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Abstract

While a large body of empirical results show
that temporally-extended actions and op-
tions may significantly affect the learning per-
formance of an agent, the theoretical under-
standing of how and when options can be
beneficial in online reinforcement learning is
relatively limited. In this paper, we derive
an upper and lower bound on the regret of
a variant of UCRL using options. While we
first analyze the algorithm in the general case
of semi-Markov decision processes (SMDPs),
we show how these results can be translated
to the specific case of MDPs with options and
we illustrate simple scenarios in which the re-
gret of learning with options can be provably
much smaller than the regret suffered when
learning with primitive actions.

1 Introduction

The option framework [Sutton et all, [1999] is a simple
yet powerful model to introduce temporally-extended
actions and hierarchical structures in reinforcement
learning (RL) [Sutton and Barto,[1998]. An important
feature of this framework is that Markov decision pro-
cess (MDP) planning and learning algorithms can be
easily extended to accommodate options, thus obtain-
ing algorithms such as option value iteration and Q-
learning [Sutton et all, [1999], LSTD [Sorg and Singh,
2010], and actor-critic [Bacon and Precup, [2015].
Temporally extended actions are particularly useful
in high dimensional problems that naturally decom-
pose into a hierarchy of subtasks. For instance,
Tessler et all |2016] recently obtained promising re-
sults by combining options and deep learning for life-
long learning in the challenging domain of Minecraft.
A large body of the literature has then focused on
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how to automatically construct options that are bene-
ficial to the learning process within a single task or
across similar tasks (see e.g., [McGovern and Barto,
2001, Menache et all, 12002, [Simsek and Barto, 12004,
Castro and Precup, 12012, [Levy and Shimkin, 2011])).
An alternative approach is to design an initial set of op-
tions and optimize it during the learning process itself
(see e.g., interrupting optionsMann et alll2014 and op-
tions with exceptions|Sairamesh and Ravindran 2012).
Despite the empirical evidence of the effectiveness of
most of these methods, it is well known that options
may as well worsen the performance w.r.t. learning
with primitive actions [Jong et all, |2008]. Moreover,
most of the proposed methods are heuristic in nature
and the theoretical understanding of the actual im-
pact of options on the learning performance is still
fairly limited. Notable exceptions are the recent re-
sults of Mann and Mannor [2014] and [Brunskill and Li
[2014]. Nonetheless, Mann and Mannor [2014] rather
focus on a batch setting and they derive a sample
complexity analysis of approximate value iteration
with options. Furthermore, the PAC-SMDP analysis
of Brunskill and Li [2014] describes the performance in
SMDPs but it cannot be immediately translated into a
sample complexity of learning with options in MDPs.

In this paper, we consider the case where a fixed set
of options is provided and we study their impact on
the learning performance w.r.t. learning without op-
tions. In particular, we derive the first regret analy-
sis of learning with options. Relying on the fact that
using options in an MDP induces a semi-Markov deci-
sion process (SMDP), we first introduce a variant of
the UCRL algorithm |Jaksch et all, [2010] for SMDPs
and we upper- and lower-bound its regret (sections [3
and @). While this result is of independent interest
for learning in SMDPs, its most interesting aspect is
that it can be translated into a regret bound for learn-
ing with options in MDPs and it provides a first un-
derstanding on the conditions sufficient for a set of
options to reduce the regret w.r.t. learning with prim-
itive actions (Sect. ). Finally, we provide an illustra-
tive example where the empirical results support the
theoretical findings (Sect. []).
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2 Preliminaries

MDPs and options. A finite MDP is a tuple
M = {S,A,p,r} where S is a finite set of states, A
is a finite set of actions, p(s’|s, a) is the probability of
transitioning from state s to state s’ when action a is
taken, r(s, a, s') is a distribution over rewards obtained
when action a is taken in state s and the next state
is s’. A stationary deterministic policy 7 : S — A
maps states to actions. A (Markov) option is a tu-
ple o = {IO,BO, 7T0} where Z, C S is the set of states
where the option can be initiated, 5, : S — [0,1] is
the probability distribution that the option ends in a
given state, and 7, : S — A is the policy followed until
the option ends. Whenever the set of primitive actions
A is replaced by a set of options O, the resulting deci-
sion process is no longer an MDP but it belongs to the
family of semi-Markov decision processes (SMDP).

Proposition 1. [Sutton et alll1999] For any MDP M
and a set of options O, the resulting decision process is
an SMDP Mo = {S@,O,p@,T@,T@}, where Sp C S
is the set of states where options can start and end,

So = (ero Io) U (ero {5: Bo(s) > 0})7

O is the set of available actions, po(s,o0,s’) is the prob-
ability of transition from s to s’ by taking the policy m,
associated to option o, i.e.,

po(s,o0,s) Zp sk = 8'18,m0)Ps(5),
k=1
where p(sy = §'|s,m,) is the probability of reach-

ing state s’ after exactly k steps following policy 7,
ro(s,o,s") is the distribution of the cumulative reward
obtained by executing option o from state s until inter-
ruption at s', and To(s,0,5") is the distribution of the
holding time (i.e., number of primitive steps executed
to go from s to s’ by following ).

Throughout the rest of the paper, we only consider an
“admissible” set of options O such that all options ter-
minate in finite time with probability 1 and in all possi-
ble terminal states there exists at least one option that
can start, i.e., Useo{s : Bo(s) > 0} C Uoeo0Z,. This
also implies that the resulting SMDP M is communi-
cating whenever the original MDP M is communicat-
ing. Finally, we notice that a stationary deterministic
policy constructed on a set of options O may result
into a non-stationary policy on the set of actions A.

Learning in SMDPs. Relying on this mapping, we
first study the exploration-exploitation trade-off in a
generic SMDP. A thorough discussion on the impli-
cations of the analysis of learning in SMDPs for the
case of learning with options in MDPs is reported

in Sect. For any SMDP M = {S,.A,p,r,T},
we denote by 7T(s,a,s’) (resp. T(s,a,s’)) the ex-
pectation of 7(s,a,s’) (resp. 7(s,a,s’)) and by
T(s,a) = Y esT (s a,s)p(s']s,a) (resp. T(s,a) =
Y oeesT(s,a,8")p(s ’|s,a)) the expected holding time
(resp. cumulative reward) of action a from state s.
In the next proposition we define the average-reward
performance criterion and we recall the properties of
the optimal policy in SMDPs.

Proposition 2. Denote N(t) = sup{n ¢

N, Z?:l 7 < t} the number of decision steps that
occurred before time t. For any policy m and s € S:

N(t)
)

7" (s) S Jim sup E7

s t
o (M
def Sy T
pr(s) = ltlinJrl&f[E {f so—s}

If M is communicating and the expected holding times
and reward are finite, there exists a stationary deter-
ministic optimal policy © such that for all states s and
policies T, p™ (s) > p"(s) and o™ (s) = p™ (s) = p*.

Finally, we recall the average reward optimality equa-
tion for a communicating SMDP

u*(s) = rnax{ (s,a) — p*7(s,a) (2)

acA
+ Z s'|s,a)u s’)},

s'eS
where u* and p* are the bias (up to a constant) and
the gain of the optimal policy 7*.

We are now ready to consider the learning problem.
For any 7 € N*, a; denotes the action taken by the
agent at the ¢-th decision ste and s; denotes the
state reached after a; is taken, with sy being the
initial state. We denote by (7i(s,a,s))ien< (resp.
(1i(s,a,5"))ien=) a sequence of i.i.d. realizations from
distribution r(s,a,s’) (resp. 7(s,a,s’)). When the
learner explores the SMDP, it observes the sequence
(So, ceey Siy Qi1 Ti+1(5i7 Ai41, 5i+1)7 7—1'+1(5i7 Qi41, 5i+1)7

..). The performance of a learning algorithm is mea-
sured in terms of its cumulative regret.

Definition 1. For any SMDP M, any starting state
s € S, and any number of decision steps n > 1, let
{7}, be the random holding times observed along the
trajectory generated by a learning algorithm 2A. Then
the total regret of A is defined as

A(M, 2, s,n) = <zn:n>p*(M) -

=1

=1

'Notice that decision steps are discrete points in time in
which an action is started, while the (possibly continuous)
holding time is determined by the distribution 7.
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We first notice that this definition reduces to the stan-
dard regret in MDPs for 7; = 1 (i.e., primitive actions
always terminate in one step). The regret measures
the difference in cumulative reward obtained by the
optimal policy and the learning algorithm. While the
performance of the optimal policy is measured by its
asymptotic average reward p*, the total duration after
n decision steps may vary depending on the policy. As
a result, when comparing the performance of 7* after
n decision steps, we multiply it by the length of the tra-
jectory executed by the algorithm 2. More formally,
from the definition of p* (Eq.[l) and Prop. 2l we havd\é

N(t)

[E“*{Zn

i=1

_ o
S0 = s} P t+ o(t).

By introducing the total duration N (t) of 2 we have

svot = (3 n) (z) L)

i=1

We observe that (¢ — Efv(f) 7i) = o(t) almost surely

since (t - Zij\;(f) Ti) < Tn()+1 and Ty (41 is bounded

by an almost surely finite (a.s.) random variable since

the expected holding time for all state-action pairs is

bounded by assumption. So 7x )41/t — 0Oa.s. and
t——+o0

N(t) N(t)
E™ {El Ti|S0 = S} e p* ( Zl Ti) +o(t),

which justifies the definition of the regret.

3 SMDP-UCRL

In this section we introduce UCRL-SMDP (Fig. [I), a
variant of UCRL |Jaksch et all,2010]. At each episode
k, the set of plausible SMDPs My is defined by the
current estimates of the SMDP parameters and a set of
constraints on the rewards, the holding times and the
transition probabilities derived from the confidence in-
tervals. Given My, extended value iteration (EVI)
finds an SMDP Mk € My that maximizes p*(]T/[/k)
and the corresponding optimal policy 7} is computed.
To solve this problem, we note that it can be equiv-
alently formulated as finding the optimal policy of
an extendedd SMDP A ,j' obtained by combining all

SMDPs in Mjy:
an extended continuous action space Az. Choosing

Mlj has the same state space and

an action a® € Az amounts to choosing an action

2In this expectation, N(t) is a r.v. depending on 7*.

3In the MDP literature, the term Bounded Parameter
MDPs (BPMDPs) [Tewari and Bartlett, [2007] is often used
for "extended" MDPs built using confidence intervals on
rewards and transition probabilities.

Input: Confidence ¢ €]o,1, S, A, by, o,
b7'7 Or, Rmax, Tmax and Tmin-

Initialization: Set i = 1, and observe initial state s¢.

For episodes k = 1,2, ... do
Initialize episode k:

1. Set the start step of episode k, ix := 1

2. For all (s,a) initialize the counter for episode k,
vi(s,a) := 0 and set counter prior to episode k,

Ni(s,a) = #{t < ix : s, = s,a, = a}

3. For s,s’,a set the accumulated rewards, duration and

transition counts prior to episode k,

ig—1 ip—1
Rk g TL:H-SL—S a[—a7Tk S, a g TL:H-SL—.S a,=a
=1
/ .

Py(s,a,8)=#{t<ir:8 =50, =a,84+1 =5}
Compute estimates pp(s’ | s,a) := _ Ppsas) _ apq
p (s.0) Pk 2 T nzax{)l,Nk(s,a)}

A . Tg(s,a N . Rg(s,a
Te(s,a) == Moo and Tr(s,a) == N (sa)

Compute policy Tx:

4. Let M}, be the set of all SMDPs with states and actions
as in M, and with transition probabilities p, rewards
7, and holding time 7 such that for any (s, a)

|'F_ ffk| < ﬂ]: and RmaxTmax > T( ) 20
|7 — 7x] < Bk and Tmax > 7(s,a) > 7(s, @)/ Rmax, Tmin
’

1P(-) = Bx()|lx < B; and p(s' | s,a) =1

'es

5. Use extended value iteration (EVI) to find a policy 7k
and an optimistic SMDP M}, € M, such that:

~ . Tr ~ Rmax
L= . > e
Pr = min p(My, Ty, 8) 2 | max  p p(M' 7, 5)~ i

Ezxecute policy Ty:
6. While I/k(si7%k(8i)) < max{L Nk(8i7%k(8i)} do

(a) Choose action a; = T(s;), obtain reward r;, and
observe next state s;41
(b) Update vi(si,ai) := vk(si,ai)+1 and set 4 = i+1

Figure 1: UCRL-SMDP

a € A, a reward 7(s,a), a holding time 74(s,a) and
a transition probability px (- | s, a) in the confidence in-
tervals. When a* is executed in M, ., the probability,
the expected reward and the expected holding time of
the transition are respectively pi(-| s,a), Tx(s,a) and
Tr(s,a). Finally, 7} is executed until the number of
samples for a state-action pair is doubled. Since the
structure is similar to UCRL’s, we focus on the ele-
ments that need to be rederived for the specific SMDP
case: the confidence intervals construction and the ex-
tended value iteration algorithm.

Confidence intervals. Unlike in MDPs, we consider
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a slightly more general scenario where cumulative re-
wards and holding times are not bounded but are sub-
exponential r.v. (see Lem. [3). As a result, the con-
fidence intervals used at step 4 are defined as follows.
For any state action pair (s,a) and for rewards, tran-
sition probabilities, and holding times we define

] 2
8 (s,a) = LoV w1 Ni(s,a) 2 5 log
K= log(25 Aiy /8) . v
14b, Tax{L, Ny (5,0}’ otherwise

P(s,q) = 145 log(2Ai /)
RV max{1, Ni(s,a)}’
o, 14log(25Aik/6)7 if Nio(s,a 2% log 2405 Ail,
BT(S CL) max{1,Ng(s,a)} o 3
k ) = " ’ T
14b,

log(2S Ay /6) .
P e otherwise

(2402141% )

where o,., b., 0., b, are suitable constants character-
izing the sub-exponential distributions of rewards and
holding times. As a result, the empirical estimates 7,
T, and py are £0(s,a), B (s,a), BL(s,a) away from
the true values.

Extended value iteration (EVI). We rely on a
data-transformation (also called “uniformization”) that
turns an SMDP M into an “equivalent” MDP M., =
{S A, Deqgs ch} with same state and action spaces and
such that Vs, s’ € S,Va € A:

_ T(s,a)
Teq(s,a) = =
T(ST, a) (@)
pQQ(SI|S7 a) = (p(SI|S, a) - 55,5’) + 65,5’

T(s,a)

where §; o = 0 if s # s' and d5, = 1 otherwise, and
T is an arbitrary non-negative real such that 7 < 7pin.
M.q enjoys the following equivalence property.

Proposition 3 ([Federgruen et al), [1983], Lemma 2).
If (v*, g*) is an optimal pair of bias and gain in M,
then (7~w*,g*) is a solution to Eq.[2, i.e., it is an
optimal pair of bias/gain for the original SMDP M.

As a consequence of the equivalence stated in Prop. Bl
computing the optimal policy of an SMDP amounts
to computing the optimal policy of the MDP obtained
after data transformation (see App. [Al for more de-
tails). Thus, EVI is obtained by applying a value it-

eration scheme to an MDP M,:r cq equivalent to the

extended SMDP M, . We denote the state values of
the j-th iteration by wu,(s). We also use the vector
notation u; = (u;(s))ses. Similarly, we denote by
p(- | s,a) = (p(s' | s,a))ses the transition probabil-
ity vector of state-action pair (s,a). The optimistic
reward at episode k is fixed through the EVI itera-
tions and it is obtained as 711 (s, a) = min {#(s,a) +
Br(s,a); RmameaX}, i.e., by taking the largest possible
value compatible with the confidence intervals. At iter-
ation j, the optimistic transition model is obtained as

pj+1(-] 8,a) € Argmax,)cp, (s,a) {PTU;} and Py (s, a)
is the set of probability distributions included in the
confidence interval defined by 7 (s, a). This optimiza-
tion problem can be solved in O(S) operations using
the same algorithm as in UCRL. Finally, the optimistic
holding time depends on u; and the optimistic transi-
tion model p;41 as

Tj+1(s,a) = min {Tmax; max {Tmin; T1(s,a)
—sgn[F1(5,0)+7 (1 (s, @)y — us(s)) | B (5, 0)} |-

The min and max insure that 7;;; ranges between Tin
and Tmax. When the term 741 (s, a)+ (Pj+1(-[s, @) Tu;—
u;(s)) is positive (resp. negative), 7j41(s,a) is set to
the minimum (resp. largest) possible value compati-
ble with its confidence intervals so as to maximize the
right-hand side of Eq. B below. As a result, for any
7 € ]0, Tmin[, EVI is applied to an MDP equivalent to
the extended SMDP M, ,:r generated over iterations as

{ml(s,a) 5

uj4+1(s) = max

acA | Tj11(s,a)
+ m (23j+1(' | s,a)Tu; — Uj(s)) } + u;(s)

with arbitrary ug. Finally, the stopping condition is
i —u;(s); —minju; —U; - (6
max{ui1(s) —ui(s)} —min{uir(s) —ui(s)} <e. (6)

We prove the following.

Lemma 1. If the stopping condition holds at iteration
i of EVI, then the greedy policy w.r.t. w; is e-optimal
w.r.t. extended SMDP M,j The stopping condition is
always reached in a finite number of steps.

As a result, we can conclude that running EVI at
each episode k with an accuracy parameter ¢ =
Ruax/Vik guarantees that 7y is Rpax/vik-optimal
w.r.t. maxpenm, pF(M').

4 Regret Analysis

In this section we report upper and lower bounds on
the regret of UCRL-SMDP. We first extend the notion
of diameter to the case of SMDP as follows.

Definition 2. For any SMDP M, we define the diam-
eter D(M) by

D(M) = max {min {[E” [T(s')|s0 = s}}} (7)

s,s’€S T

where T(s') is the first time in which s’ is encountered,
ie, T(s')=inf {37  mi:neN, s, =5}

Note that the diameter of an SMDP corresponds to an
average actual duration and not an average number of
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decision steps. However, if the SMDP is an MDP the
two definitions of diameter coincides. Before reporting
the main theoretical results about UCRL-SMDP, we
introduce a set of technical assumptions.

Assumption 1. For all s € S and a € A, we
assume that Tmax > T(S,a) > Tmin > 0 and

maxsES,aEA{;EZng S Rmax wlth Tmin; Tmax, and
Ruax known to the learning algorithm. Furthermore,
we assume that the random variables (r(s,a,s’))s.a,s’
and (7(s,a,5"))s,a,s are either 1) sub-Exponential
with constants (or,b,) and (o7,br), or 2) bounded in
[0, RmaxTmax] and [Twmin, Tmax), with Tyin > 0. We
also assume that the constants characterizing the dis-
tributions are known to the learning agent.

We are now ready to introduce our main result.

Theorem 1. With probability of at least 1— 46, it holds
that for any initial state s € S and any n > 1, the
regret of UCRL-SMDP A(M, 2, s,n) is bounded by:

0 ((D\/§ (M, n, 5)) Ruaxy | SAnlog (%)) . (8)

where C(M,n, ) depends on which case of Asm. [ is
conszdered

1) sub-Ezponential

o,V by n
C(M,n,d) = Tmax + ( R +o,V bT) log (g),
2) bounded
(M n 5) max + (Tmax - Tmin)-

Proof. The proof (App. [B) follows similar steps as
in [Jaksch et all, 2010]. Apart from adapting the con-
centration inequalities to sub-exponential r.v. and de-
riving the guarantees about EVI applied to the equiv-
alent MDP M., (Lem. [Il), one of the key aspects
of the proof is to show that the learning complex-
ity is actually determined by the diameter D(M) in
Eq. As for the analysis of EVI, we rely on the
data-transformation and we show that the span of u;
(Eq.B) can be bounded by the diameter of M, which
is related to the diameter of the original SMDP as
D(Meq) = D(M)/7 (Lem. [B in App. [B).

The bound. The upper bound is a direct generalization
of the result derived by |Jaksch et all [2010] for UCRL
in MDPs. In fact, whenever the SMDP reduces to an
MDP (i.e., each action takes exactly one step to exe-
cute), then n = T and the regret, the diameter, and
the bounds are the same as for UCRL. If we consider
Rpax = 1 and bounded holding times, the regret scales
as O(DSvAn+ TaxV/'SAn). The most interesting as-
pect of this bound is that the extra cost of having

“We denote max{a,b} = a V b.

actions with random duration is only partially addi-
tive rather than multiplicative (as it happens e.g., with
the per-step reward Rmax). This shows that errors in
estimating the holding times do not get amplified by
the diameter D and number of states S as much as it

happens for errors in reward and dynamics. This is
confirmed in the following lower bound.
Theorem 2. For any algorithm A, any inte-

gers S, A > 10, any reals Tyax > 3Tmin > 3,
Rmax > 0, D > max{20T inlog 4 (S), 12T in}, and for
n > max{D, Tyax }SA, there is an SMDP M with at
most S states, A actions, and diameter D, with holding
times i [Timin, Tmax] and rewards in [0 Rm&medX}
satisfying Vs € S, Ya € A, T(s,a) < RdeT(S a),
such that for any initial state s € S the expected regret
of A after n decision steps is lower-bounded by:

E[A(M,2,5,1)] = Q ((\/1_) + \/Tmax)RmaX\/SAn)

Proof. Similar to the upper bound, the proof (App.[C)
is based on |Jaksch et al), 2010] but it requires to per-
turb transition probabilities and rewards at the same
time to create a family of SMDPs with different opti-
mal policies that are difficult to discriminate. The con-
tributions of the two perturbations can be made inde-
pendent. More precisely, the lower bound is obtained
by designing SMDPs where learning to distinguish be-
tween “good” and “bad” transition probabilities and
learning to distinguish between “good” and “bad” re-
wards are two independent problems, leading to two
additive terms v/D and v/Tmax in the lower bound.

The bound. Similar to UCRL, this lower bound reveals
a gap of V/DS on the first term and v/Tmax. While
closing this gap remains a challenging open question,
it is a problem beyond the scope of this paper.

In the next section, we discuss how these results can
be used to bound the regret of options in MDPs and
what are the conditions that make the regret smaller
than using UCRL on primitive actions.

5 Regret in MDPs with Options

Let M be an MDP and O a set of options and let My
be the corresponding SMDP obtained from Prop. [
We index time steps (i.e., time at primitive action level)
by t and decision steps (i.e., time at option level) by
i. We denote by N(t) the total number of decision
steps that occurred before time t. Given n decision
steps, we denote by T}, = "I | 7; the number of time
steps elapsed after the execution of the n first options
so that N(T,,) = n. Any SMDP-learning algorithm
Ao applied to My can be interpreted as a learning
algorithm 2 on M so that at each time step ¢, 2 selects
an action of M based on the policy associated to the
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option started at decision step N(t). We can thus
compare the performance of UCRL and UCRL-SMDP
when learning in M. We first need to relate the notion
of average reward and regret used in the analysis of
UCRL-SMDP to the original counterparts in MDPs.

Lemma 2. Let M be an MDP, O a set of options
and Mo the corresponding SMDP. Let 1o be any sta-
tionary policy on Mo and w the equivalent policy on
M (not necessarily stationary). For any state s € So,
any learning algorithm A, and any number of decision
steps n we have p™ (Mo, s) = p™ (M, s) and

AM, A, T,) = A(Mo, A, n) + T (p* (M) — p*(Mo)) -

The linear regret term is due to the fact that the intro-
duction of options amounts to constraining the space
of policies that can be expressed in M. As a result, in
general we have p*(M) > p*(Mp) = max,, p™° (Mo),
where 7o is a stationary deterministic policy on Mp.
Thm. 2] also guarantees that the optimal policy com-
puted in the SMDP Mp (i.e., the policy maximizing
p™° (Mo, s)) is indeed the best in the subset of policies
that can be expressed in M by using the set of options
O. In order to use the regret analysis of Thm. Il we
still need to show that Asm. [I]is verified.

Lemma 3. An MDP provided with a set of op-
tions is an SMDP where the holding times and re-
wards 7(s,0,8") and r(s,0,8") are distributed as sub-
exponential random variables. Moreover, the holding
time of an option is sub-Gaussian if and only if it is
almost surely bounded.

This result is based on the fact that once an option
is executed, we obtain a Markov chain with absorb-
ing states corresponding to the states with non-zero
termination probability S,(s) and the holding time is
the number of visited states before reaching a termi-
nal state. While in general this corresponds to a sub-
exponential distribution, whenever the option has a
zero probability to reach the same state twice before
terminating (i.e., there is no cycle), then the holding
times become bounded. Finally, we notice that no in-
termediate case between sub-exponential and bounded
distributions is admissible (e.g., sub-Gaussian). Since
these are the two cases considered in Thm. [[l we can
directly apply it and obtain the following corollary.

Corollary 1. For any MDP M = {S,A,p,r} with
r(s,a,s") € [0, Rmax] and a set of options O, con-
sider the resulting SMDP Mo = {So, Ao, po, 70,70 }-
Then with probability of at least 1 — 0§, it holds that for
any initial state s € S and any n > 1, the regret of
UCRL-SMDP in the original MDP is bounded as

0((Dov/S6 + C(Mo.n.8)) Ryuey | SoOn 10z (1))

+ Ty (p* (M) — p*(Mo)) ,

where O is the number of options.

We can also show that the lower bound holds for MDPs
with options as well. More precisely, it is possible to
create an MDP and a set of options such that the lower
bound is slightly smaller than that of Thm.

Corollary 2. Under the same assumptions as in The-
orem [3, there exists an MDP with options such that
the regret of any algorithm is lower-bounded as

0 (VDo +V/Toax = Tuin ) BOux/500n)
+ T (p* (M) = p*(Mo)) -

This shows that MDPs with options are slightly eas-
ier to learn than SMDPs. This is due to the fact
that in SMDPs resulting from MDPs with options re-
wards and holding times are strictly correlated (i.e.,
7(8,0,8) < RmaxT(8,0,8") a.s. and not just in expec-
tation for all (s,o,s)).

We are now ready to proceed with the comparison
of the bounds on the regret of learning with options
and primitive actions. We recall that for UCRL
A(M,UCRL, s,T,) = O(DSRumaxVAT,). We first no-
tice thatd Rgax < Rpmax and since Sop € S we have
that Sp < S. Furthermore, we introduce the following
simplifying conditions: 1) p*(M) = p*(Mo) (i.e., the
options do not prevent from learning the optimal pol-
icy), 2) O < A (i.e., the number of options is not larger
than the number of primitive actions), 3) options have
bounded holding time (case 2 in Asm.[I]). While in gen-
eral comparing upper bounds is potentially loose, we
notice that both upper-bounds are derived using simi-
lar techniques and thus they would be “similarly” loose
and they both have almost matching worst-case lower
bounds. Let R(M,n,d) be the ratio between the re-
gret upper bounds of UCRL-SMDP using options O

and UCRL, then we have (up to numerical constants)

(DoVSo + Tmax) v/SoOnlog(n/5)
DS/ AT, log(T,/9)

DoV S+ Tmax [
S——\/7>
DV'S T,
where we used n < T, to simplify the logarithmic

terms. Since lim inf % > Tmin, then the previous ex-
n—-+o0o

pression gives an (asymptotic) sufficient condition for
reducing the regret when using options, that is

DO\/§ + Tmax <1 (9)

D\/ STmin -

In order to have a better grasp on the cases covered
by this condition, let Dy = aD, with o > 1. This cor-
responds to the case when navigating through some

R(M,n) <

>The largest per-step reward in the SMDP is defined as

(@] 7(s,a
Riax = maXses,acA {?Es,a; .
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Figure 2: Navigation problem.

states becomes more difficult with options than with
primitive actions, thus causing an increase in the di-
ameter. If options are such that Tiax < D+/S and
Tmin > (1 + )2, then it is easy to see that the condi-
tion in Eq. [ is satisfied. This shows that even when
the introduction of options partially disrupt the struc-
ture of the original MDP (i.e., Do > D), it is enough
to choose options which are long enough (but not too
much) to guarantee an improvement in the regret. No-
tice that while conditions 1) and 2) are indeed in favor
of UCRL-SMDP, So, O, and Ty,ax are in general much
smaller than S, A, DV/S (S and D are large in most of
interesting applications). Furthermore, T, is a very
loose upper-bound on liminf,, | % and in practice
the ratio % can take much larger values if 7, is large
and many options have a high expected holding time.
As a result, the set of MDPs and options on which the
regret comparison is in favor of UCRL-SMDP is much
wider than the one defined in Eq. Nonetheless, as
illustrated in Lem. 3] the case of options with bounded
holding times is quite restrictive since it requires the
absence of self-loops during the execution of an option.
If we reproduce the same comparison in the general
case of sub-exponential holding times, then the ratio
between the regret upper bounds becomes

DoVS +C(M,n,8) [n
RM, S T
(M) DVS T,

where C(M,n,d) = O(y/log(n/d)). As a result, as
n increases, the ratio is always greater than 1, thus
showing that in this case the regret of UCRL-SMDP
is asymptotically worse than UCRL. Whether this is
an artefact of the proof or it is an intrinsic weakness
of options, it remains an open question.

6 Illustrative Experiment

We consider the navigation problem in Fig. 2l In any
of the d? states of the grid except the target, the four
cardinal actions are available, each of them being suc-
cessful with probability 1. If the agent hits a wall

then it stays in its current position with probability 1.
When the target state is reached, the state is reset to
any other state with uniform probability. The reward
of any transition is 0 except when the agent leaves the
target in which case it equals Ryax- The optimal pol-
icy simply takes the shortest path from any state to the
target state. The diameter of the MDP is the longest
shortest path in the grid, that is D = 2d — 2. Let m
be any non-negative integer smaller than d and in ev-
ery state but the target we define four macro-actions:
LEFT, RIGHT, UP and DOWN (blue arrows in the
figure). When LEFT is taken, primitive action left is
applied up to m times (similar for the other three op-
tions). For any state s’ which is k& < m steps on the
left of the starting state s, we set B,(s") = 1/(m—k+1)
so that the probability of the option to be interrupted
after any k < m steps is 1/m. If the starting state s is
I steps close to the left border with | < m then we set
Bo(s") = 1/(I — k + 1) for any state s’ which is k <1
steps on the left. As a result, for all options started m
steps far from any wall, Ti,.x = m and the expected
duration is 7 := 7(s,0) = (m + 1)/2, which reduces
t0 Tmax = ! and 7 = (I + 1)/2 for an option started
Il < m step from the wall and moving towards it.
More precisely, all options have an expected duration
of 7(s,0) = 7 in all but in md states, which is small
compared to the total number of d? states. The SMDP
formed with this set of options preserves the number
of state-action pairs Sp =S = d? and A’ = A = 4 and
the optimal average reward p*(M) = p*(M’), while it
slightly perturbs the diameter Do < D+m(m+1) (see
App. [ for further details). Thus, the two problems
seem to be as hard to learn. However the (asymptotic)
ratio between the regret upper bounds becomes
(2d —2+m? +m)d +m I n
2d—2)d <ninio T,

m? n
< - 1 —
_<1+2d>(nlgrgo Tn>’

where we assume m,d > 2. While a rigorous analy-
sis of the ratio between the number of option decision
steps n and number of primitive actions T, is difficult,
we notice that as d increases w.r.t. m, the chance of ex-
ecuting options close to a wall decreases, since for any
option only md out of d? states will lead to a duration
smaller than 7 and thus we can conclude that n/T,
tends to 1/7 = 2/(m + 1) as n and d grow. As a re-
sult, the ratio would reduce to (1+2m?/d)\/2/(m + 1)
that is smaller than 1 for a wide range of values for m
and d. Finally, the ratio is (asymptotically in d) min-
imized by m = v/d, which gives R(M,n) = O(d~'/*),
thus showing that as d increases there is always an
appropriate choice of m for which learning with op-
tions becomes significantly better than learning with
primitive actions. In Fig. Bal we empirically validate

lim R(M,n) <

n—00

)
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Figure 3: (a) Ratio of the regrets with and without options for different values of Trax; (b) Regret as a function
of T, for a 20x20 grid; (¢) Evolution of T, /n for a 20x20 grid.

this finding by studying the ratio between the actual
regrets (and not their upper-bounds) as d and m (i.e.,
Tmax) vary, and with a fixed value of T, that is cho-
sen big enough for every d. As expected, for a fixed
value of d, the ratio R first decreases as m increases,
reaches a minimum and starts increasing to eventually
exceed 1. As d increases, the value of the minimum de-
creases, while the optimal choice of m increases. This
behaviour matches the theory, which suggests that the
optimal choice for m increases as O(v/d). In Fig. Bhlwe
report the cumulative regret and we observe that high
values of Ty,ax worsen the learning performances w.r.t.
learning without options (Tiax = 1, plotted in black).
Finally, Fig.[Bdshows that, as n tends to infinity, T, /n
tends to converge to (m + 1)/2 when m < d, whereas
it converges to slightly smaller values when m is close
to d because of the truncations operated by walls.

Discussion. Despite its simplicity, the most interest-
ing aspect of this example is that the improvement
on the regret is not obtained by trivially reducing the
number of state-action pairs, but it is intrinsic in the
way options change the dynamics of the exploration
process. The two key elements in designing a success-
ful set of options O is to preserve the average reward
of the optimal policy and the diameter. The former is
often a weaker condition than the latter. In this exam-
ple, we achieved both conditions by designing a set O
where the termination conditions allow any option to
end after only one step. This preserves the diameter of
the original MDP (up to an additive constant), since
the agent can still navigate at the level of granular-
ity of primitive actions. Consider a slightly different
set of options (0, where each option moves exactly
by m steps (no intermediate interruption). The num-
ber of steps to the target remains unchanged from any
state and thus we can achieve the optimal performance.
Nonetheless, having 7* in the set of policies that can

be represented with O’ does not guarantee that the
UCRL-SMDP would be as efficient in learning the op-
timal policy as UCRL. In fact, the expected number of
steps needed to go from a state s to an adjacent state
s’ may significantly increase. Despite being only one
primitive action apart, there may be no sequence of
options that allows to reach s’ from s without relying
on the random restart triggered by the target state. A
careful analysis of this case shows that the diameter is
as large as Do = D(1+m?) and there exists no value
of m that satisfies Eq. [ (see App. [).

7 Conclusions

We derived upper and lower bounds on the regret of
learning in SMDPs and we showed how these results
apply to learning with options in MDPs. Comparing
the regret bounds of UCRL-SMDP with UCRL, we
provided sufficient conditions on the set of options and
the MDP (i.e., similar diameter and average reward) to
reduce the regret w.r.t. learning with primitive actions.
To the best of our knowledge, this is the first attempt
of explaining when and how options affect the learning
performance. Nonetheless, we believe that this result
leaves space for improvements. In fact, Prop. Qlimplies
that the class of SMDPs is a strict superset of MDPs
with options. This suggests that a more effective anal-
ysis could be done by leveraging the specific structure
of MDPs with options rather than moving to the more
general model of SMDPs. This may actually remove
the additional 4/log(n/d) factor appearing because of
sub-exponential distributions in the UCRL-SMDP re-
gret. An interesting direction of research is to use this
theoretical result to provide a more explicit and quan-
titative objective function for option discovery, in the
line of what is done in |[Brunskill and 1i,12014]. Finally,
it would be interesting to extend the current analysis
to more sophisticated hierarchical approaches to RL
such as MAXQ |Dietterich, 2000].



Ronan Fruit, Alessandro Lazaric

Acknowledgement This research is supported in part
by a grant from CPER Nord-Pas de Calais/FEDER
DATA Advanced data science and technologies 2015-2020,
CRIStAL (Centre de Recherche en Informatique et Au-
tomatique de Lille), and the French National Research
Agency (ANR) under project ExTra-Learn n.ANR-14-
CE24-0010-01.

References

Applied Probability Models with Optimization Applications,
chapter 7: Semi Markov Decision Processes. Dover Pub-
lications, INC., New York, 1970.

A First Course in Stochastic Models, chapter 7: Semi
Markov Decision Processes. Wiley, 2003.

Pierre-Luc Bacon and Doina Precup. The option-critic ar-
chitecture. In NIPS’15 Deep Reinforcement Learning
Workshop, 2015.

Emma Brunskill and Lihong Li. PAC-inspired Option Dis-
covery in Lifelong Reinforcement Learning. In Proceed-
ings of the 31st International Conference on Machine
Learning, volume 32 of JMLR Proceedings, pages 316—
324. JMLR.org, 2014.

Pablo Samuel Castro and Doina Precup. Automatic con-
struction of temporally extended actions for mdps using
bisimulation metrics. In Proceedings of the 9th FEuro-
pean Conference on Recent Advances in Reinforcement
Learning, EWRL’11, pages 140-152, Berlin, Heidelberg,
2012. Springer-Verlag. ISBN 978-3-642-29945-2. doi:
10.1007/978-3-642-29946-9 16.

Ozgiir Simsek and Andrew G. Barto. Using relative nov-
elty to identify useful temporal abstractions in reinforce-
ment learning. In Proceedings of the Twenty-first In-
ternational Conference on Machine Learning, ICML ’04,
2004.

Thomas G. Dietterich. Hierarchical reinforcement learning
with the maxq value function decomposition. Journal of
Artificial Intelligence Research, 13:227-303, 2000.

A. Federgruen, P.J. Schweitzer, and H.C. Tijms. Denu-
merable undiscounted semi-markov decision processes
with unbounded rewards. Mathematics of Operations
Research, 1983.

Thomas Jaksch, Ronald Ortner, and Peter Auer. Near-
optimal regret bounds for reinforcement learning. J.
Mach. Learn. Res., 11:1563-1600, August 2010.

Nicholas K. Jong, Todd Hester, and Peter Stone. The
utility of temporal abstraction in reinforcement learn-
ing. In The Seventh International Joint Conference on
Autonomous Agents and Multiagent Systems, May 2008.

Arie Leizarowitz. Decision and Control in Management
Science: FEssays in Honor of Alain Haurie, chapter 5:
On Optimal Policies of Multichain Finite State Compact
Action Markov Decision Processes. Springer Science and
Business Media, 2013.

Kfir Y. Levy and Nahum Shimkin. Unified inter and intra
options learning using policy gradient methods. In Scott
Sanner and Marcus Hutter, editors, EWRL, volume 7188
of Lecture Notes in Computer Science, pages 153-164.
Springer, 2011. ISBN 978-3-642-29945-2.

Kfir Y. Levy and Nahum Shimkin. Recent Advances in Re-
inforcement Learning: 9th European Workshop, EWRL
2011, chapter Unified Inter and Intra Options Learning
Using Policy Gradient Methods, pages 153—164. Springer
Berlin Heidelberg, 2012.

Jianyong Liu and Xiaobo Zhao. On average reward semi-
markov decision processes with a general multichain
structure. Math. Oper. Res., 29(2):339-352, 2004.

Timothy A. Mann and Shie Mannor. Scaling up approxi-
mate value iteration with options: Better policies with



Exploration—Exploitation in MDPs with Options

fewer iterations. In Proceedings of the 31st International
Conference on Machine Learning, 2014.

Timothy Arthur Mann, Daniel J. Mankowitz, and Shie
Mannor. Time-regularized interrupting options (TRIO).
In Proceedings of the 31th International Conference on
Machine Learning, ICML 2014, Beijing, China, 21-26
June 2014, pages 1350-1358, 2014.

Amy McGovern and Andrew G. Barto. Automatic discov-
ery of subgoals in reinforcement learning using diverse
density. In Proceedings of the Eighteenth International
Conference on Machine Learning, pages 361-368, 2001.

Ishai Menache, Shie Mannor, and Nahum Shimkin. Q-cut
- dynamic discovery of sub-goals in reinforcement learn-
ing. In Proceedings of the 13th European Conference on
Machine Learning, 2002.

Iryna Felko Peter Buchholz, Jan Kriege. Input Modeling
with Phase-Type Distributions and Markov Models, chap-
ter Phase-Type Distributions. Springer, 2014.

Martin L. Puterman. Markov Decision Processes: Dis-
crete Stochastic Dynamic Programming. John Wiley &
Sons, Inc., New York, NY, USA, 1st edition, 1994. ISBN
0471619779.

Munu Sairamesh and Balaraman Ravindran. Options with
exceptions. In Proceedings of the 9th European Con-
ference on Recent Advances in Reinforcement Learn-
ing, EWRL’11, pages 165-176, Berlin, Heidelberg, 2012.
Springer-Verlag. ISBN 978-3-642-29945-2. doi: 10.1007/
978-3-642-29946-9 18.

M. Schil. On the second optimality equation for semi-
markov decision models. Mathematics of Operations Re-
search, 1992.

Jonathan Sorg and Satinder P. Singh. Linear Options. In
AAMAS, pages 31-38, 2010.

Richard S. Sutton and Andrew G. Barto. Introduction to
Reinforcement Learning. MIT Press, Cambridge, MA,
USA, 1st edition, 1998. ISBN 0262193981.

Richard S. Sutton, Doina Precup, and Satinder Singh. Be-
tween mdps and semi-mdps: A framework for temporal
abstraction in reinforcement learning. Artificial Intelli-
gence, 112(1):181 — 211, 1999.

Chen Tessler, Shahar Givony, Tom Zahavy, Daniel J.
Mankowitz, and Shie Mannor. A deep hierarchical
approach to lifelong learning in minecraft. CoRR,
abs/1604.07255, 2016.

Ambuj Tewari and Peter L. Bartlett. Bounded Param-
eter Markov Decision Processes with Average Reward
Criterion, pages 263-277. Springer Berlin Heidelberg,
Berlin, Heidelberg, 2007. ISBN 978-3-540-72927-3. doi:
10.1007/978-3-540-72927-3 _20.

Vladimir Vovk, Alex Gammerman, and Glenn Shafer. Al-
gorithmic Learning in a Random World. Springer-Verlag
New York, Inc., Secaucus, NJ, USA, 2005. ISBN
0387001522.

Martin Wainwright. Course on Mathematical Statistics,
chapter 2: Basic tail and concentration bounds. Univer-
sity of California at Berkeley, Department of Statistics,
2015.



Ronan Fruit, Alessandro Lazaric

A Optimal average reward in discrete and continuous SMDPs: existence and
computation

In this section we prove Proposition 2] and Lemma [Il Since extended value iteration is run on SMDP M, ,j with
continuous actions (the choice of the transition probability), in the following we consider both the continuous
and discrete case at the same time. In order to have a more rigorous treatment of SMDPs, we introduce further
notations from [Puterman, 1994].

A decision rule is a function d : H — A(A) where H is the set of possible histories and A(A) is the set
of probability distributions over A. For an SMDP M, we will denote by D7 the set of history-dependent
randomized decision rules and DYP the subset of Markovian deterministic decision rules (D}P < DIF). A
history-dependent randomized policy is a sequence of elements of DﬁR indexed by the decision steps, i.e., 7 =
(d1,da,...) € (DEF)N while a stationary deterministic policy is a constant sequence of elements of D}P: 7 =
(d,d,...) = d*. The set of history-dependent randomized policies will be denoted II¥% and the subset of
stationary deterministic policies will be denoted II5P: T3P C TI{IF. We also consider the more general case
where the set of available actions may depend on the state, i.e., there exists a set A, for each s € S.

A.1 Optimality criterion

We start by defining the optimality criterion in SMDPs. Unlike for MDPs, where the average reward of a fixed
policy is uniquely defined, in SMDPs there are three different definitions that are usually encountered in the
literature (see [Schil (1992, [Federgruen et all[1983, and [Rod [1970)[

Definition 3. Denote N(t) = sup {n tneN, Yo, m< t} the number of decision steps that occured before

time t. For any w € HﬁR and s € S, we define:

[zﬁiﬁ”

[zﬁiﬁ”
t

t

S0 = s], p1”"(s) = liminf E™

t——+o0

0= (10)

P (s) =limsup E™

t——+o0

[EF[Z?:lri‘SOZS} [EW[Z?:lT‘i‘SQZS]

2" (s) = limsup p2" (s) = liminf

(11)

nooo BT [ 300 milso = 5] noteo ET[ 350, il s0 = 5]
and for any d>° € Hfz[D and s € S we define:
v(d) Z d —
o . serd Ha(8)T(s,d(s))
pi () = pUals)gala), with ga(a) = == (12)

S et HA(5)7(5 d(5))

where v(d) is the number of positive recurrent classes under d>®, p®(als) is the probability of entering positive
recurrent class o starting from s and following policy d=, R% is the set of states of class a and ul is the stationary
probability distribution of class a.

a=1

A.2 Proof of Proposition

We say that (d*)* is (3)-average-optimal if for all states s € S and decision rules d € D}P, péd*)oo(s) >
047 (s). We say that 7* is (1)-average-optimal (respectively (2)-average-optimal) if for all states s € S and all
e TR p1™ (s) > Pi™(s) (respectively po™ (s) > 72" (s)). We prove a slightly more general formulation than
Proposition [ o

Proposition 4. If M is communicating and the expected holding times and rewards are finite, then
o There exists a stationary policy 7 = (d*)°° which is (1,2,3)-average-optimal.
o All optimal values are equal and constant and we will denote this value by p*:

Vs e S, piT (5) = pu )7 () = 32T (5) = a7 () = T () = .

SNotice that the definition we provide in Eq. [ of Prop. B is p1-
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Proof. Step 1: Optimality equation of a communicating SMDP. We first recall the average reward
optimality equations for a communicating SMDP (Eq. [2)

Vs € S, u*(s)—max{ (s,a) — p*7(s,a +Z s'|s,a)u /)} (13)

€A,
“ s’eS

where u* and p* are the bias (up to additive constant) and average reward respectively. Since we need to
analyse both the case where Aj; is finite and the case where A, is continuous, we verify that it is appropriate
to consider the max instead of sup in the previous expression. For the original SMDP M, A, is finite and the
maximum is well-defined. For the extended SMDPs M ,j considered while computing the optimistic SMDP, A;s

is compact and T(s,a), 7(s,a) and p(-| s,a) are continuous in .Z+ by the very definition of ]T/[/]j The function
7(s,a) — p*7(s,a) + > csP(s'|s,a)u*(s’) is thus continuous on Ak . compact and by Weierstrass theorem, we

know that the maximum is reached (i.e., there exists a maximizer). As a result, Eq. [[3]is well-defined and we
can study the existence and properties of its solutions.

Step 2: Data-transformation (uniformization) of an SMDP. The structure of EVI is based on a data-
transformation (also called "uniformization") which turns the initial SMDP M into an “equivalent” MDP Mg =
{S A, Deqgs rcq} defined as in Eq. 4l As a result, we can just apply standard MDP theory to the equivalent MDP.
The average optimality equation of M., is [Puterman, [1994|

*(s) = max H(s0) ey T s'ls,a)v*(s’ SIS P
VSGS’”S)—CLGAS{;(S,@ 7t s S s )+ (1 =) <>} (1)

s'eS
Since T < Tmin, every Markov Chain induced by a stationary deterministic policy on Mg is necessarily aperiodic

(for any action, the probability of any state to loop on itself is strictly positive). Moreover, since M is assumed
to be communicating, Mcq is also communicating. The same holds for M ,j eq (i.e., the MDP obtained from the

extended SMDP MM, . after data transformation). Under these conditions, Eq. [4 has a solution (v*, g*) where

*

g* is the optimal average reward of Meq (respectively M, ,j' cq) and the (stationary deterministic) greedy policy
w.r.t. v* is average-optimal. Moreover, standard value iteration is guaranteed to converge and it can be applied
with the stopping condition in Eq. [0l to obtain an e-optimal policy in finitely many steps. This holds for both
finite and compact As with continuous Teq(s, @) and peq(s’|s, a) (see for example Puterman 1994 and [Leizarowitz

2013). It is easy to show that EVI in Eq. [l is exactly value iteration applied to M,j' eq- Finally, Lemma 2
of [Federgruen et al., [1983] (Prop. [3) shows the “equivalence” between M and M., (respectively M Fand M ,j' o)
if (v*, g*) is a solution to Eq.[I4] then (7~ 'v*, g*) is a solution to Eq. I3land conversely. As a result, there exists
a solution (u*, p*) to Eq. I3l for both M and MJr

Step 3: Existence of deterministic stationary optimal policy. We are now ready to prove the existence
of a deterministic stationary policy that is (1,2,3)-optimal and that the corresponding optimal value is constant
and equal in all three cases. We consider the case of finite and continuous A4 separately.

Step 3a: For M (finite A,). Since conditions (L), (F) and (R) of |Schél, [1992] hold, we can apply their main
theorem and obtain that

1. Any greedy policy (d*)™ w.r.t. u* is such that 717%™ (s) > 517 (s) for any 7 € TI}F and any s € S,
2. Vs €8, prt4)7 (5) = p*,

where (u*, p*) is a solution of Eq.[I3l Furthermore, from renewal theory (see e.g., Tij 2003 and |Ros, [1970]) we
have that Vd> € II5P, il = T = " (i.e., the limit exists for deterministic stationary policies), thus
we can conclude that (d*)> is (1)-optimal. Furthermore, by Lemma 2.7 of [Schil, [1992]: Vd> € T3P, Vs €
S, 7147 (s) = p3~ (s) so d* is also necessarily (3)-optimal. Finally, by Theorem 7.6 of |Ros, 1970], since (u*, p*)

is a solution of Eq.

1. Any greedy policy (d*)* w.r.t. u* is such that 7547 (s) > 727 (s) for any 7 € TI}F and any s € S,
2. Vs € 8,527 (s5) = p*.
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By Theorem 11.4.1 of [Puterman, [1994] we have Vd> € II5P, 73 = po = pd~ and thus d* is also (2)-optimal.
This concludes the proof for the finite case, which proves the statement of Prop.

Step 3b: For ]T/[/];Ir (compact .Z;C"S with continuous rewards, holding times and transition probabili-
ties). The proof is almost the same as with discrete action spaces. The only difference is that we can’t apply
the Theorem of [Schéil, [1992] because conditions (R) and (C*) do not hold in general. However, we can use
Propositions 5.4 and 5.5 of [Schél, [1992] and we have the same result as in the discrete case (assumptions (L),
(C), (P) and (I) hold in our case and we know that the optimality equation [[3] admits a solution (u*, p*), see
above). Since the state space is finite, the rest of the proof is rigorously the same (the Theorems and Lemmas

still applies). This guarantees the same statement as Prop. 2l but for the optimistic SMDP M, ,j' . [l

A.3 Proof of Lemma[I]

Proof. From the proof of Prop. 2 we already have that EVI converges towards the optimal average reward of
M ,j eq which is also the optimal average reward of M| M;". We also know that the stopping criterion is met in a
finite number of steps and that the greedy policy when the stopping criterion holds is e-optimal in the equivalent

M ,j eq’ Then, in order to prove Lemmal[Il we only need to prove that this policy is also e-optimal in the optimistic

SMDP M, ,j . [Tij [2003] shows that for any stationary deterministic policy d> € H%’z, the (1)-average reward is
the same in the SMDP and the MDP obtained by uniformization, that is ’

Vs € S, pf (M) = p*" (M,,).

Then it immediately follows that the policy returned by EVI is (1)-e-optimal in M, . and since Vd*> € II5P, pi” =
pgm, it is also (3)-e-optimal. Note that for any deterministic stationary policy d € H}%ﬁ defining a unichain
k

Markov chain in M, ,:r eq (0r equivalently in M ), we have: Vs € S,p¢" (s) = p¢ (s) and this value is constant
across states (see for example chapter 11 of |[Puterman, [1994], Theorem 7.5 of |[Ros, [1970] or |Liu and Zhad,
2004]). However, in the general case, this equality does not hold (see Example 2.1 of |Liu and Zhao, 2004]).
Nevertheless, by Theorem 3.1 of [Liu and Zhad, [2004] we have

VdWeHS Vs €S, |08 (M, s) = %" (Myf oo )| < (M o) — pin(Mi o) )
15

where (T ) = mae o™ (17

A% T Y = min o4 (AT
€S k,cq’s) and pmin(Mk,cq)_rsnelgp (Mk,ccps)'

If we denote by d the policy returned by EVI and p* the optimal gain of M ,:r eq and M, ,:r we obtain

Vs €S, p*—pgm(M;f,S):pdw(M;feq,S)—pgm(M;j,S)er*—p (M)

< pde(M]:_cq) pm]n (M]:rcq)
_pmaX(Ml:rcq) p* +p pmm(M]:qu)—i—e S 2e.

For the first inequality we used Eq. [I3] and the fact that d is e-optimal in M ,j For the second inequality, we

used again that d is e-optimal in M M oq and we also used the fact that p (M ,:r eq) p*. In conclusion, the
policy returned by EVI is (2)-2¢- optlmal The remaining part of Theorem [ is thus proved for all optimality
criteria. |

By Theorem 8.3.2 of |[Putermarl, 1994], we know that there exists an optimal policy d* of MDP M, M eq that

yields a unichain Markov Chain (i.e., a Markov Chain with a single positive recurrent class). The Markov Chain

induced by d* in ]T/[/];Ir is thus also unichain and moreover: pgd*)oo(]T/[/]j) (d )x(M,jeq) =p (M,jeq) = *(M,j)

We have seen that for any policy d € H%i yielding a unichain Markov Chain p¢ (M,j) = pd (M,j) and so in
k

particular, it is true for d*. Therefore, there exists a policy of M ,:r which yields a unichain Markov Chain and
which is (1)-optimal, (2)-optimal and (3)-optimal. This explains why the optimal gain is the same for criteria
(1) and (2) but EVI must be run with a different accuracy to insure e-accuracy (the Markov Chain induced by
the policy returned by EVT is not necessarily unichain).
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B Analysis of SMDP-UCRL (proof of Theorem [I])

The proof follows the same steps as in |[Jaksch et al), [2010]. Therefore, in the following we only emphasize the
differences between SMDPs and MDPs and we refer to |Jaksch et all, 2010] for the parts of the proof which are
similar.

B.1 Splitting into Episodes

We first recall the definition of sub-exponential random variables.

Definition 4 (Wainwright [2015]). A random variable X with mean p < 400 is said to be sub-exponential, if
one of the following equivalent conditions is satisfied:

1. (Laplace transform condition) There exists (o,b) € RT x R™ such that:

o 1
E[eMX )] < <P for all |\ < i (16)

In this case, we say that X is sub-exponential of parameters o,b and we denote it by X € subExp(o,b).

2. There exists co > 0 such that E[e*X~M] < 400 for all |\ < ¢o.

In order to define the confidence intervals, we use the Bernstein concentration inequality for sub-exponential
random variables.

Proposition 5 (Bernstein inequality, [Wainwrightl, [2015]). Let (X;)1<i<n be a collection of independent sub-
Ezponential random variables s.t. Vi € {1,....,n}, X; € subExp(o;,b;) and E[X;] = p;. We have the following
concentration inequalities:

2 2

VtZO,IP<ZX Zul>t> {e s ?foﬁiff

: e_%, if t> %
1 | b 2 (17)
(S Sued) <[ vosiss
e 25, if t> %

Z".l o2
where o = \/ === and b = max;<i<n{bi}-

Denoting by N (s, a) the state-action counts we have

N(s,a)

ZTZ Si—1,i—1) Z Z Z Tk, (5, a).

i=1 s€SacAs j=1

Conditionally on knowing (N(s,a))sq, the previous sum is equal (in distribution) to a sum of independent
random variables with mean ) s> 4 N(s,a)7(s,a) and from Prop. [ we have

<Zrl <Y Ns,aF(s,a) — ory | oo (1%") (N(s,a))sya> < (%)5/4 < g

SES acA;
5b3 (13n>
ifn> 207

5
<Z“ <2 2N a) = b log(lin) (N(s,a)), ) (13n> 24n5/4’

sESacA,
< 5b3 o 13n
if n —
202 8\ 75
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Similarly, the total holding time satisfies

5 13n o\ s
<ZTZ > S;Sa; 7(s,a) + o, §nlog (T) (N(S,a))&a) < <ﬁ) < Yme
> 5b2 o 13n
if n > 207 g5
5 13n J o/ g
<Z“ 2> D N(s,a)7(s,a) + 5br 1°g< 5 > (N(S’a))57“> : <13n) =Yg/
2

sES acA,
5b | 13n
202 8\75

ifn<

Lemma 4. The optimal average reward can be bounded as follows:

P00 <, {20 ]S R

Proof. In App. [Al we prove that p*(M) = p*(Meq) where p*(Meq) is the optimal average reward of an MDP

M.y with same state and action spaces as SMDP M and with average rewards of the form % All the

rewards of Meq are thus bounded by Rmax and so p*(Meq) is necessarily bounded by Rmax as well and thus:
p*(M) < Rua. 0

We are now ready to split the regret over episodes. We define the per-episode regret as

Ay = Z Z vi(s,a) (T(s,a)p” —T(s,a)).

seES ac A,

Setting -, = max { ng, \/gaT} and v, = max { %bT, \/gaT}, and using a union bound on the previous inequali-

ties we have that with probability at least 1 — 5=

13n

AL s <3 A+ w+~yTRmax)1og( ’

k=1

)i

B.2 Dealing with Failing Confidence Regions

Lemma 5. For any episode k > 1 the probability that the true SMDP M is not contained in the set of plausible

MDPs M, at step i is at most 15 50 that is:

]

k>1, P(M —

(18)

Proof. This lemma is the SMDP-analogue of Lemma 17 in |[Jaksch et all, 2010] and the proof is similar. Using
an f1-concentration inequality for discrete probability distributions we obtain

IP(HP(.Is,a) —pr(ls,a)||, = ﬂﬁ(s,a)) =P <||p(.|s,a) — pe(ls,a)], > \/# log <2f;zk>>
S i7
<# (Itts - il > | 2og (22241

S -7
<25 exp _n X z1og 72 2054i,
2 n )
B 1)
2007 SA
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In the inequalities above, it is implicitly assumed that the value Ni(s,a) = n is fixed. To be more rigorous,
we are bounding the probability of the intersection of event {||p(‘|s,a) — ﬁk(-|s,a)Hl > pBP(s,a)} with event
{Nk(s,a) =n} but we omitted the latter to simplify notations, and we will also omit it in the next inequalities.

Using Bernstein inequality (Prop. B) and noting that 240 < 27 (%)6 for S;A > 2 and § < 1, we have:

o Ifn > %1%(%);
P( (s, a) = Fu(s, )| = Bi(s,0)) = P <|7<s,a> — fi(s.a)| > ar\/ W og (25 ;‘”))
n

;7
<P (ws,a) — inls,0)| > ar\/g log (%))
n

2 2408 Ai]
< 2exp (—27;2 X Eaf log (%))

=3
/

=
—~
»

S
~—

I

<

ol
—~
»

S
=
%
Sy
a3
—~

»

S
~—
SN—
I
=3
—

7(s,a) — (s, a)| > 146, log (2SAM>)
n

1
2b, 2408 Ai
<P (|F(s,a) — 7p(s,a)] > log (7%)>
n 1)
n 2 2405 Ail
< _ z el 1
_2exp( TR xnbrlog< 5 ))
B 1)
- 120i]SA
Similarly for holding times we have:
1

P([7(s.0) = 7u(s,0)] = Bi(s,a)) < 10754

Note that when there hasn’t been any observation, the confidence intervals trivially hold with probability 1.

Moreover, Ni(s,a) < i by the stopping condition of an episode. Taking a union bound over all possible values
of Ni(s,a) yields:

)
P([7(s,a) = 7u(s,0)] = Bi(s,a)) < 305
)
[P(|F(s,a) — 7p(s,a)| > ﬁ;(s,a)) < m
R 1)
[P(Hp(-|s,a) _pk('|5aa)Hl > ﬂz(s,a)) < W

Summing over all state-action pairs: P (M ¢ My) < O

o
1512

We now consider the regret of episodes in which the set of plausible SMDPs M does not contain the true
SMDP M: 7" | Aplyga,. By the stopping criterion for episode k (except for episodes where vy (s,a) = 1
and Ni(s,a) =0 for which Y7 o> c 4 vi(s,a) =1 <iy):

S  wk(s,a) <D0 Ni(s,a) =ix — 1 (19)

sES ac A, s€ES acAs
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We can thus bound this part of the regret:

m m
> Arlugm, < ZZ )7(s,a)p" Largamy
k=1s€Sa

k=1

k=1
Ln1/4J n

< 7—maxp}s< Z i+ Z
i=1

i=|nl/4|+1

m

Li=iy, MM,

n m
< Tmaxp § Zk]lMng = 7'maxp* § } g ]li:ik,MQMk
=1 k=1
(3
k=1

n m
< Tmaxp* \/ﬁ + Z 1 Z ]]-i:ik,MQMk

i=|nl/4]4+1 k=1

where we defined: Tyax = maxs q 7(s, a) < +00.

By Lemma [0l the probability that the second term in the right hand side of the above inequality is non-zero is
bounded by

i 1) < 1) +/+°° 1) du < 1)
vy 156 — 15n6/4 niza 1526 7 T 12n5/4°

. o 5.
In other words, with probability at least 1 — %7

m
Z Ak]]-MQMk < 7'mameax\/E-

k=1
B.3 Episodes with M € M,

Now we assume that M € M; and we start by analysing the regret of a single episode k. By construction,
Ruax > pr > p* — R\}’%" hence:

Ak—ZZVksa T(s,a)p* —T(s,a) <ZZVksa 7(s,a)pr — 7(s,a)) +Rmaxzzyk ?sa)

seSacA; seSacA; seSacA;

= A <> wi(s,a) (7u(s,a)pk — 7(5,a)) + Runax D Y vi(s,a) (F(s,a) — Fu(s, a))

seSacA; sES ac A,

+ Rmameax Z Z Vk

sES ac A,

We now need two results about the extended value iteration algorithm.

Lemma 6. At any iteration i > 0 of EVI (extended value iteration), the range of the state values is bounded as
follows,

RnaxD(M
Vi >0, maxu;(s) —minu;(s) < A, (20)
sES s€ES T

where Rmax i an upper-bound on the per-step reward ¥(s,a) /T (s, a), T is the parameter used in the uniformization
of the SMDP M and D(M) is its diameter (Def.[3).

Proof. In Appendix [A] we show that EVI is value iteration applied to the equivalent MDP M ,j eq obtained by

“uniformizing” the extended SMDP M ,j . Thus, we focus on any SMDP M and its equivalent MDP M,q4. Using
the same argument as in section 4.3.1 of [Jaksch et all,[2010], we have that: Vi > 0, maxses u;(s) —minges u;(s) <
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Rinax D(Meq) since all rewards of M, are bounded by Ry,ax whenever the average reward in M is bounded by
Riax. Thus we need to find a relationship between D(M) and D(Meq). Let T'(s") denote the first time at which
state s’ is reached in M or M, that is

In SMDP M : T(s") =inf{ZTi:n€ N, Snzs’}

=1

In MDP M, : T(s') = inf {n ‘neN, s, = s’}.
We prove that Vs, s’ € S, Vr € 3P =TI57, E5,[T(s')|so = s] = 7E%,, [T(s')|so = s|. We consider two cases:

L. If P, (T(s") = +oclsp = s) >0 then necessarily E5,[T(s")|so = s] = +o0.
Moreover: P7/(T(s') = +oclsp =) >0 = P, (T(s") = +oclsp = s) >0 and so Eir., [T(s")|s0 = s] =
400 = %[E’M [T(s’)|so = s].

2. Conversely: P7,(T(s') = 4oolsp = s) =0 = Pis, (T(s') = +o0lsp = s) = 0 in which case both
expectations are finite. To prove they are equal up to factor 7, we see the holding time as a “reward” (the
true rewards are ignored here). Note that any policy 7 induces Markov chains with different dynamics on
M and M.q (different transition probabilities). We call these Markov chains MC and M Ceq respectively.
Suppose we modify MC' as follows: all states that are not reachable from s are ignored, all other states
are unchanged except s’ that is assumed to be absorbing (i.e., 7(s’) is an action that loops on s with
probability 1). Furthermore, we build a Markov reward process M R with the same dynamics as MC' and
such that all transitions (3, 7(5)) have an expected reward equal to 7(3,7(3)) except (s’,7(s’)) which has
a reward of zero. The total expected reward of this Markov reward process (MRP denoted M R) starting
from s trivially equals ET,; [T'(s")|so = s]. Since we assumed that E7,[T(s')|so = s| is finite, and because
all states of M R are reachable from s (the other states were ignored), s’ is reached with probability 1 no
matter which starting state 5 of M R is chosen (or in other words, even though we ignored some states, the
transition matrix of M R is stochastic —and not sub-stochastic— and has a single recurrent class consisting
of the absorbing state s’). By |[Puterman, [1994], the vector (T(E))ges = (B3 [T(s)]s0 = E])Ees is the
unique solution to the system of equations

V5, T(5) =7(5,d(5)) + Zp(EIE, d(3)T(3).

Applying the same transformation to M C.q and assigning a reward of 1 to all transitions but (s’,7(s")) (which
has reward 0) in order to build M Req, we deduce that the vector (ch(E))ges = (IE;Tweq [T(s")|s0 = 5] )EES is
the unique solution to the system of equations

75 Taa®) = 1+ 75y A5 AT + (1- 5
= V35, (TTeq(3)) =7(5,d(3)) + Z p(315,d(3)) (Teq(3)) -

By uniqueness of the solution: 7Tcq =T = 7D(Mq) = D(M).

Lemma 7. If the convergence criterion of EVI hold at iteration t, then:

Vs €S, |uit1(s) —ui(s) — pr| < (21)

@‘)—‘
Ea

Proof. We introduce the following quantities

M; = max{uiri(s) —wi(s)}, mi = minfuiri(s) —wils)}, €= %
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Since EVI is just value iteration applied to MDP M;,, Theorem 8.5.6 of [Puterman, 1994] hold and we have:

1 - - 1 ~
E(Ml—i-ml)>pk—— = mlzpk—g—i(Mi—mi) = m; > pr— €
1 1 ~
E(Mz‘sz) pk<—<:>Ml_pk+ +2(Mi—mi):>Mi§pk+e.

In conclusion:

1

Vse S < uip1(s) —ui(s) — pr < —

\/— +1( ) ( ) \/E
|

Based on Lemma [7, Eq. 21], and optimiality equation Eq. [I4] we have:
Vs € 8, (ﬁk—f’“(sis> S Bils'|s, Fuls)uals') — ui(s) | =——— <L (22)
Ti(s, Tk (s) = Te(s, i (5)) |~ Vik

Setting ry = (71 (s, Tk (s))) s to be the column vector of rewards under policy 7, P, = (Pr('|s, Tr(s))) ses the

transition matrix and vy = (vi(s, Tk (s)))S s the row vector of visit counts for each state and the corresponding
action chosen by 7. We will use the fact that a # T (s) = wvi(s,a) =0.

Ak < Z Vk(87 a) (?k(‘s? a)ﬁk - F(Sv a’)) + Rmax Z Vk(S, a) (?(87 a) - ;k(sv a’)) + Rmameax Z I/k\(/sl;ka)

S,a S,a S,a
vi(s,a
= Zuk s,a) (Ti(s,a)pr — (s, a) —I—Zyk s,a) (Tx(s,a) — 7(s, a))—l—RmameaxZ \/_>
S,a S,a S,a

Rinax Z vi(s,a) (T(s,a) — Ti(s, a))
We will now upper-bound the four terms of the right-hand side of the above inequality. Setting ¢, =
max{14b,, /140, } and ¢, = max{14b,, /140, } we have:

log(2S Aiy/6)
" /max{1, Ny(s,a)}

Tr(s,a) —T(s,a) < ‘?k(s,a) - fk(s,a)‘ + |fk(s,a) - F(s,a)| <285(s,a) < 2¢

log(2S5 Aix/9)
/max{1, Nj(s,a)}

T(s,a) — Tr(s,a) < ‘?k(s,a) - %k(s,a)‘ + ’%k(s,a) —?(s,a)‘ <285 (s,a) < 2e,

Finally, using 22 and noting that 7 (s, a) < Tmax (by construction) we obtain:

Tr(s,a)pr — Tk(s,a) < @ (Z (8|8, Tr(s))ui(s )—ul(s)> , if a =7(s)

s'eS

vi (s, a)

= Zuk s,a) (Tr(s,a)pr — Tx(s,a)) < Rmameaxz i

S,a S,a

+ T(’l)k(ﬁk — I)ul)

where 7 is the iteration at which the stopping condition of EVI holds. Defining the column vector wy by:

minges u;(8) + maxses ()
2

wi(s) = ui(s) —
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and since the rows of ﬁk sum to one, we have: vy (ﬁk — I) U; = Vg (ﬁk — I) wg. Moreover, by Lemma 6 ||wg||co <
%. Noting that max{1, Ni(s,a)} <ir <n we get:

) 25 An vi(s, a)
Ak < T('Uk (Pk — I)’LUk) +2 (RmameaX + (CT + RmaXCT) 1Og ( ) )) SZ \/maX{l, Nk(sv CL)}

Using exactly the same arguments as in |Jaksch et all [2010], it is trivial to prove that with probability at least

o .
1 12n5/4"

ka (161@ — Nwplarem, <
k=1

2An vi(s,a) 5 n
145 log ( ) + {/znlog (—)
;; \/max{l Ni(s,a)} 2 d
&n

Lemma 8. Consider a sequence of positive reals (zx)r and define: Yk, Zj = max{1, Zle z;}. Assuming that
0 <z, < Zp_1 we have:

i < (VE+1)VT,

Proof. See Appendix C.3 of [Jaksch et all, 2010]. O

Using Lemma [§ we get:

ZZ 245, 0) _\f+1zm

o Vmax{1, Ni(s,a)}

By Jensen’s inequality we thus have:

vi(s,a) < (V3 +1)VSAn
;; \/max{l Ni(s,a)} ( 2+ )

In conclusion, when M € My, with probability at least 1 — 127;;5/4:

G 5 8n 8
> Arlayem, < RmaxD Slog < 5 ) + RumaxDSAlog, <£> + (V2 + 1) | 2RmaxTmax
k=1
25A 2A
+2(cr + Ruaxcy) log ( S(s ”> + RuaxDy | 14S log (T") VSAn
B.4 Computing the final bound
Gathering all previous inequalities, we have that with probability at least 1 — 122‘; 7 =1 4n‘§, et

)

2Timax + 2(¢r + Ruaxcr) log (25(;471) + Ruax Dy 145 log <2A%)

+ RuaxDSAlog, (S—Z)

3 5 8
A(Ma le S, n) ('Yr + "YTRmax) 1Og ( 6”) \/ﬁ + Tmameax\/ﬁ + RmaxD n 10g ( n>

+(VZ+1) VSAn
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In |Jaksch et all, 2010] (see Appendix C.4), it is shown that when n > 34Alog (%2):

DSAlog, (;A) < —DS,/Anlog(a), and log(2? ) <210g(6)

and moreover if n > Slog (%) and A > 2 (if A =1 the regret is zero):

n? _ nSlog (%) _ nS n?A? _ 2SAn n 25An
> ey s 2 — s >
2= 5 “% 2 =5 41°g(5) ( ) k’g( 5 )

— A(M, 2, 5,n) = ((D\/_+dex+( . )Mlog % ) i SAnlog(%)>

where C,. = max{b,,o,} and C; = max{b,, o0, }.

Note that if n < 34Alog (%) then we trivially have:

Z Ak < Tmameaxn = Tmameax(\/ﬁ)2 < 347—mdx max An log (5)
k=1

and if n < S'log (%):

m

Z Ak < 7'max]{maxn = 7'max]%max(\/ﬁ)2 < 7'max max Sn 10g (5)
k=1

and thus the previous bound on the whole regret still holds. Taking a union bound over all possible values of
n > 1 we have that with probability at least 1 — §:

Vn > 1, A(M,Ql,s,n)zO((D\/g—i—Tmax—i—(Ri—i—CT) log(%)) de’/SAnlog((s))

The derivation for the case of bounded holding times is exactly the same with different concentration inequalities
applied to estimates 7(s,a). Note that all the terms in the upper bound are very similar to those appearing in
the derivation of the upper bound for MDPs, thus the constants in the big O are very close. This justifies the
analysis of the ratio between the two upper bounds in Sect.

C The Lower Bound (Theorem [2))

C.1 Lower Bound for SMDPs

We will derive the lower bound by applying the same techniques as in the proof of the lower bound for MDPs
(section 6 of |Jaksch et all, 2010]). We first consider the two-state SMDP M’ depicted in Fig. @ Since by
assumption % > Thin and % > Thin, let T € }Tmin,min{lg, T‘g“" }] Define p = T;X and § = %. By
definition of 7 we have: p,d < % There are A" = L%J actions available in each state of M’. We assume that
V(s,a,8') € S x A; x S and Vi > 0, r;(s,a,s’) and 7;(s,a,s’) are independent. We also assume that Vi > 0,
7i(8i-1, ai, 8;) and r;(s;—1, a;, $;) are independent of the next state s; and we write: 7;(s;-1,a;) and r;(s;-1, a;).
For each action a in As,, r(sg,a) = 0 and 7(s,a) ~ 7 where 7 is a r.v. defined in Table Il Moreover, for all
actions a but a specific action ag, p(s1]so, @) = ¢ whereas p(s1]so,afy) = d + € for some 0 < € < ¢ specified later in
the proof. For all actions a in Ay, , p(so|s1,a) = 3§ and 7(s1,a) ~ 7. Finally, r(s1,a) ~ r for all actions a except
aj for which r(s1,a}) ~ r*, where r and r* are r.v. defined in Table [[l where 0 < 1 < p will be defined later in
the proof. Note that since n < ﬁ, we have: T < TRpax and 7 < TRyax which satisfies the definition of Ry ax
given in assumption [l We denote E[-|s] the expectation conditionally on starting in state s.

Let’s define T'(s1) = inf{t : s; = s1} the first time in which s is encountered. Vd> € I35 such that d(so) # a;
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Figure 4: The two-state SMDP M’ for the lower-bound on SMDPs. The two special actions af and a} are shown
as dashed lines.

we have:

n

+oo n—1
[Edao [T(Sl)|80] = [Edoo Z [(ZTi(Si—luaiusi)> H ]].5].:50 :I]-snzsl
n=1 7=0

=1

50

S0

n

+00 i n—1
= Z [Edco <Z Ti(So, d(So))) H ]J-Sj:so ]lsn:sl
n=1 L 7=0

i=1

n

+oo
= Z [Edoo Z’?}'(So, d(So))
n=1

Li=1

S0

n—1
£ 1 1
S0 5;=50 Sn =581
Jj=0

+oo
=Y nFxi(1-0)""" =
n=1

SOl

We used the fact that 7; is independent of the next state s; and that 7 = E[7]. We can compute E¢™ [T'(s1)|s0]
with d(sg) = ag and E?” [T(so)|s1] (for both d(so) # afj and d(so) = af) similarly. The diameter of SMDP M’

is thus:
D’ = max { min Z,L , min Z,Z = max , -z
0 d+e ) 0+€ 6 0

Any policy d>* € H]Sul? induces a recurrent Markov Chain on M’. Let’s denote by P; the limiting matrix of
this Markov Chain. We know (see |Puterman, 1994|) that P; = ep) where p1g = (1 — pg,pqa)T is the stationary
distribution of the recurrent Markov Chain. The probability p; can take only two different values: pg = % if and
only if d(so) # ag, and pg = 2‘%; if and only if d(sg) = ag. Using criterion 3 of Definition [ the gain yielded by
d* has the form:

hll
| =l

P4 = de _ pdy
(1 — pd)F + pdT T

where X = r if and only if d(s1) # a3, and X = r* if and only if d(s1) = a}. Since 7* > 7, the optimal decision
a

rﬁle d* must satisfy: d*(s1) = aj. Similarly, since 25(;;_66 > % we must have: d*(sg) = af. The optimal gain is
thus:

«  PRmax  (04€)(T+nTmax)
p = X —
2 (204+6)7

The actual SMDP M that we will use to prove the lower bound is built by considering k& = L%J copies of the
two-state SMDP M’ where only one of the copies has such "good" actions af and aj (all the other copies
have the exact same number of actions as M’ but all actions are identical). A’ + 1 additional actions with
deterministic transitions are introduced in every sgp-state. The reward for each of those actions is zero and the
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| Ruv. X | Xmmin | Xmax | [P(X = Xmin) | [P(X = Xmax) | [E[X] |
T Tinin Trnax >0 >0 T
r 0 %R «Tna 1—p P 17 Rinax
r* 0 §R <Lma 1—-p—n p+n % (FRmax + nTmameax)

Table 1: Definition of random variables 7, r and r*.

holding time is Tp. These actions connect the sp-states of the k copies in a A’-ary tree structure on the sg
states: one action goes toward the root and A’ actions goes toward the leaves (the same structure is described
in section 6 of |[Jaksch et al), [2010], see Figure 6 for a representation of the A’-ary tree). The diameter of such
an SMDP M is at most 2 (% + Thin[log 4 lﬂ) < D. All holding times of M are in [Timin, Tmax), and all rewards
are in [0, RdeTm&x] For all (s,a) € S x As we have: T(s,a) < T(8, a) Rmax. Moreover, M has at most S states
and A act1ons per state.

For the analysis, we will study the simpler-to-learn SMDP M" where all so-states are merged together as well as
all s-states. The "merged" so-state is set to be the initial state. M” is thus equivalent to the two-state SMDP
M’ with kA’ available actions in both sy and s;. Let’s assume that the learning algorithm 2l used is fixed. The
probability distribution of the stochastic process (s, ag, 70, 70, 51, -..) is denoted:

Puy.a; When (ap,a1) are the best actions in respectively so and 1,

P. when the pair (ag, a1) identifying the best actions is first chosen uniformly at random from {1, ...,kA’} x
{1, ...,k A’} before algorithm 2 starts,

Punifo,q1 when the pair a; is the best action in s; and € = 0 (no-optimal actions in sg),

Pao,unirt when the pair ag is the best action in so and 7 = 0 (no-optimal actions in s7).

By construction, it is trivial to see that: E.[A(M,2, s,n)] > EJAM",A,s,n)] (M" is easier to learn). We
will show that E.[A(M", 2L, s9,n)] = ((\/ D"+ \/Tmax) RmaxV kA’n) and the same result can be proved with
initial state s; using similar arguments. This will necessarily imply that there exists at least one choice of pair

(ap, a1) for which, for all states s we have: Eq, o, [A(M, 2, s,n)] = Q ((\/5—1- \/Tmax) RmaxV SAn).

As already argued by [Jaksch et all,[2010], for the analysis it is sufficient to consider algorithms with deterministic
strategies for choosing actions.

We assume algorithm 2l is run for n decision steps, which means that n + 1 states are visited in total (including
the last state in which no action is taken). Let’s denote by Ny and N; the number of visits in states sy and s;
respectively, last state excluded. For any (a,a) € As, X As,, let’s denote by N§ and N{ the respective number
of times actions a and @ are taken. Finally, let’s denote by Nj and N the respective number of times best
actions in sg and s; are taken. The SMDP M” has the same transition probabilities as the MDP considered by
[Jaksch et all, 2010] and we can use their proof to show that for any choice of best actions (ag, a1):

n 1 n D
Euwnito.a: V1] > = — — = — — —
0, 1[ 1] 2 20 2 27
n E [N*] 1 n E [NaO]EDI D’
Eooa: [N1] < = + Lag,a1V0 1€ — Lagp,a1[+Vo ¢
0)1[ 1]_2 5 26 2+ 27’ +27’

The regret is defined as:

=1

[E [A(M Ql S0, M [Zﬂ Si—1,05, S l)‘| P _[E [Zrz Si— l7a1781)‘|
i=1

where the total duration is simply:

E. [Z Ti(8i-1, @i, Sz)‘| = E.[ri(si1,a)] = n7
i=1 i=1
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and the cumulated reward is given by:

n

n
[Z Tz Si—1,Q4, S ] = Z L. [Ti(slaaic)]lsplzshai:af + Ti(slaai 7£ aI)ﬂ-5171:sl,ai;ﬁaﬂ

i=1 i=1

n—1 n—1
=L [F* (Z ]]-51—517%41—@{) +7 (Z 18¢—517ai+1¢01>]
= =0

E[F (N1 — NT) + 7" V7]
E.[FN1 + (T* = F)Ny]
R

Rax *
T[E* [Nl] + nTTmax[E*[Nl]

hence the formula:

Rmax Rm'x
EJA(M”, 2, 50,n)] =T (np* - [E*[Nl]) - an

TinaxEx [NT] (23)

Lemma 9. Let f : {s0,51}" " X {Thin, Tmax}™ % {0, 2Rmameax}n — [0, M] be any function defined on
state/reward sequence (s™T1, 7™ ™) € {s0,51}" T X {Tmin, Tmax}™ % {0, 2Rmmﬂnm} observed in the SMDP
M". Then for any n > 1, any0<6< 1, any 0 <e<1—25, any0<p<1 5, any 0 <n < 1—2p, and any
(ag,a1) € {1,...kA'} x {1,...,kA"}:

n n ,.n n n M a
Eaoa, [f(s Tty )] — Eunifo,a; [f(s +, ‘ < 7% 2E unip,a1 [No*]
E n+l _n . n\] _ E . n+1 n < %i 2F o [NO1
ap,a1 [f(S T ,7 )] ao,unifl [f( =7 \/1—9 ao,unifl [ 1 ]

Proof. We refer the reader to Appendix E of |Jaksch et all, 2010] where a similar Lemma is proved for the MDP-
analogue of SMDP M”. In the following, we will only stress the main difference with the proof in |Jaksch et all,
2010]. We know from information theory that:

\/2 log(2) K L (Punifo,a; | Pag,a: )

[an,al [f(sn+17 Tn’ ,r,n)} - [EunifO,al [f(8n+17 Tn’ ,r,n)} ’ <

SIS

[Eag,al [f(sn+la Tna ,r,n)} - [Eag,unifl [f(8n+15 Tn; ,rn)} ‘ < \/2 log(2)KL ([Pao,unile[Pao,al)

By the chain rule of Kullback-Leibler divergences, it holds that:

n
KL (”Dao,unifl ”[Pao#ll) = Z KL ([Pao,urlifl (Sia Tis rilsi_la Ti_l, ’ri_l)”ﬂpamm (Sia Tiy T Si_la ’Ti_l, ’l“i_l))
=1
where KL (P(si s, 76 18| Q(s 7, =L, 71, i)

1—1 1—1
Z [P(s’,T’_l,r’)log2<E iy rils T T e ))

oL o Q(s;, 74, mi| 8%, 7= pi—l)
sieSi,TieT rieR!

with § = {s0,51}, T = {Tmins Tmax} and R = {0, 1RdeT ax}. The same holds for Pynifo,a, -
Similarly to |[Jaksch et all, 2010] and using the independence between s;, 7; and r;, we obtain:

KL (Punifo,a: (81, 73, il T e T P og ay (80, 7y ] 8T, TR Ti_l))

= Punifo,a, (Si—1 = S0, a; = ag) Z Punito,as (8", 7', 7|50, a0) log, (

s’eS, €T, r'eR
P ifo S/ Sp, a0
= Punifo,a, (8i—1 = S0,a; = ao) Z Punifo,a, (5'|50, a0) 10g, ( S (, [50,20)
s’eS IPGO;al (S |SO7 ao)

0 1-946
= Punifo,a, (8i—1 = 80, a; = ao) (510g2 (m) + (1 —0)log, (1 5 6))

|PunifO,al (Slu 7_/7 7J|807 aO))
I}Dag,al (8/7 Tl? T/|507 a’o)
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KL ([Pao,unifl (Siu Ti, Ti|3i_1u 7_1'.—17 ri_l)H[Pao,ud (Siu Ti, Ti|si_17 Ti_la ri_l))

[Pag,unifl (S/; T/a T/|817 al))

= Pug,unit1 (8i—1 = s1,0; = a1) Z Pao,unif1 (8", 7', 7|51, a1) log, < Pay oy (57, 77|51, a1)

s’eS, €T, r'eR

P i (181, a1
= [Pao,unifl (Si—l = S81,0; = al) Z [Pao,unifl (T‘I|81,a1) 10g2 ( e (/ | : )
reER [Pao-,th(T |51;a1)

p 1—p
= Pay,unif1 (Si—1 = S1,0; = a1 <p10g (—) + (1 —p)log <7>)
it O ) R e

Using Lemma 20 of |Jaksch et all, [2010] we have that under conditions 0 < § < %, 0<e<1-25,0<p< %,
and 0 <7 <1 — 2p the following inequalities hold:

0 1-9 €?
N — <
0 log, (5+e)+(1 6)10g2(1—5—e> ~ dlog(2)

p 1—p n?
and plog (—)—i— 1—1p)log ( >§
2\pyg ) TP (T ) < Do

which concludes the proof. O

. 1 1
Note that by assumption: e§6§§§1—26 andn§p§§§1—2p.

We can bound [E. [N;] using Lemma [ as is done in [Jaksch et all, 2010]. This is because Ni can be written as
a function of (s™*1, 7™ r™). Since the computations are rigorously the same except that § = I instead of %,

we give the results without any further details:

Bty Dol | D Inlf \/m+ enD? o
=9 T o TomA T ok T kAN T 7 72k A

Taking into account the fact that by assumption n > DSA > 16D’k A’ we get:

E. [V < ﬁ_i_g'_i_enD' 1 n 1 e2nD’ |D'kA'n l—i— 1 (24)
=0 Tor T \2kA T 327k242 ) T FRA 7 \2 ' 8VEA
Given that § > € > 0 we have the following inequality:
Rmax Rmax GF + (5 + e)nTmax Rmax eD/ T]Tmax
*_ = > 25
Py > T o@stor -~ 2 “\er  or (25)

n

Applying Lemma [l (N7 is a function of (s™*1, 7™ +™)) and Jensen’s inequality we get Vag € {1, ..., kA'}:

kA’
* 1 a ta ,unifl [Nl] n 2kA/Tmax
[E* [Nl] = M Z [Ea(),al [Nll] < (Y A + 2kA/77 — IEag,uIlifl [Nl]

T
l11:1

We will now derive an upper-bound on E,j unif1 [V1]-

Lemma 10. Let (un), ¢y € RN be any real sequence satisfying the following arithmetico-geometric recurrence
relation:

Vn €N, upt1 > quy, +r  where (¢,7) € R\ {1} xR

Then we have that:
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Proof. Defining sequence v, = u, — we have:

_r_
1—q’

r T T
VHEN, Untl = Uptl — 7—— = QUp + 7 — =4q |\ Un — = qUn
1—-g¢q 1—g¢q 1—-g¢q

By trivial induction we get: Vn € N, v, > voq™. The result follows by replacing v, by u, — 1iq. [l

By the law of total probability and since Py, unif1 (Si = So0) + Pag,unift (S; = $1) = 1 we have:
Vi >0, Pagunift (Si+1 = 50) =Pag,unif1 (Si+1 = So[si = 50) Pag,unif1 (i = $0)
+ Pag.unift (Si+1 = 50/8i = 51) Pag.unif1 (5i = 51)
=Pag,unif1 (i = 50) (Pag,unift (si+1 = so[si = so)
— Pag,unif1 (8i+1 = Solsi = 81)) + Pag,unif1 (Si+1 = Solsi = s1)
>Pay.unift (8i = 50) (1 —25 —€) + 0

Since the initial state is sg and 26 + € < 36 we have by Lemma [T0

V’L Z O, [Pag,unifl (Sz = So) Z (1 — ) (1 — 25 — G)i +

20 + ¢

- [an,unifl [NO] =

n
Pao,unif1 (8i = 80) > 3

- [an,unifl [Nl] S

* 2n nmn Tmax"TkA/
= L. [N7] < Zmax P
[ 1]—3kA’ AN T 3F
20N Tmax 2 Tmax | Tnaxnk A’
. *l < 26
e T N T = (26)

By setting € = ¢,/ S’g’, and n = K4/ n’%A’ and incorporating inequalities 24] and [20] into inequality 23] we
obtain:

| ¥ 1M

_|_

Hence the bound:

2 2 1 7 Ru
" S c ¢ c o« c _ max —
E[AM, 2, 50,n)] 2 [6 A AT oy svhdE  skal| 2 vYDRAT

Fma vV TmaxkA'n

6 3KA 3F| 2
&

> C C C2 C 1 Rmaxm
=16~ 2MA 32247 2 ’vrA  SkA| 2 "

[k 2K %2 ] Rmax
T a1 A, = TmanA/
s a3 ] 9V "

For the second inequality, we used the fact that 7 > Tiin > 1 (by assumption). If ¢ and « are sufficiently small,

then the conditions of lemma [0 are indeed satisfied and the above polynomials in ¢ and x are non-negative. For
example, if c =k = %:

+

1 [EA )
> > "k A’ == < —
n>DSA>16D'kA" — ¢ z nD’_20<5

1 /| kA P
> . > AT . 4 = <
n > ThmaxSA > 4T akA' = 7 3 T = 10<p

and E.[A(M", 2, s9,n)] > 0.0015 x (\/D’ + \/Tmax) Runax VEAR
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17(576,7’,0 T T T T T T~ 17677_77/'

1—46,7,0 1=36,7r*
o, 7, r*
Figure 5: The two-state SMDP M’ for the lower-bound on MDPs with options. The two special actions afy and
ai are shown as dashed lines.

C.2 Lower Bound for MDPs with options

We first note that SMDP M’ depicted in Fig. @ cannot be converted into an MDP with options. This is due
to the fact that 7;(s;—1,as,s;) and r;(s;—1,a;,s;) were assumed to be independent and the fact that P(r* =
%Rmameax) > P(7 = Tmax). However, it is possible to prove a slightly smaller lower bound for a family of
SMDPs that can be transformed into an equivalent MDP with options. We will first present the SMDPs and
the lower bound and then we will describe how to transform them into an MDP with options.

The family of SMDPs is constructed in the same way as previously except that we use a slightly different SMDP
M, represented on Fig. B with the random variables given in Table 2l We take: p = m and § = %.
By assumption p < 3 and § < 3. As before, we assume that for all 4, 7i(si—1,as,5;) and ri(si—1,as,5;) are
independent of the next state s;. But the main difference with the previous lower bound is that we assume that
r; and 7; are strongly correlated, namely: 7;(si—1, 0, 8;) = Rmaxl{s,_,—s}7Ti(Si—1,a;). We assume ¢ < § and
17 < 1—2p. The optimal gain of M’ is reached when afj and aj are chosen in sy and s; respectively and is equal

to:
(5 + 6) (F + W(Tmax - Tmin))
(204 €) T+ (6 + €) (Trmax — Tmin)

By adapting the proof of the lower bound for general SMDPs, we can obtain the following result:

P* = Rmax X

2 2 1
[E*AM// A > E— ¢ — ¢ — ¢ — ¢ — RmaxVD/kA/
[A(M", 2, 50,n)] = [6 2kA’  32k2A”T 27  8VEAT BkA !
K 2K K>
e max Tmax - Tmin kA
16 ma an| " v e

c c c 2 c 1
> ¢ ¢ C | RuuVDEA
= {6 oA 32k2A2 2 s kA 81@4’} "

K 2K K2

6 3kA \/3/2

by setting € = ¢,/ Zgl, and 7 = K,/ % It is then possible to tune ¢ and k so that € and 7 satisfy the

constraints and:

Rmax \/(Tmax - Tmin)kA/n

E (A", 2, 50,2)] = @ (VD + v/ Tonax = Toin ) v VEAR)

SMDPs M’ and M"” can be transformed into equivalent MDPs with options. We illustrate this transformation
on Fig. [(lfor an action a; € A, different than aj. The same method can be applied for the other actions. The
idea consists in adding new states (blank states in Fig. [6) and primitive actions between those states. Note
that the states added are just "hidden" states from which no option can be started. Thus, they should not be
counted in the number of states for the lower bound. In our example it is sufficient to consider primitive actions
with constant (i.e., deterministic) reward. On Fig. [ we give the probabilities of each primitive action when
a1 € As, \ {a}} is executed.
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|Rv. X | Xuin | Xwax | P(X = Xunin) | P(X = Xina) | E[X] |
T Tmin Tmax 1- p p T = Tmin + p(Tmax - Tmin)
T Tmin Tmax 1- p—n p + n T+ n(Tmax - Tmin)
r Rmamein Rmameax 1- p p F*Rmax
r* Rmamein Rmameax 1- p—n p + n F‘Rm&x + anax (Tmax - Tmin)

Table 2: Definition of random variables 7, 7%, r and r*.

(1 —p)(l _ 6),7‘ = Rmax

Figure 6: Decomposition of an action a; € Ay, \ {a}} into a set of primitive actions in an MDP. In this example,
Tmax = 3 and T = 1.

D Distribution of the holding time and reward of a finite Markov option (Lem. [3))

We denote by RT™ and RT* the set of positive and non-negative reals respectively. For the definition of sub-
exponential random variables, we refer to Def. @ while sub-Gaussian random variables are defined as follows.

Definition 5 (Wainwrightl [2015]). A random variable X with mean p < 400 is said to be sub-Gaussian if and
only if there exists o € RT such that:

E[rX 1] < ¢ for all AR (27)

A finitd] Markov option can be seen as an absorbing Markov Chain together with a reward process (i.e., a finite
Markov option can be seen as an absorbing Markov Reward Process). To see this we add a new state 5 for every
state s for which $,(s) > 0. We then add a transitions from s to § with probability 5,(s) > 0 and reward 0,
and we add a self-loop on § with probability 1 and reward 0 (5 is an absorbing state). The Markov Reward
Process obtained is indeed absorbing since we assumed the option to be a.s. finite, and it is equivalent to the
original option (same reward and holding time). Let’s denote by P the transition matrix of the Markov Chain.
In canonical form we have:
S

0 I

where r is the number of absorbing states, I, is the identity matrix of dimension r, ) is the transition matrix
between non-absorbing states and R the transition matrix from non-absorbing to absorbing states. If the option
is a.s. finite then @ is necessarily (strictly) sub-stochastic (Qe < e where e = (1,...,1)T and 3j s.t. (Qe); < 1) and
irreducible (no recurrent class). It is well-known that such a matrix has a spectral radius strictly smaller than 1
(p(Q) < 1) and thus I —Q is invertible (where I is the identity matrix). The holding time 7(s, 0, s’) of any option
o is defined as the first time absorbing state s is reached starting from state s: inf{n > 1:s, = s with sy = s}
where (s,), is the sequence of states in the absorbing Markov Chain defined by o. It is well-known in the
literature |[Peter Buchholz, 2014] that this type of stopping times have Discrete Phase-Type distributions, with
probability mass function given by:

Vk € N*, P(r(s,a,s') = k) = eTQ* ' Rey

"Note that if at least one option is not (almost surely) finite, the learning agent can potentially be stuck executing
that option forever and the problem is ill-posed.
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where e; = (0,0,...0,1,0,...,0)T is a vector of all zeros except in state s where it equals 1. These distributions
generalize the geometric distribution (defined in dimension 1) to higher dimensions. The Laplace transform can
be computed as follows (we simplify notations and denote: 7 < 7(s,0,s’) and 7 + 7(s,0, s") = E[7(s, 0, )]):

E |:e)\(‘rf?):| _ i AT TOR 1 Re, = M- [i (GAQ)k

k=1 k=0

Resl

The term Y .-, (e)‘Q)k is finite if and only if e*p(Q) < 1, in which case we have:

S

E [eA(T—F)} — AM1-T) T (I- eAQ)fl Reg

and otherwise: E [e*("~7)] = +o00. Note that e*p(Q) < 1 if and only if either A < —log (p(Q)) or p(Q) = 0. We
will now analyse the two cases separately:

1. p(@Q) = 0 if and only if all the eigenvalues of @ in C are 0, if and ounly if @ is nilpotent (In > 0 s.t.
Q™ = 0). This is because @ can always be triangularized in C: Q = UTU ! where T is upper-triangular
with the eigenvalues of @ on the diagonal that is, only zeros if p(Q) = 0. This implies that In > 0 s.t.
T =U"'Q"U =0 = Q" =0 hence Q is nilpotent. The reverse is obviously true: if @ is nilpotent then
p(Q) = 0, (otherwise there would exist A 20, v Z0and n > 0st. Q" =0and Qv = v = Q"™ =
A"v = 0, which is absurd). By definition, matrix @ is nilpotent of order n if and only if the Markov Chain
reaches an absorbing state in at most n steps (a.s.). In conclusion, p(Q) = 0 if and only if the option is
almost surely bounded. This happens if and only if there is no cycle in the option (with probability 1, every
non-absorbing state is visited at most once).

2. In the case where p(Q) > 0: it is clear that E[e*"~™)] can not be bounded by a function of the form

A= ez for A > —log (p(Q)) so 7(s,0,s') is not sub-Gaussian (Definition [5). However, since p(Q) < 1
we can choose 0 < ¢y < —log (p(Q)) and we have E [e*™"7)] < 400 for all |A| < co, which implies that
7(s,0,5") is sub-exponential (Definition HI).

In conclusion, either option o contains inner-loops (some states are visited several times with non-zero probability)
in which case the distribution of 7(s,0,s’) is sub-Exponential but not sub-Gaussian, or o has no inner-loop in
which case o is bounded (and thus sub-Gaussian). There is no other alternative.

The distribution of rewards r(s, 0, s’) is not as simple: the reward of an option is the sum of all micro-rewards
obtained at every time step before the option ends, and every micro-reward earned at each time step can have
a different distribution. The only constraint is that all micro-rewards should be (a.s.) bounded between 0 and
Rimax- As a result, if 7(s,0,s") is a.s. bounded (by let’s say Timax) then r(s,o,s’) is also a.s. bounded (by
RmaxTmax). But if 7(s, 0, ") is unbounded then r(s, 0, s") may still be bounded if for example, all micro-rewards
are 0. If however all micro-rewards are equal to Rp,.x then r(s,0,s’) has a discrete phase-type distribution
just like 7(s,0,5"). 7(s,0,s") can thus be unbounded (and even not sub-Gaussian). However, we will show that
r(s,0,s") is always sub-Exponential. Using the law of total expectations and the fact that P (r < Ryax7) = 1 we
have:

NE

VA> 0, E[X7] = i[ﬁ[wr = k| P(r=h) <

k=1

E [e)‘(Rm"TfF)‘T = k} P(r=k)

ol
Il
—

M

E [e)‘(Rm“kfF)’T = k] P(r=k)

el
Il
—

A Bmaxk=TIP (7 = k)

M

b
I

1
S

_ e,\(Rmax—?)el lz (e)\RmaxQ)k

k=0

Res/

We can now conclude as we did for 7(s,0,5"): let 0 < ¢g < — log( (Q) , for all 0 < X < ¢p the quantity E [ Mr= T)}
is finite. Note that for A <0: E [e”] <lsol [e)‘( )} < +oo By Deﬁmtlonm r(s,0,s") is sub-Exponential.
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E Equivalent policies in an MDP with options and the induced SMDP (Lem. [2])

We consider the original MDP M and the SMDP My induced by the set of options O. By definition of Mp,
the reward of an option is equal to the sum of the rewards of all the primitive actions taken until the option

terminates (when the option is executed in M). Therefore Y i | i, = ZZ\L%T ) T = Z;‘FQI r¢ and:

=

A(M, A, s, T,) =Tnp" (M) — 7
t

=Tup*(M') + Ty, (p* (M) — p*(Mo)) — ZTE&

Il
-

= A(Mo, 2, s,n) + Ty, (p* (M) — p*(Mo))

The second part of Lem. [ is thus proved. We now define the (finite-time) average reward in the two processes

So—S‘|
80—81.

The limit lim,,— 40, T, = +00 since the sequence (T}, )nen+ is strictly increasing and unbounded (at least one
primitive action is executed before the option ends: Vn > 1,7, 11 > T, + 1). Moreover, limy_, { oo p™° (Mp, s,T")
exists since o is stationary and deterministic (see appendix [A]) and by composition of the limit we have

T
Do Tt

VT e N*, p™(M,s,T) ==L}y T

N(T") 4
Zi:(l )ro

VT € R™, p™(Mp,s,T') = EA%, T

lim p"(Mo,s,T,) = lim p™(Mo,s,T") = p™ (Mo, s)

n—-+oo T =400

The limit limp_, 4 p™ (M, s,T) also exists. To see this, we can build an augmented MDP equivalent to M where
the state and actions encountered in two different options are duplicated (see section 3 of |Levy and Shimkin,
2012]). The equivalence between the original and augmented MDPs is in the strong sense: for any optional
policy, the corresponding policy in the augmented MDP yields exactly the same reward for any finite horizon.
In the augmented MDP, policy 7 is stationary deterministic and we know from MDP theory [Puterman, [1994]
that the corresponding average reward exists. We also have:

Tn n i
EEa =] =5, [F =
= p"°(Mo,s)= lim p"(M,s,T,)= lim p"(M,s,T)=p"(M,s)

n—-+00 T—+oc0

vn>1, b3,

The first part of Lem. [2is thus proved. Finally, we know from the literature [Puterman, [1994] that there exists a
stationary deterministic optimal policy in the augmented MDP and thus there also exists a stationary determin-
istic optional policy (a policy using only options in O) in the original MDP. As a result, p*(Mo) is the maximal
average reward achievable in M using only options in O. In conclusion, the linear term T, (p* (M) — p*(Mo))
in equation 28 is the minimal asymptotic regret incurred if the learning agent decides to only use options. This
linear loss is unavoidable.

F Details of the illustrative experiments
In this section we will detail the experiments described in section

Terminating Condition Let’s denote the current state by so and for all k € {1...m}, denote by s the state
which is k steps on the left to sg. Assume option LEFT is taken in sg. By definition, once s is reached, the
probability of ending the option is given by 5,(sx) = 1/(m — k + 1). Since all transitions in the MDP have
probability 1 (except at the target), the probability of ending in exactly k steps can be computed as follows:
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o Ifk=1:

o If k> 1:

k—1
P(r=k) = < (1—Bo(si))> X Bo(sk)
= 1 1
- (1_m—i+1)> % m—k+1

B ’“1:[ m—i DU S |
B N m—i+1 m—k+1 m

1=

By symmetry, the other options (RIGHT, UP and DOWN ) have the same holding time.

Expected Holding Time Based on the previous result, we can easily compute the expected holding time:

[E[T]:Zhﬂ’(r:k):%ZkZmTH
k=1

Diameter Let s and s’ be two distinct states in the grid. With the options defined above, the expected
shortest path from s to s’ is obtained if in each visited state on the way to s’, we choose an option that goes in
the direction of s’. For example, if s is the state located in the top left corner of the grid and s’ is the target, the
expected shortest path is obtained when either RIGHT or DOWN is taken in every state. With this policy, the
expected time to get m-close to s’ both horizontally and vertically is trivially bounded by D (red path on Fig. ).
Once we are m-close to s’ (green square on Fig. [l m = 3 on this example), we will potentially start cycling until
we reach s’. On Fig. B we give an example (in one dimension) of a possible path before reaching s’ once in
an m-close state (the green arrows represent the successive transitions, and m = 3 on this example). Since all
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Figure 8: Behaviour of the agent in m-close states.

options end after at most m time steps, once we are m-close to s’, we stay m-close with the chosen policy. The
expected time it takes to reach s’ once we are m-close to it is m(m + 1)/2 both horizontally and vertically. To
prove this, we need to solve a linear system. For all i € {1...m — 1}, denote by 7; the time it takes to go from s
to the i-th state to the left (respectively right, up or down) when the option chosen is left (respectively right, up
or down). The value is the same in all directions by symmetry. We can express the 7; as follows:

1 1 1
T=—+4+—Q+mn)+ -+—=(m+7m1)
m m m
1 1 1 1
Tp=—x24+—04+71n)+—0B+7n)+ -+ —(m+Tm_2)
m m m m
—i><3+l(1+ )+l(2+ )+i(4+ )+ +i(m+ )
™= - )+ = )+ T - Tm—3 (29)

m+1 1 &3 1
7'1':—2 +E;Tj+E;Tj

With probability 1/m, the next state after executing the option is 1 step to the left of s and the value of 71 is
then 1 . With probability 1/m the next state is 2 steps to the left of s and so s’ is now located 1 step to the
right of the new state: the value of 7y is thus 2 + 7. With probability 1/m the next state is 3 steps to the left of
s and and so s’ is now located 2 steps to the right of the new state: the value of 71 is thus 3+ 3. And so on and
so forth. What we used here is basically the law of total expectations where the partition of events is the set of
all possible states reached after executing the option only once. The same thing can be done for 75 ... 7,—1. It is
trivial to verify that the only solution of the linear system in equation Z9is: 7; = m(m +1)/2,Vi € {1..m — 1}.
This results is rather intuitive: m corresponds to the expected number of times the option needs to be executed
to end up in the desired state s’ whereas (m—+1)/2 is the expected duration at every decision step. The simplicity
of this result comes from the symmetry of the problem: every time an option is executed, we stay m-close to s’
and the probability to exactly reach s’ is always 1/m. So in this sense, we have i.i.d. Bernoulli trials where the
probability of success is 1/m. The expected time to reach s’ when we start in an m-close state both horizontally
and vertically is thus 2 x m(m + 1)/2 = m(m + 1). Therefore, the expected time to go from s to s’ is always
bounded by D + m(m + 1).

On Fig. @ we illustrate what happens when the options are deterministic i.e., when they terminate after exactly
m time steps. On this example we chose m = 3. If we start from state sg, only the green states can be reached
without resorting to the restart triggered by the target state, whereas if we start from s; only the blue states
can be reached § (and similarly for the white states). Let’s assume that we want to go from a green state to a
blue state. The only way to do so is to go to the target and "hope" to end up in one of the blue states after
the restart (we recall that the restart state is chosen randomly with equi-probability). The shortest path to go
from any state to the target is bounded by D and the probability to restart in a state with the desired colour
is 1/m (1/m? in dimension 2). We can thus upper bound the diameter of the SMDP Mg by the expected time
needed to go from sg to s1 in the SMDP of Fig. [0, that is: Do < D(1 + m?). This bound is tight (up to a

8Here we slightly simplified the problem. In reality, due to the truncation operated by the walls and if we assume sg
to be the leftmost state, it is possible to go from s; to sg in one time step by executing LEFT. But for m > 3 there will
always be pairs of states that cannot be reached from each other without a restart. If so is the leftmost state, this is the
case for s; and the white state adjacent to it on Fig. So the proof remains valid.
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Figure 10: Upper bound on the diameter of My for deterministic options.

constant factor) since the average time to go from any state chosen at random with equi-probability to the target
is exactly D/2 in the 2-dimensional grid.

Optimality Since the target state is located in a corner of the grid, the shortest path to go from any state
to the target is equally long in the original MDP and the MDP with options. As a result, the optimal average
rewards are also equal (i.e., there exists an optimal policy using only options LEFT RIGHT, UP and DOWN
which consists in applying only RIGHT or DOWN).

Asymptotic behaviour We will now analyse the behaviour of the ratio 7~ using results on martingales.

Theorem 3 (Martingale Strong Law of Large Numbers, IS(ka et all, 1201)5]) Let Xq,..., X, be a martingale
difference sequence w.r.t. a filtration Fo, F1,...,Fn and let A1, ..., A, be an increasing predictable sequence w.r.t.
the same filtration with A1 > 0 and lim,,_, oo A,, = +00 almost surely. If:

io E[X?|Fi—1]

A2 < 400 a.s.
i=1 i
then:
1 n
— X, —0 a.s
An n—-+oo

Let’s take X; = 7; —7; (where 7; = T;(s;—1, a;)) and F; = 0 (S0, @1, 71,71, .-, Si, @i41). The sequence (X;);<1 is a
martingale difference because E[X;] < +oo and E[X;|F;—1] = 0. Since (7(s,a,5"))s.q,s are sub-Exponential, all
moments are finite and it is well known from the literature that the variance is bounded by the sub-Exponential
constant o2 hence: E[X?|F;_1] < o2. If in addition we take A; = i then the conditions of Theorem [3] are satisfied
and thus:

T, T,
= - —— 50 as
n n n—+oo
where T, = E[T},]. By definition: Tipaxn > T}, > Tminn hence: Ve > 0, AN, > 0 s.t. Vn > N, :
T, T, T, T, T,
— -l <eas. = Tmn—€< — —e< = <e+ — <€+ Tmax
n n n n n
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and so: liminf,, | % > Tmin and limsup,, ., % < Tmax @.8. Finally:

log{3} _ log{%} < log{%}
log{%} log{% + %} +log{%} N log{% + Tmin} + log{%} "7t

In the general case of sub-Exponential rewards and holding times our results provide no theoretical evidence of
the advantage of introducing options due to the fact that C(M’,n,d) scales as \/log(n):

lim R(M,n,d) =+oco a.s.

n—-+o0o

but if the rewards and holding times are bounded we have:

n——+00 Tmin

1 T
limsup R(M,n,d) < 1+ max) a.s.
pRM,1.0) ( DVS

Note that 7,1, is a very loose upper-bound on lim inf,, 4 o % and in practice the ratio % can take much higher
values if Tax is big and many options have a high expected holding time.

Tightness of the upper bounds On Fig. [[1al we plot the expected theoretical values taken by the ratio
of the regrets according to our upper bounds (formula given in Sect. B). On Fig. [I1H however, we plot the
empirical values of the ratios in our experiments (same graph as on Fig. Bal). We can see that the curves have
similar shapes. In particular, they reach their respective minima for the same value of Ti,,x and the value of
these minimum is below 1 (meaning that learning with options is more efficient than with primitive actions in
this case). Moreover, the theoretical ratios are upper-bounding the empirical ones for all values of Ti,ax. We can
conclude that the ratio of the upper bounds is a good proxy for the true ratio in this example.
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Figure 11: (a) Theoretical ratios of the regrets with and without options for different values of Th,ax; (b) Empirical
ratios of the regrets with and without options for different values of Ty ax.
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