N
N

N

HAL

open science

Asymptotic Models and Impedance Conditions for
Highly Conductive Sheets in the Time-Harmonic Eddy
Current Model

Victor Péron

» To cite this version:

Victor Péron. Asymptotic Models and Impedance Conditions for Highly Conductive Sheets in the
Time-Harmonic Eddy Current Model. SIAM Journal on Applied Mathematics, 2019, 79 (6), pp.

2242-2264. 10.1137/17M1152498 . hal-01505612v2

HAL Id: hal-01505612
https://inria.hal.science/hal-01505612v2
Submitted on 4 Mar 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-01505612v2
https://hal.archives-ouvertes.fr

ASYMPTOTIC MODELS AND IMPEDANCE CONDITIONS FOR HIGHLY
CONDUCTIVE SHEETS IN THE TIME-HARMONIC EDDY CURRENT MODEL

VICTOR PERON

ABSTRACT. This work is concerned with the time-harmonic eddy current problem for a medium
with a highly conductive thin sheet. We present asymptotic models and impedance conditions up
to the second order of approximation for the electromagnetic field. The conditions are derived
asymptotically for vanishing sheet thickness ¢ where the skin depth is scaled like €. The first
order condition is the perfect electric conductor boundary condition. The second order condition
turns out to be a Poincaré-Steklov map between tangential components of the magnetic field and
the electric field.
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1. INTRODUCTION

Many electronic devices feature thin plates or sheets of metal supplying efficient electromag-
netic shielding. Due to their high conductivity and large aspect ratio of the plates the shielding
properties are reached with a minimum use of metal. Precisely their large aspect ratio makes
the numerical simulation of such devices more of a challenge, especially if standard methods
like the finite element method (FEM) shall be applied. If the sheet is thin and, if, moreover, the
magnetic fields decay rapidly inside the layer due to high conductivities (the skin effect), then
meshes with very small cells are required. The numerical modeling is much simplified if the thin
sheet is replaced by transmission conditions on its mid-surface. Meshes with much larger cells
can be used with the so called impedance transmission conditions, which relate the electric and
magnetic fields on both sides of the interface.

The eddy current problem has become an important research topic worldwide since several
decades [21, 20, 5, 18, 22, 6, 14, 1, 9, 30]. In this paper we address the issue of impedance trans-
mission conditions (ITCs) for highly conductive and thin sheets for the eddy current problem
in three dimensions. The concept of ITCs is rather classical in the context of electromagnetic
wave propagation phenomena. Already in 1902 Levi-Civita introduced impedance transmission
conditions [19] (see also [3, 33]) for Maxwell’s equations. He postulated that the electric field
is continuous over the interface whereas the magnetic field has a discontinuity, which is pro-
portional to the sheet thickness and conductivity. As variation of the conditions by Levi-Civita
the so called shielding element [25] has been introduced. In an alternative way the so called
thin layer boundary condition [34, 18, 22, 15, 12] are derived taking into account the boundary
layer behaviour of the solution. In this way, the thin layer boundary conditions exhibit jumps in
both the electric and magnetic field and involve sheet thickness and conductivity as arguments of
hyperbolic functions.

ITCs fit naturally with finite element methods [28, 29, 4, 16] as well as boundary integral
formulations [17, 24, 32], where for the latter only the interface has to be discretized. ITCs with
drastically reduced error levels can systematically be derived by an asymptotic analysis of the
Maxwell’s equations with thin conducting sheets where the sheet thickness € tends to zero. For
example, for the eddy current model in 2D the family ITC-2-N [31], in which the conductivity
is scaled like 1/¢2 and N corresponds to the order, where the convergence of the modeling
error outside the sheet is like eV*1 in their respective asymptotic regime. This convergence
is not always robust in terms of the conductivity [30]. However, it turns out that the ITC-2-0
and ITC-2-1 conditions are robust and these conditions can be used from very low to very high
frequencies.

Since most electromagnetic devices require the modeling in three dimensions we aim to derive
rigorously reduced models for the time-harmonic eddy current problem in three dimensions. We
consider the asymptotic regime in which the conductivity is scaled like 1/&? in order to obtain
robust conditions as the ITC-2-1 conditions in 2D. We consider the general case of curved thin
sheets where the magnetic permeability may take different values inside and outside the sheet.
In this paper we derive asymptotic models and I'TCs up to the second order of approximation for
the eddy current problem. We prove well-posedness, stability and convergence results for these
models. A main contribution of this study is a stability result for the second order asymptotic
model. The proof of this result is based on a regularized variational formulation together with a
Helmbholtz decomposition and a regularity result, Section 3.
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This work is concerned essentially with theoretical objectives. The numerical pertinence of
ITCs have already been shown for the Maxwell equations in [27]. In [27], second order ITCs have
been proposed for the time-harmonic Maxwell equations in three dimensions for vanishing sheet
thickness € where the skin depth is kept proportional to €. These conditions appear as generalized
Poincaré-Steklov maps between tangential components of the magnetic field and the electric
field, and they are of Wentzell type involving second order surface differential operators. Here,
we use techniques to derive impedance conditions for electromagnetic models in 3D including
thin layers, see e.g. [10, 27].

There are several differences between this work and the work in Ref. [27] since all the asymp-
totic models are different. It is worth noting that the second order ITCs in [27] do not apply to
the eddy current problem since these conditions are available only for both strictly positive per-
mittivities and conductivities whereas one considers in this work zero conductivities outside the
sheet and zero permittivities. In this work we do not adopt the same approach as in [27] (which is
based on an electric field formulation and an asymptotic expansion for the electric field) in order
to derive ITCs, since one can not obtain all the new asymptotic models for the eddy current prob-
lem in this way. Contrary to [27], we proceed in this work with a magnetic field formulation and
a multi-scale expansion for the magnetic field. First, we derive explicitly the first terms of this
expansion from which we obtain asymptotic models and impedance conditions up to the second
order of approximation for the magnetic field in the eddy current problem. The limit models for
the magnetic field appear as tangential vector potentials. The second order ITCs for the magnetic
field turns out to be surface divergence maps between tangential components and normal compo-
nents of the magnetic field. Then we identify ITCs and asymptotic models for the electric field
from those of the magnetic field. The conditions of order 2 turn out to be Poincaré-Steklov maps
between tangential components of the magnetic field and the electric field. The new conditions
of order 2 are simpler than the second order conditions for the time-harmonic Maxwell equations
since the new Poincaré-Steklov operator is the scalar part of the Poincaré-Steklov operator of
Wentzell type [27]. Hence it is worth noting that, contrary to [27], the discretization of the new
second order condition does not require to introduce a mixed variational formulation including
auxiliary unknowns and the new Poincaré-Steklov map can be incorporated in the weak sense
in a simpler variational formulation. Finally, the conditions of order 1 are the perfect electric
conductor (PEC) boundary conditions, and this is the only similarity with the work in Ref. [27].

This paper is organized as follows. Section 2 presents the model with a formulation in terms
of the magnetic field and a formal derivation of impedance conditions based on an asymptotic
expansion in the thickness parameter €. Then, in Section 3 as main results the asymptotic (also
called equivalent) model of order 1 and the equivalent model of order 2 are given. The equiv-
alent model of order 2 for the electric field involves as an ITC a generalized Poincaré-Steklov
map (tangential components of magnetic field to tangential components of electric field), whose
structure simplifies for a symmetric configuration of material constants. We introduce at the end
of Section 3 a regularized variational formulation for the second order model and we prove sta-
bility results for this model. The derivation of the equivalent models is based on an asymptotic
expansion for the magnetic field which is presented in detail and order by order in Section 5.
Finally we introduce variational formulations for the exact electric field and for the limit model
Ey, and we prove stability and convergence results, Section 4.
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2. THE MATHEMATICAL MODEL AND ASYMPTOTIC MODELS WITH TRANSMISSION
CONDITIONS

After the introduction of notations in Sec. 2.1 and the mathematical model for the electric
and magnetic field in Sec. 2.2 we present the magnetic field formulation in Sec. 2.3. Then we
present a guideline on the derivation of asymptotic models and impedance conditions (section
2.4), where impedance conditions for the considered model will be given up to order 2 in the
Sec. 3.

2.1. Notations. For any orientable and closed surface I' of R? the unit normal vector n on T’
is outwardly oriented from the interior domain enclosed by I' towards the outer domain, see
e.g. Fig. 1. Let v a vector field on I', then we denote by

vr=nx(vxn),

the vector field of its tangent components and the space of L?-integrable tangent vector fields by
L) :={ve (L2T))?, v-n=0o0onT}.

We denote by curlr the tangential rotational operator (which applies to functions defined on
I') and by curlr the surface rotational operator (which applies to vector fields) [26, 10, 27] :

VfeC™® ), curlpf=(Vrf)xn,
Vv e (C®())*, curlpv = divr (v x n) |

where V and divr are respectively the tangential gradient and the surface divergence on I'.

Let _ and Q2 be Lipschitz domains with a common interface I' := 9Q2_ N 92, which is
a closed set, and let n on I" be the unit normal vector directed into 2 (see Fig. 2). Then, for

functions f € C°°(2.), which are possibly discontinuous over the interface I', we denote by
[f]r the jump of f across I':

[f]r :f|r+ —f|rf

where for any xp € I the one-sided traces are defined by
flr=(xp) := lim f(xp + sn).
s—0*

Furthermore, we denote by { f }- the mean value of f across I':

e = 5o+ lp-)

We use the same definition for vector fields v € (C*°(€4.))3, and with an abuse of notation, for
the tangential traces:

{vxn}:={v} xn, v x n|p == [v]p X n,

{vrir = {v}ir)r, vrlp = ([v]p)r-

2.2. The time-harmonic eddy current problem. Throughout the paper we denote by 2 C R?
a simply connected domain. Let 2° be a simply connected subdomain of €2 and let {2 be a thin
layer of constant thickness ¢ surrounding Q¢ such that §2 contains Q° U Q¢, see Figure 1. For
the sake of simplicity we further assume that the boundaries 9€2 and I'*. = 9€)° are connected.
Now the exterior domain is defined as Q5. = Q\ (25 U %) and the boundary of the subdomain
QF U Q¢ is denoted by I'S.. In all that follows, unless specified, all the considered domains are
smooth domains in R3.
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FIGURE 1. A cross-section of the domain 2 and the subdomains Q2 , QF, QF .

The electromagnetic properties in {2 are given by the piecewise-constant functions p°, and o°
corresponding to the respective magnetic permeability, and conductivity of the possibly different
materials in the three subdomains. They are given by

p_ >0, inQ=, 0, in ¢,
W= po>0, inQS, o°=¢05=c25>0, in(2L,
py >0, inQS, 0, in QF .

We consider ¢ as a parameter, on which p® depend through the definition of the subdomains,
where in ¢° in addition we assume an explicit dependence of the layer conductivity o¢ on .
With this correlation the thinner is the layer, the larger is the conductivity in the layer. The
dependence like £ 2 corresponds for e — 0 to asymptotically constant ratio of skin depth dgi,, =
vV 2/(wpoeot) and thickness e [30, 27], i.e., they behave the same for e — 0.

Let us denote by j the time-harmonic current source (with time convention exp(—iwt)) and let
w > 0 be the angular frequency. For the sake of simplicity, we assume that j is smooth enough, j
is divergence free (div j = 0 in €2) and the support of j does not meet the layer (27, and we write
j+ = jin Q.. The time-harmonic eddy current problem is [6, 14, 9] :

(2.1a) curl E° —iwpH* =0 and curlH® —c°E* =j in Q,

(2.1b) divEL =0 in Q° UQS and / T-ndS=0.
Iy

The equations (2.1a) are Faraday’s and Ampere’s laws without displacement current. These
equations link the electric field E® and the magnetic field H®. The equations (2.1b) are gauge
conditions for the electric field, we refer the reader to Remark 3 in [9] for a justification of
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such conditions. We complement this problem with a perfect electric conductor (PEC) boundary
condition

EExn=0 and H® - n=0 on O0.

Remark 2.1. (i) Condition frg E° -n dS = 0in (2.1b) is not necessary since it is a consequence

of the divergence-free condition div EZ = 0 in Q°..
(ii) Boundary condition H® - n = 0 on 02 is not needed, as it is a consequence of the condition
E° x n=0on 9.

2.3. Magnetic field formulation. The system of first order partial differential equations (2.1)
can be reduced to a system of second order partial differential equations for the magnetic field
by eliminating the electric field [5, 1]

(2.2a) curl curl H] — iwp,o HS = 0, in €,
(2.2b) curlHY =jg, in Q° UQ,
(2.2¢) divH: =0, in Q°UQ,

with the transmission conditions across the two conductor surfaces IS and I'®.

(2.2d) < xn=H; xn, on I'Y,

(2.2e) prHL - n = pHS - n, on TI'¢ |
and with the perfect magnetic conductor (PMC) boundary condition

(2.21) H* - n=0 on Of).

Here Hi, t = —, 0, + denote the restrictions of H* to the respective subdomain Q?

2.4. Guideline on the derivation of equivalent models and impedance conditions. In this
section we give a guideline on the derivation of impedance conditions for the magnetic field (2.2),
which is based on an asymptotic expansion in the thickness parameter € in Sect. 5. We will then
propose two equivalent models Hy (in Sec. 3.1) and H ; (in Sec. 3.2) for the magnetic field. The
first model Hy is of order 1, i.e., it satisfies at least formally H* — Hy = O(¢) and the second
model H! is of order 2, i.e. it satisfies at least formally H® — H! = O(£?). These models are
defined in e-independent domains €2_, 2, where {)_ denotes the domain 2° in the limite — 0
and Q. the domain Q2 fore — 0, i.e. Q4 = Q\ Q_ (see Figure 2). The surface I" (which is the
mid-surface of the thin layer €2) denotes the boundary of €2_.

To define these equivalent models it is convenient to introduce the electromagnetic properties
of the “background” problem by simple extension of the values of p° outside the sheet in the

extended domains €2_ and 4 :
_Jp—, inQ,
he g, D Q.

In the following we present briefly a formal derivation of impedance conditions. We summarize
this process in two steps.
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FIGURE 2. A cross-section of the domain {2 and the subdomains 2_, €2, .

First step : a multiscale expansion. The first step consists in deriving a multiscale expansion
for the solution H® of the model problem (2.2) : it possesses an asymptotic expansion in power
series of the small parameter €

(2.3a) HE(x) ~ Ho(x) + eHy(x) + ?Ha(x) 4 - -- forae. x€ Q2 UQ,

(23b) HE(X) ~ ‘90 (yaa g) + 6‘91 (yaa g) + forae. x€ QZ :

surface I in the thin layer Q25 where y,, a = 1, 2 are tangential coordinates on I"and h € (—
is the normal coordinate to I'. Moreover, the term §) ; is a “profile” defined on I" x (—%, %)
that the intrinsic domain of the “far field terms” H; is 2_ U Q. The first terms (§;, H;) for
j = 0,1 are derived step by step in Section 5.

The derivation is based on an expansion of the differential operators inside the thin layer 2%
in terms of ¢, a Taylor expansion of H; |p§t around the mid-surface I'" and a collection of terms of
same powers of € in the governing PDE inside and outside the sheet, the transmission conditions

for the traces on I'S. and the boundary conditions. Since, moreover, the terms £ ; of the expansion

inside the sheet can be explicitly expressed in terms of H;, ¢ = 0, ..., 7 — 1 we obtain formally
(2.4a) curlHY =j* 6p;, inQ,

(2.4b) divH; =0, inQ,

(2.4¢) H;r -n=0, on 0f ,

for the restrictions Hf of H; to {24, with boundary conditions on I':

(2.4d) ,U«:i:H;-t ‘n—= ijgli < {(H;)7}, ) .

i=0 [(Hj*i)-r]l"
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Here, 50j = 1if 5 = 0 and zero otherwise and gzi in the discrete convolution on the right hand
side of (2.4d) are differential operators on I' not depending on £ where goi =0.

Second step : construction of impedance conditions and equivalent models. The second step
consists in identifying a simpler problem satisfied by an approximation H'; of the truncated ex-
pansion Ho(x) + eHy(x) + e2Ha(x) + - - - + e¥Hj(x) up to a residual term in O(*+1). For this
the equations in (2.4) fori = 0, .. ., k are multiplied with £/ and added up, and terms in O(c**1)
are neglected. In this way we obtain the simpler problem as

(2.5a) curlH* =j, inQ_uQ,,
(2.5b) divH* =0, inQ_uUQ,,
(2.5¢) H: . n=0, on 99,

with the following transmission conditions on I':

k

[WHZ n]p ) {(HD)T},
(25d) k - gk,s k )

{nHZ -n}, [(H)T]r
where G, . = Zf:o e ([Gi]r, {Gi}r)T is the truncation of the weigthed sum of operators gl.i
where the jump or mean value is taken respectively. With this derivation it holds at least formally
H—H* = O(cF+1). Hence, we say that H¥ is an equivalent (or approximate) model of order &+
1.

In this paper, we give explicitly the equivalent models of order 1 and 2 in Section 3. Their
derivations are presented in detail in Section 5.

3. MAIN RESULTS. ASYMPTOTIC MODELS UP TO ORDER 2

In this section we present the main results of the paper. We introduce the approximate models
of order 1 (Section 3.1) and 2 (Section 3.2) for the magnetic field. Then we deduce equivalent
models up to the second order of approximation for the electric field (Section 3.3). Finally we
introduce a regularized variational formulation for the second order model (Section 3.4) and we
prove well-posedness and stability results for this model.

3.1. Equivalent model of order 1 for the magnetic field. The equivalent model of order 1 is
given by the limit solution Hg of (2.2) when ¢ — 0. The limit solution satisfies the perfectly
conducting magnetic (PMC) boundary condition on I' and can be defined independently in the
two subdomains 2_, 2. Hence, Hy = Ho|q_ is a tangential vector potential which satisfies

(3.1a) curlHy =j_, in Q_,

(3.1b) divH; =0, in€)_,
3.1¢) Hy - n=0, onl,
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whereas Hg = Holq, is a tangential vector potential given by

(3.2a) curlHY =j, , in Q4
(3.2b) divH{ =0, in Q,,
3.2¢) Har-n:O, onI

(3.2d) Hj -n=0, on Of).

The boundary condition on 052 is not affected by the limiting process ¢ — 0 and transfers simply
to the limit solution Hy.

The next proposition ensures that the vector potentials satisfying problems (3.1) and (3.2) are
well-defined in the framework above and even in Lipschitz domains. We recall the definition of
the classical spaces

Xt(Q)={ueH(curl,Q )| divu e L*(Q_), u-n=0 onT},

and
X1() ={uecH(cur,Qy) | divu € L*(Q,), u-n=0 onTUIN}.
Hereafter the symbol (-, -)1- denotes the duality pairing between H~'/2(T") and H/%(T").

Proposition 3.1. Let j € L?(Q) such that divj*® = 0 in Q4 and <_]+ N, 1>F = 0. Then there
exists a unique vector potential H, € Xt (€Q_) satisfying (3.1) and there exists a unique vector
potential Hg € X1 (Q4) satisfying (3.2). Furthermore the magnetic field Har belongs to H' ()
and Hy belongs to H' ().

Remark 3.2. In the framework of Section 2.2 the right-hand side j of the eddy current problem
(2.1) satisfies all the assumptions in Proposition 3.1.

Proof. We recall that the domains €2 are simply connected, the surface 0{2 has two connected
components (I' and 0f2) and the surface 9€2_ is connected. Then the proof of existence and
uniqueness of tangential vector potentials H(jf € X1(€Q4) can be found in [2, Th 3.12] for Lip-
schitz domains in R3. The proof of the regularity result can be found in [2, Th 2.9] when the
domains 4 are of class C1'! (see also [13, chapter I, section 3.5]). We refer the reader to the
reference [11] for the proof of this regularity result when the domains {2 are smooths. U

3.2. Equivalent model of order 2 for the magnetic field. We define a second order approxi-
mate solution H ;, which shall be much more accurate approximation of H® than the limit solution
Hy when ¢ — 0. The equations defining H; outside the mid-surface I' remain the same, i.e., it
solves

(3.3a) curlH! =j, inQ_uUQ,,
(3.3b) divH! =0, inQ_uUQ,,
(3.30) H; n=0, on 912,

and at the mid-surface I the transmission conditions

[MH;'"]F . Ly L3 {(H;)T}F
(3.3d) ( [uHl n}, ) - <L3 Lo > ( [(H)T] - )
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are posed. Here, [-]r and {-}r denote the jump and averages introduced in Sec. 2.1 and L; are
first order differential operators given by

Li:CidiVF, i:1,2,3,
in which C; are constants defined by

Ko g
Cr = i~ 2 cnn (),

e o 5y
34 — _ o ’
1
C3 = Z[M]F’
and

N
(3.5) 7= exp () Vo -

Equivalent model of order 2 in a ”symmetric” configuration. If the electromagnetic properties

on both sides of the sheet are the same, i.e., 4 = p— =: pin Q4 U _, then the transmission
conditions (3.3d) of the second order model simplify to
(3.62) [pHL-n]. = eCdivr {(H})T},,
(3.6b) {uH! n} = eDdivr [(H)T], .
where
210 gl 1 Mo gl
3.7 C=p— tanh (= D == ——coth(%).
( ) l’L '}/ an ( 2 )7 4 2’}/ Y ( 2 )

3.3. Equivalent models and impedance transmission conditions for the electric field. In this
section we deduce a second order model for the electric field E! from the magnetic field H..
Using the Faraday’s law and the Stokes formula, there holds

1
(curl EX*)t and  ps HYE -n= —divp(ELX* xn) on T.

Hl,:t —
(He™)r w4 iw

Then using the transmission conditions (3.3d) we can identify the following transmission condi-
tions for the electric field

(3.8) ( [E2 > nl) > _5< C1 Gy ) {i(c‘lﬂEé)T}r

{E2 xn}. Cs (2 [i(curl E;)T}F

where the constants C; are defined in (3.4). The transmission conditions (3.8) can be regarded as
a Poincaré-Steklov map Ht—to—E x n which tends to the PEC boundary condition for ¢ — 0. As
a consequence the equivalent model of order 1 for the electric field Eq (4.2)-(4.3) (in Section 4)
is defined independently in the two subdomains €2 .
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Finally the second order model E! solves

(3.92) curl i curl EV* = iwj® in Q.
(3.9b) divEL* =0 in Q4
(3.9¢) / EX*-ndS=0,

(3.9d) ' Elxn=0 on 99,

and the transmission conditions (3.8) at the mid-surface I'.

Remark 3.3. The conditions (3.8) are simpler than the second order conditions for the time-
harmonic Maxwell equations [27, Eq. (7c¢)] since the new Poincaré-Steklov map (3.8) is the
scalar part of the Poincaré-Steklov map of Wentzell type [27, Eq. (7¢)]. It is worth noting that
conditions (3.8) are consistent with the second order conditions ITC-2-1 [30, Eq. (2.17)] which
have been derived for the time-harmonic eddy current model in two dimensions and for a constant
magnetic permeability.

3.4. Regularized variational formulation for the electric field in the second order model.
Following Section 3.3, we can deduce a regularized variational formulation for the electric field
E! : we search for E! in the Hilbert space

Y :{E € L2(Q), cwrl EX € L2(Qy), divE* € L2(Q4), EX x n € L(D),
(3.10)
/Ei.ndszo, E+xn200na§z}.
r

This space is equipped with the norm

lull = llullg.o + | curlu™[[§ o, + [l curlu[| o
+ldivuT o, +[divuTl§ o+ Jut xnllgp + u” <l

Remark 3.4. According to Theorem 2 in [8], since {2_ is a bounded simply connected domain
with connected Lipschitz boundary I, any vector field E € Y satisfies E™ € H> (Q-).

Variational problem for the electric field E;. For all € > 0 we consider the variational problem :
Find E € Y such thatforallv € Y,

(3.11) a5 (E,v) :iw/j-vdx.
Q

Here the sesquilinear form (in its regularized version) aj is defined as

(3.12)

1 _ 1 _ _
aj(u,v) = / — curlu™ - curlv—dx + / —curlu™ - curlvt dx + / divu™ divv— dx
Q_ H— Qp M4+ Q-

—i—/ﬂ+divu+divv+dx—s_1 /FA—1 G:i:]}) - <{[:§ :}}> ds



12 VICTOR PERON

and A is the nonsingular matrix given by
([ C1 Cj
=(a &)
where the constants C; are defined in (3.4).
Remark 3.5. Here we assume that det A # 0. Straightforward calculi lead to
2
Hyp— M M
det A= —— —{u}r Coth('v)?o R

and we have

-1 _ 1 G —C3
A = (detA) < —C3 Cl > 9

where the constants C; are defined in (3.4).

Lemma 3.6. We recall that the domains Q) are simply connected, 02— = 1" is connected and
0Q, = I' U0Q has two connected components. Assume that the domains Q)+ are of class C'.
Let the positive constants i+, lto, 0 and w be fixed such that det A # 0 and assume that there
exists B € {z € C| Rez > 0} such that

(3.13)
Vuey ., —Re(B/FAl ({[zi:D . ({[:i:]}> dS) > lu* x n

Then there exists g > 0 such that for all € € (0,¢y), af is strongly coercive on Y : there exists

co > 0 such that for all € € (0,e¢) and for allu € Y
(3.14) Re (Ba5(u,u)) > coljul% .

3,1“ + [Ju™ x "H%,r .

In (3.13), the notation a < b means the existence of a constant C' > 0 which is independent of
quantities a, b and of the parameter ¢, such that a < Cb.

Remark 3.7. Assumption (3.13) is satisfied in the ”symmetric” configuration (i.e., 4 = p— =: u
in Q4 U Q_) when || is small enough and p, > p since in this framework we can check the
following inequality

3.15) Re (ﬁ [ () - () ds) > Jul2r + VB
T v v ’ '

forall 3 € {z € C| Rez > 0} such that £ Re 8 + = Im 3 < 0.

G
We will prove Lemma 3.6 in Section 3.5. As a consequence of Lemma 3.6 we deduce the
following result as an application of the Lax-Milgram lemma.

Theorem 3.8. Assume that the domains Q. are of class C*'. Let j € L?(Q) satisfy divj = 0 in
Qandj-n=0o0nTL. Let the positive constants |, i, 0 and w be fixed such that det A # 0
and assume that (3.13) holds.

Then there exists o > 0 such that for all € € (0, ) there exists a unique solution EL € Y to
the variational problem (3.11) and we have uniform estimates

IEZ Iy < Clillog -
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3.5. Proof of Lemma 3.6. Let u be any function in the space Y. The proof of this Lemma
involved a Helmholtz decomposition for u™ (Section 3.5.1) and a compactness argument based
on a regularity result for u™.

Proof of Lemma 3.6. Using Assumption (3.13), one notes that we have the following inequality
Re (Bai(u,u)) 2 || curlu®[§ o, + [[ewrlu™|[§o_ + [[divu™|§o, + [[divu™[§qo
+e (™ xnfir + u” xnl§r) -
Thus there exists g > 0 such that for all ¢ € (0,£0) and forallu € Y
Re (Bai(u,u)) 2 || curlu®[[§ o, + [[ewrlu™|[§o_ + [[divu™|§o, + [[divu™[§qo
+lluT xnf§p + Ju” < nlfp .
It remains to prove that the right hand-side above is an upper bound for Hu||%Q = |ju~ H%’Qf +

Ju™ |2 o - This result can be proved in two independent steps :
(i) It is worth noting that u™ satisfies the following estimate

(3.16) [earlu{loo_ +|[divuTfloo +[u™ xnfor 2 u”llos- -

This is a direct consequence of the regularity result u~ &€ H> (©2_) (see Remark 3.4) and the
compact embedding of H:> (Q_)in L2(Q).
(ii) The second step consists in proving the following estimate for u™

(3.17) | curlu™

One can not apply the same regularity result mentioned above for u™ to u™ since the bound-
ary of the domain €2 is not connected. The proof of this estimate is based on a Helmholtz
decomposition for u™ (Section 3.5.1).

Finally combining estimates (3.16) and (3.17) we obtain the coerciveness result (3.14) which
ends the proof of Lemma 3.6. U

0.0, +[divuToa, + [lu” xnllor 2 [[uloq, -

3.5.1. Proof of Step (ii).

Proof of (3.17). We recall that the domain €2 is simply connected of class C'*! and its boundary
has two connected components 9€2, = I" U 2. One notes that v := curlu™ satisfies

divvt =0 in Qi ,vt-n=0 on 092 and <v+-n,1>F =0.
Then relying to [9, Eq. (3.39)] and Theorem 2.12 in [2], we deduce that there exists a unique
vector potential (with mixed boundary conditions) w* € H'(£2, ) such that
(3.18) curlw® = curlu™, divw™ =0 inQ_, wr-n=0 onT,
whxn=0 ond, and <w+~n,1>8Q:0.
Moreover we have the estimate
(3.19) w10, < C|curtlut|oq, ,

where C' is independent of e.
Since € is simply connected and curlw®™ = curlu™ in €, we obtain that there exists
T € HY(Q,) (which is unique up to an additive constant) such that

(3.20) ut =wm +Vp" in Q.
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Thus ¢ is solution to the problem
(3.21) Apt =divu™, ¢©t=0 ondQ and / O™ dS = 0.
r

Note that the gauge condition fF u™ - ndS = 0 has been used here. According to Lemma 2.1 in
[9], there exists a unique solution ¢ € H} 5 (Q4) = {p € H'(Q4)|¢ =0 on 09} to the
problem (3.21) and we have a uniform estimate

It lhe, <€ (ldivutlog, + 1o Il g ) -

It remains to bound || |1 ||H% T since (3.19) and (3.20) implies that

)/C

0.0, + 1VeT oo, < |lcurlu®

lu™flog, < [lw* 0 + ¢ la, -
Finally since we have the trace estimates
6% 0003 gy < IV9% < mlly e <l ml_y o+ ]y
and
Jut cnll_s o < ut xnfor and wtxnl| s p < wHlo,

we can combine the above estimates with (3.19) to infer the uniform estimate (3.17). U

4. VARIATIONAL FORMULATIONS FOR THE ELECTRIC FIELD. STABILITY AND
CONVERGENCE RESULTS

In this section we introduce variational formulations for the electric fields E* and Ej, and we
present elements of proofs for stability and convergence results.

4.1. Strong form of equations.

Equations for the electric field E°. According to (2.1a)-(2.1b), the electric field E® solves the
following problem for any € > 0 [9]

1
(4.1a) curl — curl ES. = iwj© in Q% ,
Mt
(4.1b) divEL =0 in Qf,
1
(4.1c) curl — curl E] —iwo E; =0 in QF,
Mo
(4.1d) divEE =0 in QF,
(4.1e) Sxn=E xn, on I,
1 1
(4.1f) M—icurl ES xn= ,u—curl E . xn, on TI9,
o
(4.1g) / ES ndS=0,
s

(4.1h) ES xn=0 on Jf).
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Equations for the electric field Eq. The electric field E;; solves the following problem

1
(4.2a) curl — curlEj =iwj~ in Q_,
(4.2b) divEy =0 in Q_,
(4.2¢) Ej xn=0 onl,
and E(J)r solves the following problem
1
(4.3a) curl — curl Eg =iwj" in Qp,
Mt
(4.3b) divEf =0 in Qi
(4.3c) /Eg-ndszo,
r
(4.3d) Ej xn=0 onT'UIN .

4.2. Variational framework. The variational space for E® is the Hilbert space

Y. = {u€ Hy(curl,Q) : divus € L}(Q3), divu, € L?() , / us-ndS =0},
Iy
equipped with the norm

lull%, = llulf o+ feurlulf o + | divur[§ o + |l divu_||§o: + | divuoll§ o -

The variational spaces for E(J{ and E; are
Yo(24) = {u € Hy(curl, Q) : divu € L2(Q,), /u -ndS =0},
r

and

Yo(Q) ={uc Hy(cur, Q) : divu € L(Q_), /u-ndS:O},
T

respectively. The spaces Yo(€2+) and Yo(§2-) are equipped with the norms ||.|[y,(q,) and
l-llvo(0_)» respectively

oy = lullf oy + Tcurlul§ o, + [ divulgg, -
4.3. Variational problems.

Variational problem for the electric field E*. For all € > 0 we consider the variational problem :
Find E € Y, such that forallv € Y,

(4.4) an(E,v) = iw/ j-vdx.
Here the sesquilinear form (in its regularized version) a% is defined as

1 _ . o . _
a%(u,v):/Ecurlu‘curlvdx—i—/ dlvudlvvdx—lw/ oou-vdx.
QM Q= UQsUNS Qs
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Lemma 4.1. Let the positive constants (i1, [io, 0 and w be fixed. Then there exists g > 0 such
that for all € € (0,¢¢), af; is strongly coercive on Y. : there exist « € C and cq > 0 such that
foralle € (0,e9) and for allE € Y.

(4.5) Re (aai(E, E)) > co|[E|l3. -

Proof. Letus fix a = el™/4, Since

Re (aaf(E, E)) 2 || curl E|[§ o+ | div E [[§ s +[| div E-[|§ o= + | div Eo||§ o +e 2| EI§ o »
then there exists £9 > 0 such that for all € € (0,¢¢) and for all E € Y.

Re (aaf(E,E)) 2 || curl E|[§ o + || div E4 |§ o= + || div E-[[§ g + || div Eol[§ og + Ell§ as -

Then it is possible to prove that the right hand side is an upper bound for || EH%,QE_ +|E|| %vgi . The

proof is worked out in details in [9, Lemma 2.2] (with §g = 0) in a slightly different configuration.
O

Variational problems for Eoi. We consider the variational problems :
(i) Find Ej € Y(£2_) such that for all v € Y (Q_),

(4.6) a’ (Ey,v) = iw/ j-vdx,

(ii) Find Ej € Y(€24) such that for all v € Y (£24),
4.7) a’ (Ef,v) :iw/ jtovdx.
Q4
Here the sesquilinear forms (regularized versions) ai are defined as
1
a (u,v) = / — curlu - curlvdx + / divudivvdx.
Q4 M+ Q4

We have the following well-posedness and elliptic regularity results.

Proposition 4.2. Let j € L?(Q) such that div j£ = 0 in Q4. Then there exists a unique solution
E, € Yo(Q2-) to problem (4.6) and there exists a unique solution E(J{ € Yo(€2y) to problem
(4.7). The solution Eoi satisfies all equations in (4.2)-(4.3). Furthermore, ifjjE e H*(Q4),s >0,
then we have

E, c H*™*(Q_.) and Ef € H*™2(Qy).
Remark 4.3. Since the surface 9€)_ is connected, the semi-norm

ur— || curlullpo_ + | divu

|07Q7 5

on the space Xn(2-) = H(div, ) N Hy(curl, €2_) is equivalent to the norm | - ||x(q_) where
X(Q_) = H(div,Q_) N H(curl, 2_) (See e.g. [2, Corollary 3.19]). Then the well-posedness
result for E; in Y(2_) can be obtained as an application of the Lax-Milgram Lemma.

As a consequence of Lemma 4.1, we infer the following theorem
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Theorem 4.4. Let j € L2(Q) such that divj=0in Q%, j=0in Q5 and j-n = 0 on T%.. Let the
positive constants [i+, (1o, 0 and w be fixed. Then there exists g > 0 such that for all € € (0, &)
(1) There exists a unique solution E* € Y. to problem (4.4).

(ii) The solution E® satisfies all equations in (4.1).

(iii) Uniform estimates in Y ¢: there exists C > 0 such that for all € € (0, )

(4.8) IE"[ly. < Clli

‘O,Q .

(iv) As e — 0, E° — Eq (at least in L2(2)) and we have the following estimates : there exists
C' > 0 such that for any small parameter ¢ € (0, )

4.9) |E° — Egllo,0s + €| curl(E° — Ep)llo,0 < CVe .

Proof. (i) Accordingly estimate (4.5), a straightforward application of the Lax-Milgram lemma
leads to existence and uniqueness to the solution E® to the variational problem (4.4).
(ii) The proof is worked out in details in [9, Theorem 2.3] in a slightly different configuration.
(iii) Using estimates (4.5), estimates (4.8) are obvious.
(iv) According to Prop. 4.2, Eoi and curl Eoi belong to H?(2). Hence Eg and curl Eg belong
to L>°(£21). We denote by U = E° — Ej.

According to (4.1)-(4.2), and since curl ;%o curl ESE = icuji = 0 in 2%, we deduce that U
solves the following equations for any € > 0

1
(4.10a) curl —curlUyx =0 in QF
it
(4.10b) divUy =0 in QF,
(4.10c) curl 1 curlU, —iwoiU, =iwo E; in Q;NQ_,
o
1
(4.104d) curl — curl U, — iwoiU, = i(.uagEar in QN4
Ho
(4.10e) divU, =0 in QN(Q_UQ,) ,
(4.10f) Uxn=0, on TLUT,
1
(4.10g) [ curl U x n} =0, on I%,
1
1 1
(4.10h) —cwrlUxn| =—|—curlEg xn| , on T,
I 7
(4.101) Ui xn=20 on 0f2.

One notes that curl U belongs to L?(£2). Multiplying the equations (4.10a)-(4.10c)-(4.10d) by U
and integrating by parts we obtain the following identity

1
4.11) /E]curlU|2dx—iw52&/ |U,|? dx =
QK Q5

ist&/ Eo-U,dx +iw <[Ho X n]FaE)T> ;
Qs r

since [% curl Ep x n} = —iw[Hp x n] and Ut = (E)T onT.
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One notes that [Hy x n] belongs to H%(F) and according to (4.8) (E)t is bounded in

H > (T"). Then taking the imaginary part and the real part of the identity (4.11) and absorb-
ing the right-hand sides, we infer the following estimates

IUlo,0s + el curlUlo.0 < C/E,

since
IEollo,0s < Ve -
That ends the proof of estimates (4.9). U

5. A MULTISCALE EXPANSION FOR THE MAGNETIC FIELD

In the guidelines on the derivation of the equivalent transmission conditions in Sect. 2.4 we
have already argued that this derivation is based on an asymptotic expansion for the magnetic
field H® (2.2) inside and outside the sheet. More precisely, we search H® as the asymptotic
expansion (2.3), which is

HE(x) ~ Ho(x) + eHy(x) + e?Ha(x) 4 - -- forae. xe€ Q2 UQ,
h h
H(x) ~ $o <ya, E) +e9H1 <ya, E) +-- forae. xe€ Q.

In this section, we will derive the terms of this asymptotic expansion step by step up to order 2
as well as their governing equations, having in mind that the magnetic field H® satisfies the
following transmission problem

(5.1a) curl HY =j in QF,
(5.1b) divH:. =0 in Q% ,
(5.1c) curl curl HE — (k5)2HE = 0 in QF,
(5.1d) L xn=H, xn, on I |
(5.1e) prHL - n = poHS - n, on I'¢ |
(5.1f) H® - n=0 on 0f).

In (5.1c) we denote by «; the complex wave number given by

kS = e/ wpeo e
This derivation is order by order and for each order n it is in four steps:

(i) Writing the operator curlcurl in the domain €2 in local coordinates (yo,h) [7] and
performing the change of variable Y3 = ¢~ A, i.e., rewriting it in in (y,, Y3)—coordinates,
leads to an algebraic equation fixing the normal component b,, of $3,, and a differential
equation for the two tangential components $),,, which are not completely defined yet.

(i) We expand the far field term H,, at the two surfaces I'S. of the conductor around its
mid-surface I" using the Taylor expansion.

(iii) Using the the transmission conditions (5.1e) on I'S. and the Taylor expansion of H,,
we obtain boundary conditions for H,f on I', which depend on the first terms Hy, k& =
0,....n—1onT.
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(iv) Using the transmission conditions (5.1d) on I'S. together with the Taylor expansion of
H,, we obtain boundary conditions for the tangential components £),, inside the sheet.
They can now be explicitly defined as a function of the terms Hy, £k =0, ..., n.

We expand the “magnetic” operator inside the thin layer €2% in powers of ¢, in Section 5.1. We
deduce in Section 5.2 the equations satisfied by the magnetic profiles $),, and the far field terms
HE. We derive explicitly the first terms in Section 5.3.

5.1. Expansion of differential operators inside the conductor. Due to the small thickness of
the conductor the derivatives in normal and the tangential directions scale differently in . Hence,
it is convenient to use a local normal coordinate system in (), see e.g., [7, App. A.1]. For this
coordinate system we call D, the covariant derivative on the mean surface I" and 8§L is the partial
derivative with respect to the normal coordinate y3 = h. Let furthermore a,z(h) be the metric
tensor of the manifold I'y,, which is the surface contained in €25 at a distance h of I'. The metric
tensor in such a coordinate system writes [7, App. A.1, Eq. (A.7)]

(5.2) aap(h) = aag — 2bagh + b)b,gh?
and its inverse expands in power series of h
a®?(h) = a®® 4+ 2b°°h 4+ O(h?) .

Subsequently, we use a property of the covariant derivative, that it acts on scalar functions § like
the partial derivative: D,h = 9,b.
We denote by L(yq, h; Dq, 8:’,}) the second order Maxwell operator

curl curl — (k%) 1

in €2¢ in the normal coordinate system. The operator L expand in power series of i with intrinsic
coefficients with respect to I', see [7, App. A, §A.4].

Now, we scale the normal coordinate Y3 = 1A to obtain a coordinate, this is Y3, which does
not change with €. We use from now on the same symbol $j for three-dimensional one-form field
in these scaled coordinates and call L[e] the three-dimensional harmonic Maxwell operators in
Q. This operator expands in powers of €

[e.9]
Lig] =2 ZE”L” ,
n=0

whose coefficients are intrinsic operators on I', which are completely determined by the shape of
I and the material parameters of the conducting sheet. We denote by L. the surface components
of L. With the summation convention of repeated two dimensional indices (represented by greek
letters), there holds [7, App. A.1, Eq. (A.10)]

(53)  LU(H) = —059a +7°Ha and LL($H) = —2b703$5 + 03Dab + 2H39, ,

(we recall that v is defined in (3.5), so that (/@i)Q = —5_272). Here, J5 is the partial derivative
with respect to Y3 and H = %bg is the mean curvature of the surface I'. We denote by L% the
transverse components of L™. There holds [7, App. A.1, Eq. (A.12)]

(5.4) L3(H) =~%h and L3(H) =15(0:9) + 2Hsh,

where 7,3(8) = 3(Dafp + Dsfa) — bagh is the change of metric tensor and & = a7y,
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5.2. Equations for the coefficients of the magnetic field. Writing the partial differential equa-
tion (5.1c¢) in the thin conductor €2 in the scaled local coordinate system we find that the profiles
$; satisfy the following system (with [ = (—3, %))

(5.5) Lie] > &79;(ya,¥3) =0, in T'xI.
Jj=0

It is not very convenient that the terms H;.*L of the magnetic field (see (2)) (which are involved
on the left hand side of (5.1d)-(5.1e)) are evaluated on I'S. which moves with e. However, as
the expansion (2) of H® is assumed to be valid for any small ¢ > 0, the terms H;-t are defined
in Q5 for any € > 0, and, hence, in {2+. As we have assumed that the thin conductor, and so
its mid-surface I', are smooth, that 14 are constants, and that the current j is zero close to I it
makes sense to assume that the vector fields Hf are regular in a neighbourhood of I'. This can
be justified using the regularity theory, see e.g. [23, Chap. 4]. Hence, we can use the Taylor
expansion and infer for n € N that

(5.6a) HExnfpess = Hyxonlge & %ath X nlos +---
and

g
(5.6b) HE. =tz =  Hp-nloz + §ath njgs 4,

where -|y+ means the limit for positive or negative h — 0, respectively. Furthermore, it is
convenient to define H,, forn € Nby H,, = H:Lr inQ4,and H, =H_ in Q_.

Using the expression of the operator LY, and expanding H¢ in 9%, we deduce that, according
to the system (5.1) and using (5.5) and (5.6), the profiles $,, = (9, b,,) and the terms H,, have
to satisfy, for alln > 0

n
Lg(*@n) = '72[]11 == ZL%('@TL—]’) in I'x1I,
j=1
curl HE = 6%, in Qi
divHE =0 in O,
M ~ 1
+ o i v g+
H> -n|g: = M:hn‘i% - ]Z; (i2)j8iHn_j e on I,
Hj{ -n=0 on 0f),
n .
Lg('@n) = _8§~6n,a + ’Yzy)n,a = —ZLQ(STL—]‘) in I'x I,
j=1
1
+ j +
ﬁn‘i% =nx h, xXnjpx + Zl (iz)jain xh, i xnlgs on I,
J:

where .| 1 abbreviates the trace on Y3 = :l:%, and hi denotes the trace of H on T'..
2

5.3. First terms of the asymptotics. In the previous section we have derived the coupled sys-
tems for the terms of the asymptotic expansions to any order n. Hence we can determine now the
first terms $3,, = (9, h,) and H,, by induction.
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The coupled system of order 1. For n = 0 in the previous system, we find that £ = (9o, ho)
and Hy satisfy

(5.8a) by =0 in I'xI,
(5.8b) curl HE = j, in Qy,
(5.8¢) divHE =0 in Q4
(5.8d) HE njos = 220, on T,
Mt 2

(5.8¢) Har -n=0 on 0,
(5.8) ~0390,0 + 7’ H0.a =0 in T xI,
(5.82) 550|i% =n x hT x n|g: on I'.

Obviously, (5.8a) implies with v # 0 that hy = 0 and in view of (5.8b), (5.8¢c), (5.8d)
and (5.8e) we can assert that the magnetic field satisfies the PMC boundary conditions, and
we obtain the limit system (3.1)—(3.2) for HS—L. Then the unique solution of the ODE (5.8f)-(5.8g)
is, with the choice (3.5) for , the tangential field

(5.9) $0,0(ys) cosh (vY3) + $90,1(ys) sinh (7Y3)
with
1 1
j‘iJO,O = m {ho}p and {30,1 = m [ho]p .

The coupled system of order 2. Then in the same way as above we find that $; = (1, h1) and
H; satisfy

(5.10a) 72y = —Li($90) in T'xI,
(5.10b) curl HY =0, in Qi
(5.10¢) divHE =0 in Qg
+ Mo 1 +
(5.10(1) Hl . n|0¢ = 7[]1|:I:l F *ahHo : I‘I|0:t on I s
Juae 2 2
(5.10e) H -n=0 on 09,
(5.10f) 03910 + 72910 = —LE(H0) in I'x1I,
+ 1 +
(5.10g) 531|i% =nxhy ><n|0¢j:§8hn><h0 X njo+ on I'.

The normal component h; of the profile $3; (of order 1) is given by equation (5.10a). According
to (5.9) and using (5.4) we obtain

sinh (7Y3)
cosh (3)

where h{ denote the tangential components of hy.

+ Do [hg] (ys)

G0 s ¥s) = = (Da (45} () ob%))

2sinh ()
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Now, inserting this explicit representation into the conditions (5.10d), we find that the term
H; solves the following boundary value problem :

curlH =0 in Q_,
(5.12a) divH} =0 in Q_,

pu—H; -n =g on [,
and the term H{ satisfies the problem

curlHf =0 in Qy,

divH =0 in Qg
(5.12b) 4 4

pu+HT -n =g on [,

Hf -n =0 on 09,
with

+

(5.12¢) gl = probilps F %ahHoi “njo+
ie.
(5.13)

+ -1 a ) a 1 M+t +
== "o | Dy {h tanh (=) + Dy |h ———— | F—0yHy - n
gl < { 0}(y/8) (2) [ 0](yﬁ) 2tanh(g)> 2 ARN) ’0i

The next term which is determined is the tangential field §);. The unique solution of the ODE
(5.10)-(5.10g) is
(5.14)  91(yp, Y3) = (ao(yp) + Ysbo(yp)) cosh (7¥3) + (a1(yp) + Yabi(yp)) sinh (7Y3)
with

bO,a =H ﬁ0,0;a - bg Y)O,O;B and bl,a =H Y)O,l;a - bg y)0,1;,8 )
and (recalling that hy = n x (hp x n))

1 v 1 1
apg = —5 tanh (5) b1 + s ({hLT}F =+ Z [8hh0,T]F> ,

sh(3)
and
a :—lcoth(z)b +¥([h Ip + {0hho1})

5.4. Further notes for deriving the second order condition. We have explained in Sec. 2.4
guidelines to derive impedance conditions from the boundary conditions (2.4d) on I' for the
terms of the asymptotic expansions. It is convenient to write the impedance conditions with
mean and jump traces.

One may think that the term 8hHaE -n in (5.13), as it is neither a Dirichlet nor a Neumann
trace of H(T € H(curl, Q.), is not suitable to use in variational formulations or the finite element
method. However, using the relation (recalling that ut = n X (ujp X n))

divu =divrur + dp(u-n) +u-ndivn,
since we have the equalities Ha—L -n = 0 and div Hf)IE = 0 on I, we can write

OpHy -n=—divpHgp on T.
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Since we can write the last term divp H(f-r with the covariant derivative
divc Hr = Doh® on T,
we find that the right hand side in (5.13) can be written as

1
2tanh (3)

Finally the boundary conditions for H; on I" in (5.12) can be written as

[uH, - n] = <{u}r — 2% tanh (3)) divr {Ho, 7} + i[u]r divr [Ho 7]

(5.15) gf = -y o (i divy {Ho 1} tanh (%) + divr [Ho7] ) i% divr Hg 1

and
{pH1 -n}p = e} _ o cop (2)) divr [Ho7)p + 1[M]F divp {Ho1}
r 4 2y 2 R T
where we have used the equalities { A} = {/L}F{iA}F—Fi[H]F[iA] and [A]p = {/L}F[iA]F‘F

[,u]p{iA}p for any vector field A.

The impedance conditions (3.3d) of order 2 are then obtained by adding the previous equations
multiplied by ¢ to the PMC conditions {H - n}r = [Hp - n]p = 0 (see (3.1c) and (3.2¢)) for Hy
and by replacing Hy + H; on the left hand side by the new unknown H ; and by replacing eHy
on the right hand side by eH c}
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