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Two consistent estimators
for the Skew Brownian motion

Antoine Lejay*  Ernesto Mordecki’  Soledad Torres *
May 19, 2017

Abstract

The Skew Brownian motion is of primary importance in modeling
diffusion in media with interfaces which arise in many domains ranging
from population ecology to geophysics and finance. We show that the
maximum likelihood estimator provides a consistent estimator of the
parameter of a Skew Brownian motion observed at discrete times. The
difficulties are that this process is only null recurrent and has a singular
distribution with respect to the one of the Brownian motion. Finally,
using the idea of the Expectation-Maximization algorithm, we show
that the maximum likelihood estimator can be naturally interpreted
as the expected number of positive excursions divided by the expected
number of excursions.

Keywords. Skew Brownian motion; maximum likelihood estimator (MLE)
null recurrent process; Expectation-Maximization (EM) algorithm; excursion
theory.

1. Introduction

Introduced in the 70’s as a variation of the Brownian motion [8, |10} [24],
the Skew Brownian motion (SBm) has attracted a lot of interest as a “basic
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brick” to model diffusion phenomena in presence of permeable barriers. Ac-
tually, the SBm is related through suitable changes of variables to the more
general class of stochastic differential equations (SDE) with local times |14}
15]. The need for such models arise in many domains (see |17, |19] for more
references): population ecology [23], finance |1 5], [25], geophysics |2], electro-
encephalography [21], molecular chemistry [4], meteorology [27|, oceanogra-
phy [26], and astrophysics [29].
As such, the SBm X = (X;):>o is the strong solution to

Xt:$+Bt+9Lt,

where B = (B;)t>0 is a Brownian motion, L = (L;):>o is the symmetric local
time of X at 0, and # a parameter in [—1,1].

When 6 = 1 (resp. § = —1), then X is a positively (resp. negatively)
reflected Brownian motion. When ¢ = 0, X is a Brownian motion starting
at x. The parameter 6 reflects the trend of the process to move upward
(when 6 > 0) or downward (when 6 < 0) when it crosses 0. Since the process
comes back immediately to 0, this is only a heuristic description that could
be expressed rigorously with the help of the excursion theory [10]. Actually,
there are many ways to construct the SBm (the article [17] gives ten of them,
but more are possible).

The problem we consider in this paper is the following: given observations
(X4,)iz1...n at times t; = iT/n of the SBm, how to estimate 67

At the best of our knowledge, this problem was dealt first in [3] for a SBm
living in a finite domain in which ergodicity is used, while the SBm in the
free space is null recurrent. As pointed out in [20], the occupation time of
positive or negative axis could not be used to construct estimators as their
variance do not decrease to 0 whatever the number of observations.

The density transition function of the SBm can be expressed in closed
form |17, 28] by

po(t,r,y) = pt,x —y) + sgn(y)op(t, |z + [y]). (1)

where p(t,r) = (2rt)~Y/2exp(—2?/2t) is the Gaussian density with mean
zero and variance t.

Hence, the Maximum Likelihood Estimator (MLE) is easy to construct
from the observations and can be dealt with standard numerical optimization
problems. This article is devoted to show the consistency of the MLE, a point
left open in [20].

More precisely, in [20], we have studied the asymptotic behavior of the
maximum likelihood estimator 8,, when the true distribution is the one of the
Brownian motion, the case 8 = 0, proving its consistency. An asymptotic



development of 6, is also given, and shown that 6,, converges to 6 at rate n'/*,
unlike the “standard” theory. The limit of n'/4(6,, —#), of mixed normal type,
involves the local time.

Actually, this slow rate of convergence is due to the fact the parameter
estimation depends mostly of the behavior of the process close to 0. When
away from 0, the SBm behaves like a Brownian motion whatever #. The
SBm is a null recurrent process, for which the known results, such as the
ones presented in [9], cannot be applied.

In this article, we show that the MLE is consistent, which means that 6,
converges in probability to 0 for any 6 € [—1, 1] when the true distribution is
the one of a SBm of parameter #. This completes the results of [20], where
only the convergence around # = 0 was considered. In the present paper we
also provide another estimator, which rely on counting the number of up-
and down-crossings through the level x = 0.

For this, we adapt some results of [12| to the case of a SBm, whose
distribution is singular with respect to the one of the Brownian motion
when 6 # 0 [14].

However, although it seems natural in this situation to think that the
rate of convergence is of order n'/%, the proof of this seems really intricate.

In 18], the MLE for a biased random walk is considered. The latter is
an approximation of the SBm under a proper scaling. There, the excursions
can be observed. Therefore, the MLE is nothing more than the ratio of the
upward excursions to all the excursions. The analysis can be performed with
elementary tools due to this possibility.

Using the relationship with the Expectation-Maximization (EM) algo-
rithm [6, [22]|, we show that the MLE can be understood in a simple manner
as a way of counting upward and downward (unknown) excursions given the
observations. This shows that the situation between the biased random walk
and the one of the SBm are rather similar in spirit.

As pointed out at the beginning of the introduction, the SBm is also
strongly related to processes with discontinuous coefficients. In [16], an ex-
plicit estimation of the volatilities is provided, for an oscillating Brownian
motion [13|, a solution to a SDE whose diffusion coefficients takes two values
according to the sign of its position. For this, we use a reduction to the SBm
through a simple transform and some of the results given here regarding the
convergence of the estimators. We then believe that this work could be ap-
plied to deal with other problems related to the estimation of process with
discontinuous coefficients, a subject which is largely open.

Outline. In Section [2, we extend some of the results of J. Jacod [12] to
the distribution of the Skew Brownian motion. In Section [3] we study the



limit of ratios of estimators. The consistency of the ratio of up- and down-
crossings as well as the MLE are studied in Section [ Finally, in Section
we give an alternative expression for the MLE which relies on counted the
(unknown) number of excursions straddling the sample’s times.

2. Some convergence results

As in (1)), we denote by p(t,x) the Gaussian density with mean 0 and vari-
ance t. For a measurable, bounded function f, set Pf(z) = [p(t,y —
) f(y) dy.

Set fi(z) = f(2)1z>0p and f-(z) = f(2)1{z<0}-

Acting on the space of continuous functions that vanish at infinity, the
semi-group P? = (P?)i>o of the SBm of parameter 8 is

F/F@) = [ altoo,)f(0) dy = P (o) + OP.fs(~Jal) 0P (e}, (2)

where py is given by . For f: R — R and 7 > 0, we define

+o0
8.(f) = / 21 ()] de,
BO(F) = By (f) + 161 (5o (f) + B (1))

For any 0 € (—1,1),
B(f) < 25w(f)- (3)
When the integrals are well defined, we set A(f fR x) dz, and

“+o00

=40 [ a0 [ | fa)de

0

= Af) +0A(f+) = A(f-)).

If fis even then A\g(f) = A(f) for all 0 € [—1,1]. In addition, A\g(f) < 260(f).
We adapt from [12, Lemma 3.1, p. 518| the following result which is the
key to identify the limit.

Lemma 1. If 5,(f) < oo for v =0,1,2, then for some constant K,

[P ()] < —==Bo(f), (4)

(B3(f) + BY(f)l=]). ()

ﬂs

P2 (@) — Dol f)p(t,2)] < ﬁ/



Proof. In this proof, the constant K may vary from line to line. Inequality
is a direct consequence of py(t, x,y) < (14 10])/v2xt. Using (2)) and (3.3) in
Lemma 3.1 in |12,

[P (@) = Xa(f)p(t, )]
< |Puf(x) = AH)pt, o) +10] - [P S (=|2l) = Af4)p(t, )]
+ 101 - [Pf(lz]) = A(f-)p(t, )]

< o5 (Ba0) + BuPlel) + S (B2 + Bu( el

n IQ/Z' (Ba(f-) + Bu(f-)|x])
_ tﬁ/ CAOEFAGIEDE

This shows ({5)). O

Hypothesis 1. The function f is bounded and 3,(f) < 400 for v =0, 1, 2.

Fix T > 0 and set ' = iT/n. Let B be a Brownian motion on a proba-
bility space (€2, F,P). This Brownian motion B generates a filtration (F;):>o
which is completed and augmented. With the result of [8], there exists a
unique strong solution of the stochastic differential equation with local time
X; = x4+ B;+0L, for any 6 € [—1,1]. This process is the SBm of parameter 6.
We denote its distribution by P?.

Lemma 2. Let f satisfy Hypothesis (1| and \g(f) = 0 for some 6 € [—1,1].
Then, for some constant K which depends on T, we have
| L= ?

E’ | sup |— f( X/
te[0,7) \/ﬁ Zz:; ( " )

K 2
< ﬁ(ﬁo(f) sup | f| + Bo(f)B2(f) + Bu(f)?).

Proof. As the SBm presents the same scaling property as the Brownian mo-
tion, we set for the sake of simplicity 7" = 1.

Set f,(x) = f(xy/n) so that B,(f,) = n~0FV/28 (f) for v =0,1,2. Also
Xo(fn) = 0.



For i > 1, with (§)), (3) and since Ag(f,) = 0and >_;, i3/ < ((3/2) < 3,

Zﬂz‘ﬁ f (X /)| Xpp = 2] <Z|P o /nn(@)

J=i+1 j=i+1

< Z 3/2 (B2(f) + Br(f)v/nlz|)

j= z—l—l

< K'(Ba(f) + Bu(f)V/mlal) with K’ = 3K.

With 0 <t <1, , the scaling property of 8y and the controls of ﬁg
by 85,

[nt] |nt]

> B (Xev/n) f( X /)]

=1 j=i+1

SZEO [ (Xenv/m)[(B2(f) + Br(f)v/n| Xin] ) K]

< Z \/_K/ﬁo (F@IBaLF) + AulDlD)

< K"Bo(|f ()| (Ba(f) + Bu(f)|z))(L + 2v/n) with K" = \/3?-
The right-hand side is finite for each n since
Bo(g) = Bi(f) for g(z) = [f(z)|z|. (6)
Hence
| ?
¥ [ﬁéﬁ] (% 2 <Xf”ﬁ>) ]

nt] |nt]

ZZ f(Xipv/n) f(Xin /)]

i=1 j=i+1

. on3/2 "
< ﬁo<f2>nf§2 >+ R G @5t + (e

n

K QK”

Jn \/—( o(f)Ba(f) + B1(f)7),

< Bo(f?)—=



where @ is used to established the last inequality. Since f is bounded,
Bo(f?) < Bo(f) supyer | f(x)|. This proves the result. O

Proposition 1. Let [ be a function satisfying Hypothesis[]. Then for any
a>0,

L(n—1)¢]
sup P’ sup] NG Z f(Xemv/n) = Xg(f)Le| >a| —— 0.  (7)
i=0

0e[—1,1] tel0,T n—00

Proof. Whatever the value of 6, | X| is distributed like a reflected Brownian
motion under PY. The function

g(z) = EO[|Xy| — |af] = / (I + o] — |2))p(L, y)dy

is an even function that does not depend on @ and that satisfies A\g(g) =
A(g) =1 for any 6 € [—1,1] (see 1.14 in |12]). By the scaling property and
using the Ito-Tanaka formula,

g(Xt? vn)
NZD

From |11, Lemma 2.14], since the distribution of the local time do not depend
on #, for any a > 0,

= E'[| Xep, | = | Xin| | Fir] = B°[Lip, | — L | Fio]-

L(n—1)¢]
sup PY | sup Z IEI(’[Lt?+1 — Lp|Fn] = Ly| 2 a| ——0. (8)

0e[-1,1] 0,7 | o n—00

Set h(z) = f(z) — Xo(f)g(x), so that A\g(h) = 0. Using Lemma [2] and (§g),
one gets that holds. O

Hypothesis 2. Let f : R? — R be a function such that for

Fi(x) = /pe(l,:v,y)f(x,y)” dy for v =1,2,
R

the functions F, (F1)? and Fj satisfy Hypothesis [1}
Since p6’<1/n7 €, y) = \/ﬁ])g(l, .CL’\/E, yﬁ)?
Fk(Xt:Lﬁ> = Ee[f(*xt?\/ﬁa Xt?_‘_l \/ﬁ>’y|ft7] with Y= 17 27

a relation we have already used in the proof of Proposition [I}



Proposition 2. Let f be a function satisfying Hypothesis[3. Then, for any
a>0,

[(n—1)t]
1
sup ]P)H sup % E f(Xt;ﬂ\/ﬁ, Xt;(t+1\/ﬁ) — )\Q(Fl)Lt >a| — 0.
i=0

0e[—1,1] t€[0,T] n—o00
(9)
Proof. Applying Doob’s inequality
2

1 L(n—1)t]

E’ t:;(l)’l;] ﬁ ; (f(Xt?\/ﬁaXt?+1\/ﬁ)_F1<Xt?\/ﬁ))

2

% i: (f(Xepv/n, Xin v/1) — Fi(Xipv/n))

Using a conditional expectation type argument, we obtain that the cross
terms in the following sum vanish so that

%Ee (Df (Xepv/m, Xy, V) = Fi (X \/ﬁ>>>
= LS X )~ B (X ),

1=0

Hence, this quantity converges in probability to 0 as n — oo by Proposition
uniformly in 6 € [—1,1]. One deduces that (9) holds. O

3. Limit theorems for ratios

In this section we study the asymptotic behavior of some estimators given
by ratios. For this purpose we introduce two new hypotheses.

Hypothesis 3. Let f and g be functions satisfying Hypothesis [2| with ¢ > 0
and \g(G;) > 0.

As the estimators we construct are sensitive to the behavior of the process
around 0 and involve the local time, we could wait an observable time 75 > 7
where 7 is the first hitting time from 0. The observation window is then
reduced from [0, 7 to [, T]. Under Hypothesis[4, 7o = 0 and Ly > 0 almost
surely for any 7" > 0.

Hypothesis 4. The starting point Xy = x is 0.



Let us consider the asymptotic behavior of

Yo = S0 f( X/, X /),
- Z =17 (Xt?ﬁ7Xt?+1\/ﬁ)a

under the assumption that Z, > 0 almost surely.

Y.,

Corollary 1. Under Hypotheses @ and@ under PY, we have

pmba )\Q(F )

Ru(fr9) ——

Proof. The convergence of R, (f,g) to XA(F1)/Ag(G1) follows from Proposi-
tion [2 standard computations and the facts that almost surely, 0 < Ly <
+o00 and )\Q(Gl) > 0. ]

4. Estimation of the parameter of the SBm

We assume that we observe the discretization {th}izo » of a path of a

.....

SBm of parameter 0. B
We are then willing to estimate the parameter 6 from these observations.

4.1. An estimator by the number of crossings

Our first estimator records the upward passages of the discrete observations
among their passage to 0. Of course, if the observations stay positive (resp.
negative), then set # = 1 (resp. § = —1). This corresponds intuitively to the
best observation that one may perform.

Proposition 3. Under the probability P? when 0 € (—1,1)

S 1ix,nc0,Xm >0} 0
1=0 tzn ) t?+1 proba\ ]_ + 0
n—1
Zi:O ]-{thth <0} e 2
[3 i+1

Cn L1>0,

with C, = {3, Xip Xpn, | < 0}, the event that a crossing occurs.

Proof. Let us note that C,, C {Lr > 0} and limsup,,_,., C,, = {Lr > 0}. Set
f(x,y) = Lizcoy>0y- Then, for k = 1,2, we have

E[f(z, X1n)"] = / (T n, . y) dy = (1+ D)W (|a] /) T),



with W(z) = [7° p(1,y) dy. With the Mills ratio, ¥(z) = O(exp(—|z|?/2) /),
Proposition 2] applies, so that

n—1

> Loy <oy, o) 2 (L DM (| - |/VT)) L,

n—1

2 Mooy, <o) 0 P (1= OA(W(| - |/VT)Lr

1

D3

1

\/_

Hence the result. O

4.2. Consistency of the Maximum Likelihood Estimator

Under P?, the likelihood of these observations is

n—1

An(0) = [ po(At, Xin, Xin ). (10)

1=0

Definition 1. The mazimum likelihood estimator (MLE) is defined by 6, =
argmaxpe(_y 1) An(0).

Our aim is to show that 6, converges to the true parameter 6 under P?
for any value of 6 € [—1,1].
We start by considering particular situations.

Lemma 3. If all the Xy» have the same sign, say positive (resp. negative),
then 0 — A, (0) is mazimal at § =1 (resp. = —1).

Proof. 1f all the X;» are positive (resp. negative), then 6 — pg(At, Xyr, Xon, )
is strictly increasing (resp. strictly decreasing). Hence the result. O

In particular, if 0= +1, then necessarily 6,, = [}

On the other hand, if the observations keep the same sign, one cannot
conclude that the true parameter 6 is £1. Simply, there is not enough infor-
mation to draw any inference on 6 since there is no way to distinguish the
observations of {Xn }ig,...» from the one of a reflected Brownian motion.

.....

For 6 € (—1,1), the score is

-1
n aepg(At,Xt?,Xt? 1)
Sn(0) = Dplog An(0) =y po(At, Xy, Xy +)
) i) i+1

1=0

= "Z_i ko (Xt?\/ﬁ; Xt;lﬂ\/ﬁ) . (11)

=0

10



oz, y) = 2P Ty) _ sen(y)p(AL 2l + yl) _ sgn(y)
o, po(At, x,y) po(At, x,y) sgn(y)0 + e2@) /A"

A point #,, which maximizes the likelihood A,, defined by also max-
imizes logA,. If 6, € (—1,1), it is also characterized as a solution to
Sp(0,) = 0. The next result shows that 6,, is uniquely defined.

Lemma 4. The log-likelihood log A, (0) is strictly concave in 6 € (—1,1).
Proof. Since Oppa(At, x,y) = sgn(y)p(At, |z| + |y|) does not depend on 6,

—(9opo(At, |z + |y]))?
p@(Atv z, y)2
hence 955, (0) = 92\ (6) < 0. O

If for some i € {0,...,n — 1}, sgn(Xyp - X», ) = —1, then

k@(Xt? v, Xt?+1 Vn) m +o0.

89k9(x,y) = < 0,

If the sign of 7 + sgn(X;») changes twice, then necessarily the maximum of
log A, is reached inside the interval (—1,1).

With only one change of sign, it may be possible that §,, = —1. For exam-
ple, when Xo > 0 and X;» < 0 fori=1,...,n. Then ky(Xin\/n, Xt?+1\/ﬁ) <
0 so that A,,() is decreasing and 6,, = —1.

Remark 1. The sign of the observations conveys some information, but the
MLE also takes into account the probability of crossing.

To avoid technical complications, we rule out the situations where possi-
bly |6, =1 or |0] = 1.

Hypothesis 5. The true parameter ] belongs to (—1,1) and i + sgn Xy»
changes its value at least twice.

Theorem 1 (Consistency~of the MLE). Under Hypothesis @ 0, converges
to 0 in probability under P?.

For k =1, 2, define

5 opo (T, , y))k
K ; 97 ) = 9 T7 ) T m N d 3

so that, since n'/2py(T/n, x/v/m,y/ /i) = po(T,z,y),
Kk(thx/ﬁ; 0, 5) = Eé[ke(th , Xt;b+1)k|‘7'—ty]~

The proof relies on the following technical lemma.

11



Lemma 5. Fiz 6] < 1 and 8] < 1. Then Ki(- : 6,6), Ky(- : 6,0) and
K3(-: 0,0) satisfy Hypothesis . In addition,

1 -

in probability under P? with

<0 if60>0,
s(0,0){ =0 ifo=8,
>0 if0<9,

where the coefficient s(6,0) is defined in [12) and (13).

Proof. To simplify the computations, we set T = 1 (the general case may be
dealt with a scaling argument). Since p(1,y—=z)/p(1, |z|+|y|) = exp(2(zy)*),

opo(1,w,y) _ exp(2(wy)*) + Isgn(y)
po(Liz,y)  exp(2(zy)t) + Osgn(y)

Thus, for x > 0,

. “+o0o 9 0 1 —
Ki(z;0,0) =/ p(l,m+y)eXp( ) +9dy / p(liz—y —edy
0

pg(1,2,y) sgn(y)p(1, |z] + |yl).

exp(2zy) + 0 ~ 1 —
+oo exp(2zy) + ] o0 —0
= 1 d (1 dy.
/0 p(,x+y)eXp(2w - / p( x+y — W

For some constant C' depending only on # and 5,
~ +oo
|Ky(x;0,0)| < C'/ p(1,2)dz = C¥(x).

Similarly, for x < 0, after a change of variable

~ oo 1+6 oo exp(—2zxy) — 0
Kx;@,ﬁz/ lLby—= —/ lLby—=x dy.

For some constant C' depending only on 6 and 5,
“+o0o

K1 (2:0,0)| < C p(1,2)dz = CU(—z).

—X

12



Thus |K;(z;6,0)| < CVU(]z|). Using for example the Mills ratio, it is easily
established that K and K? satisfy Hypothesis . Similar computations show
that K satisfies Hypothesis [I}

Let us recall that S,(6) is the score defined by (11]). With Proposition

n~'/25,,(6) converges in probability, uniformly in § and # when 6,6 € (=1 +

k,1+ k) for k € (0,1), to s(6,0)L; with s(0,0) = N\;(K1(-,6,6)).
Under P?,

$(0,0) = (1+0) - Ky (2;0,0)dz + (1 — 0) /0 K1(z;0,0) dz.

0

We deduce that

~ Foo  ptoo ~
508 = [ [ e+ ety 0.5 dsdy (12)
0 0
with
~ ~ exp(2zy +6 ~1-0
~1+46 ~exp(2zy) — 0
HA= O - =0 5 (13)

It is then easily checked that both x(x,y,0,0) and dyr(z,y, 8, 0) are bounded
in x,y > 0 and that

n(g, 5,x,y) =0 and (9911(5, 5,x,y) < 0.
Then dys(0, g) < 0. In particular, 893(5, 5) < 0, which proves the result. [J

Proof of Theorem[]. For any € > 0 small enough, n_1/25n(5j: €) converges in
probability under P? to s(0 +¢,0) Ly, and sgns(0 +¢,6) = F1 when Ly > 0.
Since 6, is solution to S, (6,) = 0, 6, € [0 —¢,0+¢] on a set whose probability
increases to P[Lr > 0] as n — oc. O

5. An alternative expression for the Maximum Likeli-

hood Estimator
The parameter 6 depends essentially on what happens when the process is
around 0. We have first proposed an estimator which clearly compares the

number of observed upward transitions to the number of observed crossing.
Following the results from D. Florens [7] and J. Jacod [12] for diffusions, the

13



number of observed crossings is related to the local time, a result we have
seen in Section 4.1l

It is less clear why the asymptotic behavior of the MLE is also related to
the local time. We present here an alternative expression for the MLE which
is based on the idea of the Expectation-Maximization (EM) algorithm |6} 22].
We point out that there is no need to use the EM algorithm for numerical
purposes. Here, we only use the core idea of the EM algorithm which relies
on the use of latent or hidden variables.

Since n is fixed, we set X; = Xin. We define

i =

{1 if X(t) = 0 for some t € [t, 1],

0 otherwise.

Of course, the Z;’s cannot be observed and serve as the latent variables.
We set X = (Xo,...,X,), Z = (Z1,...,2,), © = (xo,...,x,) and z =
(20,-.-,2n). For 7,0 € (—=1,1), we define

Qn(7,0) = E’ [log p, (X, Z)|X = a].

According to the fundamental principles of the EM algorithm [6], if § =
argmax_Q(7,0), then 6 is a stationary point for the likelihood.

Proposition 4 (|6]). The MLE 0, is a solution to 0-Qy (7, 0y)|r=0, = 0.

The main result of this section is the following one. Let us denote by U
the number of times z; = 1 and x; > 0, by D the number of times z; = 1 and
x; < 0, and define N = U + D, the number of crossings.

The next proposition is the central result of this section. The EM algo-
rithm is not used as a numerical tool, as a root finding algorithm is sufficient
to evaluate 6,, from the observations. We use it to relate the MLE to the
latent variables which are the Z;’s through Proposition 4

Proposition 5. The MLE 6,, is solution to

1406, E"[UX =a1]

> T ERNX =1 (14)

The interpretation of this result is very natural: (1+46,,)/2, the estimated
probability that an excursion of the SBm, is given by the ratio of expected up-
ward excursions straddling the ¢I'’s on the expectation excursions straddling
the t7’s, when the expectation is considered under P given the observations.
It is then a generalization of the result obtained in [18].

14



Proof. Let p,(z, z) be the density of (X, Z), p,(z) the density of Z and p,(z|z)
the density of X given Z. From the Markov property,

n
= Hpr(xiazﬂxifl)-
i=1

From the construction of the density of the SBm proposed by J.B. Walsh [28],
in which the independence of the sign and the position of X, given Z; =1
is used,

(T, 2 = 1wimy) =
pr( |zi-1) {(1 — T)p(At, |z + |zi—y|)  if 2 <O,

while

p(AL, ||, [2i]) — p(AL |zia ], —|2i|)  if 2y >0,
0 if TiTi—1 S 0.

pT(xz‘, Zp = 0|$i—1) = {

Thus,

E’[log p, (2, 2)|X = 2]
=E"[U|X = z]log(l + 7) + E"[D|X = z]log(1 — 7) + C(x),

where C'(x) is a function that does not depend on 7. Maximizing over 7
yields that the fixed point of = argmax_¢_; 1) Qn(7,0) is

1+6 E[UIX = 2]
2 EN|X =2

According to Proposition [4] the parameter 6 is nothing more that the MLE.
]

Unfortunately, the equation is not easy to deal with and does not
simplify the computations. An iteration method — either for a fixed point
or to solve an optimization problem — has to be used.

Proposition 6. The MLE 0,, is solution to the equation

1 —I— 0, 1+6,
(Z wl) - Z (1xi1<073«“i>0 wll + wz nlmi1>0,xi>0) )

=1

with v; = Xin and ; = exp(—2(2;7441) " /At).

15



RerAnark 2. Since ¢; = 1 when x;_jz; > 0, the MLE is in some sense close
to 6, constructed by

o n
I+ en o Zi:l 11i—1<071'i>0
- n
2 Zi:l 11i71$i<0

seen in Section .1 Yet it also takes into account the probability that the
path has crossed 0 when x;_; and z; have the same sign. More precisely,

(971_971) Z 1xi7193i<0 1+9 sz (1 T 1/1 xl 1>0,2;,>0 — 1:13¢1<0,:r:¢<0) )
i=1 vn

and both 6, and @\n have the same limit in probability.

Proof. Conditionally to X = z, the Markov property implies that the dis-
tribution of Z; depends only on the values of (x;,x;,1) and is independent
from Z; for j # i. Hence,

P’X = $ ZPH = HXifl = xi*hXi = mi]11i>07
E?[N|X = z] Z]P’e =1|Xiy = 21, X; = 3.

Clearly,
P? (Z; = 1| X1 = 21, X; = 1) = exp(—2(x;2501) T /AL),

as the probability that X} crosses 0 given X; and X1 is exp(—2(x;z;41) " /At)
when x;z;_1 > 0, and 1 as z;x;_1 < 0. For x;, ;11 > 0, we have

po(wi, 2 = Ua; 1) 1+6

PeZilei— =21, X =) = = Tz )
| X ! | Po(Ti-1,T) exp (Z5) + 6

while for z; < 0 and Tiy1 > O, PQ[ZZ = 1’Xi71 = I‘ifl,Xi = Il] = 1. The
result is obtained by combining these results. O]
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