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This paper develops a risk management tool for a productioninventory system that involves an imperfect production process and faces production disruption and demand uncertainty. In this paper, the demand uncertainty is represented as fuzzy variable and the imperfectness is expressed as process reliability. To deal with the production scheduling in this environment, a nonlinear constrained optimization model has been formulated with an objective of maximizing the graded mean integration value (GMIV) of the total expected profit. The model is applied to solve the production-inventory problem with single as well as multiple disruptions on a real time basis that basically revises the production quantity in each cycle in the recovery time window. We propose a genetic algorithm (GA) based heuristic to solve the model and obtain an optimal recovery plan. A numerical example is presented to explain usefulness of the developed model.

Introduction

Batch production is a well accepted technique in advanced manufacturing and logistics management system. Production lot size is determined to minimize the costs of the system. There are numerous industries, such as pharmaceutical, textile and food, that produce the products using the batch production systems. There are several risks factors in real life problems which should be taken into consideration when production system is analyzed. Production disruptions i.e. raw material shortage, machine breakdown, labor strike, or any other production interruptions are very common scenario in the production systems. Moreover, it is very difficult to find the production process that produces 100% non-defective products. So the production process reliability, can be less than 100%, is also an important factor because of the imperfect production process. In real life situations, product demand cannot be known with uncertainty. In this paper, the process reliability and demand uncertainty are consid-ered with production disruption to make the research problem very close to the practical scenario. Over the last few decades, one of the most widely studied research topics, in operations research and industrial engineering, is the production inventory system. Few examples of such studies in single stage production inventory system include a singleitem inventory system with non-stationary demand process [START_REF] Graves | A single-item inventory model for a nonstationary demand process[END_REF], determination of lot size and order level for a single-item inventory model with a deterministic timedependent demand [START_REF] Dave | A deterministic lot-size inventory model with shortages and a linear trend in demand[END_REF], a single-item periodic review stochastic inventory system [START_REF] Chan | A dynamic analysis of the single-item periodic stochastic inventory system with order capacity[END_REF] and a single-item single-stage inventory system with stochastic demand in a periodic review where the system must order either none or at least as much as a minimum order quantity [START_REF] Kiesmüller | Single item inventory control under periodic review and a minimum order quantity[END_REF].

The above studies, with many others, are conducted under ideal conditions. However, production disruption is a very familiar event in the production environment. Production disruption is defined as any form of interruption that may cause due to shortage of material, machine breakdown and unavailability, or any other form of disturbance. The development of an appropriate recovery policy can help to minimize the loss and maintain the goodwill of the company. Lin and Gong [START_REF] Lin | On a production-inventory system of deteriorating items subject to random machine breakdowns with a fixed repair time[END_REF] analysed the impact of machine breakdown on EPQ model for deteriorating items in a single stage production system with fixed period of repair time. Widyadana and Wee [START_REF] Widyadana | Optimal deteriorating items production inventory models with random machine breakdown and stochastic repair time[END_REF] extended the model of Lin and Gong [START_REF] Lin | On a production-inventory system of deteriorating items subject to random machine breakdowns with a fixed repair time[END_REF] for deteriorating items with random machine breakdown and stochastic repair time with uniform and exponential distribution. A disruption recovery model for single stage and single item production system is developed by Hishamuddin et al. [START_REF] Hishamuddin | A disruption recovery model for a single stage production-inventory system[END_REF] and the model was formulated for a single disruption, for recovering within a given time window, considering back order as well as lost sales option. Recently, a transportation disruption recovery model in a two-stage production and inventory system was developed by Hishamuddin et al. [START_REF] Hishamuddin | A Recovery Model for a Two-Echelon Serial Supply Chain with Consideration of Transportation Disruption[END_REF]. In the production and inventory modelling, numerous studies have been performed considering supply disruptions. Parlar and Perry [START_REF] Parlar | Inventory models of future supply uncertainty with single and multiple suppliers[END_REF] developed inventory models considering supplier availability with deterministic product demand under the continuous review framework. Özekici and Parlar [START_REF] Özekici | Inventory models with unreliable suppliers in a random environment[END_REF] considered back orders to analyse a productioninventory model under random supply disruptions modelled as a Markov chain. Recently, other models of supply disruptions considering deterministic product demand in the inventory models have been studied [START_REF] Mohebbi | An inventory model with non-resuming randomly interruptible lead time[END_REF] and [START_REF] Qi | A continuous-review inventory model with disruptions at both supplier and retailer[END_REF].

There are some recent studies, where reliability of the imperfect production process has been considered. At first, process reliability is considered by Cheng [START_REF] Cheng | An economic production quantity model with flexibility and reliability considerations[END_REF] in a single period inventory system and formulated as unconstrained geometric programming problem. Later, it was extended in [START_REF] Bag | A production inventory model with fuzzy random demand and with flexibility and reliability considerations[END_REF] by considering fuzzy random demand. Later, process reliability of the imperfect production process was incorporated to determine the optimal product reliability and production rate that achieved the biggest total integrated profit [START_REF] Sana | A production-inventory model in an imperfect production process[END_REF], to study unreliable supplier in a single-item stochastic inventory system [START_REF] Mohebbi | An inventory model with non-resuming randomly interruptible lead time[END_REF] and to analyze an EPQ model with price and advertising demand pattern under the effect of inflation [START_REF] Sarkar | An inventory model with reliability in an imperfect production process[END_REF].

Many authors considered only fuzzy characteristics of the variables to tackle uncertainty. Lee and Yao [START_REF] Lee | Economic production quantity for fuzzy demand quantity, and fuzzy production quantity[END_REF] introduced fuzzy senses in the EPQ model considering demand and production per day as fuzzy variables. Later fuzzy product quantity as a triangular fuzzy number [START_REF] Chang | Fuzzy production inventory for fuzzy product quantity with triangular fuzzy number[END_REF], order quantity and total demand quantity as triangular fuzzy numbers Yao et al. [START_REF] Yao | Fuzzy inventory without backorder for fuzzy order quantity and fuzzy total demand quantity[END_REF], demand as a fuzzy random variable in a single-period inventory model [START_REF] Dutta | A single-period inventory model with fuzzy random variable demand[END_REF] are considered in developing production inventory modelling. Recently, Islam and Roy [START_REF] Islam | Fuzzy multi-item economic production quantity model under space constraint: A geometric programming approach[END_REF] developed a modified geometric programming program in an EPQ model under storage space constraint and reliability of the production process considering inventory related costs, storage spaces and others parameters as triangular fuzzy number.

In the previous studies of production inventory modelling, no study considered demand uncertainty and process reliability to develop a disruption recovery model. Also most of the previous studies focused on developing recovery plan only from single disruption. In this paper, a real time disruption recovery model is developed where the production process faces single or multiple disruptions. Other risk factors, process reliability and demand uncertainty, are also incorporated to make the model realistic. Finally, a genetic algorithm based heuristic is proposed to solve the model with single or multiple disruptions on a real time basis.

Problem Definitions

In the real life production system, disruptions are very common scenario and it can happen at any time at any point. It needs to develop an optimal plan to recover from those production disruptions. Revision in the production quantities and use of the idle timeslot of the systems are the significant ways to obtain the recovery plan [START_REF] Hishamuddin | A disruption recovery model for a single stage production-inventory system[END_REF]. After each disruption, production quantities in each cycle during the recovery period are revised. We develop a solution approach to obtain the recovery plan that deals with single or series of disruptions on a real time basis.

Fig. 1. Disruption recovery plan

The recovery plan after a production disruption is presented in Figure 1. The recovery plan is a new schedule which includes the revised production quantities in each cycle to maximize the total profit in the recovery period. Number of cycles allocated to return to the original production schedule from the disrupted cycle is known as recovery period. The first disrupted production cycle is considered as first cycle (l=1). Now an optimal recovery plan is proposed to revise the production quantities ( ) to recover from that disruption which is shown as black dashed line in the Figure 1. Again after the second disruption within the recovery period of previous disruption, production quantities in each cycle ( ) are revised by considering the effect of both disruptions which is shown as red dashed line In this study, we have made a number of assumptions as follows.

i. Production rate is greater than GMIV of the demand rate. ii.

Single item is produced in the system. iii.

All products are inspected and defective products are rejected. iv.

Total cost of interest and depreciation per production cycle ( ) is inversely related to set-up cost ( ) and is directly related to the process reliability (r) according to following general power function [START_REF] Cheng | An economic production quantity model with flexibility and reliability considerations[END_REF]:

( ) Where a, b and c are positive constants chosen to provide the best fit of the estimated cost function.

Notations used in the Study

The In this section, economic production lot size ( ), equations for different costs and revenues and final objective function are derived for the single stage production inventory system that considers process reliability and demand uncertainty. Economic lot size is calculated to minimize the total annual set-up and holding cost. For a single item production system, with lot-for-lot condition under ideal situation [START_REF] Sarker | An optimal batch size for a production system operating under periodic delivery policy[END_REF] with process reliability, the economic production quantity can be formulated as:

√ (1)

Costs and Revenues Formulation

Holding, set-up, back order, lost sales, production, rejection, inspection and depreciation costs are identified as the relevant costs. Holding cost is determined as unit holding cost multiplied by total inventory during the recovery period which is equivalent to the area under the curve of Figure 1. Set-up cost is calculated as cost pet set-up multiplied by number of set-up in the recovery period. Back order cost is determined as unit back order cost multiplied by back order units and it's time delay [START_REF] Hishamuddin | A disruption recovery model for a single stage production-inventory system[END_REF]. Lost sales cost is determined as unit lost sales cost multiplied by lost sales units [START_REF] Hishamuddin | A disruption recovery model for a single stage production-inventory system[END_REF]. Unit production cost multiplied by total quantity produced during the recovery period is the total production cost. Rejection cost is determined as unit rejection cost multiplied by total rejected quantities [START_REF] Paul | Development of a production inventory model with uncertainty and reliability considerations[END_REF]. Inspection cost is considered as a certain percentage of the production cost [START_REF] Paul | Development of a production inventory model with uncertainty and reliability considerations[END_REF]. Cost of interest and depreciation equation is considered as a general power function [START_REF] Cheng | An economic production quantity model with flexibility and reliability considerations[END_REF]. The model is generalized by considering the production quantity in cycle i after the n th disruption as and the original production quantity as .

Holding cost

[ ( ) ( ) ∑ ( ) ] (2) Set-up cost (3) Production cost (∑ ) (∑ ) (4) Rejection cost ( ) (∑ ) ( ) (∑ ) (5) Inspection cost (∑ ) (6) Cost of interest and depreciation ( ) ( ) (7) Back-order cost [( ) [ ] ∑ [ ( ) ∑ ∑ ( ) ]] (8) Lost sales cost (∑ ∑ ) (9 
) Selling price of the acceptable items, which is revenue, in the recovery period is determined as unit selling price multiplied by the demand in the recovery period [START_REF] Paul | Development of a production inventory model with uncertainty and reliability considerations[END_REF].

Revenues ̃[∑ ] (10) 
In this paper, demand data are considered as a triangular fuzzy number (TFN). Demand TFN and associated probabilities are taken as a triplet ( ̅̅̅ ) and ( ̅̅̅) respectively. Where, k= 1, 2, 3...., v. Then the fuzzy expected profit function will also be a TFN, ̃ ( ̅̅̅̅ ) which is determined as follows:

( )] ∑ ( ) ] ∑ ( )] ∑ ̅̅̅̅ ̅̅̅̅
Here the -level set of the fuzzy number ̃ are considered as ( )

( )] [ ( ( )) ( ( ))]
and different -cut intervals for the fuzzy number ̃ are obtained for different between 0 and 1.Taking, -cut on both sides of equation of ̃. ̃ ∑ ̃ ̃ The arithmetic interval of fuzzy demand and associated probabilities using an -cut is determined as follows.

̃ [ (

By using these arithmetic intervals, ̃ is evaluated as:

̃ [[ ∑ [ ( )] [ ( )] ] [ ∑[ ( )] ( )] ]]
From the representation of graded mean integration methods based on the integral value of the graded mean -level of the LR-fuzzy number of the total profit, ( ) and ( ) are obtained as follows.

(

] The unique fuzzy number ( ̃) is determined by substituting the value of ( ) and ( ) to the equation ( 13),

( ̃) ∫ [ [ ∑ [ ( )] [ ( )] ]] ∫ [ [ ∑[ ( )] ( )] ]]
Population size: 100; Population type: Double vector; Crossover fraction: 0.8; Maximum number of generations: 3000; Function tolerance: 1e-6; Non linear constraint tolerance: 1e-6 and other parameters are set as default of the optimization toolbox. 

Results Analysis

Results have been analysed for both single and multiple disruptions on a real time basis. For single disruption, there is only one random disruption in the system and there is no more disruption within the recovery period. For multiple disruptions, there is a series of disruptions, one after another, on a real time basis in the system.

Results Analysis for Single Disruption

Following data are considered to analyze the results for single disruption:

, and demand data are considered as TFN which is shown in the Table 

Results Analysis for a Series of Disruptions

In this case, a series of disruptions on a real time basis is considered, which is shown in Table 3. In this series of disruptions, seven dependent disruptions are considered and each one occurs within the recovery period of the previous disruption. Other data remain same as in section 7.1. 3 0 0.0078 The production system with multiple disruptions is also solved using the GA based heuristic on a real time basis. The results are obtained from 30 different runs. Production quantity in each cycle is revised after each disruption considering the effect of entire dependent disruptions to maximize the total profit in the recovery period. The best recovery plan obtained from the heuristic for the series of disruptions is shown in Table 4. The production system returns to original schedule from the sixth cycle after each disruption with , and so on. 

Conclusions

The objective of this research was to incorporate demand uncertainty and process reliability in developing a disruption recovery model for managing risk in a production inventory system. A single or a series of disruptions on a real time basis was considered to make the model applicable in practical problems. The model was formulated as a non-linear constrained optimization problem and generalized by formulating the model for the n th disruption. A genetic algorithm based heuristic was proposed to solve the model with single or multiple disruptions on a real time basis. This model can be applied in an imperfect production process where the process countenances a single or multiple production disruptions and product demand is uncertain. The model can be extended by considering multiple stages in the production system.

1 .

 1 It will be continued same way if there is any other disruption. The model is generalized by formulating for the n th disruption.

Fig. 2 .

 2 Fig. 2. Flowchart of proposed GA based heuristic

  Productions up time for cycle i in the recovery period after n th disruption Unit back order cost per unit time ($ per unit per unit time)

	Model Formulation	
	Unit lost sales cost ($ per unit)	
	Per unit production cost ($ per unit)
	Rejection cost per unit ($ per unit)
	Inspection cost as a percentage of production cost
	Mark-up for selling price (	) -must be greater than 1

following notations have been used in this study. Set-up time for a production cycle Idle time of a production cycle ̃ Fuzzy demand per year Holding cost per unit per year ($ per unit per year) Reliability of the production processwhich is known from the historical data of the production system Production lot size per normal cycle with reliability r Set up cost per cycle ($ per set-up) Production rate (units per year) in a 100% reliable system Production downtime for a cycle (set-up time + idle time) Number of cycles to recovery after the n th disruptiongiven from the management New disrupted cycle number from previous disruption Disruption period in the n th disruption Pre-disruption production quantity in the n th disruption Production time for Production quantity for a normal cycle i Production quantity for cycle i the recovery period after n th disruptionwhich is the decision variable; Productions up time for cycle a normal cycle i

Table 1 .

 1 1. Demand data as TFN and associated probabilities The problem is solved using the proposed GA based heuristic. The results are obtained from 30 different runs. The best recovery plan after single disruption is shown in Table2. The production system returns to original schedule from the sixth cycle after the disruption with , and so on. The maximum total profit in the recovery period is obtained as 1381112.5.

		Start	
		Determine	
		Assign		Randomly generate initial population of
				chromosomes
		Identify the first disrupted cycle	
				Evaluate fitness function
		Initialize starting time from beginning	
		of the disrupted cycle		Convergence
		Input cycle number with pre-disruption quantity and disruption period		GA operations: selection, crossover, mutation
		Solve the model to revise production		Update fitness function and individual
		quantity using GA	
		Update	No	Meet stopping criteria?
				Yes
	Yes	Is there any other disruption?		Return the chromosome with revised produc-tion quantity
		No		Working principle of GA
		Stop	

Table 2 .

 2 Best results obtained for the single disruption

	Disruption		Revised production quantity		
	number						Total profit
	(n)						
	1	5305	5638	6066	6469	6563	1381112.5

Table 3 .

 3 Data for the series of disruptions

	Disruption number (n)	Disrupted cycle number from previous disrup-tion	Pre-disruption quantity	Disruption peri-od
	1	1	1000	0.0045
	2	2	650	0.0092
	3	3	500	0.0025
	4	5	1500	0.0065
	5	2	0	0.0110
	6	4	800	0.0098
	7			

Table 4 .

 4 Best results obtained for the series of disruptions

	Disruption		Revised production quantity		
	number						Total profit
	(n)						
	1	5585	6561	6545	6567	6563	1545915.7
	2	5272	5671	6111	6553	6572	1404616.5
	3	5611	6548	6570	6541	6550	1524257.8
	4	4804	6539	6433	6476	6522	1506722.6
	5	5271	5647	5994	6336	6381	1324912.7
	6	4941	5668	5936	6271	6532	1364154.2
	7	5657	5914	6049	6486	6443	1407321.9

Final Objective Function

Total profit, the objective function, is derived by subtracting all costs from the total revenues. Considering all the equations from ( 2) to [START_REF] Özekici | Inventory models with unreliable suppliers in a random environment[END_REF], the objective function is obtained as follows.

Max ̃ Total Revenues-Total Costs [START_REF] Mohebbi | An inventory model with non-resuming randomly interruptible lead time[END_REF] 4

Fuzzy Parameter

In this paper, we consider product demand as a triangular fuzzy number (TFN) to tackle uncertainty. A TFN ̃ is specified by a triplet ( ) and is defined by its continuous membership function ̃( ) ] as follows:

( ) and ( ) indicates the left and right branch of the TFN ̃ respectively. Ancut of ̃ can be expressed by the following interval [START_REF] Lee | Economic production quantity for fuzzy demand quantity, and fuzzy production quantity[END_REF]:

] The graded mean integration value (GMIV) of a LR-fuzzy number is introduced by Chen and Hsieh [START_REF] Chen | Graded mean integration representation of generalized fuzzy number[END_REF]. The graded mean integration representation method is based on the integral value of the graded mean -level of the LR-fuzzy number for defuzzifing LR-fuzzy numbers. By considering ̃ is a LR-fuzzy number and according to Chen and Hsieh [START_REF] Chen | Graded mean integration representation of generalized fuzzy number[END_REF], the GMIV of ̃ is defined as:

Disruption Recovery Model with Fuzzy Demand

In this section, fuzziness of demand is incorporated to the final mathematical model. The GMIV of the expected total profit function is evaluated. Relevant constraints are also developed with the GMIV of expected fuzzy demand. After simplifying the equation [START_REF] Mohebbi | An inventory model with non-resuming randomly interruptible lead time[END_REF], the following equation of the total profit is obtained:

Now, considering the fuzzy random demand ̃with the given set of ta ( ̃ ̃ ) ( ̃ ̃ ) ( ̃ ̃ ) ( ̃ ̃ ), the profit ( ̃) is also a fuzzy random variable and its expectation is a unique fuzzy number [START_REF] Bag | A production inventory model with fuzzy random demand and with flexibility and reliability considerations[END_REF] which is,

After integrating and simplifying the above equation of ( ̃), the GMIV of the total profit function, which is to be maximized, and obtained as:

Where,

GMIV of the expected fuzzy demand, ( ̃) Subject to the following constraints:

Solution Approach

We propose a genetic algorithm based heuristic to solve the model. Genetic algorithm is very popular technique to solve complex non-linear constrained optimization problem. GAs are general purpose optimization algorithms which apply the rules of natural genetics to explore a given search space [START_REF] Homaifar | Constrained optimization via genetic algorithms[END_REF]. The heuristic is designed to make a recovery plan from a single or a series of production disruptions. The proposed heuristic revises the production lot size of each cycle as long as disruptions take place in the system. For a series of disruptions, the heuristic revises the lot size of each cycle by considering the effect of all previous dependent disruptions. The proposed genetic algorithm based heuristic is presented in the Figure 2. The above mentioned heuristic is coded in MATLAB R2012a with the help of its optimization toolbox. In the proposed heuristic, following GA parameters are used to solve the model.