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A Classical Sequent Calculus with Dependent Types

ETIENNE MIQUEY, Université Paris-Diderot and Universidad de la Reptiblica

Dependent types are a key feature of the proof assistants based on the Curry-Howard isomorphism. It is
well-known that this correspondence can be extended to classical logic by enriching the language of proofs
with control operators. However, they are known to misbehave in the presence of dependent types, unless
dependencies are restricted to values. Moreover, while sequent calculi are naturally tailored to smoothly
support continuation-passing style interpretations, there is no such presentation of a language with dependent
types. The main achievement of this paper is to give a sequent calculus presentation of a call-by-value language
with a control operator and dependent types, and to justify its soundness through a continuation-passing
style translation.

We start from the call-by-value version of the Apji-calculus. We design a minimal language with a value
restriction and a type system that includes a list of explicit dependencies to maintains type safety. We then
show how to relax the value restriction and introduce delimited continuations to directly prove the consistency
by means of a continuation-passing-style translation. Finally, we relate our calculus to a similar system by
Lepigre [22], and present a methodology to transfer properties from this system to our own.

1 INTRODUCTION
1.1 Control operators and dependent types

Originally created to deepen the connection between programming and logic, dependent types
are now a key feature of numerous functional programing languages. From the point of view
of programming, dependent types allow us to assign more precise types—and thus more precise
specifications—to existing programs. As for their logical facet, they permit definitions of proof
terms for statements like the full axiom of choice. Dependent types are provided by Coq or Agda,
two of the most actively developed proof assistants, which both rely on a constructive type theory:
Coquand and Paulin-Mohring’s calculus of inductive constructions for Coq [6], and Martin-L6f’s
type theory [24] for Agda. Yet, both systems lack of classical logic and more generally of side-effects,
which make them impractical as programming languages.

In practice, effectful languages give to the programmer a more explicit access to low-level control
(that is: to the way the program is executed on the available hardware), and make some algorithms
easier to implement. Common effects, such as the explicit manipulation of the memory, the gen-
eration of random numbers and input/output facilities are available in all practical programming
languages (e.g. OCaml, C++, Python, Java, ...).

In 1990, Griffin discovered that the control operator call/cc (short for call with current continu-
ation) could be typed by Peirce’s law ((A— B) — A) — A) [15], thus extending the formulee-as-types
interpretation. Indeed, Peirce’s law is known to imply, in an intuitionistic framework, all the other
forms of classical reasoning (excluded middle, reductio ad absurdum, double negation elimination,
etc.). This discovery opened the way for a direct computational interpretation of classical proofs,
using control operators and their ability to backtrack. Several calculi were born from this idea, for
example as Parigot’s Ap-calculus [31], Barbanera and Berardi’s symmetric A-calculus [3], Krivine’s
Ac-calculus [21], Curien and Herbelin’s Apji-calculus [7].

Nevertheless, dependent types are known to misbehave in the presence of control operators, and
lead to logical inconsistencies [17]. Since the same problem arises with a wider class of effects, it
seems that we are facing the following dilemma: either we choose an effectful language (allowing us
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to write more programs) while accepting the lack of dependent types, or we choose a dependently
typed language (allowing us to write finer specifications) and give up effects.

Many works have tried to fill the gap between real programming languages and logic, by
accomodating weaker forms of dependent types with computational effects (e.g. divergence, I/O,
local references, exceptions). Amongst other works, we can cite the recent works by Ahman et
al [1], by Vakar [35, 36] or by Pédrot and Tabareau who proposed a systematical way to add effects
to type theory [34]. Side-effects—that are impure computations in functional programming—are
interpreted by means of monads. Interestingly, control operators can be interpreted in a similar
way through the continuation monad, but the continuation monads generally lacks the properties
necessary to fit these frameworks.

Although dependent types and classical logic have been deeply studied separately, the problem
of accomodating both features' in one and the same system has not found a completely satisfying
answer yet. Recent works from Herbelin [18] and Lepigre [22] proposed some restrictions on
dependent types to make them compatible with a classical proof system, while Blot [5] designed a
hybrid realizability model where dependent types are restricted to an intuitionistic fragment.

1.2 Call-by-value and value restriction

In languages enjoying the Church-Rosser property (like the A-calculus or Coq), the order of
evaluation is irrelevant, and any reduction path will ultimately lead to the same value. In particular,
the call-by-name and call-by-value evaluation strategies will always give the same result. However,
this is no longer the case in presence of side-effects. Indeed, consider the simple case of a function
applied to a term producing some side-effects (for instance increasing a reference). In call-by-name,
the computation of the argument is delayed to the time of its effective use, while in call-by-value
the argument is reduced to a value before performing the application. If, for instance, the function
never uses its argument, the call-by-name evaluation will not generate any side-effect, and if it
uses it twice, the side-effect will occur twice (and the reference will have its value increased by
two). On the contrary, in both cases the call-by-value evaluation generates the side-effect exactly
once (and the reference has its value increased by one).

In this paper, we present a language following the call-by-value reduction strategy, which is as
much a design choice as a goal in itself. Indeed, when considering a language with control operators
(or other kind of side-effects), soundness often turns out to be subtle to preserve in call-by-value.
The first issues in call-by-value in the presence of side-effects were related to references [39]
and polymorphism [16]. In both cases, a simple and elegant solution (but often unnecessarily
restrictive in practice [14, 22]) to solve the inconsistencies consists to introduce a value restriction
for the problematic cases, restoring then a sound type system. Recently, Lepigre presented a proof
system providing dependent types and a control operator [22], whose consistency is preserved by
means of a semantical value restriction defined for terms that behave as values up to observational
equivalence. In the present work, we will rather use a syntactic restriction to a fragment of proofs
that allows slightly more than values. As will see, the restriction that arises naturally coincides
with the negative-elimination-free fragment of Herbelin’s dPAw system [18].

1 Aside from strictly logical considerations as in [18], there are motivating examples of programs that could only be written
and specified in such a setting. Consider for instance the infinite tape lemma that states that from any infinite sequence of
natural numbers, one can extract either an infinite sequence of odd numbers, either an infinite sequence of even numbers.
Its proof deeply relies on classical logic, and the corresponding program (which, given as input a stream of integers, returns
a stream that consists either only of odd integers or only of even ones) can only be written in a classical setting and requires
dependent types to be speficied. See [23, Section 7.8] for more details.
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1.3 A sequent calculus presentation

The main achievement of this paper is to give a sequent calculus presentation? of a call-by-value
language with classical control and dependent types, and to justify its soundness through a
continuation-passing style translation. Our calculus is an extension of the Apji-calculus [7] with
dependent types. Amongst other motivations, such a calculus is close to an abstract machine, which
makes it particularly suitable to define CPS translations or to be an intermediate language for com-
pilation [8]. As a matter of fact, the original motivation for this work was the design of a program
translation for Herbelin’s dPAw system (that already encompassed control operators and dependent
types) to justify its soundness. However, this calculus was presented in a natural deduction style,
making such a translation hard to obtain. We thus developed the framework presented in this paper
to dispose of an intermediate language more suitable for a continuation-passing style translation.

Additionally, while we consider in this paper the specific case of a calculus with classical logic,
the sequent calculus presentation itself is responsible for another difficulty. As we will see, the usual
call-by-value strategy of the Auji-calculus causes subject reduction to fail, which would happen
already in an intuitionistic type theory. We claim that the solutions we give in this paper also
provide us with solutions in the intuitionistic case. In particular, the system we develop might be a
first step to allow the adaption of the well-understood continuation-passing style translations for
ML in order to design a (dependently) typed compilation of a system with dependent types such as
Coq.

1.4 Delimited continuations and CPS translation

The main challenge in designing a sequent calculus with dependent types resides in the fact that the
natural relation of reduction one would expect in such a framework is not safe with respect to types.
As we will discuss in Section 2.6, the problem can be understood as a desynchronization of the type
system with respect to the reduction. A simple solution, presented in Section 2, consists to add an
explicit list of dependencies in the typing derivations. This has the advantage of giving a calculus
that is very close to the original. However, it is not suitable for obtaining a continuation-passing
style translation.

We thus present a second way to solve this issue by introducing delimited continuations [2],
which are used to force the purity needed for dependent types in an otherwise non purely functional
language. It also justifies the relaxation of the value restriction and leads to the definition of the
negative-elimination-free fragment (Section 3). In addition, it allows for the design, in Section 4, of
a continuation-passing style translation that preserves dependent types and allows for proving
the soundness of our system. Finally, it also provides us with a way to embed our calculus into
Lepigre’s calculus [22], as we shall see in Section 5. This has in particular the benefit of furnishing
us a realizability interpretation.

1.5 Contributions of the paper
Our main contributions in this paper are:

e we soundly combine dependent types and control operators by means of a syntactic
restriction to the negative-elimination-free fragment;

e we give a sequent calculus presentation and solve the type-soundness issues it raises in
two different ways;

e our first solution simply relies on a dependencies list that is added to the type system

In the sense of a formulas-as-types interpretation of a sequent calculus a la Hilbert (just like Curien-Herbelin’s A ji-
calculus [7] or Munch-Maccagnoni’s system L [29]), as opposed to traditional type systems given in a natural deduction
style.
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o our second solution uses delimited continuations to ensure consistency with dependent
types and provides us with a CPS translation (carrying dependent types) to a calculus
without control operator;

e we relate our system to Lepigre’s calculus, which gives us for free a realizability interpreta-
tion and offers an additional way of proving the consistency of our system.

This paper is an extended and revised version of the article presented at ESOP 2017 [27].

2 A MINIMAL CLASSICAL LANGUAGE WITH DEPENDENT TYPES
2.1 A short primer to the Ayji-calculus

We recall here the spirit of the Auji-calculus, for further details and references please refer to
the original article [7]. The syntax and reduction rules (parameterized over a subset of proofs V
and a subset of evaluation contexts &) are given in Figure 1 where fia.c can be read as a context
let a = [ ] in ¢. A command (p|e) can be understood as a state of an abstract machine, representing
the evaluation of a proof p (the program) against a co-proof e (the stack) that we call context. The
1 operator comes from Parigot’s Au-calculus [31], pa binds a context to a context variable « in the
same way fia binds a proof to some proof variable a.

The Apji-calculus can be seen as a proof-as-program correspondence between sequent calculus
and abstract machines. Right introduction rules correspond to typing rules for proofs, while left
introduction are seen as typing rules for evaluation contexts. In contrast with Gentzen’s original
presentation of sequent calculus, the type system of the Apji-calculus explicitly identifies at any
time which formula is being worked on. In a nutshell, this presentation distinguishes between
three kinds of sequents:

(1) sequents of the form I' +- p : A | A for typing proofs, where the focus is put on the (right)
formula A;

(2) sequents of the form T | e : A+ A for typing contexts, where the focus is put on the (left)
formula A;

(3) sequents of the form ¢ : (I' + A) for typing commands, where no focus is set.

In a right (resp. left) sequent T + p : A | A, the singled out formula® A reads as the conclusion
“where the proof shall continue” (resp. hypothesis “where it happened before”).

For example, the left introduction rule of implication can be seen as a typing rule for pushing an
element g on a stack e leading to the new stack q - e:

'tq:A|A Tle:BrA .
I'lqg-e:A—>BrA

1

Note that this presentation of sequent calculus involves three kinds of judgments: one with a focus
on the right for programs, one with a focus on the left for contexts and one with no focus for states,
as reflected on the (CuT) typing rule (see Figure 1).

As for the reduction rules, we can see that there is a critical pair if V and & are not restricted
enough:

cla :=fx.c'] — A(pa.clix.c’y — [x:=pa.c].

The difference between call-by-name and call-by-value can be characterized by how this critical pair*
is solved, by defining V and & such that the two rules do not overlap. Defining the subcategories

3This formula is often referred to as the formula in the stoup, a terminology due to Girard.
4Observe that this critical pair can be also interpreted in terms of non-determinism. Indeed, we can define a fork instruction
by M2 Aab.pa.(u_(ala)|ji_.(blla)), which verifies indeed that {h||py - p1 - €) — (polley and (M |po - p1 - €) — (p1lle).
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Proofs p u= a |Alap|pa.c {plia.c) —  cla:=p] peV
Contexts e == al|p-e|fac (pa.cle) —  cla:=¢] eed
Commands ¢ == (ple) (Qaplu-ey — (ulfa.ple))
(a) Syntax (b) Reduction rules
Trt:A|A T'le:ArA
(Cur)
(tley : (I'+A)
(a:A)eTl Fa:Arp:B|A c:(TrHAa:A)
1~ (&%) (=) W)
F'ra:A|A I'rAdap:A—BJ|A IF'rpa.c:AlA
(x:A)eA F'rp:AlA IF'le:BrA c:(Ty,a:ArA)
% (Ax)) (=1) (@)
Tla:ArA IF'lp-e:A—>BrA I'|pac:ArA
(c) Typing rules
Fig. 1. The Apjfi-calculus
of values V C p and co-values E C e by:
(Values) Viu=allap (Co-values) Ez=a|q-e

the call-by-name evaluation strategy amounts to the case where V £ Proofs and & £ Co-values,
while call-by-value corresponds to V = Values and & = Contexts. Both strategies can also be
characterized through different CPS translations [7, Section 8].

Remark 2.1 (Application). The reader unfamiliar with the Ayji-calculus might puzzled by the
absence of a syntactic construction for the application of proof terms. Intuitively, the usual applica-
tion pq of the A-calculus is replaced by the application of the proof p to a stack of the shape q - e
as in an abstract machine®. The usual application can thus be recovered through the following
shorthand:

pq = palplq - @)

Finally, it is worth noting than the y binder is a control operator, since it allows for catching
evaluation contexts and backtracking further in the execution. This is the key ingredient that makes
the Apjfi-calculus a proof system for classical logic. To illustrate this, let us draw the analogy with
the call/cc operator of the Krivine A.-calculus [21]. Let us define the following proof terms:

call/cc £ la.pa.{alky - @) ke 2 Aa’.up.(d’|e)

The proof k., can be understood as a proof term where the context e has been encapsulated. As
expected, call/cc is a proof for Peirce’s law (see Figure 2), which is known to imply other forms
of classical reasoning (e.g. the law of excluded middle, the double negation elimintion, etc.).

Let us observe the behavior of call/cc (in call-by-name evaluation strategy, as in Krivine
Ac-calculus): in front of a context of the shape g - e with e of type A, it will catch the context e
thanks to the pa binder and reduce as follows:

(Aa.palalke - a)lg-e) — (qlpalpalalks -a)le)) — (palglkq-a)le) — (qlke-e)

3To pursue the analogy with the A-calculus, the rest of the stack e can be viewed as a context C,[] surrounding the
application pq, the command (p||q - e) thus being identified with the term Ce[pq]. Similarly, the whole stack can be seen
as the context Cg..[] = Ce[[ ]q], whence the terminology.
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Ax, A
O,a’:Al—a’:AIO(X) 0|a:A|—a:A,o(Xl)
(Cur)

(@) : (e,a’ : A+ a: A p:B)
od Arppadla) Bla:a P
ey oF Aa' ppldlay:A—>Bla:A ) la:Ara:A Ei"l’;
a:(A>B) > Ara:(A—>B) > Ale o|Aa’.yﬁ.(a’||a)-a:(A—>B)—>A|—(x:A(CUT)
(al|Aa".uf.(a’la)-a):(a: (A—> B) > A+ a:A)
2 (A>B) > Ar jalalid ppidlay-ay Al P
F Aa.paalra’ . pfld’|a) - a) : ((A— B) - A) - A =)

Fig. 2. Proof term for Peirce’s law

We notice that the proof term k. = Aa’uf{a’|e) on top of the stack (which, if e was of type A, is of
type A — B, see Figure 2) contains a second binder pf. In front of a stack g’ - e’, this binder will
now catch the context e’ and replace it by the former context e:

(Aa".ppLa’ledlq’ e’y — (qg'lpa’ (upla’lele’)y —  (upLgledle) —  (d'le)
This computation behavior corresponds exactly to the usual reduction rule for call/cc in the
Krivine machine [21]:
call/ccxt-m > txk;-m
kyxt-n/ > txm

2.2 Inconsistency of classical logic with dependent types

The simultaneous presence of classical logic (i.e. of a control operator) and dependent types is
known to cause a degeneracy of the domain of discourse. Let us shortly recap the argument of
Herbelin [17] highlighting this phenomenon.

Let us adopt here a stratified presentation of dependent types, by syntactically distinguishing
terms—that represent mathematical objects—from proof terms—that represent mathematical proofs.
In other words, we syntactically separate the categories corresponding to witnesses and proofs in
dependent sum types. Consider a minimal logic of Z-types and equality, whose formulas, terms
(only representing natural number) and proofs are defined as follows:

Formulas AB == t=u|3INA
Terms t,u = neN]|witp
Proofs p,q == refl|substpq| (t,p)|prfp

Let us explain the different proof terms by presenting their typing rules. First of all, refl is a proof
term for equality, and subst p q allows to use a proof of t = u to convert a formula A(t) into A(u):
First of all, the pair (¢,p) is a proof for an existential formula 3x™.A (or Z(x : N).A) where t is
a witness for x and p is a certificate for A[t/x]. This implies that both formulas and proofs are
dependent on terms, which is usual in mathematics. What is less usual in mathematics is that,
as in Martin-Lof type theory, dependent types also allow for terms (and thus for formulas) to be
dependent on proofs, by means of the constructors wit p and prf p. The typing rules are the same
as in the previous section for X-types, except that there are separated typing judgments for terms,
which can only be of type N:
Trp:Al) Tre:N = Tr(p):3A Tri:dMA neN

N ! - (prf) o (wib)
Tk (tp):3Ix"A I'Fprfp: Alwitp/x] I'Fwitt:N I'tn:N
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Then, refl is a proof term for equality, and subst p q allows to use a proof of an equality ¢ = u to
convert a formula A(t) into A(u):
t>u F'rtp:t=u T+rq:B[t]

R (refl bst
Trrefl:t=u (refh '+ substpgq : Blu] (bt

The reduction rules for this language, which are safe with respect to typing, are then:
wit (t,p) — ¢ prf (t,p) = p substreflp — p

Starting from this (sound) minimal language, Herbelin showed that its classical extension with
the control operators call/ccy and throw k (that are similar to those presented in the previous
section) permits to derive a proof of 0 = 1 [17]. The call/ccy operator, which is a binder for the
variable k, is intended to catch its surrounding evaluation context. On the contrary, throw k (in
which k is bound) discards the current context and restores the context captured by call/cc. The
addition to the type system of the typing rules for these operators:

Ik:-Arp:A Ik:-Arp:A
I'Fcall/ccgp:A I',k:-Atr throwkp: B

allows the definition of the following proof:
po = call/ccy (0,throw k (1,refl)) : Ax™x = 1

Intuitively such a proof catches the context, give 0 as witness (which is incorrect), and a certificate
that will backtrack and give 1 as witness (which is correct) with a proof of the equality.
If besides, the following reduction rules® are added:

wit (call/ccrp) — call/ccy(wit (plk(wit{ })/k]))
call/ccpt — t (k ¢ FV (1))

then we can formally derive obtain a proof of 1 = 0. Indeed, the term wit py will reduce to call/ccy 0,
which itself reduces to 0. The proof term refl is thus a proof of wit py = 0, and we obtain indeed a

proofof 1 = 0:
Fpo:Ixix=1 witpy — 0
- (prf)  ———————— (refl)
Fprfpy : witpy =1 Frefl : witpy =0
(subst)

F subst (prfpo) refl : 1 =10

The bottom line of this example is that the same proof py is behaving differently in different
contexts thanks to control operators, causing inconsistencies between the witness and its certificate.
The easiest and usual approach (in natural deduction) to prevent this is to impose a restriction to
values (which are already reduced) for proofs appearing inside dependent types and within the
operators wit and prf , together with a call-by-value discipline. In the present example, this would
prevent us from writing wit py and prf py.

Technically this requires to extend the language to authorize the construction of terms call/ccy ¢ and of proofs throw ¢.
The first rule expresses that call/ccy captures the context wit { } and replaces every occurrence of throw k ¢ with
throw k (wit ¢). The second one just expresses the fact that call/ccy can be dropped when applied to a term ¢ which does
not contain the variable k.
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2.3 A minimal language with value restriction

In this section, we will focus on value restriction in a similar framework, and show that the obtained
proof system is coherent. We will then see, in Section 3, how to relax this constraint. We follow
here the stratified presentation’ from the previous section. We place ourselves in the framework of
the Apji-calculus to which we add:

e alanguage of terms which contain an encoding® of the natural numbers,

e proof terms (¢,p) to inhabit the strong existential 3x™.A together with the first and second
projections, called respectively wit (for terms) and prf (for proofs),

e a proof term refl for the equality of terms and a proof term subst for the convertibility of
types over equal terms.

For simplicity reasons, we will only consider terms of type N throughout this paper. We address
the question of extending the domain of terms in Section 6.2. The syntax of the corresponding
system, that we call dL, is given by:

Terms t u= x|n|witV (neN)
Proof terms p u= V0pac|(t,p)|prfV |substpgq
Proof values V o u= allap|Axp| (V)] refl
Contexts e u= al|p-el|t-elfa.c
Commands ¢ == (ple)
The formulas are defined by:
Formulas AB == T|LlL|t=u| Vit A | A A | I1,.4B.

Note that we included a dependent product I1,.4 B at the level of proof terms, but that in the case
where a ¢ FV(B) this amounts to the usual implication A — B.

2.4 Reduction rules

As explained in Section 2.2, a backtracking proof might give place to different witnesses and proofs
according to the context of reduction, leading to inconsistencies [17]. The substitution at different
places of a proof which can backtrack, as the call-by-name evaluation strategy does, is thus an
unsafe operation. On the contrary, the call-by-value evaluation strategy forces a proof to reduce
first to a value (thus furnishing a witness) and to share this value amongst all the commands. In
particular, this maintains the value restriction along reduction, since only values are substituted.

The reduction rules, defined in Figure 3 (where t — ¢’ denotes the reduction of terms and ¢ ~» ¢’
the reduction of commands), follow the call-by-value evaluation principle. In particular one can
see that whenever the command is of the shape (C[p]lle) where C[p] is a proof built on top of p
which is not a value, it reduces to {p|jia.(C[a]|e)), opening the construction to evaluate p°.

Additionally, we denote by A = B the transitive-symmetric closure of the relation A > B, defined
as a congruence over term reduction (i.e. if t — ¢’ then A[t] > A[t’]) and by the rules:

0=0>T 0=S(u)>_L
Sit)y=01> L St)=S(u)>t=u

"This design choice is usually a matter of taste and might seem unusual for some readers. However, it has the advantage of
exhibiting the different treatments for term and proofs through the CPS in the next sections.

8The nature of the representation is irrelevant here as we will not compute over it. We can for instance add one constant for
each natural number.

9The reader might recognize the rule (¢) of Wadler’s sequent calculus [38].
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(pa.cley ~» cle/a] {(t,p)ley ~> (pliaa.(t,a)le)) (p ¢ Values)
(Vlga.cy ~ c[V/a] (prf (t,V)le) ~ (Vl]e)
(Aa.plq-ey ~ (qlia.(ple)) (substpglle) ~»> (plja.(substaqle)) (p ¢ Values)
(Ax.plt - e) ~> (p[t/x]le) (subst reflgle) ~> (qle)
wit (t,V) > ¢t t >t/ = c[t] » c[t’]

Fig. 3. Reduction rules of dL

2.5 Typing rules

As we explained before, in this section we limit ourselves to the simple case where dependent types
are restricted to values, to make them compatible with classical logic. But even with this restriction,
defining the type system in the most naive way leads to a system in which subject reduction will
fail. Having a look at the S-reduction rule gives us an insight of what happens. Let us imagine
that the type system of the Auji-calculus has been extended to allow dependent products instead
of implications. and consider a proof Aa.p : II;.4B in front of a context q - e : II;.4B. A typing
derivation of the corresponding command would be of the form:

HP H’] 11,
Ia:Arp:B|A I'tq:A|A T|e:Blg/a]r A
T+ Aap:TaaB|A Tlq e:aaBr A

(Aaplg-e)y:T+A

(=1

(Cur)

while this command would reduce as follows:

(Aaplq - e) ~ (qlpalple)).

On the right-hand side, we see that p, whose type is B[a], is now cut with e whose type is B[q].
Consequently, we are not able to derive a typing judgment!® for this command anymore:

TFa:Avrp:Bla]|A T,a:Ale:Blgl+A
I, (pley :T,a: Ar A "
F'rg:A|A T'| japle):Ar A
(qlfiapley T + A cm

Mismatch

The intuition is that in the full command, a has been linked to g at a previous level of the typing
judgment. However, the command is still safe, since the head-reduction imposes that the command
(ple) will not be executed before the substitution of a by g!! is performed and by then the problem
would be solved. This phenomenon can be seen as a desynchronization of the typing process with
respect to computation. The synchronization can be re-established by making explicit a list of
dependencies in the typing rules, which links /i variables (here a) to the associate proof term on the

190bserve that the problem here arises independently of the value restriction or not (that is whether we consider that g is a
value or not), and is peculiar to the sequent calculus presentation).

11Note that even if we were not restricting ourselves to values, this would still hold: if at some point the command {p||e) is
executed, it is necessarily the case that g has produced a value to substitute for a.
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F'tp:A|A;o Tle:BrAol-lp} BeA,

c
Qle) T+ Ao con
(a:A)eT (x:A) e c:(TrAa:Ao0)
—  (Ax,) (Axy) (1)
F'ra:A| Ao T'la:ArA;o{-|p} I'tpac:A|lANo

c:(Ta:Avr Asolalp}) . Fa:Arp:B| Ao (
T |jac:ArAollp) T+ Aap:TgaB| Ao

r

F'rq:A|A;0 Tle:Blg/a]l+ A;of{-|t} q¢& D — a¢ FV(B)
T|q-e:MgaBF Aolp) it

Ix:Nrp:A|A;o IF'rt:NrA;o T e:Alt/x]+A;o{-]t}

) )
Tt Axp: VAl Ao Tt e:Vx'Ar Asol-lp) ’

Trt:N| Ao Trp:Al)| Ao a) Trp:ANAx) Ao peD ¢
T+ (6p): IVAX) | Ao ’ T+ prfp: Awitp) | Ao P
I'rp:AlAo AEB(=) Tle:ArA;o AEB(=)
Trp:B|Ao - Tle:Br Ao K

IF'tp:t=u|AN;o Trq:B[t/x]| Ao F'rt:N| Ao
(subst) (refl)
I'+substpq: Blu/x] | A;o Trrefl:t=t]|A;0
) _nEN () l"l—p:fixA.(x)|A;0' peD it
Ix:Nrx:N|A;o I'tn:N|A;o F'+-witp:N|A;o

Fig. 4. Typing rules of dL

left-hand side of the command (here g). We can now obtain the following typing derivation:

HP IT.
Fa:Av+p:Bla]|A T,a:Ale:Blq]+ A;{pHalg} (con)
Ig (plley : T.a: A+ Asfalg)
F'tq:AlA T'| galple): Ar A;{.|q}
(Cur)

(qlfia.(pley) : T F Ase

Formally, we denote by D the set of proofs we authorize in dependent types, and define it for
the moment as the set of values:

DLV,
We define a list of dependencies o as a list binding pairs of proof terms!?:

o :==¢| o{plg},

12In practice we will only bind a variable with a proof term, but it is convenient for proofs to consider this slightly more
general definition.



A Classical Sequent Calculus with Dependent Types 1:11

and we define A, as the set of types that can be obtained from A by replacing none or all occurrences
of p by q for each binding {p|q} in ¢ such that g € D:

As U (Alg/pDs ifqgeD

A 2 (A A =
e = {A} alplg) {Ao otherwise.

The list of dependencies is filled while going up in the typing tree, and it can be used when typing
a command (p|le) to resolve a potential inconsistency between their types:
IF'tp:A|lA;o Tle:BrAollp} BeA,
(pley :Tr Ao

(Curt)

Remark 2.2. The reader familiar with explicit substitutions [11] can think of the list of depen-
dencies as a fragment of the substitution that is available when a command c is reduced. Another
remark is that the design choice for the (CuT) rule is arbitrary, in the sense that we chose to check
whether B is in A,. We could equivalently have checked whether the condition o(A) = ¢(B) holds,
where o (A) refers to the type A where for each binding {p|q} € o with g € D, all the occurrences
of p have been replaced by q.

Furthermore, when typing a stack with the (—;) and (V;) rules, we need to drop the open binding
in the list of dependencies!®>. We introduce the notation T | e : A + A;o{-|t} to denote that the
dependency to be produced is irrelevant and can be dropped. This trick spares us from defining a
second type of sequent I' | e : A+ A; o to type contexts when dropping the (open) binding {-|p}.
Alternatively, one can think of { as any proof term not in O, which is the same with respect to the
list of dependencies. The resulting set of typing rules is given in Figure 4, where we assume that
every variable bound in the typing context is bound only once (proofs and contexts are considered
up to a-conversion).

Note that we work with two-sided sequents here to stay as close as possible to the original
presentation of the Apji-calculus [7]. In particular this means that a type in A might depend on
a variable previously introduced in I' and vice versa, so that the split into two contexts makes
us lose track of the order of introduction of the hypotheses. In the sequel, to be able to properly
define a typed CPS translation, we consider that we can unify both contexts into a single one that
is coherent with respect to the order in which the hypothesis have been introduced.

Example 2.3. The proof p; = subst (prf po) refl which was of type 1 = 0 in Section 2.2 is now
incorrect since the backtracking proof py, defined by pa.(0, u_.{(1,refl)|a)) in our framework, is
not a value in D. The proof p; should rather be defined by'* pa.(pol jia.(subst (prf a) refl|a)) which
can only be given the type 1 = 1.

2.6 Subject reduction

We start by giving a few technical lemmas that will be used for proving subject reduction. First, we
will show that typing derivations allow weakening on the lists of dependencies. For this purpose,
we introduce the notation o = ¢’ to denote that whenever a judgment is derivable with o as list
of dependencies, then it is derivable using ¢”:

o0 2 VeVIVYA.(c: TrA;0)=c: (TFAG)).

131t is easy to convince ourself that when typing a command {p||q - jia.c) with {-|p}, the “correct” dependency within ¢
should be {a|pa(pllq - @)}, where the right proof is not a value. Furthermore, this dependency is irrelevant since there is
no way to produce such a command where a type adjustment with respect to a needs to be made in c.

4That is to say let @ = py in subst a refl in natural deduction.
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This clearly implies that the same property holds when typing evaluation contexts, i.e. if ¢ = ¢’
then o can be replaced by ¢’ in any typing derivation for any context e.

LEMMA 2.4 (DEPENDENCIES WEAKENING). For any list of dependencies o we have:
1.YV.(c{V|V} = o) 2.Yo' (6 = o0’)

Proor. The first statement is obvious. The proof of the second is straightforward from the fact
that for any p and g, by definition A, C As(p|q)- O

As a corollary, we get that § can indeed be replaced by any proof term when typing a context.

COROLLARY 2.5. Ifo = o', then for any p,e,T', A:
Tle:ArAo{-|t) = Tle:Ar Ao'{-Ip}.

Proor. For any variable a introduced in the list of dependencies when typing e, by definition of
the § and from the hypothesis, we get that o{a|f} = o¢’. Applying the previous Lemma, we get
that o’ = o'{alp} for any proof p, hence the result. O

We first state the usual lemmas that guarantee the safety of terms (resp. values, contexts)
substitution.

LEMMA 2.6 (SAFE TERM SUBSTITUTION). If T'+t: N | A; ¢ then:
(1) ¢: (T,x:N,T' + A;0) = c[t/x] : (T,T'[t/x] + Alt/x]; o[t/x]),
(2) T,x:N,T"+q:B| A;o = T,T'[t/x] v q[t/x] : B[t/x] | Alt/x]);o[t/x],
B) ILx:N, IV |e: B+ A;o = T,T'[t/x] | e[t/x] : B[t/x] + A[t/x]; o[t/x],
4) Tox NI ru:N|Ajo=T,T[t/x] Fult/x] : N | Alt/x]; o[t/x].

LEMMA 2.7 (SAFE VALUE SUBSTITUTION). If I'+ V : A | A; ¢ then:
(1) ¢c: (T,a: AT+ A;0) = c[V/a]: T,I'[V/a] + A[V/a];0[V/a]),
(2) T,a:AT'vrq:B|A;o=>T,I'[V/a]l F q[V/a] : B[V/a] | A[V/al;o[t/x],
(3) T,a:ATl"|e:B+A;o =TI,T'[V/a] | e[V/a]:B[V/a] + A[V/al;c[V/al,
4 T,a:AT"+ru:N|A;jo=>T,T'[V/a] - u[V/a] : N | A[V/al;o[V/a].

LEMMA 2.8 (SAFE CONTEXT SUBSTITUTION). If ' | e : A+ A; ¢ then:
1) c: (TrAa:AN;0) =>cle/a] : (T+AN;0),
2 Trq:B|Aa:AN;0=TFqle/a]:B|AAN;0,
B)T|e:BrAa:AN;0=>T|ele/a]:BFAN;0,
@ Tru:N|Aa:AN;c=>Tru:N|AN; 0]

Proor. The proofs are done by induction on the typing derivation. O

We can now prove the type preservation, using the previous lemmas for rules which perform a
substitution, and the list of dependencies to resolve local desynchronization for dependent types.

THEOREM 2.9 (SUBJECT REDUCTION). Ifc,c” are two commands of dL such thatc : (T + A;¢€) and
c v ¢/, thenc’ : (T F Ase).

Proor. The proof is done by induction on the typing derivation of ¢ : (I' + A; ), assuming that
for each typing proof, the conversion rules are always pushed down and right as much as possible.
To save some space, we sometimes omit the list of dependencies when empty, writing ¢ : I' + A
instead of ¢ : T' + A; ¢, and we denote the composition of the consecutive (=;) rules as:

I'le:BrAjo
T'le:Ar Ao =)
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where the hypothesis A = B is implicit.

« Case (Ax.p|t - e) ~» (p[t/x]|e).

A typing proof for the command on the left-hand side is of the form:

Ht He
I, TrHt:N|A T|e:B[t/x]F A (]t} o
Tx:Nrp:A|A T|t-e:Vx'"Br A;{-|Ax.p}
TrAxp:VaNA|A )

T|t-e:Vx"AFA; {|Ax.p)
Ax.plt-e):THA

(Curt)
We first deduce A[t/x] = B[t/x] from the hypothesis Vx''.A = Vx"'B. Then using that T',x : N +

p:AlAandT + ¢ : N | A, by Lemma 2.6 and the fact that A[¢/x] = A we get a proof IT}, of
T+ p[t/x]: Alt/x] | A. We can thus build the following derivation:

II,
HP

T'|e:B[t/x]+ A {-|p[t/x]
Trplt/x] - Alt/x] | A T |e:Alt/x]+ A {-|p[t/x]

J (=1)
t/x]}
(Cur)
plt/x]le) : T+ A
using Corollary 2.5 to weaken the binding to p[t/x] in IL,.
« Case (Aa.plq - e) ~ (qlfa.(ple)).

A typing proof for the command on the left-hand side is of the form:

Hq
HP
Ta:Arp:B|A

IF'rq:A"|A T |e:B'[q/a] - A;{|T}
I'|qg-e:MgaB + A;{-|Aa.p}
Tr dap:TaaB|A 7

I,

I'lqg-e:MgaB*rA; {|/1(1p} ((C=l))
(Aaplg-e):TFA o
If g ¢ D, we define By, = B” which is the only type in B?alq}' Otherwise, we define B, = B'[q/a]
which is a type in BEan}' In both cases, we can build the following derivation:

1L,
Ia:Arp:B|A 1,
1, Ta:Arp:B A" T.a:Al|e: B+ A {alg)(-Ip)
Trq:A A (le):Toa:Ar A falg) (Com
Trq:AlA ="

= (i)
I'| paple): Ar A;{lg) (o)
qlpapley) : T+ A
using Corollary 2.5 to weaken the dependencies in IT,.
« Case (ua.cle) ~» cle/a].

A typing proof for the command on the left-hand side is of the form:
.
c:THAa: A 11,
IF'rpuac:AlA ® I'le:Ar A;{-|ua.c}

(Curt)
(pa.cley : T'+ A
We get a proof that c[e/a] : T + A is valid by Lemma 2.8.
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« Case (V| fa.cy w» c[V/a].
A typing proof for the command on the left-hand side is of the form:
HC
c:T,a: A"+ A;{alV}
Iy T | jpac: A+ A{-|V)}
TrV:A[A T ljac:Ard (v "
(Vlpa.c) :TrA

()

(Cur)

We first observe that we can derive the following proof:
_ v
TrV:AIA

Trv.a|a =

and get a proof for ¢[V/a] : T + A; {V|V} by Lemma 2.7. We finally get a proof for ¢[V/a] : T + A
by Lemma 2.4.
- Case ((t,p)lle) > (plaa((t,a)le)), withp ¢ V.

A proof of the command on the left-hand side is of the form:

Ht HP
F'rt:N|A FFp:A[t/x]|A(3) 11,
Tr(tp): A A T e IxNAR A (L))
(Cur)

(Et.p)le) : T+ A

We can build the following derivation:

Hea () I
TF(t,a): IxNA| A Tle:INARA; {alp}-|(t,a)} con
1Ty ((t,a)le) : T,a: Alt/x] + As{alp} W
Trp:Alt/x]| A T | jia.((t,a)le) : Alt/x] F A;{-|p)

(plpa.((t,a)le)) : T + A (Cur)

where Il 4 is as expected, observing that since p ¢ D, the binding {-|(t,p)} is the same as {-|T},
and we can apply Corollary 2.5 to weaken dependencies in II,.

« Case (prf (t,V)|e) ~ (V]e).

This case is easy, observing that a derivation of the command on the left-hand side is of the form:

Iy
I, TrV:A®)]|A
Tr@tV): INAR) | A I,
Trprf (V) Awit V) 1A P Tle: Awit (V) F A ()

(rf(LV)[e) ;T F A (con

Since by definition we have A(wit (t,V)) = A(t), we can derive:
I,
My T |e:AWit(t,V)) F A {-[V}
TrV:A®) | A Tle: AV F A (V) "
(prf (£,V)]e) : T+ A

(Cur)
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Proofs p == V]pac| (p,p2) Tepi:Ar|A Thpy:Az|A (Ar)
Values V = al|lap| (V,Vs) Tk (p1p2) AT A A2 | A
Contexts e == al|p-e|fac|ilag,az).c c:T,a1: Aj,ap: Ay F A
c d = (ple) i : "
ommands ¢ p r I ,u(al,aZ).c TATNAFA
(a) Syntax (b) Typing rules
(pa.cley > cle/a] ((p1-p2)lfiar,az).c) > c[pi/a1]p2/az]
(Aa.plg-e) » <(qlialple)) paplay = p
(pliia.cy ~ clp/al fiaale) — e
(c) Reduction rules

Fig. 5. Aufi-calculus with pairs

« Case (subst refl glle) ~» (gle).
This case is straightforward, observing that for any terms t,u, if we have refl : ¢+ = u, then
A[t] = Alu] for any A.

« Case (subst p gle) ~» (p|fia.(subst a g|e)).
This case is similar to the case {(t,p)|e).

« Case c[t] w> c[t'] with t — ¢’
Immediate by observing that by definition of the relation =, we have A[t] = A[t] for any A.

2.7 Soundness

We here give a proof of the soundness of dL with a value restriction. The proof is based on an
embedding into the Apji-calculus extended with pairs, whose syntax and rules are given in Figure 5.
A more interesting proof through a continuation-passing translation is presented in Section 4.

We first show that typed commands of dL normalize by translation to the simply-typed Apji-
calculus with pairs (i.e. extended with proofs of the form (p;,p,) and contexts of the form fi(ay, az).c).
We do not consider here a particular reduction strategy, and take > to be the contextual closure of
the rules given in Figure 5.

The translation essentially consists of erasing the dependencies in types'®, turning the dependent
products into arrows and the dependent sum into a pair. The erasure procedure is defined by:

(VxNA)* 2N — A* T 2NN
(AxNA)* £ N A A* 1* 2NN
(ITgaB)* £ A" > B* | (t=u)* 2N - N

11> 11>

and the corresponding translation for terms, proofs, contexts and commands:

15The use of erasure functions is a very standard technique in the systems of the A-cube, see for instance [32] or [37].
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>

(ple)*

= (p*le*) x* 2 x (Aa.p)* = Aap*
o . n* ] (Ax.p)* £ Ax.p*
(t-e)" =t*-¢* (witp)® £ m(p”) (pa.c)* = pa.c*
(q-e)" =q" ¢ a =a (prfp)” = m(p”)
(fa.c)* £ fia.c* refl" £ Ax.x (t,p)" = palp*lial(t*,a)la))

(substV )" £ pa.(q*|a)
(substpq)” = pa(plli_ (pa g la)a)) (peVv)
where 7;(p) = pa.(pli(ai,az).{a1|a)). The term 7 is defined as any encoding of the natural number
n with its type N*, the encoding being irrelevant here as long as 1 € V. Note that we translate
differently subst V g and subst p g to simplify the proof of Proposition 2.12.
We first show that the erasure procedure is adequate with respect to the previous translation.

LEMMA 2.10. The following holds for any types A and B:
(1) For any termst and u, (A[t/u])" = A*.
(2) For any proofs p and q, (A[p/q])* = A*.
(3) IfA =B then A* = B*.
(4) For any list of dependencies o, if A € B, then A" = B*.

Proor. Straightforward: 1 and 2 are direct consequences of the erasure of terms (and thus proofs)
from types. 3 follows from 1,2 and the fact that (t = u)* = T* = L*. 4 follows from 2. O

We can extend the erasure procedure to typing contexts, and show that it is adequate with
respect to the translation of proofs.

ProrosITION 2.11. The following holds for any contexts T', A and any type A:
(1) For any commandc, ifc: T+ A;o, thenc* : T" + A"
(2) Foranyproofp,if T+ p:A|A;o, thenT* + p* : A* | A™.
(3) Forany contexte, if T |e: A+ A;o, thenT | e" : A" + A"

Proor. By induction on typing derivations. The fourth item of the previous lemma shows
that the list of dependencies becomes useless: since A € B, implies A* = B*, it is no longer
needed for the (cuT)-rule. Consequently, it can also be dropped for all the other cases. The case
of the conversion rule is a direct consequence of the third case. For refl, we have by definition,
refl” = Ax.x : N* — N*,

The only non-direct cases are subst p g, with p not a value, and (¢,p). To prove the former with
p ¢ V, we have to show that if:

Ttp:t=u|A;o Trq:B[t/x]|Ao
Ik substpq:Blu/x] | Ao

(subst)

thensubst p ¢* = pa.(p*|i_ {ua (g la)|a)) : Blu/x]*. According to Lemma 2.10, we have B[u/x]* =
B[t/x]* = B*. By induction hypothesis, we have proofs of T* + p* : N* —» N* | A" and
I'" + g* : B| A". Using the notation 74+ £ pa.(q*|a), we can derive:
I+ q": B* | A"
I"vng:B*|A" a:B*Fra:B
(ngley : T+ A*,a : B
Tk p* i N* > N* [A* T [i_ (nglla): B+ A" : B°
@l g 1) Tr A B
T F paplji_ (ng- o)y : B | A*

(Curt)
()
(Cur)
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The case subst V q is easy since (subst V q)* = [g], has type B* by induction. Similarly, the proof
for the case (t,p) corresponds to the following derivation:

T*Ft*:N|A* a:A"'Fa:A*
Ta: A+ () A A " @ NAAFa NAA
((t*,a)|a):T,a: A"F A*,a: NAA*
T p :AY A T fiad(t a)lay: A+ AT, a: NAAT
P lgal(t*,a)la)) : T"F A", a : NAA®
Ik pap*lpad(t*,a)la)) : N A A*| A*

(Cur)

()
(Cur)

(1)

]

We can then deduce the normalization of dL from the normalization of the Auji-calculus [33], by
showing that the translation preserves the normalization in the sense that if ¢ does not normalize,
then neither does c*.

ProrosITION 2.12. Ifc is a command such that c¢* normalizes, then ¢ normalizes.

Proor. We prove it by contraposition, by showing that if ¢ does not normalize (i.e. if it admits an
infinite reduction path), then c* does not normalize either. We will actually prove a slightly more
precise statement, namely that each step of reduction is reflected into at least one step through the
translation:

1 *
Yer,co,(cp w ¢ = dAn > 1,(¢))" o (c2)™).
Assuming it holds, we get from any infinite reduction path (for ~») starting from c another infinite
reduction path (for ») from c¢*. Thus, the normalization of ¢* implies the one of c.
It remains to prove the previous statement, that is an easy induction on the reduction rule .

« Case wit (t,V) — t:

(wit (£,V))" = m(paV*|pal(t*, a)l|a)))
= m(pa (V) e))
> ﬂl(t*,V*)
= pal(t*, ") Aar, az2) (ailla))
- pattla) — t*
« Case (ua.cle) ~» cle/a]:

(pa.cley)” = (ua.c*le*) = c*[e"/a] = c[e/a]
« Case (V| ja.cy w» c[V/a]:

(Vljia.c))’ = (V' lia.c"y > ¢'[V*/a] = e[V /a]

« Case (la.p|q - e) v (qljza-(ple)):
((Aa.plg-e))* = (Aa.p*lqg" - e*)
- (g lpalp*le™))
= ((qliapley)”
« Case (Ax.p|t - e) ~» (p[t/x]|e):
Axplt-e) = (Ax.p*|t"-e")
- (| fix p*le*))
= (p*[t*/x]le*) = (plt/x]le))”
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« Case ((t,p)lle) ~ (plaa.{(t,a)le)):

(@p)le))” = (palplpal(t”,a)la)le)
= (p*lpal(t*,a)le))
= (plpal(t.a)le))".

« Case (prf (t,V)]e) ~ (V]e):

(prf (£, V)le))" = (m(ua(V*lial(t",a)la)))le)
= (m (pa (", V) |er))le*)
= (m (5, V") e*)
= (ua{(t*,V)li(a1,az) (azla))le”)
= (", V")lji(a1,az2)(azle*))
= (V¥e*) = (Vley)*

« Case (subst refl gle) ~» (gle):

((substreflglle))* = (ua{g*|a)le*)
— (g le*) = ((glle))”

« Case (substp gle) ~ (pljia.(subst aqle)) (with p ¢ V):

((substpgle))* = (ua.(p*li_ (palgladla)le)
= (prllp_ (palglade*))
= (ua g la)le’) = ((substagle))”

THEOREM 2.13. Ifc: (T + A;¢), then c normalizes.

ProoF. Proof by contradiction: if ¢ does not normalize, then by Proposition 2.12 neither does
c*. However, by Proposition 2.11 we have that ¢* : T + A*. This is absurd since any well-typed
command of the Auji-calculus normalizes [33]. O

Using the normalization, we can finally prove the soundness of the system.
THEOREM 2.14 (SOUNDNESS). Foranyp € dL, we have¥ p: L.

Proor. We actually start by proving by contradiction that a command ¢ € dL cannot be well-
typed with empty contexts. Indeed, let us assume that there is such a command ¢ : (+). By
normalization, we can reduce it to ¢’ = (p’|e’) in normal form and for which we have ¢’ : (+) by
subject reduction. Since ¢’ cannot reduce and is well-typed, p’ is necessarily a value and cannot be
a free variable. Thus, e’ cannot be of the shape jia.c”” and every other possibility is either ill-typed
or admits a reduction, which are both absurd.

We can now prove the soundness by contradiction. Assuming that there is a proof p such that
F p: L, we can form the well-typed command (p|x) : (- % : L) where  is any fresh a-variable.
The previous result shows that p cannot drop the context * when reducing, since it would give rise
to the command c : (). We can still reduce (p|x) to a command c in normal form, and see that ¢
has to be of the shape (V[*) (by the same kind of reasoning, using the fact that ¢ cannot reduce
and that c¢ : ( x : L) by subject reduction). Therefore, V is a value of type L. Since there is no
typing rule that can give the type L to a value, this is absurd. O
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2.8 Toward a continuation-passing style translation

The difficulty we encountered while defining our system mostly came from the interaction between
classical control and dependent types. Removing one of these two ingredients leaves us with a sound
system in both cases. Without dependent types, our calculus amounts to the usual Auji-calculus.
And without classical control, we would obtain an intuitionistic dependent type theory that we
could easily prove sound.

To prove the correctness of our system, we might be tempted to define a translation to a subsystem
without dependent types, or without classical control. We will discuss later in Section 5 a solution
to handle the dependencies. We will focus here on the possibility of removing the classical part
from dL, that is to define a translation that gets rid of the classical control. The use of continuation-
passing style translations to address this issue is very common, and it was already studied for the
simply-typed Apufi-calculus [7]. However, as it is defined to this point, dL is not suitable for the
design of a CPS translation.

Indeed, in order to fix the problem of desynchronization of typing with respect to the execution,
we have added an explicit list of dependencies to the type system of dL. Interestingly, if this solved
the problem inside the type system, the very same phenomenon happens when trying to define a
cps-translation carrying the type dependencies. Let us consider, as discussed in Section 2.5, the
case of a command (gl fia.(ple)) with p : B[a] and e : B[q]. Its translation is very likely to look like:

la] [fa-(pled] = [q] (Aa.([p] [e])).

where [p] has type (B[a] — L) — L and [e] type B[q] — L, hence the sub-term [p] [e] will be
ill-typed. Therefore, the fix at the level of typing rules is not satisfactory, and we need to tackle the
problem already within the reduction rules.

We follow the idea that the correctness is guaranteed by the head-reduction strategy, preventing
{(plle) from reducing before the substitution of a was made. We would like to ensure the same thing
happens in the target language (that will also be equipped with a head-reduction strategy), namely
that [p]] cannot be applied to [e] before [¢] has furnished a value to substitute for a. This would

correspond informally to the term?:

(gl (Aa.[p]))[e].-

Assuming that g eventually produces a value V, the previous term would indeed reduce as follows:

(Iq)(Aa.[p]))[e] — ((Aa.[p]) [VI) [e] = [pl[[V]/a] [€]

Since [p][[V]/a] now has a type convertible to (B[qg] — L) — L, the term that is produced in the
end is well-typed.

The first observation is that if g, instead of producing a value, was a classical proof throwing
the current continuation away (for instance pa.c where a ¢ FV (c)), this would lead to the unsafe
reduction:

(Aa.[c](Aa.[p]))[e] — [c] [e]-
Indeed, through such a translation, g would only be able to catch the local continuation, and the

term ends in [c][e] instead of [c]. We thus need to restrict ourselves at least to proof terms that
could not throw the current continuation.

16We will see in Section 4.4 that such a term could be typed by turning the type A — L of the continuation that [¢] is
waiting for into a (dependent) type I1,.4 R[a] parameterized by R. This way we could have [q] : YR.(Ilz.aR[a] — R[q])
instead of [q] : ((A - L) — 1).For R[a] := (B(a) —» L) — L, the whole term is well-typed. Readers familiar with
realizability will also note that such a term is realizable, since it eventually terminates on a correct term [p[q/a]] [e]-
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Proofs pu=---| ,utb.cﬁ) NEF PN ==V | (t,pN) | px.cn
Delimited g 1= (pnlleg) | (pl o) fragment ”|_p<rfpﬁ\] | ;UbStpN w
continuations eq = fla.cg CN = PNleN
en =% | fla.cy
(a) Language
(pacle) ~ cle/al (prfple) ~ (utp.(pliiaprf altp))le)
NEF R . pev .
(Aa.plq - e) 1 (utp.(qlfia-{p|to))]e) (substpgle) ~> (pljia.(substagqle))
(Aa.plg-ey ~> (qlpalple)) (subst reflgle) ~> (gle)

AxpllVe &) o plVe/x]le) o (plBle) ~ (ple) A
Wplpa.cy o clVp/al ¢ ¢’ = (utpcle) w (uip.c'lle)
(Vip)ley -~ (plaa((Ve,a)le)) witp =t < VYa,(pla) ~ ((t,p")|a)

(prf (Ve, Vp)lley > (Vplle) t ot = c[t] w c[t']
where:
Vie=x|n Vo u=al|dap | Axp | (V:,Vp) | refl c[t] == {(t,p)le) | (Ax.p|t - e)
(b) Reduction rules

Fig. 6. dLﬁ): extension of dL with delimited continuations

The second observation is that such a term suggests the use of delimited continuations!” to
temporarily encapsulate the evaluation of ¢ when reducing such a command:

(Aa.plg-e) ~ (utpLglialplto)le).

This command is safe under the guarantee that g will not throw away the continuation'® jia.{p|tp),
and will mimic the aforedescribed reduction:

(uoLglia.(plo)ley ~w (upVijalployle) ~ (uto.(p[V/alltdle) ~> (p[V/alle).

This will also allow us to restrict the use of the list of dependencies to the derivation of judgments
involving a delimited continuation, and to fully absorb the potential inconsistency in the type of
tp. In Section 3, we will extend the language according to this intuition, and see how to design a
continuation-passing style translation in Section 4.

3 EXTENSION OF THE SYSTEM
3.1 Limits of the value restriction

In the previous section, we strictly restricted the use of dependent types to proof terms that are
values. In particular, even though a proof term might be computationally equivalent to some value
(say pa.(V]a) and V for instance), we cannot use it to eliminate a dependent product, which is
unsatisfactory. We will thus relax this restriction to allow more proof terms within dependent
types.

We can follow several intuitions. First, we saw at the end of the previous section that we could
actually allow any proof terms as long as its CPS translation uses its continuation and uses it only
once. We do not have such a translation yet, but syntactically, these are the proof terms that can be

17We stick here to the presentations of delimited continuations in [2, 19], where tb is used to denote the top-level delimiter.
180therwise, this could lead to an ill-formed command (utp.c|le) where ¢ does not containt p.
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expressed (up to a-conversion) in the Auji-calculus with only one continuation variable (that we
call x in Figure 6), and which do not contain application!®. We insist on the fact that this defines
a syntactic subset of proofs. Indeed, x is only a notation and any proof defined with only one
continuation variable is a-convertible to denote this continuation variable with x. For instance,
pa{up{VIplla) belongs to this category since:

pa pp VI a) =a px (px (VIx)*)

Interestingly, this corresponds exactly to the so-called negative-elimination-free (NEF) proofs of
Herbelin [18]. To interpret the axiom of dependent choice, he designed a classical proof system
with dependent types in natural deduction, in which the dependent types allow the use of NEF
proofs.

Second, Lepigre defined in a recent work [22] a classical proof system with dependent types,
where the dependencies are restricted to values. However, the type system allows derivations of
judgments up to an observational equivalence, and thus any proof computationally equivalent to a
value can be used. In particular, any proof in the NEF fragment is observationally equivalent to a
value, and hence is compatible with the dependencies of Lepigre’s calculus.

From now on, we consider dLy, the system dL of Section 2 extended with delimited continuations,
and define the fragment of negative-elimination-free proof terms (NEF). The syntax of both categories
is given by Figure 6, the proofs in the NEF fragment are considered up to a-conversion for the
context variables?’. The reduction rules, given in Figure 6, are slightly different from the rules
in Section 2. In the case (la.plq - e) with q € NEF (resp. (prfple)), a delimited continuation is
now produced during the reduction of the proof term q (resp. p) that is involved in the list of
dependencies. As terms can now contain proofs which are not values, we enforce the call-by-value
reduction by requiring that proof values only contain term values. We elude the problem of reducing
terms, by defining meta-rules for them?!. We add standard rules for delimited continuations [2, 19],
expressing the fact that when a proof ptp.c is in active position, the current context is temporarily
frozen until ¢ is fully reduced.

3.2 Delimiting the scope of dependencies

Regarding the typing rules, which are given in Figure7, we extend the set D to be the NEF fragment:
D £ NEF

and we now distinguish two modes. The regular mode corresponds to a derivation without de-
pendency issues whose typing rules are the same as in Figure 4 without the list of dependencies;
plus the new rule of introduction of a delimited continuation tp;. The dependent mode is used
to type commands and contexts involving tp, and we use the symbol 4 to denote the sequents.
There are three rules: one to type tp, which is the only one where we use the dependencies to unify
dependencies; one to type context of the form fia.c (the rule is the same as the former rule for jia.c
in Section 2); and a last one to type commands {p|e), where we observe that the premise for p is
typed in regular mode.

PIndeed, Aa.p is a value for any p, hence proofs like ua.{Aa.p|lq - &) can drop the continuation in the end once p becomes
the proof in active position.

20We actually even consider a-conversion for delimited continuations p, to be able to insert such terms inside a type, even
though it might seem strange it will make sense when proving subject reduction.

2 Everything works as if when reaching a state where the reduction of a term is needed, we had an extra abstract machine
to reduce it. Note that this abstract machine could possibly need another machine itself, etc... We could actually solve this
by making the reduction of terms explicit, introducing for instance commands and contexts for terms with the appropriate
typing rules. However, this is not necessary from a logical point of view and it would significantly increase the complexity
of the proofs, therefore we rather chose to stick to the actual presentation.
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Regular mode:
Trp:A|A Tle: A+ Alp}
(Cur)
(pley : T+ A
(a:A)eT (a:A)eA
0 (Ax;) % (Axp)
Tra:A|A Tla:ArA
C:(FI—A,(X:A)() c:(T,a: A+ A) W
Trpac:A|A T|jac:ArA "
Fa:Arp:B|A ( I'tq:A|A Tle:Blg/a]r A qeéZ)zaeEFV(B)(
TrAap:MaaB|A " T|q-e:HgsBrA !
Ix:Nkrp:A|A ) Trt:NFA F|e:A[t/x]|—A(v)
Trixp:VxlA|A Tlt-e:VxlAr A l
Trt:N|A I‘I—p:A(t)|A(3) Trp:NAX) A peD c
r r
T+ (t,p): INA®R) | A T+ prfp: Awitp) | A ©
'rp:A|A A=B _ I'le:A+rA A=B _
THp:B|A ” Tle:BFA -
Trp:t=u|A Trq:B[t/x]|A Fri:NJ|A
(subst) —— (refl)
I'Fsubstpq: Blu/x] | A Frrefl:t=t]A
T : dxA A
axy —BEN ) Pp: A |A peD
ILx :Nrx:N|A F'tn:N|A F'-witp:N|A
Dependent mode:
c:Trg A tp:Ae) . F'rp:A|lA FIe:AFdA,tb:B;J{-Ip}
- (nto) ~ (Cury)
I'kutpc:AlA le) :Trg A,tp: By o
Be A, ) c:(T,a:Avrg At : B;olalp)) i)
- : t - - fla
I'tp:Avrg Atp: B;of-|p} I'| fja.c: Arg Ao : Byof:Ip}

Fig. 7. Type system for dLg,

Additionally, we need to extend the congruence to make it compatible with the reduction of NEF
proof terms (that can now appear in types), thus we add the rules:

Alp] > Alq] if Yo ((plla) ~ (qll))
A[(qlia-(pl*))] > Al{plg/all*)] withp,q € NEF

Due to the presence of NEF proof terms (which contain a delimited form of control) within types
and list of dependenciess, we need the following technical lemma to prove subject reduction.

LEMMA 3.1. For any contextI',A, any type A and any e, i .c:
(ux.cley:Trg Afo:Bie = cle/x]:Trqg Atp: Bie.
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Proor. By definition of the NEF proof terms, px.c is of the general form
px.c = px(prlfayp2llftaz (.. Nfgan—1.{pnl*)))). For simplicity reasons, we will only give
the proof for the case n = 2, so that a derivation for the hypothesis is of the form (we assume the
conv-rules have been pushed to the left of cuts):

II,
Fag :Ajrpy i Al A kA - |k AFA XA o)
I, p2l*) :T,a1 : Ay F A% A W
Frp: A | Ax:A T | fja;.(pal*) : A1 - A,k - A (o)
prllfiar {p2lx)) : T+ A% : A w
Ik pxpillpar{pzlx)) : A A Hf
Frpuxc:AlA I'le:Arg Ajtp: Bs{-|px.c}

N (Cur)
(ux.cley : T g A,tp: B;e

Thus, we have to show that we can turn II, into a derivation IT, of T' | e : A kg4 Aﬁ); {ailpi}:1p2}
with Aﬁ) 2 A, p : B, since this would allow us to build the following derivation:

I, I,
Lag: Atk pat ATA - et Arg Ags{arlpi}-Ip2} con
0, (p2l*) : Tya1 : Ay + Ags {arlp1} -
FEpr:Ar|A I | fia1{pzlle) : A1 ka Dgs {-Ip1)

_ (CuT)
(p1lfar{p2lle)) : T kg4 Aﬁ);g

It suffices to prove that if the list of dependencies was used in II, to type tp, we can still give a

derivation with the new one. In practice, it corresponds to showing that for any variable a and any
o:

{alpx.clo = {ailpiHalpzlo.
For any A € B, by definition we have:
Alpx (pilay {p2|*))/b] = Alpx (pa[p1/ai]1%)/b]
= Alpa[p1/a1]/b] = Alp2/b][p1/a1].
Hence for any A € Bg|ux.c)o there exists A" € Bya,|p,}{alp,}o Such that A = A’, and we can derive:
A" € Biay|pi)talpe)o
T :A kg AG: B larlp Hblpslo A= A’
T ®:Arg A Bi{alpi}{blps}o

We can now prove subject reduction for dLg,.

THEOREM 3.2 (SUBJECT REDUCTION). If'c,c” are two commands of dLg, such thatc : (I' + A) and
¢~ ¢, thenc’ : (T + A).

Proor. Actually, the proof is slightly easier than for Theorem 2.9, because most of the rules do
not involve dependencies. We only give some key cases.
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e Case (1a.p|q - e) » (utp.(qlfia.(p|t))|e) with g € NEF.
A typing derivation for the command on the left is of the form:
HP Hq I,
Ta:Arp:B|A Trq:A|A T|e:B[g/a]lrA
T+ ap:TgaBla Y Tlq e:MaaBrA =)
Qaplg-e) T+ A (Com)

We can thus build the following derivation for the command on the right:

I, Blq] € (Blal)(alq) )
Fa:Arp: B[aA] |A T|tp: B[a! Fa A : Blql; {alg}{-|T} (con
I, (pltp) : T,a: Arq A : Blg]; {alq}
IFq:AlA i Flﬁw(pllﬁi):AFd At : Blgl; {-Ig) con
<qllﬁa~<p|ItP>> T kg A,Auo : Blgl; e - I,
I'F ptp{qlpalplto)) | A I'|e:Blg/a]+ A

(CuT)

(utp.(glfaplto)le) : T + A

e Case (prf ple) ~ (utp.(plfia.{prf al))le).
We prove it in the most general case, that is when this reduction occurs under a delimited
continuation. A typing derivation for the command on the left has to be of the form:

1T,
I'kp:3Ix.A(x) | A ] I,
Trprip: Awitp) 18 77 T e: A(witp) rq At : Biol-prfp)

< (Cur)
(priple) : T +q A,tp: B;o

The proof p being NEF, so is ptp.{p|jia.(prf a|tp)), and by definition of the reduction for
types, we have for any type A that:
Alprf p] > Alutp.(pl ia(prf al )],
so that we can prove that for any b:
a{blprfp} = o{blutp(plia(prf alt))).
Thus, we can turn II, into II/ a derivation of the same sequent except for the list of

dependenciess that is changed to o{~|,uﬁ).(p||[1a.<prf a|tp))}. We conclude the proof of this
case by giving the following derivation:

I,
T'kp:3Ix.Alx) | A
— — — - (Cur)
(plpalprfaltoNT kgl A, to : A(witp); e Mg
s - = - (1tp)
I+ ptp(pliaprfalt)) : A(witp) | A
with ITg, the following derivation where we removed I and A when irrelevant:

a:dx.Ara:dx.A (prf) Alwitp) € (A(wit a))“”f’]
a:3dx.Av prfa: A(wita) b D : A(wita) Fg 1 : A(wit p); {alp)
(prfalltb) :T,a: Ax.A(x) +yq At A(wit p); {alp}

- - i
I'| pa(prfaltp) : Ax.A(x) Fq A, tp : A(wit p); {-|p}

()
(Cur)
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o Case (utp.(plt)le) ~ (ple).
This case is trivial, because in a typing derivation for the command on the left, fp is typed
with an empty list of dependencies, thus the type of p,e and tp coincides.

e Case (utp.cle) ~ (utp.c’|e) with ¢ w» ¢’.
This case corresponds exactly to Theorem 2.9, except for the rule (ua.cle) ~» cle/a],
since pia.c is a NEF proof term (remember we are inside a delimited continuation), but this
corresponds precisely to Lemma 3.1.

]

Remark 3.3. Interestingly, we could have already taken 9 = NEF in dL and still be able to prove
the subject reduction property. The only difference would have been for the case (ua.cle) ~» c[e/a]
when pa.c is NEF. Indeed, we would have had to prove that such a reduction step is compatible
with the list of dependencies, as in the proof for dLg,, which essentially amounts to Lemma 3.1.
This shows that the relaxation to the NEF fragment is valid even without delimited continuations.

To sum up, the restriction to NEF is sufficient to obtain a sound type system, but is not enough to
obtain a calculus suitable for a continuation-passing style translation. As we will now see, delimited
continuations are crucial for the soundness of the cps translation. Observe that they also provide
us with a type system in which the scope of dependencies is more delimited.

4 A CONTINUATION-PASSING STYLE TRANSLATION

We shall now see how to define a continuation-passing style translation from dLg, to an intuitionistic
type theory, and use this translation to prove the soundness of dLg,. Continuation-passing style
translations are indeed very useful to embed languages with classical control into purely functional
ones [7, 15]. From a logical point of view, they generally amount to negative translations that allow
to embed classical logic into intuitionistic logic [9]. Yet, we know that removing classical control
(i.e. classical logic) of our language leaves us with a sound intuitionistic type theory. We will now
see how to design a CPS translation for our language which will allow us to prove its soundness.

4.1 Target language

We choose the target language to be an intuitionistic theory in natural deduction that has exactly
the same elements as dLy,, except the classical control. The language distinguishes between terms
(of type N) and proofs, it also includes dependent sums and products for types referring to terms as
well as a dependent product at the level of proofs. As is common for CPS translations, the evaluation
follows a head-reduction strategy. The syntax of the language and its reduction rules are given by
Figure 8.

The type system, also presented in Figure 8, is defined as expected, with the addition of a second-
order quantification that we will use in the sequel to refine the type of translations of terms and
NEF proofs. As for dLy, the type system has a conversion rule, where the relation A = B is the
symmetric-transitive closure of A> B, defined once again as the congruence over the reduction —
and by the rules:

0=0>T 0=S(u)>L
St)=0> 1L S(t)=Su)>t=u.

4.2 Translation of proofs and terms

We can now define the continuation-passing style translation of terms, proofs, contexts and com-
mands. The translation is given in Figure 9, in which we tag some lambdas with a bullet A* for
technical reasons. The translation for delimited continuation follows the intuition we presented in
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t u= x|nalwitp (neN) (Ax.p) t —p p[t/x]
p == allap|ixp|pqlpt (Aa.p) g —p plq/al
| (t.p) | prip | refl | substpg pPqg—pp'q (ifp =5 p’)
k(wit (t,p)) —p kt
AB == T|L|t=u|IlgaB prf(t,p) —pp
| VA | IxNA | VXA substreflg —5 q
(a) Language and formulas (b) Reduction rules
@ (x:N)GF(A (a:A)EF(A )
— + _— X
'rn:N xn) F'rx:N X Tra:A ’

INa:Avrp:B IF'rp:lgaB Trqg:A ILx:NFp:A o)
TF dap:TaaB " Trpq:Blgal 7 Trixp:vaa
Trp:VxA l"l—l‘:N(l 'rp:A X ¢FV() y F'rp:VX.A )

Trpt:Alt/x] £ Trp:VX.A ! Trp:AP/X] °

Trt:N Trp:Afu/x] an Trp:IxA ( Trp:3IxNA

7 —_— (Wi
T+ (t,p): VA Trprfp:Awitp) " Trwitp:
r it = T T A[t : =
— (refl) 9 u 9 [ ] (subst) M (CONV)
Trrefl:x=x I+ substpgq: Alu] IT'rtp:B

(c) Type system

Fig. 8. Target language

Section 2.8, and the definition for stacks ¢ - e and q - e (with ¢ NEF) inlines the reduction producing
a command with a delimited continuation. All the other rules are natural in the sense that they
reflect the reduction rule ~», except for the translation of pairs (¢,p):

[[(t’p)]],ﬁ = Ak”pﬂp([[t]]t (Axa'k (x’a)))

The natural definition would have been Ak.[t]; (Au.[p], Aq.k (u,q)), however such a term would
have been ill-typed (while this definition is correct, as we will see in the proof of Lemma 4.9). Indeed,
the type of [p], depends on ¢, while the continuation (Aq.k (u,q)) depends on u, but both become
compatible once u is substituted by the value return by [¢];. This somewhat strange definition
corresponds to the intuition that we reduce [t]; within a delimited continuation?, in order to
guarantee that we will not reduce [p], before [t]; has returned a value to substitute for u. The
complete translation is given in Figure 9.

Before defining the translation of types, we first state a lemma expressing the fact that the
translations of terms and NEF proof terms use the continuation they are given once and only once.
In particular, it makes them compatible with delimited continuations and a parametric return type.
This will allow us to refine the type of their translation.

LeEMMA 4.1. The translation satisfies the following properties:
(1) For any termt in dLg,, there exists a. term t* such that for any k we have [t], k -5k .

221n fact, we could define it formally, which would require a kind of co-delimited continuation.



A Classical Sequent Calculus with Dependent Types 1:27

[witp]: = Ak.[p], (Xq.k (witq)) [nlv,  =n

Vilv, £ Ak.kV, Ix]v, L x

la]v 2aq [reflly = refl
[Aap]v = Xa.[p], [Axplv £ Xx.[pl,
[(Ve.Vp)lv = ([Velve. [VIv)

V1, 2 2k k[V]y [utocl, = k.[e]pk
[pa.cl, = Xa.[c]c

[prfpl, = Xk.([pl, (XqAk’ .k’ (prfq))) k

[(t.p)]p = Xk.[plp([t]: (AxXa.k (x,a)))

[substV q], = Ak.[q],(Xq".k (subst [V]v q')))

[substpql, = Ak.[pl, (Xp”.[4l,(Xq’ -k (substp’q’))) peV)
[e]e Za [ga.c]le = Xa.[c].
[t-ele  =p.([t]: (Xvpo)) [e]e

lgn - ele = Ap.([gn]p (Xv.po)) [e]e (9N € NEF)
la-ele = 2p.lqlp Fopofele) (q ¢ NEF)
[ple]e = [ele [plp [pl®)] g, £ [pl,
[pley = [plplele, (e # ) [ha.cle, = ZXa.[c]g

Fig. 9. Continuation-passing style translation

(2) For any NEF proof pw, there exists a. proof p}; such that for any k we have [pn], k —>2} kpy-

In particular, we have :

[t Ax.x =t and  [pn]pAa.a >} py

Proor. Straightforward mutual induction on the structure of terms and NEF proofs, adding
similar induction hypothesis for NEF contexts and commands. The terms ¢* and proofs p* are given
in Figure 10. We detail the case (t,p) with p € NEF to give an insight of the proof.

[(t.p)]p k—p [p]p([t]: (Axa.k (x,a))) (by definition)
—p ([t]: (Axa.k (x,a))) p* (by induction)
—p (Axa.k (x,a)) t* p* (by induction)
—p (Aak (t*.a)) p*
—p k(t",p") O

Moreover, we can verify that the translation preserves the reduction:
PROPOSITION 4.2. Ifc,c’ be two commands of dLg, such that ¢ ~ ¢’, then [c]. =g [¢]

Proor. Simple proof by induction on the reduction rules for ~», using Lemma 4.1 for cases
involving a term t. O
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xt Ax (Qap)* 2 alpl, (pre)y’  =c
n* £ (Ax.p)* 2 Ax.[p], (Htp.c) =c*
(Witp)+ S Witp+ (t’p)"' N (t+"p+) (<p||*>)+ A p+
at 2 g (prfp)"  =prfp* (plpy)"  2p*
refl™ = refl (substpq)™ = substp™ q* (plia.cg))™ = c*[p*/a]

Fig. 10. Linearity of the translation for NEF proofs

4.3 Normalization of dep

We can in fact prove a finer result to show that normalization is preserved through the translation.
Namely, we want to prove that any infinite reduction sequence in dLy, is responsible for an infinite
reduction sequence through the translation. Using the preservation of typing (Proposition 4.10)
together with the normalization of the target language, this will give us a proof of the normalization
of dLg, for typed proof terms.

To this purpose, we roughly proceed as follows:

(1) we identify a set of reduction steps in dL¢, which are directly reflected into a strictly positive
number of reduction steps through the CPS;

(2) we show that the other steps alone can not form an infinite sequence of reduction;

(3) we deduce that every infinite sequence of reduction in dLg, give rise to an infinite sequence
through the translation.

The first point corresponds thereafter to Proposition 4.5, the second one to the Proposition 4.6.
As a matter of fact, the most difficult part is somehow anterior to these points. It consists in
understanding how a reduction step can be reflected through the translation and why it is enough
to ensure the preservation of normalization (that is the third point). Instead of stating the result
directly and give a long and tedious proof of its correctness, we will rather sketch its main steps.

First of all, we split the reduction rule — s into two different kinds of reduction steps:

o administrative reductions, that we denote by —,, which correspond to continuation-passing
and computationally irrelevant (w.r.t. to dL,) reduction steps. These are defined as the
P-reduction steps of non-annotated As.

o distinguished reductions, that we denote by —,, which correspond to the image of a
reduction step through the translation. These are defined as every other rules, that is to

say the f-reduction steps of annotated A*’s plus the rules corresponding to redexes formed
with wit, prf and subst .

In other words, we define two deterministic reductions —, and —,, such that the usual weak-
head reduction — 4 is equal to the union —. U —,. Our goal will be to prove that every infinite
reduction sequence in dLg, will be reflected in the existence of an infinite reduction sequence for

—.

Second, let us assume for a while that we can show for any reduction ¢ ~» ¢’ we obtain:
[[C]]c [[clﬂc

Yy <

to — 51 L) ty
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through the translation. Then by induction, it implies that if a command ¢y produces an infinite
reduction sequence ¢y w» ¢ w> ¢ w» .., it is reflected through the translation by the following
reduction scheme:

[[COHC [[Clﬂ IICZIIC
X 7 N VN

ﬁt—lmim t—1>t*>ta Ptog —L s by ——- 5
00 01 02 10 11 12 20 .21

Using the fact that all reductions are deterministic, and that the arrow from [¢;].. to  (and [c;].
to t12 and so on) can only contain steps of the reduction —,, the previous scheme in fact ensures
us that we have:

[[CO]] c [[Cl]]c [[Czﬂ ¢

! i L

* * 1 *
ﬁtoz ﬁtlo o 111 ﬁtlz

*

ﬁtzo Loty —--~

This directly implies that [¢y]. produces an infinite reduction sequence and thus is not normalizing.
This would be the ideal situation, and if the aforementioned steps were provable as such, the
proof would be over. Yet, our situation is more subtle, and we need to refine our analysis to tackle
the problem. We shall briefly explain now why we can actually consider a slightly more general
reduction scheme, while trying to remain concise on the justification. Keep in mind that it is our
goal to preserve the existence of an infinite sequence of distinguished steps.

The first generalization consists to allow distinguished reductions for redexes that are not in
head positions. The safety of this generalization follows from this proposition:

PROPOSITION 4.3. Ifu —, u’ and t[u’] does not normalize, then neither does t[u].
Proor. By induction on the structure of ¢, a very similar proof can be found in [20]. O

Following this idea, we define a new arrow —>, by:
u—u = tlu] 5. tl']

where t[] =[] | t/(¢[]) | Ax.t[], expressing the fact that a distinguished step can be performed
somewhere in the term. We denote by — g+ the reduction relation defined as the union — 45 U .,
which is not deterministic. Coming back to the thread scheme we described above, we can now
generalize it with this arrow. Indeed, as we are only interested in getting an infinite reduction
sequence from [cy]., the previous propos1t10n ensures us that if ¢y, (12, etc.) does not normalize, it
is enough to have an arrow fy; - g+ toz (t11 —5 g+ tiz, etc.) to deduce that t; does not normalize
either. Hence it is enough to prove that we have the following thread scheme, where we took
advantage of this observation:

[[CO]] c [[Clﬂ [[CZ]] c
N / N 7N

a
1 ﬁ+ ﬂtlo Lt b L

ﬁtoo — e log —— ﬂtzo — ety -~~~

In the same spirit, if we define =, to be the congruence over terms induced by the reduction
—,, we can show that if a term has a redex for the distinguished relation in head position, then so
does any (administratively) congruent term.

ProrosiTION 4.4. If't —Ls, uandt =, t’, then there exists u’ such thatt’ —>¢ u’ andu =, u’.
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Proor. By induction on t, observing that an administrative reduction can neither delete nor
create redexes for —,. O

In other words, as we are only interested in the distinguished reduction steps, we can take the
liberty to reason modulo the congruence =,. Notably, we can generalize one last time our reduction
scheme, replacing the left (administrative) arrow from [c;]. by this congruence:

[[CO]]C [[clﬂc [[CZ]]C
* a * a *
X 7" 70N
tog —Logtor — 4. 1oy to —Loetn — 4ty tag —L ety --->
For all the reasons explained above, such a reduction scheme ensures that there is an infinite
reduction sequence from [co] .. Because of this guarantee, by induction, it is enough to show that
for any reduction step ¢y ~ ¢, we have:

[[CO]]C [CI]]C
X Va (1)

P —Loety —— .ty

B

In fact, as explained in the preamble of this section, not all reduction steps can be reflected this
way through the translation. There are indeed 4 reduction rules, that we identify hereafter, that
might only be reflected into administrative reductions, and produce a scheme of this shape (which
subsumes the former):

[[CO]]C —*>ﬂ+ t =, [[Clﬂc (2)
This allows us to give a more precise statement about the preservation of reduction through the
CPS translation.

PROPOSITION 4.5 (PRESERVATION OF REDUCTION). Let ¢ be two commands of dLg,. If co ~> ¢y, then
it is reflected through the translation into a reduction scheme (1), except for the rules:

(substpqle) P«ﬂ/ (plfa.(subst agle)) (o (pltpdle) ~>  (ple)
(substreflgle) {(qle) c[t] ~w o c[t]

which are reflected in the reduction scheme (2).

Proor. The proof is done by induction on the reduction ~» (see Figure 6). To ease the notations,
we will often write Xv.(A%.[p],) v —+ Ax.[p], where we perform a-conversion to identify
Xv.[p]p[v/x] and X'x.[p],. Additionally, to facilitate the comprehension of the steps corresponding
to the congruence =,, we use an arrow —, to denote the possibility of performing an administrative
reduction not in head position, defined by:

u—,u = tlu] =5, tu']

We write —,+ the union —, U —5..
e Case (ua.cle) ~» cle/a]:
We have:
[pacle]e = (Xa.[c]c)]e]e
— e [c]clle]e/a] = [cle/a]].
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e Case (la.plq - e) » (qlfa-(ple)):
We have:

[Gaplg-oc = (kk(Falply) Xp.lal, Cto-po [e].)
—a (Xp.[qlp, (Fv.po[e]e)) Xa.[pl,
T’- laly, (Fv.(Xa.[p]p) v [e]e)
—. [q]p (Xa.[plp [e]e) = [Kqlia-(plen].

gN ENEF . N ~
o Case (Aaplgy ) "~ (utp.(qnljia-(plD)le):
We know by Lemma 4.1 that gy being NEF, it will use, and use only once, the continuation
it is applied to. Thus, we know that if k —, k’, we have that:

[anlp k —p kayy —e k' g p— lanlp K’

and we can legitimately write [gn], k —. [gn], k” in the sense that it corresponds to
performing now a reduction that would have been performed in the future. Using this
remark, we have:

[Aaplgn -e)]c = (Ak.k(Xa.[plp)) Ap-([gn]p (Fv.po)) [e]e
-2 ([gn]p Xo.(Xa.[p]p) 0)) [e]e
—e ([an]p (Xa[p]p))[e]. ) )
a— (Ak.([gn]p (Xa.[p])) k) [e]e = [Kutpdgnlfaplt))le)].

e Case (Ax.p|V; - e) v (p[V;/x]le):
Since V; is a value (i.e. x or n), we have [V;]; = Ak.k [V;]v,. In particular, it is easy to deduce
that [p[V;/x]], = [plp[[Vi]v,/x], and then we have:

[AxplVe-e)]c = (Ak.k (Xx.[p]p)Ap-([Vi]: (Fv.po)) [e]e
55 ([Vele (Fo.(Xx.[p]p) 0)) [e]e
—a ((Xv.(Ax.[pl,) v) [Ve]v,) [e] e
e ((A.x-[[Pﬂp) Velv,) [ele
— e ([plp[[Velv. /xD) [e]e = [pIVe/x]],p [e]e = <p[Vi/x]le)

e Case (V|ja.c) ~ c[V/a]:
Similarly to the previous case, we have [V], = Ak.k [V]y and thus [c[V/x]]. = [p],[[V]v/al.

[(Volia.c)]e = (Ak.k [V]v)Xa.[c].
— 5 (Na.[c]e) [VIv
— e [c]c[[VIv/a]l = [e[V/a]].

e Case ((V;,p)le) 0 pliaaf(Vi,a)le):
We have :

KVepled]le = (Xk.[plp([Ve]: (AxXa.k (x,a))) [e]e
e [[Pﬂp ([Vel: (AxXa.[e]e (x,a)))
—a+ [plp (AxXa.[e]e (x,a)) [Vi]v,)
—at [[P]]p (/l.a~[[eﬂe ([[Vt]]Vt’a))
at<— [[Pﬂp (A.a'[[(vt’a)]]p [[e]]e)
a+e— (Ak [[Pﬂp (A’a.[[(Vt,a)]]p k)) [ele = [{plial(Vs,a)leN].
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e Case (prf ple) ~ (utp.(plfia.{prf al))le):
We have:

Kprfp)led]e = Ak.([p]p (Xadk’.k’ (prf a))) k) [e].
—. ([plp (Xa.Ak".K’ (prf a))) [e]. ) )
o (Ak.([plp (Xa. Ak’ k" (prf a))) k) [e]e = [<utp(plfia-(prf altp))le)].

o Case (prf (V;,V,)]e) »» (Vple):
We have:

Kprf (Ve VpleXle = Xk.((Ak-k ([Ve]v, [Vo]v)) (XqAk”.k’ (prf q))) k) [e].
—e ((Akk ([Ve]v. [Vp]v)) (XqAk’.k’ (prf ))) [e]
—a ((XqAk” k" (prf @) ([Velv. [Vo]v)) [ele
— o (AK"K (prf ([Vilv, [Vp]v))) [e]e
—a [e]e (prf ([Ve]v. [Vo]v)))
e [[e]]e [IVP]]V a<_ [(V}J"eﬂ]c

¢V
e Case (substpqle) {M (plia.(subst ag|e)):
We have:

[(substpgle)]c = (Ak.[p], (Aa.[q],(Aq .k (substaq’)))) [e]e
—3 [plp (Xa.[q],(Xq" [e]e (substaq’)))
A [r], (Xa.(Ak.[q],(Xq" .k (substaq’))) [e].)
= [{plia.(substagle))].

e Case (substrefl gle) ~ (gle):
We have:

[(substreflgle)]. = (Ak.[q]p (Xq’ .k (substreflq’))) [e]
—a [qlp (Xq’.[e] (subst reflq’))
—5. al, (X' [e]e 9)
—e [alp [e]e = [Kqle)e

o Case (utp.(pltp)le) ~ (ple):

We have:
Kpto-pldle]e = (k.[p]pk) [e].
—a [plp [ele = [pled]e

e Case c ~ ¢’ = (utp.cle) w» (utp.c’|le):
By induction hypothesis, we get that [c]. —>p+ t =, [¢’]. for some term . Therefore we
have:
(utp.cley = (Ak.[c]c k) [e]e
—a [c]c [e]e
—p+ t [[e]] e
=a  [c']c [ele )
26— Ak Jc’]c k) [e]e = (utp.c’lle)
e Caset > t' = c[t] ~ c[t']:
As such, the translation does not allow an analysis of this case, mainly because we did
not give an explicit small-step semantics for terms, and defined terms reduction through a
big-step semantics:

Vo, (pllay ~ ((t,q)lay = witp — t
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However, we claim that we could have extended the language of dL, with commands for
terms:

c; == (t]e;) e; == fix.c[t] c[] == ([.p)ley | (Ax.pl(] - e)

and adding dual operators for (co-)delimited continuations to allow for a small-step defini-
tion of terms reduction:

Axplt - e) > utd (tljix (plo)le) (Voljix.co) = ¢ [Ve/x]
(witpller) > (pljia.(wit aler)) (wit (Vi Vy)ler) ~ (Ve ler)
((t.p)lle) > (plit(tlixDlial(x,ale)))) | (Vpli(ley)  (Vple)
¢~ ¢ = (pljith.c) > (pljith.c’)

It is worth noting that these rules simulate the big-step definitions we had before while
preserving the global call-by-value strategy. Defining the translation for terms in the
extended syntax:

[wit V;]; £ Ak.k (wit [Vi]v,) [ax.c]: = Ax.[c]e
[witpl: 2 Ak.[pl, (Tq.k (witg)) [elen]: = [¢]: [ed]s
lito.ce]e = [ee]e [, =Xkk

We can then prove that each reduction rule satisfies the expected scheme.

Case (Ax.plt - ) ~> (utp.(t]ix.(pltp))le):
We have:

Qoeplt-e) = (X Ax.[pl,) Gp-([£]; Oropo)) [e].)
— (p.([t]: (tv.po)) [e]e) Xx.[p],
—a ([t] (0.0 [p],) 0) [e]
S ([t]e . [p]) [ee A A
ar— A (([t]e (. [pD) K) [elle = [ud-Celix -l

Case ((t,p)le) ~ (plitp.(tlfix.(Plia.((x,a)le)))):
We have:

(wpley = (k[ply ([ (xXak (x,) [e].
— [plp ([t Ax.Xa[e]. (x.a))
ave— [plp ([t]: Gx.(Ak ) Fa[e]. (x.a)))
ave— [plp ([1]: (Ax.(Ak k) Xa.(Ak k (x.@)) [e].))
= [plamtljix{Dljial(r.a) )]

Case (wit ple;) ~> (plfia.(wit ale;)):
We have:

Iwitpl:[e:]: = (Ak.[p]p (Xa.k (wita))) [e:]:
—a [plp (Xa.[e:]: (wita)))
are— [p]p (Xa.(Ak .k (wit a)) [e;]:) = [(pla(witale, )],

Case (wit (V;,Vp)ller) v (Vile):
We have:

Iwit (Ve,Vp)]eled]: = (Akk (wit ([Vi]v,, [Vp]v))) [e:]:
—a [e]: (wit ([Vi]v,.[Vp]v))
—e [[et]]t [[Vt]]V,
2 (Ak.k [[VtﬂVt) [[et]]t = [[Vt]]tet
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Case (V| jix.c;) ~ c;[Vy/x]:
We have:
Velelpx.c]le = (Akk[Ve]v,) Xx.[c]¢
—a (/I.X.[[CHC) [Vtﬂ V;
e [[Cﬂc[[[vt]]V,/x] = [[C[Vt/x]]]c
Case (V[itp(tplle)) ~ (Ve):
We have:
VI [l = (kk[V]y) (k0)[e].)
—a ((Akk)[ele) [VIv
—a [e]e [VIv
o— (Akk[V]yv) [ele = [KVIed].
Case ¢ ~> ¢’ = (V|jitp.c) ~ (V| jitp.c’):
This case is similar to the case for delimited continuations proved before, we only need to
use the induction hypothesis for [c]. to get:

Viplato.cle = (Akk[V]v) [c]e
—a [ VIV
—>ﬂ+ tIIVﬂV
=2 [c']c [V]v )
are— Ak k[VIv) [e']e = [VIplito-c']e

ProPoOSITION 4.6. There is no infinite sequence only made of reductions:

(1)  (substpgle) ‘w (pljia.(substagqle)) 3) (up.plDYle) ~  (ple)
(2) (substreflgle) -~ {qle) (4) c[t] ~w o c[t']

Proor. It is sufficient to observe that if we define the following quantities:

(1) the quantity of subst p ¢ with p not a value within a command,
(2) the quantity of subst within a command,

(3) the quantity of fp within a command,

(4) the quantity of wit terms within a command.

then the rule (1) makes quantity (1) decrease while preserving the others. Likewise, (2) decreases
quantity (2) preserves the other, and so on. All in all, we have a bound on the maximal number of
steps for the reduction restricted to these four rules. O

PROPOSITION 4.7 (PRESERVATION OF NORMALIZATION). If [c]. normalizes, then c is also normaliz-
ing.

Proor. Reasoning by contraposition, let us assume that c is not normalizing. Then in any infinite
reduction sequence from c, according to the previous proposition, there are infinitely many steps

that are reflected through the CPS into at least one distinguished step (Proposition 4.5). Thus, there
is an infinite reduction sequence from [c]. too. O

THEOREM 4.8 (NORMALIZATION). Ifc : T + A, then c normalizes.

Proor. Using the preservation of typing (Proposition 4.10), we know that if ¢ is typed in dL,, then
its image [c] is also typed. Using the fact that typed terms of the target language are normalizing,
we can finally apply the previous proposition to deduce that ¢ normalizes. O
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4.4 Translation of types

We can now define the translation of types in order to show further that the translation [p], of a
proof p of type A is of type [A]*. The type [A]* is the double-negation of a type [A]" that depends
on the structure of A. Thanks to the restriction of dependent types to NEF proof terms, we can
interpret a dependency in p (resp. t) in dL, by a dependency in p* (resp. t*) in the target language.
Lemma 4.1 indeed guarantees that the translation of a NEF proof p will eventually return p* to the
continuation it is applied to. The translation is defined by:

[A]* (A" - L) > L [t=u]* £t =u"
[Vx AT 2 VAN [A]* [T]* =27
[AxN.A]T 2 AN [A]Y [1]* =21
[Ma:aB]* = g pap+ [B]* N* =N

Observe that types depending on a term of type T are translated to types depending on a term of
the same type T, because terms can only be of type N. As we shall discuss in Section 6.2, this will
no longer be the case when extending the domain of terms.

To extend the translation for types to the translation of contexts, we consider that we can unify
left and right contexts into a single one that is coherent with respect to the order in which the
hypothesis have been introduced. We denote this context by I' U A, where the assumptions of
I’ remain unchanged, while the former assumptions (@ : A) in A are denoted by (a : A™). The
translation of unified contexts is given by:

[T,a:A] = [I]*a:[A]*
[[,x:N] £ [I]*x:N
[T,a: AL] = [T]*,a:[A]Y — L.

As explained informally in Section 2.8 and stated by Lemma 4.1, the translation of a NEF proof
term p of type A uses its continuation linearly. In particular, this allows us to refine its type to make
it parametric in the return type of the continuation. From a logical point of view, it amounts to
replace the double-negation (A — 1) — L by Friedman’s translation [12]: VR.(A — R) — R. It is
worth noticing the correspondences with the continuation monad [10]. Also, we make plain use
here of the fact that the NEF fragment is intuitionistic, so to speak. Indeed, it would be impossible
to attribute this type? to the translation of a (really) classical proof.

Moreover, we can even make the return type of the continuation dependent on its argument
(that is a type of the shape I14.4R(a)), so that the type of [p], will correspond to the elimination
rule:

YR.(Ilz.4R(a) — R(p™")).

This refinement will make the translation of NEF proofs compatible with the translation of delimited
continuations.

LEMMA 4.9 (TYPING TRANSLATION FOR NEF PROOFS). The following holds:
(1) Foranytermt,if T +t:N| A then [T UA] F [t]; : VX.(Vx".X(x) — X(t1)).
(2) For any NeF proofp, if T +p: A| A then [T UA] + [p], : VX.(Hgpap- X (a) = X (p*))).
(3) For any NEF commandc, ifc: (T v A, % : B) then [T U A], % : g+ X(b) F [c]¢ : X(cF)).

Proor. The proof is done by induction on the typing derivation. We only give the key cases of
the proof.

2 A classical proof might backtrack, thus it translation might use a former continuation. The return type of continuations
thus need to be uniform (usually 1) and can not be parametrized by VR.
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« Case (wit). In dLg, the typing rule for wit p is the following:

Trp:NAX) |A peD
I'Fwitp:N|A

(wit)
We want to show that:

[T UA] F Ak.[p], (Aa.k(wit @) : YX.(Vx" X (x) — X (witp*))
By induction hypothesis, we have:

[T UA]F [plp : ¥Z. (Mg g0ipap+-Z(a) = Z(p)),

hence it amounts to showing that for any X we can build the following derivation:

(Axp)
[T UA]LKk:VxNX(x),a: IN[A]F Fa: I [A]F !

(Ax (wit)
[T UA]k : VX (x) F k= VXN X (x) ! [T UA]K: VN X(x),a: IV [A]* + wita: N o
[T UA]k : VxX(x),a : IN[A]* + k (wita) : X(wit a) :
[T U ALK : YxX(x) F Aak(wita) : Mg g X (wita)
- Case (dj). In dLg, the typing rule for (z,p) is the following:
FTri:N|A Trp:A({#)|A
TF(t,p): INAR) | A '
Hence we obtain by induction:
[TUA]*+[t]: : VX.(VXN X (x) — X (7)) (IH;)
[T UA]F[plp : VY. (Hgae Y (@) = Y(p*)) (IHp)

and we want to show that for any Z:
[T UA] - Ak.[p],([t]: (Axa.k (x,a))) : HygmaZ(a) = Z(t7,p").
So we need to prove that:
[TUA]LK: TgamaZ(q) v [plp([t]: (Axak (x,a))) : Z(t",p")

We let the reader check that such a type is derivable by using X (x) £ IT4.4(x)Z(x,a) in the type of
[t],, and using Y(a) = Z(t*,a) in the type of [p],:

A (E1))]
kT, 3,0 4Z(q) bk T 3,004 Z(q) () x:Na:AX)F(oa): A

k: HqﬂxN.AZ(q),x :Nya: A(x) + k (x,a) : Z(x,a)
[TUA]F[e]ee-.. k= Hq:axN.AZ(q) FAxa.k (x,a) : VxIlga(x) Z(x,a)
[TUA]+[plp:... [CUALK:T,qm4Z(a) + [t]r (Axa.k (x,a)) : Hgae+ Z(t*,a)
[T U ALK Ty 4Z(9) v [plp ([ Gxak (c.a) = Z(7p)

(—E)

(Y1)

(—=E)

—E)
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« Case (). For this case, we could actually conclude directly using the induction hypothesis for
c. Rather than that, we do the full proof for the particular case px.(p|ia.(ql*)), which condensates
the proofs for pyx.c and the two possible cases (pnlen) and (pn|[*) of NEF commands. This case
corresponds to the following typing derivation in dLy;:

Hq
lNa:Avrq:B|A ---|*x:BrFA*:B
(Cur)
I1, (ql*x):T,a: Ar A% :B "
Trp:AlA T |jialql*):ArAx:B

(Cur)

(plialglx)y:T | A,x:B Y
T+ px(plialql*) | A):B

We want to show that for any X we can derive:

[T UA] + Ak.[p], (Aa.[q], k) : X (b) — X(q"[p*/al).

By induction, we have:

[F U AH + HPHP :VY.(Ha:AJrY(a) - Y(p+))
[TUA],a: A"+ [q]: : VZ.(Mp.p+Z(b) = Z(q)),

so that by choosing Z(b) £ X(b) and Y(a) = X(q"), we get the expected derivation:

[TUA],a: A"+ [qlp:... k:MppX(b)+rk:k:IpeX(b)

[T UALK: MpX(b),a: A v [ql, k: X(q")

TUA]r[plp:-.. [T UALK : pX(b) - Aa.[q], k : TLa:a+ X (")
[TV A]LK : TypX (b) F [plp (Aa.[qlp k) - X (g™ [p*/a])

(=)

(=)

—E)

]

Using the previous Lemma, we can now prove that the CPS translation is well-typed in the
general case.

PROPOSITION 4.10 (PRESERVATION OF TYPING). The translation is well-typed, i.e. the following
holds:

(1) if Trp:A|Athen [ UA]* [p], : [A]",
(2 ifTle:Ar Athen[TUA]* [e]e : [A]* — L,
(3) if c:T+Athen[TUA]F [c]. : L.

Proor. The proof is done by induction on the typing derivation, distinguishing cases according
to the typing rule used in the conclusion. It is clear that for the NEF cases, Lemma 4.9 implies
the result by taking X (a) = L. The rest of the cases are straightforward, except for the delimited
continuations that we detail hereafter. We consider a command (utp.(q|fia.{p|t))|e) produced by
the reduction of the command (Aa.p|q - e) with g € NEF. Both commands are translated by a proof
reducing to ([q], (Aa.[p],)) [e]- The corresponding typing derivation in dLy, is of the form:

HP Hq I,
Ta:Arp:B|A I'rtgq:A|A Tle:B[g/a]FA
T+ Aap:TgaB|A Tlq e:auBFA

(Aaplg-e):TFA

—E)

(Cur)
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By induction hypothesis for e and p we obtain:

[TUA]* [e]e : [Blg*]]* — L
[TUA],a: A"+ [p], : [Blal]*
[T UA]F Aa.[p]p : Taa+ [Blal]",

Applying Lemma 4.9 for g € NEF we can derive:
[TUA]F [q]p : VX.(Hga+X(a) = X(g"))
[T UA]+ [q]p : (Maa [Blal]* — [Blg*I]*

()

We can thus derive that:
[T U A+ [4]p (Aa.[plp) - [Blg™1]"
and finally conclude that:

[T U AT+ (lgly Galplp)) el £

We can finally deduce the correctness of dL¢, through the translation:
THEOREM 4.11 (SOUNDNESS). For anyp € dLg,, we have:¥ p : L.

Proor. Any closed proof term of type L would be translated in a closed proof of (L — 1) — L.
The correctness of the target language guarantees that such a proof cannot exist. O

5 EMBEDDING INTO LEPIGRE’S CALCULUS

In a recent paper [22], Lepigre presented a classical system allowing the use of dependent types with
a semantic value restriction. In practice, the type system of his calculus does not contain a dependent
product IT,.4 B strictly speaking, but it contains a predicate a € A allowing the decomposition of
the dependent product into

Ya.((a € A) — B)

as it is usual in Krivine’s classical realizability [21]. In his system, the relativization a € A is
restricted to values, so that we can only type V : V € A:

Troa VA

nva,V:VeAH"

However typing judgments are defined up to observational equivalence, so that if ¢ is observationally
equivalent to V, one can derive the judgment ¢ : t € A.

Interestingly, as highlighted through the CPS translation by Lemma 4.1, any NEF proof p : A is
observationally equivalent to some value p*, so that we could derive p : (p € A) from p* : (p* € A).
The NEF fragment is thus compatible with the semantical value restriction. The converse is obviously
false, observational equivalence allowing us to type realizers that would be untyped otherwise?*.

We shall now detail an embedding of dLy, into Lepigre’s calculus, and explain how to transfer
normalization and correctness properties along this translation. Actually, his language is more
expressive than ours, since it contains records and pattern-matching (we will only use pairs, i.e.
records with two fields), but it is not stratified: no distinction is made between a language of terms

24In particular, Lepigre’s semantical restriction is so permissive that it is not decidable, while it is easy to decide whether a
proof term of dLy, is in NEF.
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Ix]: =x [&o)lp = [t Iplp) lg-ele =lqlp-[e]e

[n]: = Azs.s"(z) lpacl, = pafc]c [t-ele =1t]: - [ele

[witp]: = ﬂl(ﬂpﬂp) %Pr:ﬁ]’ﬂp % ;fz([[Pﬂp) l[fa.cle = [Aa.[c]c]e

la], =2a refl, = Aa.a [Kpled]e = Iplp = [e]e

Mapl, £ Aa.[p], [substp gl = [pl» [alp [uto.cl, = pa[c]g,

[xpl, £ Ax.[pl, [e]. 2 a [pl®)g = [plp
[{plja. c)}]tp (pe.[pllp * [Aa.[[cﬂﬁ)]a) xa

Fig. 11. Translation of proof terms into Lepigre’s calculus

and a language of proofs. We only recall here the syntax for the fragment of Lepigre’s calculus we
use, for the reduction rules and the type system the reader should refer to [22]:

v,w == x| Ax.t|{li =v,l =0}

tbu == alv|tulpat|plol;

mTp u= alv-x]|[t]lr

p.q = txm

AB == Xu(ty,...,ty) | A—> B|VYa.A|Ja.A

| VXaAl{h:ALL:A)}|teA

Even though records are only defined for values, we can define pairs and projections as syntactic
sugar:

(t1,t2) = (vl =v,hL=vh)tt
fst(t) = (Ax.(x.L))t

snd(t) = (Ax.(x.h))t

Al/\Az = {ll .Al,lz.Az}

Similarly, only values can be pushed on stacks, but we can define processes® with stacks of the
shape t - 7 as syntactic sugar:
txu-m = tuxm
We first define the translation for types (extended for typing contexts) where the predicate
Nat(x) is defined as usual in second-order logic:
Nat(x) = VX.(X(0) - Yy.(X(y) = X(S(y))) — X(x))

and [t]); is the translation of the term ¢ given in Figure 11.

(VXN.A)* ) Vx(Nat(x) e A*) (Ha~AB)* A va-((a c A*) N B*)
(Ax™.A)" £ 3x.(Nat(x) A A%) R
(t=w" =VX.(X([]) - X([u]:) (Lx: D)7 = I",x : Nat(x)

T* éVX(X_)X) (T,a:A) *:T*,a:A*

1 L2VXY(X > YY) T, : A" 2T* o : 2A*

Note that the equality is mapped to Leibniz equality, and that the definitions of L* and T* are
completely ad hoc, in order to make the conversion rule admissible through the translation.

The translation for terms, proofs, contexts and commands of dLg,, given in Figure 11 is almost
straightforward. We only want to draw the reader’s attention on a few points:

e the equality being translated as Leibniz equality, refl is translated as the identity Aa.a,
which also matches with T%,

%5This will allows to ease the definition of the translation to translate separately proofs and contexts. Otherwise, we would
need formally to define [(p|lq - e)]¢ all together by [p],[q]p * [e]e-
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Trt:A Trx: AL Ta: ALY rt: A
* . La-aA rt-A
F'+t+x:B F-e: 14 Ia:AYFa: AL Trpat:A

I

rHr:(A[x:=t])le Trt:A Troa:BL L, [Lrt:A=B Tro:BL
Trr:(VxAY ' Trtz:(A=B)L T [t]r: AL

let

Fig. 12. Extension of Lepigre’s typing rules for stacks

o the strong existential is encoded as a pair, hence wit (resp. prf) is mapped to the projection
71 (resp. 7).

In [22], the coherence of the system is justified by a realizability model, and the type system
does not allow us to type stacks. Thus, we cannot formally prove that the translation preserves
typing, unless we extend the type system in which case this would imply the adequacy. We might
also directly prove the adequacy of the realizability model (through the translation) with respect to
the typing rules of dLg,. We will detail here a proof of adequacy using the former method. We
then need to extend Lepigre’s system to be able to type stacks. In fact, the proof of adequacy [22,
Theorem 6] suggests a way to do so, since any typing rule for typing stacks is valid as long as it is
adequate with the realizability model.

We denote by A the type A when typing a stack, in the same fashion we use to go from a type
A in a left rule of two-sided sequent to the type A™ in a one-sided sequent (see the remark at the
end of Section 2.5). We also add a distinguished bottom stack e to the syntax, which is given the
most general type L*-. We change the rule (*) of the original type system in [22] and add rules for
stacks, whose definitions are guided by the proof of the adequacy [22, Theorem 6] in particular by
the (=¢)-case. These rules are given in Figure 12.

We shall now show that these rules are adequate with respect to the realizability model defined
in [22, Section 2].

PROPOSITION 5.1 (ADEQUACY). Let T be a (valid) context, A be a formula with FV(A) C dom(T)
and o be a substitution realizing T'. The following statements hold:
o if Tky v:Athenvo € [A]s;
o if T+ m: A" then o € [A];
o if THt:Athento € [A]Lt.

Proor. The proof is done by induction on the typing derivation, we only need to do the proof
for the rules we define above (all the other cases correspond to the proof of [22, Theorem 6]).

(e). By definition, we have [L], = [VX.X]s = 0, thus for any stack , we have = € [L]; =1I
In particular, ® € [L]3.

2 ). By hypothesis, o realizes ', : A+ from which we obtain o = o () € [A]*.
Yy nyp -

(). We need to show that to 7m0 € [B]1*, so we take p € [B]% and show that (to 7o) *p € AL
By anti-reduction, it is enough to show that (to * 7o) € L. This is true by induction hypothesis,
since to € [A]z* and 7o € [A]5.

(11). The proof is the very same as in [22, Theorem 6].

(¥1). By induction hypothesis, we have that 7o € [A[x := t]]}. We need to show that [A[x :=
1% € [Vx.A]L, which follows from the fact [Vx.A], = NseaAlx = t]]o € [Alx = t]]6-
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(=) If t is a value v, by induction hypothesis, we have that vo € [A], and no € [B]: and
we need to show that vo - 7o € [A = B]J. The proof is already done in the case (=.) (see [22,
Theorem 6]). Otherwise, by induction hypothesis, we have that to € [A]:* and 7o € [B]% and
we need to show that to - 70 € [A = B]%. So we consider Ax.u € [A = B],, and show that
Ax.u*to - wo € L. We can take a reduction step, and prove instead that to * [Ax.u]ro € 1L. This
amounts to showing that [Ax.u]z € [A]%, which is already proven in the case (=.).

(Llet). We need to show that for all v € [A],, v * [to]no € L. Taking a step of reduction, it is
enough to have to*v- 7o € 1. This is true since by induction hypothesis, we have to € [A = B]+*
and 7o € [B], thusv - 7o € [A = BJ:.

(]

It only remains to show that the translation we defined in Figure 11 preserves typing to conclude
the proof of Proposition 5.3.

LEMMA 5.2. If T+p: A| A (indLy), then (T U A)" + H_p]]p A* (in Lepigre’s extended system). The
same holds for contexts, and if ¢ : T + A then (TUA)" F [c]c: L

Proor. The proof is an induction on the typing derivation T + p : A | A. Note that in a way, the
translation of a delimited continuation decompiles it to simulate in a natural deduction fashion the
reduction of the applications of functions to stacks (that could have generated the same delimited
continuations in dLg,), while maintaining the frozen context (at top-level) outside of the active
command (just like a delimited continuation would do). This trick allows us to avoid the problem
of dependencies conflict in the typing derivation. For instance, assuming that [q;], (resp. [g2],)
reduces to a value Vj (resp. V;) we have:

[(uto.(q1 a1 (qall iaz.(pl ) ]e)]

= pa.(pa.([q]p * [Aar.[(g2lfas plON] 1) * @) * [e].

> pa.([q1]p * [Aa1.[(g2liaz(plto))] ¢, ]a) * [e]e

> [q1]p * [Aa1.[(gzlliaz-pIto))] g 1 [e]e

> [q2]p * [Aaz.[p]p[Vi/ai]][e].

> [plp[Villp/all[V2]p/az] + [e]e

"< [gelp * [Aaz.[plp[Vi/ar][e]

< qilp * [Aara2.[p]p)]g2lp - [e]e

< (Aaiaz.[plp) * [q1]p - [g2]p - [e]e = [(Aaidaz.plgs - g2 - €)]c

where we observe that [e], is always kept outside of the computations, and where each command
(qilfia;.cg) is decompiled into (ua.[q:]p * [Aa;.[cg] ] @) * [e]e, simulating the (natural deduction
style) reduction of Aa;.[cg ] 4 * [qi] - [e]e- These terms correspond somehow to the translations of
former commands typable without types dependencies.

]

As a corollary we get a proof of the adequacy of dLg, typing rules with respect to Lepigre’s
realizability model.

PROPOSITION 5.3 (ADEQUACY). If T+ p : A | A and o is a substitution realizing (I U A)*, then

[plpo € (AT
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This immediately implies the soundness of dLg, since a closed proof p of type L would be
translated as a realizer of T — L, so that [[pﬂp Ax.x would be a realizer of L, which is impossible.
Furthermore, the translation clearly preserves normalization (that is that for any c, if ¢ does not
normalize then neither does [c].), and thus the normalization of dLg, is a consequence of adequacy.

THEOREM 5.4 (SOUNDNESS). For any proof p in dLg,, we have: ¥ p : L.

It is worth noting that without delimited continuations, we would not have been able to define an
adequate translation, since we would have encountered the same problem as for the CPS translation
(see Section 2.8).

6 FURTHER EXTENSIONS

As we explained in the preamble of Section 2, we defined dL and dL;;, as small languages containing
all the potential sources of inconsistency we wanted to mix: classical control, dependent types, and
a sequent calculus presentation. It had the benefit to focus our attention on the difficulties inherent
to the issue, but on the other hand, the language we obtain is far from being as expressive as other
usual proof systems. We claimed our system to be extensible, thus we shall now discuss this matter.

6.1 Intuitionistic sequent calculus

There is not much to say on this topic, but it is worth mentioning that dL and dL¢, could be easily
restricted to obtain an intuitionistic framework. Indeed, just like for the passage from LK to L], we
pretend that it is enough to restrict the syntax of proofs to allow only one continuation variable
(that is one conclusion on the right-hand side of sequent) to obtain an intuitionistic calculus. In
particular, in such a setting, all proofs will be NEF, and every result we obtained will still hold.

6.2 Extending the domain of terms

Throughout the paper, we only worked with terms of a unique type N, hence it is natural to
wonder whether it is possible to extend the domain of terms in dLﬁa, for instance with terms in
the simply-typed A-calculus. A good way to understand the situation is to observe what happens
through the CPS translation. We saw that a term t of type T = N is translated into a proof t* which
is roughly of type T* = ==T* = —==N, from which we can extract a term t* of type N.

However, if T was for instance the function type N — N (resp. T — U), we would only be able
to extract a proof of type T* = N — —==N (resp. T* — U*). There is no hope in general to extract a
function f : N — N from such a term, since such a proof could be of the form Ax.p, where p might
backtrack to a former position, for instance before it was extracted, and furnish another proof.
Such a proof is no longer a witness in the usual sense, but rather a realizer of f € N — N in the
sense of Krivine classical realizability. This accounts for a well-know phenomenon in classical logic,
where witness extraction is limited to formulas in the Z(l)—fragment [25]. It also corresponds to the
type we obtain for the image of a dependent product I1,.4B, that is translated to a type —=—II,.4+B*
where the dependence is in a proof of type A*. This phenomenon is not surprising and was already
observed for other CPS translations for type theories with dependent types [4].

Nevertheless, if the extraction is not possible in the general case, our situation is more specific.
Indeed, we only need to consider proofs that are obtained as translation of terms, which can only
contains NEF proofs in dLg,. In particular, the obtained proofs cannot drop continuations, which was
the whole point of the restriction to the NEF fragment. Hence we could again refine the translation
of types, similarly to what we did in Lemma 4.9. Once more, this refinement would also coincide
with a computational property similar to Lemma 4.1, expressing the fact that the extraction can
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be done simply by passing the identity as a continuation?. This witnesses the fact that for any
function t in the source language, there exists a term ¢* in the target language which represents
the same function, even tough the translation of ¢ is a proof [t].

To sum up, this means that we can extend the domain of terms in dLﬁ) (in particular, it should
affect neither the subject reduction nor the soundness), but the stratification between terms and
proofs is to be lost through a CPS translation. If the target language is a non-stratified type theory
(most of the presentation of type theories are in this case), then it becomes possible to force the
extraction of terms of the same type through the translation.

Another solution would consist to define a separate translation for terms. Indeed, as it was
reflected by Lemma 4.1, since neither terms nor the NErproofs they may contain need continuations,
they can be directly translated. The corresponding translation is actually an embedding which
maps every pure term (without wit p) to itself, and which performs the reduction of NEF proofs p to
proofs p* so as to eliminate every y binder. Such a translation would intuitively reflect an abstract
machine where the reduction of terms (and the NEF proofs inside) is performed in an external
machine. If this solution is arguably a bit ad hoc, it is nonetheless correct and is maybe a good way
to take advantage of the stratified presentation.

6.3 Adding expressiveness

From the point of view of the proof language (that is of the tools we have to build proofs), dLg,
only enjoys the presence of a dependent sum and a dependent product over terms, as well as a
dependent product at the level of proofs (which subsume the non-dependent implication). If this is
obviously enough to encode the usual constructors for pairs (p1,pz) (of type A; A Az), injections
1;(p) (of type A; V Ay), etc..., it seems reasonable to wonder whether such constructors can be
directly defined in the language of proofs. In fact, this is the case, and we claim that is possible
to define the constructors for proofs (for instance (p1,p2)) together with their destructors in the
contexts (in that case fi(aj,az).c), with the appropriate typing rules. In practice, it is enough to:

o extend the definitions of the NEF fragment according to the chosen extension,

o extend the call-by-value reduction system, opening if needed the constructors to reduce it
to a value,

e in the dependent typing mode, make some pattern-matching within the list of dependencies
for the destructors.

The soundness of such extensions can be justified either by extending the CPS translation, or by
defining a translation to Lepigre’s calculus (which already allows records and pattern-matching over
general constructors) and proving the adequacy of the translation with respect to the realizability
model.

For instance, for the case of the pairs, we can extend the syntax with:

pu=- | (p1.p2) ex=---|j(ay,az).c

We then need to add the corresponding typing rules (plus a third rule to type fi(a;,az).c in regular
mode:

TrpAr|A Trp:Ay)|A c:T a1 : Ar,az 1 Ay kg A 2 Byo{(ar,a2)Ip) A
Lk (pLp2): (A1AA) [ A ' T | fi(ar,az).c : (A AAz) Fq A 2 Bso{-|p}

26To be precise, for each arrow in the type, a double-negation (or its refinement) would be inserted. For instance, to recover
a function of type N — N from a term # : =—(N — —=N) (where —=—A is in fact more precise, at least YR.(A — R) — R),
the continuation need to be forced at each level: Ax.t I x I : N — N. We do not want to enter into to much details on this
here, as it would lead us to much more than a paragraph to define the objects formally, but we claim that we could reproduce
the results obtained for terms of type N in a language with terms representing arithmetic functions in finite types.
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and the reduction rules:

((p1,p2)lle) ~ {p1lfiar{p2llfiaz.{(ar,az)le))) (1, Vo)lji(ay, az).c) ~» c[Vi/ay,Va/as]

We let the reader check that these rules preserve subject reduction, and suggest the following CPS
translations:

[p1.p2)]p, = Akpilp (Xar[pe]p (Xaz.k (a1, a2)))

[[(‘/ls‘/z)]]v = A.kk(ll‘/l]]V9|IV2]]V)

[i(ar,az).cle = Ap.split p as(ai,az) in[c].
which allows us to prove that the calculus remains correct with these extensions.
We claim that this methodology furnishes in first approximation an approach to the question

“Can I extend this with ... ?”. In particular, it should be enough to get closer to a realistic programming
language and extend the language with inductive fix-point operators.

6.4 A fully sequent-style dependent calculus

While the aim of this paper was to design a sequent-style calculus embedding dependent types, we
only presented the II-type in sequent-style. Indeed, we wanted to be sure above all else that it was
possible to define a sound sequent-calculus with the key ingredients of dependent types, even if
these were presented in a natural deduction spirit. Rather than having left-rules, we presented the
existential type and the equality type with the following elimination rules:

Trp:NAx) Ao peD IF'tp:t=u|A;oc Trq:B[t/x]|Ao
prf subst

T Foprfp: A(witp) | Aso T Fsubstpq:Blu/x] | Ao

However, it is now easy to have both rules in a sequent calculus fashion, for instance we could
rather have contexts of the shape ji(x,a).c (to be dual to proofs (t,p)) and ji=.c (dual to refl). We
could then define the following typing rules (where we add another list of dependencies § for terms,
to compensate the conversion from A[t] to A[u] in the former (subst)-rule):

c:Ix:Nya:A(x) kg A;o{(x,a)lp} 3 c:TFAS{tlu)
T | fi(x,a).c : IxNA(x) kg A;o{-p} ! T|jp=c:t=ur ;o !

and define prf p and subst p q as syntactic sugar:

prip £ ptp(plji(x,a).(altp)) substpq 2 pa.(plji={(qla)).

Observe that prf p is now only definable if p is a NEF proof term. For any p € NEF and any variables
a,a, A(witp) is in A(wit (x,a))((x,a)|p) Which allows us to derive (using this in the (cur)-rule) the
admissibility of the former (prf)-rule:

a:Ax)Fa:Alx) A(witp) € A(wit (x,a))((x,a)p)
QAR Fa:Awit(na) - T Awit (x,a)) Fq B : A(witp) | A e
(alay :T,x : N,a: A(x) kg A, 1 : A(witp); o{(x,a)|p}
Trp: AN A A0 T | fi(x,a).<altp) : IxNA kg A, tp : A(witp); of-|p} con

(Plix,a)(ala)) : T kg A tp : A(witp); of-|p)
T+ utp.pli(x,a)(al®)) : A(witp) | A
Using the fact that 6 (B[u]) = §(B[t]), we get that the former (subst)-rule is admissible:
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A
Trq:Bl]|Asoc Tla:Bulra:Bulla

(qlla) : T+ A, : Blu]; 6{t|u}
Trp:t=ull; T'|p=Aqlla):t=ur Aa:Bul;d
(plp=Aqla)) : T+ A,a : Blu]; 6
T+ papl-<qlay) : Bul | A6

(CuT)

=1
(Curt)

(1)

As for the reduction rules, we can define the following (call-by-value) reductions:
(Ve M(x,a).c) ~» e[V /x][V/a] (refl||fi=.c) »» ¢

and check that they advantageously simulate the previous rules (the expansion rules become
useless):

pEv ~
(subst refl glle) ~ (gle) (substpqglle) ~> {plpa.(substaq|e))
(prf (Vi Vp)le) ws (Ve (prfple) w (utp.(pljialprf alPle).

7 CONCLUSION

In this paper, we presented dL, a sequent calculus that combines dependent types and classical
control by means of a syntactic restriction to values. We proved in Section 2 the normalization
of dL for typed terms, as well as its soundness. This calculus can be extended with delimited
continuations, which permits us to extend the syntactic restriction for dependent types to the
fragment of negative-elimination-free proofs. The resulting calculus dLg,, that we presented in
Section 3, is suitable for the definition of a dependently typed translation to an intuitionistic type
theory. As shown in Section 4, this translation guarantees both the normalization and the soundness
of dLg,. Furthermore, a similar translation can be designed to embedded dLy, into Lepigre’s calculus.
As explained in Section 5, this provides an alternative way of proving the soundness of dLy,.

Several directions remain to be explored. We plan to investigate possible extensions of the syntac-
tic restriction we defined, and its connections with notions such as with Firhmann’s thunkability
[13] or Munch-Maccagnoni’s linearity [30]. Moreover, it might be of interest to check whether this
restriction could make dependent types compatible with other side-effects, in presence of classical
logic or not. More generally, we would like to better understand the possible connections between
our calculus and the categorical models for dependently typed theory.

On a different perspective, the continuation-passing style translation we defined is at the best
of our knowledge a novel contribution, even without considering the classical part. In particular,
our translation allows us to use computations (as in the call-by-push value terminology) within
dependent types with a call-by-value evaluation strategy, and without any thunking construction.
It might be the case that this translation could be adapted to justify extensions of other dependently
typed calculi, or provide typed translations between them.

Last but not least, we plan to present an application of dLg, to solve the problem that originally
motivated us to design such a calculus. In [26, Chapter 8], we design a sequent calculus equivalent
to Herbelin’s dPA“ [18], whose presentation is inspired from dLy,. This leads to the definition of a
realizability model inspired from Lepigre’s construction and from another technique developed
with Herbelin [28] to give a realizability interpretation to calculi with laziness and memory sharing
(two features of dPA®). As a consequence, we deduce the normalization and the soundness of our
system.
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