 (eVu3) Ty (eVve) da+
£ QxYy QxYs

[ )T ) - TR 1) ~ T (o) o ) =
QxT

T+t [ TG o)

e—0 QxT

i ([ T T a0 +
QXYl

QXYQ

In this unfolded problem, we choose the admissible test functions

v = p(@) +en@in (2), =@ (), (3.3)

with ¢, wi,ws € D(Q), Y € ngr(Yl), o € HY(Yz). It is not difficult to see that we have the

following convergences:

TE(v1) — @(x) strongly in L*(Q x Y7), (3.4)



TE(Vor) — Vo(z) + V,®1  strongly in L*(Q x Y7), (3.5)
T5 (v2) = ®o(z,y) strongly in L*(Q x Y3), (3.6)

and
T5 (eVg) — V, @y strongly in L*(Q x Y3), (3.7)

where ®1(z,y) = wi(z)1(y) and Pa(z,y) = wa(z)ih2(y).
The passage to the limit with € — 0 is standard, by using convergences (3.1) and (3.4)-(3.7).
The only term which needs more attention is the one involving the function G*. For this term,

we get:

L T ede = [T (o(2)) T (wle) + walaen (£)) do -

QxT

Axrg(y)ﬁs(¢)(w,y) d$d0y+€/ 9W) Ty (wi)(z, 9) Ty (1) (2, y) dz doy —

QxTI

IT|Mr(g) /QsO(:v) dz.

(Y1) in L2(Q, H!..(Y1)) and of D() @ H'(Y3) in L*(Q, H(Y3)),

per

By the density of D(Q) ® H,,
we obtain (3.2).

We notice that our limit problem (3.2) is similar with the one obtained in [34], the only
difference being the right-hand side, in which an extra constant term involving the function g
arises. Indeed, our right-hand side actually writes

/fmwwm+/ £(2)®a(, y) da dy,
9]

QxYa
with
F(z) = M[f(z) + [T[Mp(g).
The existence and the uniqueness for the solution of problem (3.2) is a consequence of the

Lax-Milgram theorem. Due to the uniqueness of (u1,u1,u2) € V, all the above convergences

hold true for the whole sequence. [l

Theorem 3.3 The unique solution u® = (uj,us) of the variational problem (2.6) converges,

in the sense of (3.1), to (u1,u1,u2) € V, where uy is the unique solution of the homogenized

problem
—div(A*"Vuy(x)) = f(x) + [T|Mr(g) in Q, (3.8)
u; =0 on N .
and
Z O () inQ x Vi, (3.9)

ax]



uz(z,y) = w1 (z) + f(z)x2(y) in QX Ya. (3.10)

Here, AM™ is the constant homogenized matriz whose entries are defined, fori,j=1,...,N by

Ah?m = / A5 — EN: a'k% dy. (3.11)
Y Y 1 Oy,

The vectorial function x) € H), (Y1) (j=1,...,N) and the scalar function x> € H'(Yz) are

the weak solutions of the following cell problems:

—divy (A(y)(Vyxi —€;)) =0 in Y3,
(AW(Vyxi —¢;)) - n=0 on T, (3.12)
Mr(xq) =0
and
—divy(A(y)Vyx2) =1 in Yy, (3.13)
A(y)Vyx2-n+hxa2=0 onT,
where n denotes the unit outward normal to Y.
Moreover, the weak solution (uj,us) of problem (2.6) verifies:
a5 — |Yi|uy  weakly in L*(Q) (3.14)
and
u5 — |Yalug + </ x2(y) dy) [ weakly in L*(). (3.15)
Yo
Proof. By choosing ¢ = 0 in the unfolded limit problem (3.2), we obtain:
/ A(y)(Vur + Vyu1)Vy @ dedy + / A(y)(Vyu2)Vy @y dz dy—
OxY1 QxYo
/ h(y)(ur — u2) P2 dr doy = / fPadady. (3.16)
QxI" QAxYo

Then, taking ®2 = 0 in (3.16), we get:
/ A(y)(Vur + V1) Vy @ de dy = 0,
QXYl

which implies
—div, (A(y)Vyur) = divy(A(y)Vur) in QxY;

and
A(y)(Vur + V1) -n=0 onQxTI.

Classical results from the theory of homogenization then imply (3.9) and (3.12).

10



By choosing now ®; = 0 in (3.16), we get:

A)(V, )9, @2dedy — [ h(g)(ur - T)0adodo, = [ j@adedy,
QxI

QXYQ QXYQ

which implies
—divy(A(y)Vyt2) = f inQxYs
and
A(y)Vyuz -n = h(y)(ur —u2) on QxT.

This suggests us to search the function uy of the form
uz(z,y) = ui(x) + f(x)x2(y) in Q x Y.
By replacing this form of 4y in the two previous equations, we obtain
—div, (A() (f(@)V,x2)) = f&) nQx Yo,
and

A(y) (f(x)Vyxe) -n = —h(y)f(z)x2(y) on Q2 xT,

which imply that the scalar function xs9 is the solution of the Robin cell problem (3.13).
By choosing now ®; = &3 =0 in (3.2), we obtain:

/ A(y)(Vur + Vyur)Veda dy + / h(y)(ur — u2)pdzdoy =
OxY;y QOxT’

il / f(@)o(z) dz + D[ Mr(g) /Q o(z) da. (3.17)

We have the equality

| b~ aededo, =~ [ ho)feha@i) drd, -
Qxr

QxI

( /Fh(?/)XZ(y) doy> /Qf(a:)cp(:c) do = (/A(y)vym(y).ndgy) /Qf(gﬁ)@(x) dr —
( divy (A(y)Vyxa(y dy) / f(z
/Y2 dy/f dx__\y2|/f

and then relation (3.17) becomes:
| A@Tu + 9, Vedrdy = [ f@hpla) do+TMe) [ o)
axy; Q Q

We integrate this last equality by parts with respect to x and, by using (3.9) and (3.12), we are
led to the homogenized problem (3.8).
O

11



Remark 3.4 Due to the right scaling € in front of the function g° given at the interface I'®,
we obtain at the limit a new source term distributed all over the domain €2. Our initial problem
(2.1) can be also studied for a nonzero function g with mean-value Mr(g) equal to zero. In this
situation, there is no contribution of g in the right-hand side of the homogenized equation and,

thus, the limit problem is the same as in the case with no g at all in the microscopic problem.

Remark 3.5 The solution ui(x) of problem (3.8) represents the contribution coming from the
first material distributed in Q5 and the solution ua(z,y), verifying relation (3.10), is an ad-
ditional contribution coming from the second material distributed in Q5. This shows that the
diffusion within the domain Q x Yo has more than a local character. The limit problems keep in-
formation from the two different materials, but on two different scales, and this is an important
particularity of such models.(see e.g. [3]) We remark that the homogenized matriz A™™ and,
so, the solution uy, are independent of the function h, while the limit Uy depends on h, via the

function xo.

Remark 3.6 All the above results remain true for the case in which the set Ys is not connected,

but consists on a finite number of connected components, as in [20].

We can also state the convergence of the energy and corrector results for the solution u® =
(uf,u5) of problem (2.1). They are obtained in a classical way, by adapting to our case the proof

of Proposition 4.7 in [20]. We have the following result:

Theorem 3.7 Under the assumptions of Theorem 3.1, if u® = (uj, u§) is the unique solution of
problem (2.1), then

lirn( ASVuS Vs do + / 2 AVusVus dx) =
0

e—0 Qs

A(y)(Vur + Vyur)(Vur + Vyur) de dy+

QXYl
A(y)Vyua Vo do dy, (3.18)
QXYQ

lim / Vil |? da +/ Vg2 dz | = o, (3.19)

e—0 Ai Ag
TE(Vus) — Vuy + Vyiy  strongly in L*(Q x Y1) (3.20)

and

T5 (eVus) — V, iy strongly in L*(Q x Ya). (3.21)

12



Moreover, the following corrector result holds true:

N
V5~V + > U (8“1> U (vyx{) 0

1 81‘3-
7= L2(95)

and

IVus = Vur = f(2)Us (Vyx2) 1205 — 0-

Let us analyse now the second relevant situation for the jump function G*.

Case 2: G*(z) = g @) if Mr(g) = 0.
Theorem 3.8 The unique solution u® = (uj,u3) of the variational problem (2.6) converges, in

the sense of (3.1), to the unique solution (uy,u1,us) € V of the following unfolded limit problem:

/ A(y)(Vur + V1) (Ve + V@) de dy + / A(y)Vyua V@ da dy+
QOxYy QxYo

| hwu - (e - @ dedo, = [ fla)ea) dodys
QxT

QXYl

/ £(2)®s (2, ) dr dy + / o(9)®1(z,y) dz doy, (3.22)
QxYs QxT

for all o € HY(Q), & € L2(Q, HL, (Y1), ®y € L2(Q, HL(Y)).

per

Proof.  To obtain the problem (3.22), we pass to the limit in the unfolded form of the
variational formulation (2.6) with the test functions (3.3), which satisfy (3.4)-(3.7). The only
difference with respect to the proof of Theorem 3.2 is the passage to the limit in the term

involving the function G¢. More precisely, we have now:

1 1
L mE T = |

€ Jaxr QxT

T (9(2)) T (¢@) +en@pn (2)) do, =

! / 9(y)TE () () dardory + / 99T (6) (2 9) T (461) (2 ) A dory —
QxT

€ QxT

/ g(w)wn (@)1 (y) dz o,
QxT

from the fact that Mrp(g) = 0. By using the density of D(Q) ® H},

of D(Q) ® H(Y3) in L?(Q, H(Y3)), we are led to the unfolded limit problem (3.22).

Due to the uniqueness of (u1,u1,u2) € V, which can be proven by the Lax-Milgram theorem,

(Y1) in L?(Q, H!..(Y1)) and

per

all the above convergences hold true for the whole sequence and our theorem is proven.

O
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Remark 3.9 Let us notice that the term / y)®1(z,y) dz doy in (3.22) constitutes the main
difference with respect to the unfolded equatwn (3.2), where the term involving g is a nonzero
constant, appearing explicitly in the right-hand side of the homogenized equation (3.8). This is
not the case here, since this term involves now explicitly both variables x and y. Our task now is
to understand the contribution in the homogenized problem of this non standard term generated
by the discontinuity of the fluz in the microscopic problem. As we shall see in Theorem 3.10,
apart from the cell problems (3.12) and (3.13), an additional non homogeneous Neumann cell

problem needs to be introduced.

Theorem 3.10 The unique solution u® = (uj,u5) of the variational problem (2.6) converges,
in the sense of (3.1), to (u1,u1,u2) € V, where uy is the unique solution of the homogenized

problem

{ —div (A", (2)) = f(z) in Q, (3.23)

w1 =0 on 09

and

zg;; () + (). (324)

Us(z,y) = wi(x) + f(z)x2(y).

Here, A"™ is the homogenized matriz whose entries are given by (3.11) and the functions X{
and x2 are defined by (3.12) and (3.13). The Y -periodic function 1 is the unique solution of the

following non homogeneous Neumann cell problem:

—divy(A(y)Vyn) =0 in Y7,
Ay)Vyn-n=—g(y) onT, (3.25)
Mr(n) =0

Convergences (3.14) and (3.15) still hold true, with uy solution of (3.23).
Proof. By taking ¢ = 0 in the unfolded limit problem (3.22), we obtain:

A(y)(Vul + Vyal)quﬁ drdy + A(y)vyagqu)Q dx dy—
QxYy QxYs

/ h(y)(ur — u2)®Podzdoy =
QxI

f(x)®o(z,y) dady +/ 9(y)®1(z,y) dz doy,. (3.26)

QxYs QxT

By choosing ®; = 0 in (3.26), we have

/ A(y)VyuaVyPo da dy — / h(y)(u1 — u2)®2dadoy, = / f(z)Po dz dy.
OQxYs QxTI OxYs
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By taking now suitable test functions @9, we obtain
—divy(A(y)Vyt2) = f inQxYs

and
A(y)Vyuz -n = h(y)(ur —dz) on QxT. (3.27)

We then find the functions us and x2 exactly like in the proof of Theorem 3.3.
Now, let us take ®3 = 0 in (3.26). We obtain

A(y)(Vur + Vyu) V@1 dedy = / g(y)®1 dzdoy,.

QOxYq QxTI

By taking suitable test functions ®;, we obtain
—divy (A(y)Vyu1) = divy(A(y)Vur)  in Q x Y7, (3.28)

A(y)(Vaur + V1) -n=—g(y) onQxT. (3.29)

We remark that (3.27) and (3.29) imply that we also have a discontinuity type condition:
A(y)(Vaur + Vyur) - n— A(y)Vyus - n = —h(y)(ug —u2) — g(y) on Q x I

The presence of the function g in relation (3.29) suggests us to search u; in the following

non standard form:

N ou .
U(z,y) ==Y 5 (@)@ + ), (3.30)

where the functions X]i are defined by (3.12) and the function 7 remains to be found. To this

)
end, we replace u; given by (3.30) in (3.28)-(3.29). We obtain:

—divy (A(y)(=Vaur Vyxa + Vyn(y)) = divy (A(y)Veur)  in Q x Y7,

A(y) (Vaur — Vour Vyx1 + Vyn) -n = —g(y) on Q x T, (3.31)

Mr(n) =0.

By using (3.12), we deduce that the scalar function 7 is the unique Y-periodic solution of the
cell problem
—divy (A(y)Vyn) =0 in Y1,
A)Vyn-n=—g(y) onT, (3.32)
Mrp(n) =0.

We observe that (3.32) is a non homogeneous Neumann problem. The compatibility condition

/Fn(y) dy = 0.
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is satisfied, thanks to the hypothesis (2.3) imposed on the function g.
By choosing now ®; = &3 = 0 in (3.22), we get:

/ A(y)(Vur + Vyur)Veda dy + / h(y)(ur — uz)pdzdoy =
OxY;y QOxT’

| @@ dsdy, (3.3
QOxY1
Also, since

ur(z) — Uz(z,y) = —fa(z)x2(y) in Qx Yy,

we have, as in the proof of Theorem 3.3, the equality

/ h(y)(u1 — To)p dzdoy = —[Va| / f(@)p(z) da
QxT Q

and relation (3.33) then becomes:
| AWV + v,V dedy = [ fa)ota) .
QXYl Q

We integrate this last equality by parts with respect to = and, using (3.30) and the definition
(3.11) of the matrix A"™ we obtain

—div, (AP"Vuy) = f + div, </ A(y)Vn(y) dy> in €,
Y1

which leads immediately to the homogenized problem (3.23). We notice that this problem does
not involve the function g. Nevertheless, the influence of the flux jump ¢ appears in the corrector
function u, via the cell problem (3.25).

O

Remark 3.11 The above results can be generalized to the case in which A® is a sequence of

matrices in M(X, i, ) such that
TE(A%) — A strongly in L*(Q x Y),

for some matriz A = A(z,y) in M(\, 1, Q2 xY). The heterogeneity of the medium described
by such a matriz generates different effects in our limit problems (3.2) and (3.22), respectively.
In both situations, due to the fact that the correctors in depend also on the variable x, the
new homogenized matriz AM™ is no longer constant, but it depends on x. A more interesting
effect occurs in the second case. As proven in Theorem 3.10, if the matriz A depends only
on the variable y, the function n is independent of x and there is no contribution of the term
containing g in the decoupled form of the limit problem. So, the limit equation is the same as

that corresponding to the case with no jump of the flux in the microscopic problem. Now, the
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dependence of A on x prevents this phenomenon to occur, and, as a consequence, the function

g gives an explicit contribution in the homogenized problem, which becomes

—div, (AP u) = f + div, (/ Az, y)Vn(z,y) dy> in Q.
Y1

A similar effect was observed in the homogenization of the Neumann problem in perforated
domains (see [14]).

In this second case too, a corrector result similar to the one stated in Theorem 3.7 holds
true. The main difference now is that the function 7, solution of the cell problem (3.25), appears

in the correctors of the solution u® = (uj,u§) of problem (2.1), as well.

Theorem 3.12 Under the assumptions of Theorem 3.8, if u® = (uf,u3) is the unique solution

of problem (2.1), then (3.18)-(3.21) hold true. Moreover, we have the following corrector result:

N
Vui — Vay + > U (‘9“1> U (vyx{) — U (V1) —0
j=1

69@
L2(99)

and

|Vus — Vuy — f(z)Us (VyX2)HL2(Q§) — 0.

Remark 3.13 Let us point out that similar corrector results can be stated in the case in which

the matriz A depends both on x and vy, as in Remark 3.11.

4 Conclusions

Using the periodic unfolding method, the effective thermal transfer in a periodic composite
material formed by two constituents, with different thermal properties, was analyzed. The main
features of the considered composite material were the discontinuity of the thermal conductivity
over the domain as we go from one constituent to another and the presence of an imperfect
interface between the two constituents, where both the temperature and the flux exhibit jumps.
The limit problem captures the influence of the jumps in the limit temperature field, in an

additional source term, and in the correctors, as well.

5 Appendix

We briefly recall here the definitions and the main properties of the unfolding operators 7;° and
75, introduced, for a two-component domain, by P. Donato et al. in [20] (see, also, [14], [15],
[16] and [19]) and of the boundary unfolding operator 7,°, introduced in [16] and [17]. The main
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particularity of these operators is that they map functions defined on the oscillating domains
Qf, QF and, respectively, I'*, into functions defined on the fixed domains © x Y7,  x Y5 and
Q x I, respectively.

For x € RY, we denote by [z]y- its integer part k € Z", such that z — [z],, € Y and we set
{z}y =z — [z]y for z € RN, So, for every x € RY, we have z = ¢ ([f]y + {%}Y) For defining

the above mentioned periodic unfolding operators, we consider the following sets (see [20]):

25:{/<:ezNng’ch}, 0 = int | <g?’“), AS=Q)\ O,
ke€Z.

o= <€Yolf> L AT =5\ G5, TF = a0,
k€Ze
Definition 5.1 For any Lebesque measurable function ¢ on 2, o € {1,2}, we define the

periodic unfolding operators by the formula

® (5 E] + 6y) for a.e. (x,y) € OF x Y,
Ta (@) (x,y) = v
0 for a.e. (x,y) € A* XY,

If ¢ is a function defined in Q, for simplicity, we write T () instead of T (¢laz ).
For any function ¢ which is Lebesque-measurable on I'¢, the periodic boundary unfolding

operator T is defined by

x N
ele|=| +ey) forae (z,y)€Q°xT
- | Ll )

0 for a.e. (z,y) € A*xT

Remark 5.2 We notice that if o € H'(QF), then T () = TE(9)|g: -

We give now a few useful properties of these operators (see, e.g., [14], [19] and [20]).

Proposition 5.3 For p € [1,00) and o € {1,2}, the operators TE are linear and continuous
from LP(SX) to LP(Q2 x Y,) and
(i) if ¢ and are two Lebesque measurable functions on Q5,, one has TE(p) = TE(p)TE(Y);

o’

(ii)  for every ¢ € LY(QF,), one has

: E(@)(way)dxdy:/ﬁgw(x)dx:/ﬂ

m o(z) dw —/ o(x) du;

QXYQ o (El AE

(1it) if {p°}. C LP(Q) is a sequence such that * — ¢ strongly in LP (), then T3 (¢°) — ¢
strongly in LP(Q x Y,,);

(iv) if ¢ € LP(Yy) is Y-periodic and ¢°(x) = @(x/c), then TZ(p®) — ¢ strongly in
LP(Q x Ya);
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(v) if o € WHP(QF), then Vy (TE(p)) = eTE(Vp) and TE(p) belongs to L* (4 WHP(Y,)).
Moreover, for every ¢ € LY(T'¢), one has

1 €
/f ¢(z)do, = V| erﬁ (¢)(z,y) dz doy,.

The following result was proven, for our geometry, in [20].

Lemma 5.4 If u® = (uj,u3) is a sequence in H® and ¢ € D(N2), then, for ¢ small enough and

a € {1,2} we have
[ heti = udpdon = [ b (77 () = T () Te ) dader,
€ X
We remind some general compactness results obtained in [22] for bounded sequences in H®.

Lemma 5.5 Let u® = (uj,u3) be a bounded sequence in H®. Then, there exists a constant

C > 0, independent of €, such that
17 (Wil L2(0xvy) < C,
175 (W)l L2 (0xv2) < C,
|7 (Vui) | L2 (axyy) < C,
ell 7y (Vud)ll 2 axye) < €
175 (ug) = T (W)l L2 (xry < C-

Proposition 5.6 Let u® = (uj,u5) be a bounded sequence in H®. Then, up to a subsequence,
still denoted by e, there exist uy € H}(Q), Uy € L? (Q, H],.(Y1)) and Uy € L? (Q, H' (Y2)) such

per
that
T (u§) — wy strongly in L? (Q, H' (V1)) ,

TE(Vus) — Vug + Vyq weakly in L?(2 x Y1),
T3 (u5) — Ty weakly in L(, H(Y3)

eTs (Vu§) — Vs weakly in L* (2 x Ya),

- Y

uj — Mu1 weakly in L*(Q),
Y]

U5 — — | ta(z,y)dy  weakly in L*(Q).
Y]y,

where Mr(u1) = 0 for almost every x € Q2 and ~ denotes the extension by zero of a function to

the whole of the domain Q.
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Finally, we give for a@ € {1,2} the definition of the adjoints U, of the unfolding operators

and we state some useful properties for them (see [14] and [20]).

Definition 5.7 For p € [1,00], the averaging operators U, : LP(Q x Y,) — LP(§),), are given
by

U (¢)(z) = ’Yll/y¢<€ Hy+52>{§}y) dz  for a.e. x € O,
0

for a.e. x € AS,.

It is not difficult to see that these averaging operators are almost left-inverses of the correspon-

ding unfolding operators 7%, i.e., for any ¢ € LP(£),), we have

o(z) for ae. x €,
ULTa ()(2) =
0 for a.e. z € AS,.
Proposition 5.8 For p € [1,00), the operators US are linear and continuous from LP(2 x Yy)
to LP(Q5)) and
(i) (D) — Bllpoaz) — O for every ¢ € LP(Q);
(ii) if pe € LP(€X,), then the following statements are equivalent:

o TE(p:) = @ strongly in LP(Q2 X Yy,) and / |pe|P dx — 0;
A

€
(&3

o llpe ~ U@ 1) 0.
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