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Stochastic control of mean-field SPDEs with jumps

Roxana Dumitrescu® Bernt Qksendal Agnes Sulem ¥

May 24, 2017

Abstract

We study the problem of optimal control for mean-field stochastic partial differen-
tial equations (stochastic evolution equations) driven by a Brownian motion and an
independent Poisson random measure, in the case of partial information control. One
important novelty of our problem is represented by the introduction of general mean-
field operators, acting on both the controlled state process and the control process.
We first formulate a sufficient and a necessary maximum principle for this type of con-
trol. We then prove existence and uniqueness of the solution of such general forward
and backward mean-field stochastic partial differential equations. We finally apply our
results to find the explicit optimal control for an optimal harvesting problem.

Keywords: Mean-field stochastic partial differential equation (MFSPDE); optimal con-
trol; mean-field backward stochastic partial differential equation (MFBSPDE); stochastic
maximum principles.

1 Introduction

1.1 A motivating example

As a motivation for the problem studied in this paper, we consider the following optimal
harvesting problem: Suppose we model the density Y (¢,z) of a fish population in a lake

*Department  of  Mathematics, King’s  College  London, United  Kingdom, email:
roxana.dumitrescu@kcl.ac.uk

tDepartment of Mathematics, University of Oslo, P.O. Box 1053 Blindern, N-0316 Oslo, Norway, email:
oksendal@math.uio.no

YINRIA Paris, Equipe-projet MathRisk, 3 rue Simone Iff, CS 42112, 75589 Paris Cedex 12, France, email:
agnes.sulem@inria.fr



D at time ¢ and at point x € D by an equation of the form:

2

aY (t, 2) =E[Y (t, 2)b(t, 2)dt + - i

Y Y
3 2 7, (t,x)dt + Y (t,x)o(t, z)dW;

+Y(t,x)/ O(t,z,e)N(dt,de).
Y(0,2) =yo(x), x € D, (1.1)

where D is a bounded domain in R? and yo(z),b(t,x),0(t,z),0(t, z,e) are given bounded
deterministic functions. Here W, is a Brownian motion and N (dt, de) = N (dt, de)—v(de)dt is
an independent compensated Poisson random measure, respectively, on a filtered probability
space (Q, F,F = {F}, P).

We may heuristically regard (1.1) as a limit as n — oo of a large population interacting
system of the form

d
1 2 .
dy?"(t, x) [ § yl”t:c] t:c)dt+ 5, Yt x)dt + "t x)o (¢, x)dW

‘|‘yj7n(t7l‘)/ Q(t,x,e)N(dt,de), ] = 172""’”
R*
" () (0, 2) = yo(w), 2

where we have divided the whole lake into a grid of size n and 37" (¢, z) represents the density
in box j of the grid. Now suppose we introduce a harvesting-rate process u(t, ). The density
of the corresponding population Y (¢, z) = Y*(¢, z) is thus modeled by a controlled mean-field
stochastic partial differential equation with jumps of the form:

d

1 8
dY (t,x) = EY (t, 2)]b(t, 2)dt + ; 2 82%1/@, x)dt + Y (t,z)o(t, z)dW,

+Y (t,x) / * O(t, z,e)N(dt,de) — Y (t, x)u(t, z)dt. (1.3)

The performance functional is assumed to be of the form

B l /O : /D log(V (t, #)u(t, z))dzdt + /D a(:::)Y(T,x)dx] (1.4)

This may be regarded as the expected total logarithmic utility of the harvest up to time T
plus the value of the remaining population at time 7.
The problem is thus to find u* such that

J(u*) = 31615) J(u), (1.5)

where A represents the set of admissible controls. This process u*(¢, x) is called an optimal
harvesting rate.



This is an example of an optimal control problem for a mean-field stochastic reaction-
diffusion equation. In the next sections, we will give necessary and sufficient conditions for
optimality of a control in the case of partial information, as well as results of existence and
uniqueness of the solution for forward and backward mean-field stochastic partial differential
equations with a general mean-field operator. Finally, we apply our results in order to solve
the optimal harvesting problem presented above.

Contrary to the case of mean-field (B)SDEs and related control problems (studied in
many papers, see e.g. [1,4, 5, 6,7, 8]), the mean-field stochastic partial differential equations
have received little attention. To the best of our knowledge, the only paper that deals with
optimal control of mean-field SPDEs is [21]. Our paper extends [21] in four ways: (i) we
consider a more general mean-field operator; (ii) we introduce an additional general mean-
field operator which acts on the control process; (iii) we add jumps; (iv) we study the optimal
control problem in the case of partial information.

The paper is organized as follows: in Section 2 we show the sufficient and necessary
maximum principles and apply the results to the optimal harvesting example. In Section
3, we investigate the existence and the uniqueness of the solution of mean-field SPDEs
with jumps and general mean-field operator. In Section 4, we prove the existence and the
uniqueness of the solution of mean-field backward SPDEs with jumps and general mean-field
operator.

2 Maximum principles for optimal control with partial
information of general mean-field SPDEs with jumps

2.1 Framework and formulation of the optimal control problem

Let (2, FIF = {Fi}o<i<r, P) be a filtered probability space. Let W be a one-dimensional
Brownian motion. Let E := R* and B(E) be its Borel filtration. Suppose that it is equipped
with a o-finite positive measure v, satisfying [; |e|*v(de) < oo and let N(dt,de) be a in-
dependent Poisson random measure with compensator v(de)dt. We denote by N (dt, de) its
compensated process, defined as N (dt, de) = N(dt, de) —v(de)dt. For simplicity, we consider
d=1.

We introduce the following notation:

e L*(P):= the set of random variables X such that E[|X|?] < oo.

o L?(R):= the set of measurable functions & : (R, B(R)) — (R, B(R)) with [ k*(z)dz <
0.

e H?:= the set of real-valued predictable processes Z(t, x) with E[fOT [ Z3(t, x)dzdt] <
oo, where D a bounded domain in R.



. LZ'— the set of measurable functions [ : (E, B(E)) — (R,B(R)) such that ||l||2

l2 v(de) < oo. The set L2 is a Hilbert space equipped with the scalar roduct
Je 1% pace equipp p
<Ll >,, fE v(de) for all I’ € L2 x L2

e H2: the set of predictable real-valued processes k(t, z,-) with E[ [, [, [|k(t, z, 2] <
0.

Assume that we are given a subfiltration
5t g ft, te [O,T],

representing the information available to the controller at time ¢. For example, we could
have
& = Fa—s)+ (0 > 0 constant)

meaning that the controller gets a delayed information flow compared to F;.
Consider a controlled mean-field stochastic partial differential equation Y (t,z) = Y*(¢,z)
at (t,z) of the following form

dY (t,z) = [LY (t,x) + b(t,z, Y (t,2), F(Y (¢, x)), u(t, z), G(u(t, x)))]dt
+o(t,z,Y(t,z), F(Y(t,2)),u(t,z), G(u(t, x)))dW,;
+/Eﬁ(t,x,Y(t,x),F(Y(t,x)),u(t,x),G(u(t,x)),e)N(dt,de); (t,z) € (0,T) x D. (2.6)

with boundary conditions

Y(0,2) =¢&(z); €D
Y(t,z) =n(t,z); (t,z) € (0,T) x 0D.

We interpret Y as a weak (variational) solution to (2.6), in the sense that for ¢ € C3°(D),
t t
<Y ¢ >12m=< Y0, ¢ >12(p) +/ <Y, L"¢p > ds +/ < b(s,Ys), ¢ >p2(py ds+
0 0

t t
/ < 0(57 }/S)a ¢ >L2(D) dWS + / / < 0(57 }/sa 6)7 ¢ >L2(D) N(dsa de)) (29)
0 0 JE

where L* corresponds to the adjoint operator of L and < -, - > represents the duality product
between W12(D) and W12(D)*, with W2(D) the Sobolev space of order 1. Existence and
the uniqueness of the solution are proved in Section 3.

Under this framework the Ito formula can be applied to such SPDEs. See e.g. Pardoux
[16], Prévot and Rockner [18].

Here, dY (t,z) = d;Y (t, ) is the differential with respect to ¢t and L is a bounded linear
differential operator acting on x. The process u(t, x,w) is our control process, taking values in
an open set A C R. The functions b : [0,T]xQx DxRyx AXR — R; (t,w,x,y, 7, u,u) —
b(t,w,z,y,y,u,u),0: [0, TIxQAXxDXxRaxAxR — R; (t,w,z,y,7,u,0) — o(t,w,z,y,J,u,u),
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0:10,T| xQAXxDxRyx AxRxE—R; (t,w,2,y,7,u,u,e) — 0(t,w, x,y, 7y, u,u,e) are
predictable maps. We assume that b, 0,6 are C} and have linear growth with respect to
Y, Y, u,u. We denote by A¢ a given family of admissible controls, contained in the set of
Er-predictable stochastic processes u(t,r) € A satisfying E| fOT [ u?(t, z)dzdt] < oo and
such that (2.6)-(2.7)-(2.8) has a unique cadlag solution Y (¢, ).

In the above equation, F,G : L*(P) ~ R are Fréchet differentiable operators. One
important example is represented by the expectation operator E[-].

Let f:[0,T]xQ2xDxRyx AxRr— Randg:Qx D xRy~ R be a given profit
rate function and bequest rate function, respectively. Moreover, we suppose that

E l/OT </D |lf(t,x,Y(t,z), F(Y(t, z)),u(t,x), G(u(t,x)))|dx) dt

+/D|g(x,Y(T, x),F(Y(t,x))|dz} < o0,

where f(t,w,x,y,y,u,u), g(w,x,y,y) are measurable functions of class C}} with respect to
(y, Y, u,u) and continuous w.r.t to t. E denotes the expectation with respect to P.
For each u € Ag, we define the performance functional J(u) by

Ju)=E [/OT </D flt,z,Y(t,z), F(Y(t,2)), u(t, x), G(u(t,x)))dx) dt

+ /Dg(x,Y(T, x),F(Y(t,$))|d$} : (2.10)

We aim to maximize J(u) over all v € Ag and our problem is the following:
Find u* € A¢ such that

sup J(u) = J(u"). (2.11)
ucA

Such a process u* is called an optimal control (if it exists), and the number J = J(u*) is the
value of this problem.

2.2 Sufficient maximum principle for partial information optimal
control for mean-field SPDEs with jumps

In this section, we prove necessary and sufficient maximum principles for optimal control
with partial information in the case of a process described by a mean-field stochastic partial
differential equation (in short MFSPDE) driven by a Brownian motion (I¥) and a Poisson
random measure N. The drift and the diffusion coefficients as well as the performance
functional depend not only on the state and the control but also on the distribution of the
state process, and also on the one of the control.

Define the Hamiltonian H : [0,T] x D x Ry x A x R3 x L2 =+ R as follows:

H(t7 x? y? y? u? a? p7 q? ’Y) = f(t’ x? y? g? u? ﬂ) + b(t’ x? y? g? u? ﬂ)p + U(t7 ‘/'E’ y’ y’ u’ a)q

+/EQ(t,x,y,y,u,u,e)y(e)du(e). (2.12)



In our case, since the state process and the cost functional are of mean-field type, it turns
out that the adjoint equation will be a mean-field backward SPDFE, denoted in the sequel

MFBSPDEs.
We now introduce the adjoint operator of the operator L, denoted by L*, which satisfies

(L*¢,v) = (¢, Lap), for all ¢,¢ € C5°(R), (2.13)

where

< 01, 2 ZL2(R = (¢1,02) = /<Z51 )2 (z)dx

is the inner product in L*(R).

For u € Ag, we consider the following mean field backward stochastic partial differen-
tial equation (the adjoint equation) in the three unknown processes p(t,z) € R, q(t,z) €
R,Y(t,z,-) € L?; called the adjoint processes:

dp(t,z) = — [L*p(t, x) + aa—[;(t,x,Y(t, x), F(Y(t,x)),u(t, z), G(u(t,x)),p(t,x), q(t,x),y(t,x,-)) | dt

—EEg@LWmmﬂﬂmmW@@QW@@M@@ﬂﬁﬁﬂmﬂwVﬂﬂ“ﬂ“

+ q(t, z)dW; + / v(t,z,e)N(dt,de); (t,z) € (0,T) x D. (2.14)
p(T,z) = g—g(x,Y(T, z),F(Y(T,z)))+ E g—z(x,Y(T, x), F(Y/(T, x))] VFY(T,z)); v € D

(2.15)
p(t,z) =0; (t,z) € (0,T) x OD. (2.16)

Note that (2.14) is equivalent to

of

5, (0@ Y (6,2), F(Y (¢, 2), u(t, 2), G(ult, 2))

dplt,0) = | L) +
Gt Y (1) FOV (1, 0)) 0 0), Gt ) )|
{ (t,x,Y(t,z), F(Y(t,x)),u(t,z), G(u(t,x)))q(t, x)
/ (4,2, Y (4, 2), F(Y (£, 2)), u(t, ), G(u(t, 2)), e)y(t, . e)y(de)] dt
—E

[8 (t,x,Y(t,z), F(Y(t,x)),u(t,z), G(u(t,x)))



#0000, QY (1,0) 0,0, Gt )t TEQY (1))

_E {g—g(t,:c,Y(t,:c),F(Y(t,:c)),u(t,SU% G (u(t, 2)))q(t, x)} VE(Y (¢, x))dt
09
~E [ /E gy L@ Y (62), F(Y (1, 2), ult, 2), G(u(t, 2)), eyt e)v(de>] VEY(t,z))dt

+q(t, z)dW, + / v(t, z, e)N(dt,de), = € D. (2.17)
E

We now show the sufficient maximum principle.

Theorem 2.1 (Sufficient Maximum Principle for mean-field SPDEs with jumps)
Let 1 € Ag with corresponding solution Y(t, x) and suppose that p(t,x),q(t,x) and 5(t,x,-)
is a solution of the adjoint MFBSPDE (2.14)-(2.15)-(2.16). Assume the following hold:

(i) The maps Y — g(x,Y, F(Y')) and
(Yu) = H(Y,u) = H(t,z,Y, F(Y),u, G(u), p(t, ), 4(t, ), 3(L, z, -)) (2.18)

are concave functions with respect to' Y and (Y, w), respectively, for all (t,z) € [0,T] x
D.

(i) (The mazimum condition)
E |[H(tz,Y (), F(V(t,2),alt,2), Gla(t, 2), p(t, 2), d(t,2), 4(t, 2, ))|E| =

ess sup B [H(t,x,f/(t,x), F(Y(t,2)),v(t, ), Gu(t,z)), p(t, 2), 4(t, ), (¢, x, -))|5t} a.s.
(2.19)

for allt € [0,T] and x € D.
Then u(t) is an optimal control for the random jump field control problem (2.11).
Proof.  Define a sequence of stopping times 7,,; n = 1,2, .... as follows:

7 = inf{t > 05 max{|[p() 2y, 140 2y V(D) Loy 1) = 60|y, 102) = 00) 2 (oxmy,
IY(t) - ( M2y = ny AT

Then 7,, =& T asn — oo and

EU (/ 5t 2)(0(t,2) — 6t 2))d )th+/ /(/ (t,z,¢) H(t,x,e))daz) N(dt,de)}
5| [" ([0t -Vt av
+/0 /(/ x) = Y(t, ))’y(t,az,e)d:c) N(dt,de)} =0 for all n.

7



Let us fix u € Ag and let Y (¢t,z) = Y"(¢,z) be the associated solution of (2.6). Define:

{f = f(t l; Y(t :L‘) ( (t,l‘)), ( ) ) G(ﬂ(t,l‘))), = f(t,x,Y(t,x),F(Y(t,x)),u(t,x),G(u(t,x))):
g:= g(a:,Y(T,:c) ( ( ,I))); g = g(xv}/(Tvx)vF(Y(Tvx)));

(2.20)
and
b= b(t,z, YA(t, x ,F(YA(t, x)),u(t,x), G(a(t,x))); b:=b(t,x,Y(t,z), F(Y(t, x)),ult, ), G(u(t, x)));
o :=o(t,z,Y(t,x), F(Y(t,z)),u(t,z), G(u(t,z))); o:=oc(t,z,Y(t,z), F(Y(t,x)),u(t,z), G(u(t,x)))

We also set

{FI = H(t,x, Y/(t, x), F(Y(t, x)),u(t, x), G(a(t, x)), p(t, x), ¢(t,x),¥(t, x,));
H = H(t,2,Y (t.2), F(Y(t,2)), u(t,x), G(u(t,2)), p(t, 2), (¢, 2), A(t, . ).

Using the above definitions and the definition of the performance functional J, we get that:
J(u) = J(a) = T+ T, (2.21)

where J; := E[[" [, (f — f)dzdt] and J5 := E[[,,(g — §)dx].

Now, let us notice the following relations:

which imply

—E[/OT/D(H—ﬁ—(b—B)-ﬁ—(o—c})-Q—[E(Q—é)-&y(de))}. (2.22)

Fix 2 € D. Since the map Y ~ g(z,Y, F(Y)) is concave for each z € D, we obtain:

-5 < g—gu, Y(T,2), F(V (T, 2)))¥ (T, 2)+

S

i(t,x) — 64(t, ) — [ 03(t, z, e)v(de);
i(t, x) — o(t, ) — [ 09(t, z,e)v(de),

Sy
Il

H—
H

0‘

dg

e —=(2,Y(T,2),F(Y(T,2))) < VE(Y(T,2)),Y (T, %) >L2p),

where

Y(t,z)=Y(t,z) - Y(t, ).

We thus obtain, by taking the expectation and applying the [t6 formula for jump-diffusion



+L(z,Y(T,z),F(Y(T,z))) < VFY(T,2)),Y (T, z) >L2(P)) dx}

/ ( (0,2) - Y(0,2) + / ' (< Y (t,2),dp(t, x) > +p(t, 2)dY (t,2) + (o — 6)d(t, x)) dt) daz}

/(//0 8 (t,z,e dtd)dx}
=E[D/p< o) (L7 () + (- )

0

+Y(t,x) ( L*p(t, z) — %—ZI ~E {%ﬂ < VE(Y(t,2)),Y (t, ) >L2(P)) dtd:c}
+E [/D/o ((a —0){(t, ) +/E — 0)A(t, , e)y(de)) dtd:p} : (2.23)
where
OH  OH X . . .
o oy b Y (t,2), F(Y (t,2)),a(t, z), G(a(t, x)), p(t, x), 4(t. ), 3 (t, 2, )
and
Gy = Gy 0 ) T (100, 0,2), G 2). 98 2). (1 2). 387, )

From (2.21), (2.22) and (2.23), we derive
J(u) — J(02) <E { /0 ' ( /D p(t,x)LY (t,2) — Y (t, )L p(t, :p)dx) dt}

+E UD (/OT (H H —% Y(t,z) — E {%:ﬂ < VF(Y(t,2)),Y (L, x) >L2(P)) dt) dx]

Since Y (t,x) = p(t,z) = 0 for all (t,x) € [0,T] x D, we obtain by an easy extension of
(2.13) using Green’s formula that

/D V(b 2) L p(t, 2)dz — /D Bt 2) LY (),

for all t € (0,7). We therefore get

J(u) — J(2) <E UD (/OT <H —H- % Y(t,z)+E {%:ﬂ < VF(Y(t,2)),Y(t,z) >L2(P)) dt) daz}

9



By the concavity assumption (2.18) we have

H-H< %—Z(Y, F(Y), 4, G(0)(Y -Y)+ %ZI(Y F(Y), 4, G(2) < VEQY),(Y =Y) >12p)
OH - _ OH

+ (VL (V) , G (i) (u — ) + 5 (V. F(V), 0, G(@)) < VG (@), (u— @) >pagp)

Combining the two above relations we get:

s - <e | [ [ (G pn.a c@w-
+%—g(?, F(Y),4,G(0) < VG(i), (u—4) >p2p ) dtdx} . (2.24)

By the maximum condition (2.19) , we obtain:

E %Z(Y F(Y), 4, G(i ))|5t] (u—a)+E {%Z(Y F(Y), G(u))|5t] <VG(@),u— 0 >12p)< 0 as.
(2.25)
for all (t,z) € [0,7] x D. From (2.24) and (2.25) we conclude that
J(u) < J(u).
By arbitrariness of u, we conclude that @ is optimal. O

2.3 A necessary-type maximum principle for partial information
control of mean-field SPDEs with jumps

As in many applications the concavity condition may not hold, we prove a version of the
maximum principle which does not need this assumption. Instead, we assume the following:

(A1) For all s € [0,T) and all bounded Es-measurable random variables 6(w,z) the
control 8 defined by

Bi(w,z) = 0(w, z)xsm(t); t€[0,T), €D

is in Ag¢.
(A2) For all u, 5 € U where (3 is bounded there exists § > 0 such that the control

u(t) +ypB(t); t€[0,T]
belongs to Ag for all y € (=46, 0).

Let us give an auxiliary lemma.

10



Lemma 2.2 Let u € A¢ and v € Ag. The derivative process

Y(t,z) = lim Vet @) - Yt @) (2.26)

z—0t ¥4

exists and belongs to L*(dx x dt x dP). We then have that Y satisfies the following mean-field
SPDE:

x) = LY(t,x) + (g—Z(t,x,Y“(t,x), FY“(t,x)), G(u(t,z)))Y(t, x)
—(t,z,Y"(t,x), F(Y"(t,7)),u(t,z), G(u(t,z))) < VFY"(t,x)), V(t,7) >12(P)

(@, YOt ), F(YU(t, x) ), ult, x), G (ult, x) )B(t, x)

dY(t,
8
6
8
6
G (0¥t P (0,0, e, ), Galt ) < T Gault ), 5t 2) > )
< (t,z,Y"(t,z), F(Y"(t,x)),u(t,x), G(u(t,x)))V(t, x)

+ g—y(t,x, YUt x), F(Y"(t,x)),u(t,z), G(u(t,r))) < VE(Y"(t,x)),V(t, ) >1r2(p)

+ %(t,l‘,yu(t’x)’ F(Yu(t,l‘)),u(t,x)’ G(Yu(t,l‘)))ﬁ(t,x)

0,000, P00 l1,0), G (ult. ) < TG ult, ). 6t 2) >pa ) W)

26 ; ’
+/E <8—y(t,x,Y (t,2), F(Y"(t,x) ), ult, z), G(ult,x) ), e)V(t,x)

+ g—g@, v, YUt x), F(Y'(t, 7)), u(t,z), Gu(t,z)),e) < VE(Y"(t,z)), V(t,z) >12(p)

+ %(t, z, Yt x), F(Y"(t,x)),u(t,z), G(u(t,z)),e)B(t, x)
+§‘9 (t,z, Yt z), F(Y"(t,x)),u(t,z), G(u(t,x)), e)B(t,x)) < VG(u(t,z)),B(t, x) >12 p))N(dt de),

Y(t,z) =0, (t,z) € (0,T) x D;
(0, )—0 z € D.

Proof.  The result follows by applying the mean theorem. We omit the details. U

We now provide the necessary-type maximum principle for our optimal control problem
for mean-field SPDEs.

Theorem 2.3 (Necessary-type maximum principle for mean-field SPDEs with jumps)
Let u € Ag with corresponding solutions (2.6)-(2.7)-(2.8) and (2.14)-(2.15)-(2.16). Assume
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that Assumptions (A1)-(A2) hold. Then the following are equivalent:

d
(i) d—yJ(fL +yB)|y=0 = 0 for all bounded 5 € Ag.

(i) E [V]:I(t,x)wt} =0, forall(t,z)€[0,T]xD a.s. ,

where
VH(, z) = %—Z(t,x,ﬁ(t,x),?(t,x), F(Y(t,z)), G(u(t,z)), p(t, x), §(t, ), A (t, z,-))
VB | ot (2.0, ¥ (1.2), F(F (1,0)), G alt ). 0,2), 0,2, 31| ¥ Gt ),

for all (t,x) € [0,T] x D.

Proof.  The assumptions on the coefficients together with the mean theorem and relation
(2.26) yield to:

Lg%;( (a+yB)— [/ / (t,x, Y t,x F(Y(t z)),a(t, ), G(a(t, ) V(t, z)
+ g—;(t,x,Y(t,x),F(Y(t,:c)),’&(t, z), G(u(t, x))) < VE(Y (t,2)), Y(t, x) >L2(p)
+ %(t, .Y (t,2), F(Y (L)), a(t, ), G(a(t, ) B(t, z))dzd]
+ %(t,x,if@, 2), F(Y (t,2)), a(t, ), G(a(t, x)))dzdt] < VG(u(t,z)), B(t, z) >L2(P)}

+E [/D(g—g(T,:c,Y(T, ), F(Y (T, 2)))V(T, z)

+ g—g(T,x,?(T, ), F(Y(T,2)), (T, z)) < VE(Y(T,2)),Y(T,2) >2(p) dx)] . (2.27)

The definition of the Hamiltonian H implies:

%(t,x,Y<t, ), F(V(t,2)), lt, ), Gt 2))) =

%ZI (t,z) — g—z(t x)p(t,x) — g—g(t,x)(j(t, x) — /E g—z(t,x, e)y(t, x, e)v(de) (2.28)

aj_c(t x Y(t x), F(Y(t x)),u(t, x), G(u(t, z))) =
= %;I(t x) — %(t, x)p(t,z) — g—g(t,x)(j(t, x) — /E %(t,x, e)y(t, x, e)v(de) (2.29)
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%(t,x,Y(t,x),F(Y(t,x)),a(t x), G(i(t, 7)))

= 10— Dt )it ) — 9 (1, )i ) / (b3t elde)  (2:30)
O 1, ¥ (02) F (Y (0,2). (1, 2), Gl 2))
= 10— 2t )it ) — 9 (1, )i ) / (b Ort ede)  (231)

Using (2.27), (2.28), (2.29), (2.30), (2.31) we derive:

tim  (J(a+ ) — J(@)

_E / / ( :1: —8—2@ az)ﬁ(t,:c)—g i(t, 7) /a (ta, )3 (t,z, ) (d@) y(t,x)dazdt]
/ [ Gt - —<t Dt a) = Gt )it )~ [ Tttt ep(de)
+ <VF(Y(t 2), :1:)>L2(P) dadi]
/ / < 02 (t,x)p(t,x) — %(t x)q(t,z) — /E g—i(t,x,e)’?(t,x, e)y(de)> B(t, x)dazdt]
e[ [P Lapen) - Lt~ [ Diee.ontr o)
4 <VG(a(t, ), B(t, 2)> drdt] + E /D <H(T, ), (T, z)> da).

Applying It6 formula to < p(T,x), Y(T,z) > and using the dynamics of the adjoint equa-
tions, we finally get

lim ~ (J(@ + yB) — J(@)) = B [ /0 ' /D B[< V. 0(1.2).8(t.2) > |€)] dazdt] o (2.32)

y—0 Yy

where

<V H(t,z),B(t, ) >

H oH
= S (t0)B(t2) + S (ta) < VG(@). Bt ) >pap -

We conclude that 1
lim ~ (J(@ +ypB) — J(a)) =0

y—0 Yy

if and only if

E UOT/DE[<vuf1(t,x),5(t,x)> & ]dxdt| = 0.

In particular this holds for all 8 € A¢ which takes the form
B(tv ZL‘) = e(wa x)X[s,T](t)ﬂ te [07 T]a
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for a fixed s € [0,T), where 0(w, z) is a bounded &;-measurable random variable. We thus
get that this is again equivalent to

T
E [/ / E [< VL H(tx),0 > |5t} d:cdt] —0.
s D
We now differentiate with respect to s and derive that
E [/ E [<Vuﬁ(s,x),9> |53] da:] = 0.
D

Since this holds for all bounded &;-measurable random variable 6, we can easily conclude
that 1
lim ~ (J(@ +ypB) — J(a)) =0

y—0 Yy
is equivalent to
q q
E %—(t,xﬂ& +E %—(t,x)] VG(u(t,x)) =0 a.s., for all (¢t,z) € [0,T] x D.
U U

2.4 Application to the optimal harvesting example

We now return to the problem of optimal harvesting from a population in a lake D stated
in the motivating example. Thus we suppose the density Y (¢, x) of the population at time
t € [0,7] and at point € D is given by the stochastic reaction-diffusion equation (1.1),
and the performance criterion is assumed to be as in (1.4). For simplicity, we choose d = 1
and & = F;. In this case the Hamiltonian gets the following form

H(t,,y,y,u,,p,q,7) = log(yu) + [b(t, z)y — yulp + o(t, z)yq + / 0(t, x, e)yy(e)v(de),
R*
and the adjoint BSDE becomes

dp(t,z) = [—18— (t,z) + Y(tl 2

2 0%z
—u(t,x)p(t, z) — B[b(t, z)p(t, x)]|dt + q(t, 2)dW; + / (¢, x, e)N(dt, de)

*

+o(t,z)q(t,z) + /R* 0(t,z,e)y(t, z, e)v(de)

p(T,x) = az), v €D,

p(t,x) =0, (t,z) € (0,T) x dD.
We now apply the necessary maximum principle which implies the fact that if « is an optimal
control then it satisfies the first order condition

1

) = S )

We summarize our results as follows:
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Theorem 2.4 Assume that the conditions of Theorem 2.3 hold. Suppose a harvesting rate
process u(t, x) is optimal for the optimization problem (1.5). Then

1

u(t,xz) = Yt o) (2.33)
where p(t, x) solves the MFBSPDE
dp(t,x) = [—%% (t,x) + Y(tl 2) +o(t,x)q(t,z) + /* O(t, z,e)y(t, z, e)v(de) — Eb(t, x)p(t, z)]
— u(t, z)p(t, x)]dt + q(t, x)dW; + /R* v(t,x,e)N(dt, de)

p(T,z) = a(z), x € D.
p(t,z) =0, (t,z) € (0,T) x dD.

3 Existence and uniqueness results for general forward
mean-field SPDEs with Lévy noise

We address here the problem of existence and uniqueness of the solution of forward mean-
field SPDE (2.6) with general mean-field operator, introduced in Section 2. In order to do
this, we first describe the general framework. Let V, H be two separable Hilbert spaces such
that V' is continously, densely imbedded in H. Identifying H with its dual we have

VCH=H CV™,

where we have denoted by V* the topological dual of V. Let L be a bounded linear operator
from V to V* satisfying the following coercivity hypothesis: There exist constants y > 0
and ¢ > 0 such that

2 < —Lu,u > +x|ul} > C||ull} forallu eV, (3.34)

where < Lu,u >= Lu(u) denotes the action of Lu € V* on w € V and |- |y (resp. || - ||v)
the norm associated to the Hilbert space H (resp. V).
Let us introduce the notation adopted in this section.

e P is the predictable og-algebra on [0, 7] x €;

o L2(H) is the set of measurable functions & : (E, B(E)) — (H,B(H)) such that
[z iy = (Jg [R(e)[Fv(de))? < oo;

o L*(Q, H) is the set of measurable functions k : (Q, F) — (H, B(H)) such that E[|k|%] <
05

o L?(Q,L3(H)) is the set of measurable functions k : (Q, F) — (L2(H), B(L?(H))) such

that E[Hkuig(m] < o0
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o L2(Qx[0,T], H) (resp. Lo(Q x [0,T),V)) is the set of F-adapted H-valued (resp. V-
valued) processes ® : Qx[0,T] — H (resp.V) such that ||(I>||L2(QX orLH) = E[fOT |D(t)[%dt] <

1.H
oo (resp. | =E| fo |@(8)]|2-dt] < o).

‘(I)HLQ(QX [0,7],V

e L*(Q x [0,7] x E, H) is the set of all the P x B(E)-measurable H-valued maps 0 :
Q x [0,T] x E— H satisfying ||0||v2qxj07)xE,1) = E[fOT J& |2(t, e)|7v(de)dt] < co.

e S%(Q x [0,T], H) denotes the set of Fi-adapted H-valued cadlag processes ® : Q x
[0,7] — H such that ||¢||§2(QX[O,T],H) :=E [supyi<r |2()|%] < 0.

The mean field SPDE under study is:
Y, = [LYAHb(E, Yo Pt (8, Yo F))IWit [ 62 YL F(Y). )N (dt.de)s (1.0) € (0.7)xD.
E

We recall that this equation should be understood in the weak sense.
Before giving the main result of this section, we make the following assumption on the
coefficients b, o, f and the operator F which appear in the above mean-field SPDE.

Assumption 3.1 The maps b : Q x [0,T|x Hx Hw— H,0:Qx[0,T] x Hx H+— H
are P x B(H) x B(H)/B(H)-measurable. The map 0 : Q x [0,T] x H x H x E — H is
P x B(E) x B(H) x B(H)/B(H)-measurable. There ezist a constant C' < oo such that

b(t, y1,91) = b(t, Y2, 92) | + |0 (8, y1, 91) — o (L, Y2, §2) [ + /E 10(t, y1, 91, €) — O(t, y2, G, €) [Pv(de)
< C(lyr — yolu + 17 — 2lu) a.s. for all (w,t) € Q x [0,T].
We also assume that there exists C' < oo such that:
bt 5, 9) 5 + Loty )5+ /E 0ty 9, e)l5v(de) < C(L+Jyly + [9l7), Y(w,t) € 2% [0,T],y,5 € R.
Finally, we assume that the operator F : LQ(Q; H) w— H is Fréchet differentiable.

Theorem 3.1 Under Assumption 3.1, there exists a unique H-valued progressively measur-
able process (Yi)i>o satisfying the mean-field SPDE:

(i) Y € L*(Q x [0,T],V) N S*(Q x [0,T], H);
(i) Yy = h+ [y [LY: + b(s, Yy, F(Y)] ds+ [ o(s, Y, F(Yy))dWt [ [ 0(s—, Y, , F(Y, ), e)N(dt, de);
(i) Yo=h € H.

Proof. I. FExistence of the solution
Let Y? := h, t > 0. For n > 0, we define Y"*' € L*([0,T]; V) N S*([0,T]; H) to be the
unique solution to the following equation:

AY; = LYt + b(e, Y B (YY) dt + ot Y F(YR)dW, + / O(t_, Y, F(Y), e)N(dt, de).

E

(3.35)
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The solution Y™t of this equation follows by Proposition 3.1 in [17]. Let us now show
that the sequence {Y™ n > 1} is a Cauchy sequence in the spaces L*(Q x [0,7],V) and
S?(Q2 x [0,7], H). By applying It6 formula, we get

t
Yol = [ Y Y L - Y > ds
0

t

12 [ YT YR (s YY) < (s, YL F(YITY) Sy ds

+2 < }/anrl - Y;n7 U(Sv Y;n+1> F(}/sn)) - 0(57 }/snv F(sznil)) >y dW

[
|
/ o5, Y2, F(Y) = (s, YL B ds

/ / 0(s, Y7 F(Y), ¢) — 0(s, Y2 BV, ) 4] N (ds, de)
+2/ / <YM YR 0(s, Y (YR, e) — (s, YL F(Y ), e) > N(ds, de)
0 E

t
[ [0y B0 ) s, Y2 F O ) (e s
0 JE

Using Burkholder-Davis-Gundy and Cauchy-Schwarz inequalities and the coercivity assump-
tion (3.34) on the operator L, we obtain that

t t
E [SUP [y — stl?q} < —xE[| Y =Y ids] + CE[/ [V = Y[ ds]
0 0

0<s<t

1 t
+ éE[ sup ‘}/;n+1 - Y;nﬁ{ds] + CE[/O Hb(Sa }/;n7 F(Kn)) - b<S7 Y:enila F(nnil))ﬁqu]

0<s<t

1 CE| / o(s, Y2, F(Y™)) — (s, Y21 F(Y21) yds]

| CE| / / 16(s, Y2, F(Y™), ) — (s, Y2 B2, ¢) 3 (de)ds). (3.36)

By the Lipschitz properties of b, o and 6, we deduce

t t
B [sup v Y|H} <CEL[ (2" = v yds] + OB [ v = v ]
0 0

rom BV — BV ds), (3.37)

We use the mean theorem and obtain the existence for each n € N, ¢ € [0,T] of a random
variable Y"(t) € L*(Q, H) such that

F(Y") = F ) < IVEEO)IY = Yl (3.38)
The two above relations (3.37) and (3.38) lead to:

t t
B | sup (v~ 2y | < B[ (v = vefhs] + CBL[ 2= v2 aas. (339)
0 0

0<s<t
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Let us now define

¢
al? =E | sup [V - Y/ ! %,ds} A = / altds.
0

0<s<t

Using (3.39), we obtain:
aptt < CAMT + CAY. (3.40)
We multiply the above inequality by e~¢* and derive
n+l —Ct
d(At € ) S CeiCtA?,
dt
which allows us to conclude that
t
AL < 0t / e AMds < CeCtt AT
0
This inequality together with (3.40) gives

t
al™t < C%e“MAT + CAT < O / Ands,
0

where Cr is a given constant. By iteration for all n, we finally obtain

T
B sup (v - vz < 0T

0<s<T n!

This implies that we can find Y € So(2 x [0, T]; H) such that

lim E[sup |Y" — Y,|%ds] = 0.

n—oo 0<s<t

By (3.36), we remark that Y™ also converges to Y in L?(Q x [0, 7], V). Passing to the limit
n (3.35), we obtain that Y satisfies this equation.

II. Uniqueness of the solution

Let Y} and Y5 be two solutions in S*(Q x [0,T], H) N L*(Q x [0,7],V). Applying Ito
formula, we have

V- v2R =—2/t<1@1—ﬁ,L<w—1@> > ds
0
b2 [V 2 LR b, VRO 2
0
b2 [ VYol VRO 0l Y2 ROR) S W,
0
v (s, YL (VD) — ofs, Y2 B(V2)3ds

// [10(s, YL, F(Y,L),e) —0(s, Y2, F(Y2), el
+2 <YL V2 0(s, YL F(YL),e) = 0(s, Y2, F(Y2),e) >] N(ds,de)

t
[ 10 YR ) - 0. Y2 B2 ). ) fdsv(de),
0 E
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Using now the coercivity assumption on the operator L, the Lipschitz property of b, o, 6 and
the boundness of the Fréchet derivative of the operator F, we finally obtain:

t t
E[Y, - Y?[4] < —aE| / V!~ Y2[ds] + CE| / Y2~ Y2[ds
0 0

1 t
+§E[ sup |}/tl - Y;Q %J] + CE[/ |b(57 }/317 F(Y;l)) - b(S, Y;Qv F(}/SQ))ﬁ{dS]
0

0<s<t

OB [ o5, YL PO = ol V2RO s}
CE([ [ 105,V PO)) = 05, V2. P() yvlde) ]
< Bl [ v~ v2s)

We thus deduce that Y,! = Y,2.

4 Existence and uniqueness results for general mean-
field backward SPDEs with Lévy noise

In this section we give an existence and uniqueness result for mean-field backward SPDEs
with jumps. The analysis will be carried out in a general case, where there exists a general
mean-field operator acting on each composant of the solution.

We consider the same framework as in the previous section. Let A be a bounded linear
operator from V' to V* satisfying the following coercivity hypothesis: There exist constants
a > 0 and A > 0 such that

2 < Au,u > +\uly > allul[f forallu eV,
where < Au,u >= Au(u) denotes the action of Au € V* onu € V.

Assumption 4.2 Let f : [0,T] x @ x H x Hx H x H x L3(H) x L*(H) — H be a
P xB(H)xB(H)x B(H) x B(H) x B(L*(H)) x B(L*(H))/B(H) measurable. There exists

a constant C < oo such that

|f(t7w7y17g17217 217(]17(}1) - f(taway%g% 22, 22aQ2>€72)|H S C(|y1 - y2|H + |g1 - g2|H
+ 121 = 22lw + 121 — Zalm + |l — @2l + 1@ — Glzan)

for all t,y1, 91, 21, 21, 41, G1, Y2, Y2, 22, 22, @2, 2. We also assume the integrability condition
T
E[/ |£(,0,0,0,0,0,0)|%dt] < oo. (4.41)
0
We now give our main result of existence and uniqueness.
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Theorem 4.1 Assume Assumption 4.2 holds. Let ¢ € L*(Q; H). Let H : L*(Q; H) — H,
J : L*(QH) — H and K : L*(Q, L>(H)) — L*(H) be Fréchet differentiable operators.
There exists a unique H x H x L*(H)-valued progressively measurable process (Y, Zy, Uy)
such that

T T
() BIYilh) < oc., B[ |Z05] < o0 B[ [Glyndt] < .
0 0

(ii) € = Vit /tTAstw /tTf<s,n,H<mZs,j<zs>,Us,iC<U>>ds+ / ZdWt / / N(ds, de)

forall 0<t<T.
The equation (ii) should be understood in the dual space V*.

Proof. I. FExistence of the solution
Set Y, = 0; Z = 0; UY = 0. We denote by (Y,*, Z}*, U[") the unique solution of the mean-field
backward stochastic equation:

{dYt" = AYPdt + (6, Y 1YY, 20, (207, Up, K(URY)dt + ZpdW, + [ Up(e)N(dt, de)
YR o =&

The existence and the uniqueness of a solution (Y;*, Z}*,U}") of such an equation has been
proved in [13]. By applying It6’s formula, we get

0= [Vt = vl
T

— |Y;n+1 - Y;nﬁ{ 4 2/ < A(}/;nJrl - Y;n)’y;nJrl - Y;n > dS
. t

b2 [ Fe Y, 28 (20, U )
t
— f(s, Y HYP Y, 20, (20 Y, U KU Y), Y — YR >y ds

/ / |Yn+1 Yn +Un+1 Un|H |Yn+1 Yn |H ds de / / |Un+1 (6)|%{]V(d6

T

o / <YM YR d(Z - 2 sy 4 / 2~ 7 s,
t t

where 27 := [} Z2dW,.
We thus get, by taking the expectation and using the coercivity assumption on the
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operator A

T T
E[[Y; — Y] + Bl / 27— 273 ds) + B / / U U R(de)ds) = (4.42)
t

t

_ 2E[< A(y;n—i—l _ st),Y;»n—i—l _ st > ds]
T
OB < S VI H), 20, (20, UR T K(UD)
t
- f(S, Y?? H(Knil)v ng j<Zgil>7 Usnv IC(UsThl))v Y'anrl - Y;n > dS] <

T T
<OB[[ Y - YIBds) - B[ [ YR - Y fds)-
t t

T
9 / < Fls. YIPUH(YR), 20, (20, U KUT))
t

- f(S, Ytsnv H(Knil)v ng j<Zgil>7 U?? IC(U(gLil))v Ytanrl - Y;*n >H dS]

By using the Cauchy Schwarz inequality and the Lipschitz property of the generator f, for
each (t,w) € [0,T] x ©, we obtain:
< fls, YL HY) ), 207, 7 (27, Ut KU )
— [, Y HYTY), 20, T(Z7h), U KU ), Y =Y >
< fGs Y 1Y), 200, J(Z070), U RU) = fs, YO H(Y] ), 20, (207, U8, KU
. |}/Sn+1 _ Y;n|H
< C(HY) = HOT D +1T(ZY) = T(Z37)|a + IKUY) = KO |ezm) [V =Y
+CO(YV =Y 1207 = 20 + U = Uz ) Y = Y e (4.43)

We now appeal to the mean theorem in Hilbert spaces and obtain the existence for
each t € [0,T] of some random variables Y"(t) € L*(Q, H), Z"(t) € L*(Q, H), U"(t) €
L*(Q, L2(H)) such that

HY) = 1O D) < IVHE )Y = Y @
\T(Z) = T(Z D < VT ZO)INZ = 20 ez
KK(UF) = KU < VKOO = UF M2,z imy- (4.44)
Using (4.42), (4.43), (4.44) together with the boundness of the Fréchet derivatives of the
operators H,J, K and the inequality 2ab < ea® + 1b*, we obtain:

T T
BV =P+ B[ 120 - Zds) B [ U - Uzefutde)as] <
t E

t

T T
SB[ [ V2= Vs - aB[ [ V- Y7 fds)-
t t

T 1 T
B[ (W7 =Y 125 = 237y + U7 = U2 ) )+ L[ Y =Y

T 1 T
+CBB([ (V70 = Y2+ 1200 = 22+ U = U2y ) ds] + SB[ Y00 = Y],
t v t
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where C'is a constant dependind on the Lipschitz constant of f and the bounding constants
of the Fréchet derivative operators of H,TJ,K.

Let us choose € < ;5 and < 55. Weset v := A+ CB + - + + 5 L and then multiply the
previous 1nequahty by e’ We thus get

d T 1 T
(e”tE[ / Y+ — K"\%dS]) + 56'”E[ / | Z0H — Z2| 3 ds)
t t

ot
1 T 1 T T
L[ VIRl + SB[ I = Uy dsl + 0 B[V =3

1 T 1 T 1 T
g—E[/ \K”—K“I?{]e”W—E[/ \Z?—Z?%]e”W—E[/ U7 = P o gy e
4 t 4 t 4 t v
(4.45)

We now integrate between 0 and 7" and obtain:

T 1 T T 1 T T
B e =y« B e vt g R 1200 - 2 st
t t
1 /7T T T T
+§/ e“’tE[/ Ut — U5"|i2(H)ds] +/ aE[/ Y — Y23 ds]er dt
0 t Y 0 t

1 g g n n—12 t 1 g g n n—12 t
<-— [ E[[| Y=Y |5dsle”dt + - E[ | |Z] — Z7  |jds]le”dt
4 0 t 4 0 t

1 T T
n n—1|2 t
+Z/O E[/t Uy = U™ g2y dsle™dt.

(4.46)

From the above inequality it follows that

T T T T T T
[ B wreveeta [V 1z -z et DB o - vy dsetar
0 t 0 t 0 t v

1
< —C.
S on

From (4.46) one can deduce
g 1
B[ V2 - Y2l < giC
0

We now appeal to (4.45) and derive

1 T 1 T T 1 T T
SB[ et =vrpas) v 5 B[ jzen - zmas v 5 OB 07— 02 s
2 Jo 2 Jo 0 2 Jo 0 V()

1 1 r 112 1 g 112 1 r 1 2
<yo-C+ —E[/ Y™ — YU 2,ds] + —E[/ 1z — 7277 2,ds) + —E[/ U+ — U2, ds),
2 1Y, 1Y, 4,

which implies that

g n+1 n|2 g g n+1 n|2 r r n n—1 1
E[ [ Y[ =Y[yds)+ [ E[[ |Z;7 =Z![yds]+ [ Uy =U ™ 2y ds] < P Lol
0 0 0 0
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This leads to .
1
B[ [vrt = Y pds) < () (n+ )0
0

Hence, we can conclude that the sequence (Y™, Z" U™), n > 1 is a Cauchy sequence in the
Banach space L2(Qx [0, T], V) x L*(Q x [0, T], H) x L*(2x [0, T], L*(v)), and thus converges
in the corresponding spaces to (Y, Z,U). The limit (Y, Z, U) satisfies:

T T T T
n+/'An@+/ ﬂanﬂanx@¢ﬂ&xmmam»@+/ &m%+/’/VANuaM»:§a&
t t t t E

II. Uniqueness of the solution
The proof of the uniqueness of the solution is classical, but we give it for convenience of the
reader. Suppose (Y, Z;, U;) and (Y3, Z;, Uy) are two solutions. By applying [t6 formula, we
obtain

BV~ Vi) B[ 17— Zas] + B[ 10~ Ol )] =
—E[< A(Ys—ffs),tYs—SZ>ds] t
B[ [ < o Yo W), 20 (2, U KAUL)

T T, 20 (20, D)) T, — T o

T T T
sAm/IK—K@@%ﬂM/|K—ﬁWM+KH/In—K%M
1 tT 1 tT t
~ 12 12
+ 3B 12— Zufhds] + GBI 10, = Oyl

We thus derive that .
B[IY; ~ Vify] < (\+ KOB(| Y. = Vi)
Hence, by Gronwall lemma, we get )
;=Y.
This also implies that Z; = Zt and U; = Ut.

A Some results on Banach theory

We recall here some basic concepts and results from Banach space theory. Let V' be an open
subset of a Banach space X with norm || - || and let F': V — R.

(i) We say that F' has a directional derivative (or Gateaux derivative ) at z € X’ in the
direction y € X if

D,F(e) = lim - (F(x + <) ~ F(z)
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exists.
(ii) We say that F' is Fréchet differentiable at x € V' if there exists a linear map L : X — R

such that 1

ha(l);rfrzleé\f W

|F(x + h)— F(x) — L(h)| = 0.
In this case we call L the gradient (or Fréchet derivative) of F' at x and we write
L =VF.

(iii) If F' is Fréchet differentiable, then F has a directional derivative in all directions y € X
and
D,F(z) =V, F(y) =< V,F,y > .

In particular, if X = L*(P) the Fréchet derivative of F at X € L*(P), denoted by VF(X),
is a bounded linear functional on L*(P), which we can identify by Riesz theorem with a
random variable in L?(P). For example, if F(X) = E[¢(X)]; X € L*(P), where ¢ is a real
0 0
C'-function such that ¢(X) € L*(P) and a—¢(X) € L*(P), then VF(X) = —¢(X) and
x

VF(X)(Y) = <%(X), Y>L2(p) =E {%(X)Y} , for Y € L*(P). "
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