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Quadratic-like Stability of Nonlinear Homogeneous Systems

Andrey Polyakov

Abstract— A necessary and sufficient condition of stability
(stabilizability) of nonlinear homogeneous (control) system is
obtained using a topological equivalence of asymptotically
stable homogeneous system to a quadratically stable one.

I. INTRODUCTION

Symmetry is one of well-known properties of physical
systems [1]. A type of symmetry of non-linear systems
studied in control theory is known as homogeneity [2], [3],
[4], [5], [6]. The standard homogeneity was introduced by
L. Euler in 17th century as the symmetry of a mathematical
object f (e.g. function, vector field, operator, etc) with
respect to the uniform dilation of the argument x — Az,
namely, f(Az) = Af(z),A > 0. Type of homogeneity is
basically identified by dilation. For example, in [7], [8] the
uniform dilation is utilized, while the papers [2], [9], [10],
[11] deal with the so-called weighted dilation.

Nonlinear homogeneous differential equations/inclusions
form an important class of control systems models [4], [12],
[13], [14], [15]. They appear as local approximations [3] or
set-valued extensions [11] of nonlinear systems and include
models of process control [16], nonholonomic systems [17],
mechanical models with frictions [10], etc.

The generalized homogeneity (to be studied in this paper)
was introduced originally in [18] for infinite dimensional
models such as partial differential equations (PDEs). It
considers a strongly continuous group of linear bounded
operators as a dilation in a Banach space. A lot of well-
known PDEs are homogeneous in generalized sense, e.g.
heat, wave, Navier-Stocks, Saint-Venant, Korteweg-de Vries,
fast diffusion equations. This paper deals with the finite-
dimensional models of generalized homogeneous systems
represented by ordinary differential equations (ODEs). It is
worth stressing that all standard and weighted homogeneous
systems are particular cases of the generalized homogeneous
ones. Geometric homogeneity [19], [5], [4] is more general
type of symmetry allowing dilation groups to be nonlinear.

Stabilization of nonlinear plant is one of classical control
problems that is hard to solve constructively in general case,
so particular solutions are still of the interest [20], [21].
Stability and stabilizability problems were studied for both
standard [2], [8] and weighted homogeneous [9], [22], [23],
[6], [24], [25] systems which are the most popular today
[10], [11], [26], [13], [15].

This paper deals with quadratic stability problem for
nonlinear generalized homogeneous (control) systems. To the
best of author’s knowledge, the issue of quadratic stability

A. Polyakov is with Inria Lille, 40. av Halley, Villenueve d’Ascq, France,
(e-mail: andrey.polyakov@inria.fr)

(existence of quadratic Lyapunov function) has not been
treated before for the generalized homogeneous systems.
Quadratic stabilizability is useful property for control design,
since the control tuning procedures in this case can be
formalized as Linear Matrix Inequalities [27], which are
supported by MATLAB and other software tools.

First of all, we show that any generalized homogeneous
system is diffeomorphic to a standard homogeneous one.
Next, a change of coordinate, which transforms asymptot-
ically stable generalized homogeneous system to a quadrat-
ically stable one, is presented. In both cases the so-called
canonical homogeneous norm [28] is utilized for construction
of the corresponding coordinate transformation. Combination
of these two results allows the necessary and sufficient
stability condition to be presented in terms of existence of the
quadratic-like Lyapunov function V(z) = 2" Z(z) PE(x)x,
where P = PT > 0 and the nonsingular matrix = is constant
along any ray from the origin (i.e. E(e®z) = =(z) for 2 # 0,
s € R) and 8;;‘?% = 0 for x # 0. The properties of matrix
= motivate the conjecture about existence of the quadratic
Lyapunov function (£ = const), which fails in the general
case. However, some examples show that the obtained stabil-
ity condition may simplify finite-time stability/stabilizability
analysis and control design in some particular cases.

Notation: R is the set of real numbers, e; =(0,.., 1,.., 0)T €

R™; % = 8%1, 6%2, - % ; C™(X,Y) is the set of
continuously differentiable (at least up to the order n) maps
X — Y, where X,Y are open subsets of finite dimensional
spaces; I, € R™*™ - the identity matrix; O denotes zero
element, e.g. 0 € R™ is the zero vector but 0 € R"*" is the

zero matrix; diag{A1,.., A\, } - diagonal matrix.

II. GENERALIZED HOMOGENEITY

Homogeneity is a sort of symmetry of an operator (func-
tion/vector field) with respect to a group of transformations
that is usually called as group of dilations (or simply di-
lation). The generalized homogeneity studied in [18] deals
with the groups of linear transformations (linear dilations).
A. Dilation Group

Let || - || be a norm in R™ and || - ||4 be the matrix norm
induced by || - [, i.e. [|Alls = sup,cgn Il if A € Rx",

Definition 1 ([18]): A map d : R — R™ "™ is called
dilation in R™ if it satisfies

o Group property. d(0)=1,, d(t+s)=d(t)d(s), t,seR;

o Continuity property. d is continuous, i.e.

Vt>0,Ve>0,36>0: [s—t| < = ||d(s)—d(t)]|a<e&;
. Limitproperlj;.gmoi\d(s)u\\ =0 andsggloﬂd(s)uﬂ =+4o00

uniformly on the unit sphere S := {u € R™ : |Ju|| = 1}.



Obviously, the dilation d is a uniformly continuous group of
invertible linear maps d(s) such that d(—s) = [d(s)] L.

The matrix Gq € R™*™ defined as Gq = lim,_,¢ M
is known (see, e.g. [29, Ch. 1]) as the generator of the group
d(s). It satisfies the following properties

+0 i~
Ld(s)=Gad(s)=d(s)Ga and d(s)=eCes = Y 54,

il

=0

. Limit property implies

o|d(s)]|la— 0 ass——oo; ed(s)#I,if s#0;
o|d(s)|a— +00 as s—>+o0; ¢|Ga] >0 (ker Gg={0}).

The most popular dilations [12], [13], [26], [15]

o uniform (or standard) dilation (L. Euler 17th century):
d(s)=e®, seR;
o weighted dilation (Zubov 1958, [2]):
e 0 ... 0

d(s)=( 0 2 = 0

0 0 .

satisfy Definition 1 with Gq=1,, and Gq=diag{r;}, resp.
Definition 2: Dilation d is monotone if ||d(s)||a <1,¥s<O0.
Monotonicity of dilation depends on the norm || - ||. For

example, the dilation d(s) = e* ( cos(s) Sm(s)) with G4 =

— sin(s) cos(s)

[ Au]

Denote also |A|x = inf,egn Tal

,s€Randr; >0,1=1,...,n;

Tn S
e’

(_11 %) is monotone on R? equipped with weighted norm
lullp = VuT Puif P = <—111N§ —1{@) o 0 and it is ot
3}4 3{4) > 0. In the latter

s € R} may cross the unit sphere

monotone if, for example, P =

case, the curve {d(s)u :
S in two different points.
Theorem 1: The next four conditions are equivalent

1) dilation d is monotone;

2) |d(s)|a > 1 for s> 0;

3) continuous function ||d(-)ul|

increasing for any u € S;
4) for any u € R"\{0} there exists a unique pair
(s0,up) € R xS such that ug = d(so)u.

Proof. 1)=2) For any v € S we have 1 =
[ull = lld(s)d(=s)ul < [[d(s)]|a[[d(=s)ul. Hence, 1
[d(s)|lald(—s)]a for any s € R. 2)=3) If v # 0 and
51 < s then [[d(s1)ull — [d(s2)ull = d(s)ul — d(ss —
s)d(sp)ull < (1 — [d(s2 — s1)]a)l|d(s1)u]| < 0. The im-
plication 3)=-4) is straightforward. Indeed, since ||d(0)u| =
|||l and ||d(-)u|| is a continuous strictly increasing function,
[[d(=o0)u|| = 0, ||d(+o0)u|| = +oo, then there exists a
unique so € R : ||d(so)ul] = 1 (.e. ugp = d(so)u € S).
4H=1) If v € S then d(s)u ¢ S for all s # 0. Indeed,
otherwise the pair (g, ug) € R x .S such that ug = d(sp)u €
S is not unique. Hence, the limit property of the dilation
implies ||d(s)u|]| <1foralls<OandalluecS. W

Theorem 1 also implies that the functions ||d(-)||a:R— R4
and |[d(-)| 5 :R— R are continuous and strictly increasing.

Definition 3: A dilation d is said to be strictly monotone
on R™ if 3B > 0 such that ||d(s)||s < €°* for s <0.

The dilation d considered in the above example is strictly
monotone on R? equipped with the Euclidean norm.

Theorem 2: Let d be a dilation in R™ then

o the matrix —Gy is Hurwitz, i.e. all eigenvalues \; of G4
have positive real parts, $* = minR(\;) > 0;

R — Ry is strictly

IN

e for any 8 € (0, 5*| there exists a matrix P € R"*":
PGy +GjP>28P, P=P' >0, 1)
o the dilation d is strictly monotone with respect to the
weighted Euclidean norm || - || = \/(:,-) induced by
the inner product {u,v) = u' Pv with P satisfying (1):
e < |d(s)|a < ||d(s)||a < €°% for s <0 and * <
ld(s)]a <|ld(s)||a < e*® for s>0, where a= Am%@),
f=2m2l@ = P3G,P~% + P 2GJ P3.
Proof. Since Ld(s) = Gad(s),d(0) = I then d(s) is
the fundamental matrix of the linear system ODEs with the
matrix Gg. The limit property of the dilation implies that
this system of ODEs is globally asymptotically stable in
the inverse time, i.e. the matrix —(Gq is Hurwitz. Hence,
there exists a symmetric positive definite matrix such that
(1) holds and for any u € S one has ZL|d(s)ul]> =
u'd(s)T(G§ P+ PGa)d(s)u > 2||d(s)ul|?. Similarly we
derive L |[d(s)ul®> < 2al/d(s)u?, ie. the inequalities for
matrix norms also hold. H
Therefore, any dilation d is strictly monotone on R"
equipped with the weighted Euclidian norm ||u|| = vuTPu
provided that the matrix P >0 satisfies (1) for some 5 > 0.

B. Canonical Homogeneous Norm
Dilation d introduces a new topology in R™ (spheres and
balls) by means of the "homogeneous norm” [4], [14], [13].
Definition 4: A continuous function p : R" — R, is said
to be d-homogeneous norm if p(u) — 0 as v — 0 and
p(d(s)u) = e’p(u) > 0 for u € R"\{0} and s € R.

For monotone dilations the canonical homogeneous
norm || - |lg : R™ — R, is defined as follows:

|lul|la=e€"* where s, €R such that ||d(—s,)ul|=1. (2)

In [28] such a homogeneous norm was called canonical

since it is induced by the canonical norm || - || in R"

and ||z|la = ||z|| = 1 on the unit sphere S. Obviously,
[d(In [[ufla) s < [[u]l < [ld(In[ulla)]a-

Note that || - |[a = || - || if d(s) = e°I,, - uniform dilation.
Proposition 1: If d is a strictly monotone dilation then
g = lluzll§] < s —uall for wr,us € R™\Ba(1),

| - ||a is Lipschitz continuous outside the origin;

o if the norm || - || is smooth outside the origin then the
homogeneous norm || - ||q is also smooth outside the
origin, WME2ul 0 if seR, ueR™\{0} and

ofula _ 25 ac ‘ 3)
R ] P Julla
Proof. Since for u; € R™ we have |ju;lla = e

ld(—si)ull = 1 then 1 = [[d(—s)ur]l = [d(—s1)(ur —
up) + d(s2 — s1)d(—s2)uz|| < [ld(=s1)[all(ur — u2)|| +
Hd(52 — 51)HA~ For 1 < ||U2||d < ||U1||d we have 0 < s9 <
sp and 1 < e P91 |lup — ug|| + #2751 or equivalently,
[lu1]la — Jluzlla < |Jur — usz||. Lipschitz continuity follows
from the proven inequality, the identity ||d(s)ulla = e®||ulla
and monotonicity of the dilation. The existence of the unique
function s : R” — R such that ||[d(—s(u))ul| = 1 has
been proven in Theorem 1. Since the dilation is strictly
monotone then - |ld(—s)ul| < 0 on S (and, on R™\{0})



for all s € R (see, Theorem 1). Since the norm || - || is
smooth them i||d(— Ol=| Gqad(—5)u.

)UH - W‘z:c:l(fs)u
the formula

Taking into account 2 |lulla = e® %L:ln“u\\d

(3) can be derived usmg Implicit Function Theorem [30]
applied to the equation ||d(—s)u| =1 (see, also [28]). W

C. Generalized Homogeneous Functions and Vectors Fields

Homogeneous vector field have a lot of properties useful
for control design and state estimation as well as for analysis
of convergence rates [5], [23], [31], [26].

Definition 5: A vector field f : R™ — R"™ (a function
h:R"™ —=R) is said to be d-homogeneous of degree v € R if

fld(s)u) = e™d(s)f(u), VueR"\{0},

(resp. h(d(s)u) = e h(u), YueR"\{0}, VseR.)
Example 1: Let us consider the dilation d(s) =

VseR. (4)

1 0 0
e’ (0 cos(s) Sin(S)> that is strictly monotone with respect
0 —sin(s) cos(s)

to the Euclidean norm ||z|| = V2Tx and Gq = (é i ?)

11
The vector field f : R® — R? defined as f(z) =

T3+
(mf(cos(lnwf)+2in(ln|11|))> and the function h : R3 — R

23 (cos(In |z1|)—sin(ln |z1]))
given by h = z3 + (23 +x§)% are d-homogeneous of degree
1 and 3, respectively.

Example 2 (Homogeneous vector field of any degree):
The vector field may have different degrees of homogeneity
dependently of the dilation group. Indeed, the linear vector
field f : R® — R”, f(z) = Ax defined by a chain of
integrators A = (') € R™*" is dy-homogeneous of
degree 1 € [0,1] with di(s) = diag{e»+t(-Dmsyn
and dy-homogeneous of degree pu € [—1,0] with
dy(s) = diag{erT(r—Dmsin

Let Fq(R™) (resp. Hg(R™)) be the set of d-
homogeneous vector fields R” — R™ (resp. functions
R™—R), which are continuous on R™\{0}. Let degy(h)
(resp. degq(f)) denote the homogeneity degree of h €
Hg(R™) (resp. f € Fqa(R™)).

The homogeneity allows local properties (e.g. smoothness)
of vector fields (functions) to be extended globally [2], [3].
Corollary 1: The vector field f € Fy4(R™) is Lipschitz
continuous (smooth) on R™"\{0} if and only if it satisfies
Lipschitz condition (it is smooth) on S provided that d is
strictly monotone on R™ equipped with a (smooth) norm ||-|.
Proof. The necessity is straightforward since any locally
Lipschitz function on a compact set satisfies Lipschitz condi-
tion on it. Let us prove sufficiency. Let u; € R™\{0},i=1,2
then w; =d(In ||u;||a)z; for some z €S, f(u1) — f(u2) =
f(d(n f[uslla)z1) = F(d(In [Jugla)z2) = [[ua[gd(In [jusfla)-
f(z1) = lluzllgd(In [[uzla) f (22) = [ua lgd(In [[us [la) (f (21) -
f(z2)) + (luallgd(In f|uafla) —l[luz|["d(In [luifla)f(z2) +
[ug||”(d(In fluslla) — d(In[uzla))f(z2). I L > 0 is
a Lipschitz constant on S then | f(u1) — f(u2)||] <
Lljua [lgd(In [Juy [|a)]|z0 — 22| +[|d(In [|ud[|a) £ (z2)]]([[ua ]l§ =
l[uzllg) +I1.f (z2) [l[uz]l”[d(n [[us [la) —d(n [Juz[la)[|a. Since

d(s;) — d(s2) = Gaf 'd(s)ds and the function
|[d(-)||a is strictly monotone increasing then ||d(In ||uq|[q) —
d(in luzla))ls < M|Gallllnflurlla — Infuslal. where
M = max{||d(In ||u1]la)| 4, [[d(In ||uz|la)||a}- Since the ho-
mogeneous norm is Lipschitz continuous on R™\{0} but
power and logarithm functions are Lipschitz continuous
outside zero then f is Lipschitz continuous outside the origin.
(Differentiability of homogeneous vector field (function) f
on ]R"\{O} can be proven by means of the formula (3), the
identity -d(s) = Gad(s) and the representation f(u) =
Jullsd(n Tulla) £(2) with = = d(—In [ul)ju € S.) B

If a function (or a vector field) is smooth then homogeneity
is inherited by its derivatives in a certain way.

Corollary 2: If h € Hy(R™) N CY(R™\{0},R) then

edes(h)s 2hlu) . 20L) z:d(s)ud(s)’ ®)
%?Gdu = degy(h) h(u), (©6)

for ueR"\{0} and seR.
Proof. The formula (5) can be obtained using the definition

of the (Frechét) derivative, which coincides with gz if h
Oh(u)

is smooth. Namely, - liﬁn [t )= |}‘L(Au”) = = 0 and
on(z)

fgn [2OO R HEOD 0 A ere AR

|All=0 1Al '

dh(z)
oz z:d(s)uA’ _

Since h € Hy then [paeura)-haw -
d

N 13T
‘h(u+A) B = 2| s )A( _ et
Hd(S()AH - ld(s)]a
h(utA)—h(u)—e~ve 20 d(s)A
| T E— ’ where v = deg(h)

and A = d(—s)A such that |A|| — 0 implies [|A]| — 0.
Therefore the identity (5) holds.

To prove (6) let us consider a homogeneous norm || - ||a
induced by a weighted Euclidean norm |u|| = VuT Pu in
u € R™\{0}, P = P" > 0. In this case, due to (3) we have

6”7:““ > 0 if u # 0. From h(u) = Yh(d(—In|jullq)w)
we derive, 13’15;” = vh(d(—In[ulla)u)|ully~ 12”"Hd+
v d n ||u|lauw v U
Juffy 22 ) - — (= fufa)u) o]y~ 25eLe

Oh(z) @ d(—1In ||u =
el =57 e : w (d(=Inf| a||:) u) =
vh(@(=tn fullayu)lfulg™ 255 + el %52
X (d(—ln||u||d) Gad( ‘l;uu”“)u a“’;”" Therefore, for
lul| = 1 we have %J)G Ollella Vh(u)LU;:L”d. Hence,

multiplying by u we obtain that (6) holds for ||u|| = 1. Since
I [[new = || - || with v > 0 is again a weighted Euclidean
norm in R™ then the obtained identity holds on R™\{0}. W
Remark 1: Ifd is a dilation with the generator Gy then for
any « > 0 the group d* defined as d*(s) :=d(as),s € R"
is the dilation with the generator Ggo = aGy. Moreover, if
f €Fa(R™) then f € Fga (R™) and degge (f) = avdegy(f).

ITI. STABILITY OF HOMOGENEOUS SYSTEMS
Homogeneity may simplify an analysis of differential
equations, e.g. to prove existence and uniqueness of solution
on R™\{0} it is sufficient to prove that the right hand
side is Lipschitz continuous (or differentiable) on a sphere .



The most important property of d-homogeneous systems is
scalability of the solutions [2], [4], [12], [31], [32], [18].
Theorem 3: If e, : [0,T) — R™ is a solution to
£=f(&), feFu(R") (7
with the initial condition §(0) = & € R™ then pg)e, :
[0,e7*T) — R™ defined as @4(5)¢,(t) = d(s)pg,(te”?)
with s € R is a solution to (7) with the initial condition
£(0) =d(s)&o, where v = degy(f).
Proof. The scheme of the proof is standard (see [2]) for

any type of homogeneity. Since d"fli%(t) = f(pe,(t)) then

d(s) "G50 = 20 — d(s) f(pe,) = e f(d(s)ge,). The
change of time ¢t =¢e"*t"“* completes the proof. W
Now using the classical result [2], [12] about existence of
Lyapunov functions we prove equivalence of asymptotically
stable homogeneous system to a quadratically stable one.
Theorem 4: The next five claims are equivalent

1) The origin of the system (7) is asymptotically stable.
2) FVeHy(R™)NC(R™) - a Lyapunov function for (7);
3) The origin of the system
5= s (UG 2P 1) £ (12) ®)
is asymptotically stable, where ||z||=V 2 TPz with
PGy+GjP>0, 0<P=PTeR™™. (9
4) For any matrix P € R"*™ satisfying (9) there exists a
map ¥ € Fq(R™) N C*°(R™"\{0}), deg,(¥) =0 such
that U is diffemorphism on R™\{0}, homeomorphism
on R", ¥(§) = 0as & — 0 and

AEOPYO) ey <0 if WTOPU()=1. (10)
Moreover, (RM)NC*>=(R™"\{0}) is Lyapunov

function to the system (7), where || - ||4 is the canonical

homogeneous norm induced by ||€]| = \/¢T PE.

5) For any matrix P € R"*"™ satisfying (9) there exists a
map Z€ C®(R™"\{0}, R™"*™) such that det(Z(z)) # 0,
3§Z(_Z)z:O, E(e®z)=E(z) for zeR™\{0},s€R and

| (I,—Gg)zz' P

T2 () PE() (UL 1) £ (S252) <0 (D)
Proof. Without loss of generality we assume that f is

continuous at zero and f(0) = 0, since asymptotic stability
of (8) is equivalent to asymptotic stability of £ = f &) =
I€lla deea(7) £(¢), which is always continuous at the origin.

1) & 2) We use the scheme developed in [12]. The
Converse Lyapunov Theorem (see, e.g. [33] implies that there
exists a smooth Lyapunov function V' : R — R,. Let the
smooth function a : R — R, be defined as a(p) = eTF
if p > 1 and a(p) = 0 if p < 1. Obviously, a'(p) > 0 if
p > 1. Then the function V3, : R™ — R defined as V3, (z) =
fj;o e *a(V(d(s)x))ds is d-homogeneous Lyapunov func-
tion to the system (7). Indeed, it is well-defined (due to
cut-off function a), smooth, positive definite and radially
unbounded. Finally, V}, is d-homogeneous V(d(q)z) =
[T e sa(V(d(—s + q)x))ds = eV, (z) and Vi (z) =

oo

ST era(vid(=s)e) %L i A @ <0
since aviz) d(s)f(z)= = dv(z)f( )‘ —d(s <0.

1) < 3) Smce 1%’ satisfies (1) then the dilation (f is strictly
monotone on R™ equipped with the norm ||£]| = /T PE.

The change of coordinates z = |[|&|lad(—In ||€|la)¢ gives
2] = ll€]la and € = d(in 1) ;.

2=(In — Ga)d(— I [|&]|a)s L21s + ¢ lad(— In [|<]|a) £ (£) =

etaT e Pac— ) £©)
1€lla(Fn — Ga)d(=1n [[€]la)8 e am=Ta o) Poaar—n ielwre T
+€llad(—

(I—=Ga)d(~In [[€]|a)€€ "d T( I?HI\i'\'Id))IJ:(O N
lella (Lot lllee a ISP L1 ) d(—In]a) £(€)
Taking into account f € Fq(R™) we derive (8).

4) = 2) Note that U(§) # 0 for £ # 0, otherwise (i.e.
3¢* £ 0 : V(") = 0), due to homogeneity we derive
that ¥(£) = 0 on a smooth curve {d(s)é*,s € R}, which
starts at the origin goes to oco. The latter contradicts the
assumption that ¥ is diffeomorphism (continuously differ-
entiable invertible map with continuously differentiable in-
verse) on R™\{0}. Since degq(¥) = 0 then || ¥ (d(s)&)|la =
[d(s)T(E)]la = €®||¥(€)|la and the function ||[U(-)|a is d-
homogeneous of degree 1, radially unbounded, continuous
at the origin and continuously differentiable outside the
origin. Due to (3) the inequality 6“‘3;725)” f©

<0
e (©)I=1
e =1 < 0. Applying homogeneity
we derive 2%E £(¢) < 0 if & € R0}, ie. [Wq is a
Lyapunov function for (7).

2) = 4) Since the origin of the system (7) is asymp-
totically stable then there exists a smooth d-homogeneous
Lyapunov function V : R" — R4 of degree ;x> 0. The
function V = V1/# is also Lyapunov function to (7) that
is d-homogeneous of degree 1, continuous at the origin
and smooth outside the origin. Let us consider the map

. R" — R™ defined as U(€) = d (m (‘”/gﬁ )) €. Since

v Ve _ 6 _
e eHd( "y, degd<|‘€”) 0 then lim inf_,o 7(E)

1nf§65 IH ‘) €(0,+00), so V¥ is continuous at 0 and ¥(0)=0.
Obviously, W(d(s)€) = d(s)¥(€) and [W(E) ], = V(€). W
derive (10) from (3). The map ¥ is homeomorphism (i.e.
continuously invertible bijection) on R™. The inverse map
Ul R" - R" is given by V~(z) = d (—ln(“l;(ﬁ))x
Indeed, U~ (¥ (£)) = & and U(U~1(z)) =« for all £,z €
R”™. Since ¥ and ¥~ ! are continuous at the origin, smooth
outside the origin then ¥ is diffeomorphism on R™\{0}.
3) = 5) The system (8) is homogeneous of degree v with
respect to the dilation dy(s) = e® with G4, = I,,. Note that
PyGy, —i—GIO Py = 2Py > 0 holds for an arbitrary symmetric
positive definite matrix Py. Taking into account ||z||a, =
Izl = /2T Pyz we use the claim 4) to obtain the homoge-
neous Lyapunov function V' defined as V'(z) = [|¥o(2)||5, =
U (2)PoWo(2) for = € R™. Since ¥y is diffeomorphism
then det O%(Z)) # 0 for z € R"\{0}. Using (6) we

implies a||‘1’8(£‘5)Hd f(f)

derive 2%, — Wy(z), & = 2:TEN(2)RE(2) and
6_( ) 8‘I’o( )

z = 0, where Z(z) = . Finally, Z(e®z) = E(2)
for zeR”\{O} and s€R due to (5) and degg, (¥o) = 0.

5) = 3) Let us consider the function V(z) =
2! ET PE(z )z V € C(R",R) N C=(R"\{0},R). Since

92— 0 then Y& = 2:T=T PE(2) and the condition



(11) implies that V' is the Lyapunov function to (8). W
Therefore, the latter theorem proves two important facts:
e Any generalized homogeneous system is diffeomor-
phic to standard homogeneous one (see the formula (8))
and to a quadratically stable system. Indeed, making the
change of variables z = W(¢) we derive 2 = f(z), where

fe) = %21,

that 2T Pz < 0 if zTPz = 1, so the homogeneous norm |- ||q
is the Lyapunov function to the latter system. Finally, the
change of variable x =||z||lad(— In ||z|la)z gives ||z]la=]z],
so the transformed system & = f(x) is quadratically stable.

e The formula (11) gives a more constructive stability
criterion. Since Z(z) =Z(e®z) for z e R*\{0},s € R then
the map = is constant along any straight line {e®z : s € R"}
if z # 0. In addition, the property 3“(2) z = 0 motivates the
conjecture that a quadratic Lyapunov functlon (2 = const)
always exists for asymptotically stable standard homoge-
neous system. However, in the view of [33, Proposition 5.2]
this conjecture seems to be wrong. Therefore, the condition
21Qo (53022 4 1) F(S252) < 0 if 270,

PGi+GygP >0, P>0, Q>0

derived from (11) is just sufficient stability condition.

Recall [31], [10], [11], if a homogeneous system (7) is
asymptotically stable and degy(f) < O then it is globally
uniformly finite-time stable, i.e 31 : R™ — R such that
0o (1) =0, ¥Vt >T () and Vg eR".

Example 3 (Quadratic Finite-time Stability): The system

i = Av+Bu(a), A= (33). B=(), u(w) = 2theee/o0),

o(x) := q1|z1|3 + ga|za| is d-homogeneous of degree —1
if the dilation d is generated by Gq = diag{3,2}. Let
us find conditions to ki,ka € R, q1,q2 € Ry allowing
the finite-time stability of the system. Selecting Qy = P
in (12) we derive the stability condition z'Pf(z) < 0,

, but the criterion (10) implies
=¥-1(z)

12)

2 1
F(x) = (fazny bae V() — alerd iz oo
@) = (’fvlulﬁ\;%)’ N(@) *21 T —
VT Pz, 0< dmin = min qi[n[5 42|02 SN (2) <omax =
max g1 +gafaal. Since 2 TPf(a) =2 P ({, },) o +
m T m TH 00
W P(lkz)x‘*‘w P (g 3), then the
Cauchy-Schwarz inequality implies ' P (x) <zl (lﬁ kQ) z

Jr|1 N(z)] TPI<ITP(k kQ)er dmax—1, TPy provided

N(z)
T T
that(kl 192) P(k1k2)<P ( ) P(klo)gp’éminzl'
Hence, if the system of LMIs
AX+XATHBY +Y BT +7X <0, GaX +XGJ>0,X >0,
TpT

(27 ) >0, (% BE) >0 Bi=(59)

is feasible with respect to X € R2*2, Y € RY™?2 for

some fixed v,7 € (0,1) then the considered homogeneous
ODE is finite stable with (k1 kg) = Y X! | and the

el =

parameters g1, q2 € R selected such that 8, > (1—7)71,
_ 1 _ 1 _ T
€.g q1 = (1_7_)%/6er61? q2 (1—7’)\/837@27 €1 (170) s

= (0,1)T, P = X~!. In particular, for 7 = v = 0.5
MATLAB gives the following solution to the LMIs
X = (255366 oioso )»Y = (—38858 —3.0105 ).

IV. STABILIZATION OF HOMOGENEOUS SYSTEMS

Let us consider the nonlinear control system

= g(x,u), (13)
where * € R" is the state vector of a plant, ¢ €
C(R"1 R™), g(0,0) = 0 and u € R™ is the control input
generated by a dynamic system (i.e. u is a dynamic feedback)

= k(z,u). (14)
Based on the scheme of universal stabilizing control design
given in [34], from Theorem 4 we derive a necessary and
sufficient condition of existence of a generalized homoge-
neous map k € C(R"*™\{0},R™) that makes the origin of
the closed-loop system (13), (14) to be asymptotically stable.

Theorem 5 (On Homogeneous Dynamical Feedback):
Let d, and d, be dilations R™ and R™, respectively,
d:= (‘%S) du(gs)) and f = (%) € Fy(Rv™).

The origin of the System (13) is globally asymptotically
stabilizable by means of the homogeneous dynamical
feedback (14) with (4) € TFqR™™) if and only
if there exist a number ~v > 0, a symmetric matrix
P e ROEMX0tm) garisfying (9) and a  map
E € C®(R™"{0},R"™™) such that det(Z(z)) # O,

agz(j)z =0, E(e®2) = E(2) for z € R"\{0}, s € R and
(15)

a(z)<y\bT(2)b(z) for =z€S,
where a(2) =2 W(z)f (2).b(z) =2TW(2) (2.), W(z) =
=T(2)PE(z) (7“";%)5;” +In>
in R"™ with ||z|| = V2T Pz. Moreover, the corresponding
stabilizing homogeneous feedback law can be designed as

and S is the unit sphere

de
k(€) =l€llges P d, (mlg]| ko(@(—n [€]a)E),  (16)
a(z)4V/a T2 ,

where {=(3), ko(z)=14" e :%))t;((”)( REDZp(z) if 252;960,
if b(2)=0,
the homogeneous norm || - |4 is induced by ||| =+/&TPE.
Proof. Sufficiency. Let us show that the
function ko is continuous on S. Indeed, ko(z) =
a2V ar (@0 202 b(z) the first fraction is

VTG Vo)
continuous and equals zero if b(z) = O (see, [34]), but

the norm of the second fraction is globally bounded and
continuous for z € R™ : b(z) # 0. Let us consider
the closed-loop system (13), (14), (16): £ = f(£), where
f = () € Fq(R™). Under this notation, the inequality
(11) becomes a(z) + b'(2)ko(z) < 0. The latter hods for
for all z € S. Indeed, the inequality (15) implies that
a(z) < 0 if b(z) = 0, but for b(z) # 0 we have a(z) +
bT(ko(2) = a(z) — b7 (=) GEEEEMER) =

bT(2)b(2)
—/a2(2) + (b7(2)b(z))2 < 0. Necessity. Let us
assume that there exists a map k € C(R™™ R™)
such that the closed-loop system (13), (14) is globally
asymptotically stable and f = (%) € Fq(R"™™). Let
E € C>®(R""™\{0}, R(”‘*m)x(””’ﬁ) be derived according
to Theorem 4 such that (11) holds. To show that in this case
(15) also holds for some v > 0, we rewrite the inequality
(11) as a(z) < —b'(2)k(z). Since k € C(R"t™ R™)

then v = kT (2)k(2)

max,cg < +oo and using



Cauchy-Schwarz inequality we derive —b'(2)k(z) <
VET (2)E(2)/bT (2)b(2) <v/bT (2)b(2) for z € S. A

For =Z(z) = I, we derive from (15) the following sufficient
condition of quadratic stabilizability:

zTPf<\/;W) <y/2TP(L )Pz, 2#0
PGa+G{P >0, P>0.
Example 4 (Dynamical Stabilization in a Finite Time):
Let us consider the stabilization problem for the system
I = |x1|%u+ To, T2 = u, where x1,72,u € R. The

5 . ~ 1
vector field f : R? — R? given by f(z) = <Z13Zzas+zz> ’
0

a7

z = (21,20,23)" = (x1,72,u) is d-homogeneous
of degree —1 with respect to the dilation d in
R3 generated by Ggq = diag{3,2,1}. Hence, the
sufficient  stabilizability = condition  (17)  becomes
2T PA(2)z < yV2T P2\/2T Pegej Pz, PGq + G4 P > 0,

01 v(z) 3
P > 0, where A(z) = (88 1 ), v(z) = (\/%) . Let
X € R3*3 and 7y > 0 satisfy the linear matrix inequalities
X >0, XA + AT X — 2yezed < 0, XGq + GaX >0,
i=0,1, A= (53 8 é) . Since A(2) =a(2)A; +(1—a(2)) Ao,
where

1
az) = (\/%) * and a(z) € [0, 1] provided that py; = 1,
then for P = P/(p11), P = X! the stabilizability

condition (17) holds. So, the considered system can be

stabilized in a finite time (due to degy(f) = —1) to zero
by means of the d-homogeneous dynamical feedback u =

_a@®+Vae2(5)+b2(2) e
ko (m), where ko(z) = 5 if b(2)70,

if b(2)=0,
a(z)=2z"Pf(z) and b(z) =p1321 +P2322+D3323-
V. DISCUSSIONS AND CONCLUSIONS
It is proven that any asymptotically stable generalized ho-
mogeneous system is equivalent (diffeomorphic) to quadrat-
ically stable one. The necessary and sufficient condition
for quadratic-like stability (stabilizability) of homogeneous
(control) system is derived. On the examples, it is demon-
strated that this condition may simplify, in some particular
cases, design of finite-time stabilizing feedback laws. For
the general case an appropriate computational procedure is
needed to be developed for Lyapunov function design based
on (11). This is the important problem for future research.
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