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ON THE TIME DISCRETIZATION OF STOCHASTIC OPTIMAL CONTROL
PROBLEMS: THE DYNAMIC PROGRAMMING APPROACH

J. FREDERIC BONNANS, JUSTINA GIANATTI, AND FRANCISCO J. SILVA

ABSTRACT. In this work we consider the time discretization of stochastic optimal control prob-
lems. Under general assumptions on the data, we prove the convergence of the value functions
associated with the discrete time problems to the value function of the original problem. More-
over, we prove that any sequence of optimal solutions of discrete problems is minimizing for
the continuous one. As a consequence of the Dynamic Programming Principle for the discrete
problems, the minimizing sequence can be taken in discrete time feedback form.

1. INTRODUCTION

Stochastic optimal control problems in continuous time have been extensively studied during
the last decades. This important area of research has a wide range of applications, such as in
economy, mathematical finance and engineering. Usually, there are two approaches to deal with
these problems. The first one is related to the Bellman’s Dynamic Programming Principle (DPP),
which allows to characterize the value function as the unique viscosity solution of the associated
Hamilton-Jacobi-Bellman (HJB) equation [19] 20, 21]. The second one is the variational approach,
which deals with extensions of the Pontryagin maximum principle [24] to the stochastic framework.
For a detailed account of the theory and historical remarks we refer the reader to the classical
monographs [28)], [17] and [12].

Almost independently, another active field of research in the last decades has been the optimal
control of discrete time processes and general state space. In that framework, controls at time &
(also called policies) are probability measures on the actions space, which depend on the history
of states at time k and the chosen actions up to time k — 1. Given a control, an action is chosen
according to the probability measure associated with this control and this fixes the transition
probability function between the states at time k& and k 4+ 1. The literature on this subject is
too extensive and we refer the reader to the classical monographs [9 B, 13}, 25, 29], and the
references therein, for a comprehensive presentation and historical remarks. Generally speaking,
the assumptions in this theory are rather general and a common theme is the investigation of
existence of optimal (or e-optimal) Markov policies, i.e. the chosen control at time k depends
only on the value of the state at time k.

In this work, we consider a continuous time stochastic optimal control problem with deter-
ministic coefficients and a finite horizon T' > 0. Given a grid with diameter, h > 0, we study its
natural time discretization. While we consider only uniform grids, our analysis is easily extended
for general time grids. The state equation is discretized with the classical stochastic explicit Euler
scheme. Since at the continuous level we consider the strong formulation for the state equation
(see [28, Chapter 2, Section 4.1]), i.e. the control acts pathwise on the state on a fixed proba-
bility space, it is natural to consider at the discrete level a similar formulation. In this case, the
controls are assumed to be adapted to the filtration generated by the increments of the Brownian
motion on the time grid. In this sense and similarly to the continuous time case (see [28, Chapter
2, Section 4.1 and Section 4.2]) our formulation is more specific than the one described in the
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previous paragraph, which is more related to the weak formulation of the continuous problem (see
[28, Chapter 2, Section 4.2]).

The study of the discrete time case arises from different objectives. For instance, it can be
used to prove the existence of optimal controls for the continuous time problem, as the limit of
optimal discrete time policies (see e.g. [7] and [I8]). Another application is to derive the DPP for
the continuous time problem as a consequence of this property in the discrete time case (see e.g.
[17] and [23]). We point out that in [17, [I5] and [23], given a discrete time control the associated
state solves the continuous time stochastic differential equation and so the state is not discrete in
time. Finally, discrete time problems appear naturally as the first step in obtaining a numerical
approximation of the continuous time problem, the second step being the discretization of the
state space (see e.g. [I8]) or the resolution by Monte Carlo methods.

The simplicity of our pathwise formulation and the regularity of the coefficients defining the
continuous problems, which, as we will see, yields the continuity of the optimal cost as a function of
the initial state, allow us to simplify the proof of the DPP for the discrete time problem by arguing
as in [5]. Thus, we do not have to deal with delicate measurability issues as in [3]. Although we
consider controls adapted to the filtrations generated by the increments of the Brownian motion,
a consequence of the DPP is the existence of discrete time optimal feedback (or Markov) controls.
This important property in the discrete time case is in contrast with the analogous property in
the continuous time case, where the existence of an optimal feedback control can be assured only
in exceptional cases (see [28, Chapter 5, Section 6] and Remark. In some sense, this is similar
to the existence issues for continuous time Stochastic Differential Equations (SDEs), where the
Fuler scheme is always well-posed even when the continuous time SDEs does not admit explicit
solutions.

We study several properties of the discrete time value functions V", which are analogous to
their continuous time counterparts, such as Lipschitz continuity and semiconcavity with respect
to the state variable on bounded sets. When extended by linear interpolation to the entire interval
[0, T, we prove that V" is Holder continuous in time, on bounded sets of the space variable. Using
an approximation result by Krylov (see [I7, Lemma 6, Section 3.2, p.143]), we also prove with a
direct approach the local uniform convergence of V" to V, the value function of the continuous
time problem. Since we work under quite general assumptions, this convergence result is more
general than those already proved in [7], where under stronger assumptions weak convergence
to a feedback control of the continuous time problems is shown, and [12, Chapter 9]. Probably,
the convergence of the value functions can also be proved by using analytical methods based on
viscosity solution theory (see e.g. [2] and [12, Chapter 9]), however, our direct approach allows us
to prove the important fact that optimal (or e-optimal) discrete time controls form a minimizing
sequence for the continuous time problem. In particular, there always exists a minimizing sequence
of discrete time optimal feedback controls. In addition, under some convexity (strong convexity)
assumptions, we obtain the weak (strong) convergence of the discrete time optimal controls to
a solution of the original problem. In this general framework, we have not established error
estimates for the discrete value functions. We refer the reader to [15] and [I6] where, under
additional assumptions, the author tackles this problem.

The paper is organized as follows. In Section [2] we state the continuous time and discrete time
problems and our main assumptions. Section 3| is devoted to some technical and fundamental
estimates relating the continuous time and discrete time states associated with piecewise constant
controls. In Section [4] we prove the DPP for the discrete time problem and show the existence
of feedback optimal controls. The continuity of the discrete value function plays an important
role here and simplifies its proof. Next, in Section [5| we prove several regularity properties of V?,
which are analogous to those of V. Finally, in Section [6] we prove in Theorem [6.2]the local uniform
convergence of V" to V and that the sequence of discrete time optimal controls is a minimizing
sequence of the continuous problem. Under some convexity assumptions, the convergence of this
sequence to an optimal control of the continuous problem is also shown.

2. PRELIMINARIES

We begin by defining the problems we are interested in.
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2.1. Continuous time problem. Let (2, F,F,P) be a filtered probability space on which an m-
dimensional standard Brownian motion W (-) is defined. We suppose that F = {F;},, 7y (T > 0)

is the natural filtration, augmented by all the P-null sets in F, associated with W(-) and we
recall that ' is right-continuous. Let us consider the following controlled Stochastic Differential
Equation (SDE):
W dy(t) = f{t y(t),u(t))dt +o(t,y(t),u(t))dW(t) ¢ €]0,T],

y(0) = zeR",
where f: [0,T] xR" xR" — R" and o : [0, 7] x R" x R" — R™ "™ are given maps. In the notation
above y € R™ denotes the state function and u € R” the control. We define the cost functional

T
@) J(u) —E{ / e<t,y<t>,u<t>>dt+g<y<T>>},

where £ : [0,7] x R" x R" — R and g : R™ — R are given maps. A precise definition of the control
space and assumptions over the data will be provided in the next sections.
Let U,q be a non-empty closed subset of R” and
(3) Uygg = {u € (H?)"; u(t,w) € Uyq, for almost all (a.a.) (t,w) € (0,T) x Q},
where
H? := {v € L*([0,T] x Q); the process (t,w) € [0,T] x Q — v(t,w) is F-adapted } .
The control problem that we consider is

(P) Min J(u) subject to u € Uyq.

2.2. Discrete time problem. Let us introduce a discrete time approximation of (P). Given
N € N define h := T/N. Let us set t, = kh (k = 0,...,N) and consider the sequence of
independent and identically distributed (i.i.d.) m-valued random vectors, defined as AW, =

W (tj41) — W(tj), for j =0,...,N — 1 and AWy = 0 a.s. Then, E(AW}) = 0 and E(AW;AW]) =
hé;; (where 6;; = 1 if i = j and &;; = 0 otherwise). Consider the discrete time filtration (Fj)2_,
defined as Fp = {0, Q} and Fj, = o (AWj ; 0 < k' < k). For simplicity, we note Ei(-) := E(:|F).
Let us set L?Ek := L?(Q, F,P) and let us define Y" := H]kV:BlL%k, which we endow with the norm
N—
||UHZh = h Ek:ol Elug|*.
We consider the following discretization of the state equation, given by an explicit Euler scheme:
Ye = Yk—1+hf(tk—1, Y61, up—1) + o(tk—1, Yp—1, uk—1) AWk, k=1,.., N,
(4) ]
Y = x€€R™
The discrete cost J" : U" — R is defined as
N-1
(5) Thw) =B |k > Ltk ye ur) + 9(yn) | |
k=0
where y = (yo,...,yn) is the solution of . Finally, we consider the admissible set of controls
as

(6) U = {ueuh; u, € Uyy P - almost surely (as.), Vk=0,...,N—1}.
Then, the discrete time control problem that we will consider is
(P Min J"(u) subject to u € Uh,.

2.3. Assumptions. We present the hypothesis that we consider in this paper.

(H1) Assumptions on the dynamics:
(a) The maps ¢ = f,o are B([0,7] x R™ x R") measurable.
(b) For almost all ¢ € [0, 7] the map (y,u) — ¢(t,y,u) is C! and there exists a constant
L > 0 such that for almost all ¢ € [0,7] and for all y € R™ and u € U,q we have

7) { ot y,u)| < Lyl + [ul +1],
‘(py(tvyuu)‘ + ‘@u(tu Y, U)‘ S L7

Where 90y<t7 y7 u) = Dygp(ta yv ’U,) and ‘Pu(ty y: ’U,) = Du@(t, yv u)
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(c¢) There exists an increasing modulus of continuity @ : [0, +oo[— [0, +oo[ such that for
¢ = f,o,and for all y € R", u € Uy, s,t € [0,T] we have

(8) o(s,y,u) — o(t g, u)| <W(|s —t).

(H2) Assumptions on the cost:
(a) The maps ¢ and g are respectively B ([0,7] x R™ x R") and B (R"™) measurable.
(b) For almost all ¢ € [0, T] the map (y,u) + £(t,y,u) is C!, and there exists L > 0 such
that for all y € R™ and w € Ugg,

where £, (t,y,u) == Dyl(t,y,u) and £, (t,y,u) == D l(t,y,u).
(c) The map y — g(y) is C' and there exists L > 0 such that for all y € R",

lg(y)| < Lyl + 17,
(10) { Valy) < L[lyl +1].

3. ESTIMATES ON THE STATES OF THE DISCRETE AND CONTINUOUS FORMULATIONS

In this section, we study some estimates for the difference between the discrete and continuous
time states associated with the same discrete time control, which is extended as a piecewise
constant control at each interval [ty, txi1][.

We start by proving an estimate of the norm of the state in terms of the control and the
initial condition. For a fixed h, let u/ = (uk)]kvzz)l € Z/lgd be a given discrete control and define the
associated discrete state y = (yk){gvzo as the solution of .

Lemma 3.1. Assume that (H1) holds. Then, there exists C > 0, such that

(1) B |, max | < C [Jaf + I +1].

Proof. For all k =1,..., N we have

k—1 k—1
(12) ye =2 +h > ftyw) + Y oty yy,u) AWy,
=0 i=

Then, by (H1)-(b) there exists Cy > 0 such that,
lye? < 3 [|9C|2 + NR2 SNy, u) P+ (2528 G(tj,ypuj)AWjH)Q}
k— k—1
< Co [[al? + b A3l 2 + s 2 4+ 1)+ (55 ot v, w) AW 2]

By the Doob’s maximal inequality (see [14, Chapter 2, Theorem 6.10]), the It6 isometry, and by
(H1)-(b) there exist C; > 0 and C5 > 0 such that

E [maxo<i<k [3i]?] < Co {’9«“\2 +h 3025 [Elmaxocic [yil?] + Effuy|?] + 1]
(14) +CIEIh Y82 ot u,)I?]]
< Co[Jaf? + h AT [Blmaxocic; lvil?) + Ellu; 2] +1]]

The results follows by the discrete Gronwall’s lemma [§]. O

Let u® € H2 be defined as u”(t) := uy, for all ¢ € [ty,tx11) and y be the associated continuous
state, i.e. the unique solution of

(15) dy(t) = flt,y(t), ul(®)dt + o(t,y(t), uf (t))dW (t), t€]0,T],
y(0) = =

Now we are going to analyse the relationship between y and 3". Note that H’LL?HH[QF = ||luP||yn-
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Lemma 3.2. Assume that (H1) holds true. Then, there exists C > 0 such that
(16) pnax B y(te) - yrl* < Oh | |2 + lu" | + 1| + Cw*(h),
forallk=0,...,N.
Proof. For all k =0,..., N — 1 we define Ay, := y(tx) — Yk,
(7)) Afe) = f(t,y@), ur) — f (e, Y ur), and Aoy(t) = o(t, y(t), ue) — o (tk, Ye, ur)-

We have,

tet1 let1
(18) By =Byt [ A+ [ Aonaw o).

th th

Therefore, by the Cauchy-Schwarz inequality and the It6 isometry, we obtain
E[lAyenil?] < E[Apf2] +E [\ S AfaAtR] + B [| [ Aoy(t)dw (1) 2]
1
(19) +2 (B[ Agel) * (E] 2 Afu(nyar?)?
2 ([ Anae?])” (Bl [ Acnaw (o)

Applying the Young’s inequality in the last two terms, we have

(NI

0 E[;Aymlﬂ < [1+h]E[|Ayk|2} [1+2 IE“ t’““Afk(t)dtﬂ
HL+HE ||t Aouam o]

Now, we study all the square terms in the r.h.s. of separately. By the Cauchy-Schwarz
inequality and (H1), we obtain

thkﬂ Afi(t dtﬂ

IN

RE [ [ 1A fu(t) 2t
2HE [ |f (8 y(8)ue) — f(t yw, we) Pt
1) F2RE [ 1 F (8 g, ) — (b, g, )Pt
20 | [ LR [y(t) — el dt + [ @2t — ti )t
< 2hL2 [[MEly(t) — yl” dt + 2075 ().

IN

IN

In order to estimate the last term in (21]), note that for all ¢, <t < tx,1 we have,
t

t
(22) y(t) —yk = Ay + | f{t,y(t),u(t))ds +/ o(t,y(t), u(t))dW (s).

tk tg

Then, by (H1), the Cauchy-Schwarz inequality and the It6 isometry, we deduce that there exists
Cp > 0 such that for all t; <t < tgy1,

E[ly(t) -] < GoE [|agsf?] + CohB [f+ L2[y(®)? + unl? + 1]at]
(23) +CoE [ftk“ Ly + Juxl® + 1]dt}
< GoE [|AykP] + Coh [l2f? + a3 + Elugl? + 1],
where the last inequality follows from [22] Proposition 2.1]. So, by and , there exist

positive constants C7 and Cs such that,

2
[\ e Afo]| <GB [JAnP] + Ca [l + I o + Blual 1] + 20%7 1)
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By the It6 isometry and we have,
(25)

2
E [ Je Aak(t)dW(t)} = E [ |Acy(t)dt
2R [0 L2 |y (t) — yil? + @2(|t — ti])dt

IN

IN

CShE || Aysl?] + Ca? [Jof? + a3 + Elug|? + 1] + 202 (),

for suitable positive constants C3 and Cy.
Combining , and we conclude that there exist C5 > 0, Cg > 0 and C7 > 0 such
that

(26)  E[|Agkir| < [1+ G [[Ayl] + Coh? |[2f? + 62 + Eluxf? + 1] + Crhar?(h).

Therefore, we deduce that

(27)
E|lApel?] < [1+ChIE [|Agol] + SAZ5[1 + i Coh? [Jof? + llu® [ + Elux|? +1]
+ B0 + Cshl Crhw? (h)
< eSTCsh [T)z|? + 2/l +T] + ST CrTw?(h)
< Ch |z + |lulln + 1] + C@*(h),
for a suitable constant C' > 0. O

Corollary 3.3. Assume that (H1) holds and that at least one of the following assumptions holds
true: (a) for all (y,u) € R™ x R" and almost all t € [0,T] we have o, (t,y,u) = 0; (b) the set Uyq
is compact. Then, there exists C > 0 such that for all k =0,...., N — 1,

(28) E

b <t<tpyi1

sup  [y(t) — yk|2] < Chflal + [[ulgn + 1] + C@?(h).

Proof. For all t;, <t < tgy1, we have

(29> y(t) — Yk = [y(tk) - yk] + tf(sv y<8>7 uk)ds + /t 0(87 y(8)7 uk)dW(S)

tg tg

Then, by the Doob’s maximal inequality and the It6 isometry, there exists K > 0 such that
E [supy, <ocryy, 190 = wel| < 2B ly(tn) — gel?] + 4B [ [0 [ £(5,y(s), we)| s
t
FAKE [ S |J(s,y(s),uk)|2ds] :

By (H1) and [22], Proposition 2.1], there exists Cy > 0 such that

(30)

s 2 2 hy2 hyj2
(31) B [ 15 u(s)u)l? ds < Co [b [l + B+ 1] + a2+ 1]
ty
If (@) holds, there exists C; > 0 such that
et 2 2 hyj2
(32) IE/ o5, (), ) ds < Cab [l + [l e+ 1] +1]
ty

then, by the previous lemma we have

(33) E| sup |y(t) —wl?| <COh[jz]* + JulZn + 1] + C&*(h),

T <t<tp41

for a suitable C' > 0. On the other hand, if (b) holds, for some My > 0 we have |u| < My for all
u € Uyq. Then there exists Cy > 0 such that,

Pt 2 2 2 2
(34 B [ oG,y ) ds < Oon [l + I + 114 12 +1].

tg
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Thus, by the previous lemma we obtain the existence of C' > 0 such that

sup  [y(t) — yil’
L <t<tpi1

(35) E < Ch[|z]® + |Julln + 1] + C&*(h).

4. DISCRETE TIME DYNAMIC PROGRAMMING PRINCIPLE

Our goal in this section is to prove the DPP for problem (P") parameterized by the initial
discrete time and initial state. Besides its own importance, the DPP implies the existence of
discrete time optimal feedback controls, and it is also useful to prove the convergence of the
discrete value functions to the continuous one, as we will see in Section [6]

Throughout this section we consider h = T'/N fixed and assume that U,4 is compact. Since
problem (P") will be parametrized by the initial time and initial state, we need to deal with new
filtrations and space of admissible controls. For each k£ =0, ..., N consider the filtrations,

(36)  Fr={0,Q} and FF=0(AWy; k+1<K <j) forallje{k+1,.., N}
For k=0,..., N — 1, we consider the admissible control sets

(37) Ul = {u = (up,...,un_1) € H?]:_le;k tuj(w) €Upg P—as., j=k,...,N —1}.
J

Given u € U, z € R" and k = 0,..., N — 1, we recursively define the state y;”u, j=k,...,N,
associated with u, x and k as

k7:r1u j—
Yy = .

Note that yl-f’m’“ € LQflw for all j = k,...,N. It is easy to see that all the estimates presented in
J
the previous section remain true if we consider the state starting at time ty.
Finally, we associate to each u € Z/l,? the cost function,

N-1
(39) Tl (e ) =B Ry 0,5, ) + g (™)
j=k
The value function is defined over R™ as
40 VN(z):=g(z), and V¥(z):= inf JM(z,u) fork=0,...,N — 1.
ROk
ueUy

Our aim is to prove the following DPP for V*
(41) VF(z) = inf {hﬁ(tk,w,u) +E [Vk+1(x + hf(tg,z,u) + U(tk,x,u)AWkH)] } ,

u€Ugyq
forall k=0,..,N — 1.

4.1. Preliminary estimates. In order to prove the DPP, we need some preliminary results
about the state and the cost.

Lemma 4.1. Let (H1) holds. Then, for every p > 2, there exists C, > 0, such that for all
z,y e R", k=0,...,.N—1 anduEL{,?, we have

k‘? b k’ b
(42) E L:%?%N WS

P
} < Cplz —ylP.

Proof. By notational convenience, we omit the indexes k¥ and u in the states. Denoting Ay; =
y§ — vy, and Apj = o(t;, ¥, uz) — @(t, 47, u;) for ¢ = f, o, we obtain for i = k,... N — 1,

(43) AyH—I =r—y+ Z hAf] + Z AUjAWj+1.
pa j=H
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We have,
i p
(44) |Ayia|P <371 ||z —yP + ZhA f] + > Ao AW,
j=k
By (H1) we get
i P i i
(45) D hAf S NPTIRPY C|ASP < TPTIRLIP Y | Ayl
j=k j=k j=k

Now, by (H1) and the Burkholder-Davis-Gundy inequality [6], there exists K}, such that

E (maxesms: | S5y A AW al) < KE ([, A0 )
(46) < KpNET'hE YL E(|Agyl)

< KTETIRLY S0 B(|Agyl?).
Combining , and , there exists ¢, such that

P\ < _ylP P\
(47) E <k§%2§+1 | Ay > < ceplr —ylP + Cphz;gE <k1§ng>§ij | Aym| )
J:
The conclusion follows from the discrete Gronwall’s lemma [§]. O

Now we prove that the discrete value function is Lipschitz continuous w.r.t. the state variable,
on bounded sets.

Lemma 4.2. Assume that (H1) and (H2) hold. Then, there exists a constant C' > 0 (indepen-
dent of h), such that for all x,y € R™, and for all u € Z/{,ff, we have

(48) [Tt w) = )| < Cllal +lyl +1]Je —yl, YE=0,.. N -1
As a consequence,

(49) ‘Vk(:v) - Vk(y)‘ <Cla|+lyl+1]lz—y| Yk=0,...,N.

Proof. Using the same notation of the above lemma, we have for fixed k and u € U,?

N-1
(50) | TR (w,u) = TRy, w)| SE Rt uf, wg) — £t y2 w)| + |a(uk) — 9(u%))]
j=k
By (H2) we have for all k < j < N — 1,
(51)
xT 1 €T
B {100ty ) = 05wl | < B f 1 (k7 + 50—y i) (v — w)1ds]
1 X X T
< B [JoIL0+ 1y + sty — 3|+ lus ) ! — wl)ds]

< LE|ly! — el + Iyl — o2+ ly? — 2l + s lly? — w1

Since the set U,q is compact, it is bounded by a positive constant My, and so by the Cauchy-
Schwarz inequality, Lemma [3.1] and Lemma [4.1] there exists Cp > 0 such that

- 1
E [l - v3l] < (! - 2121)° < Cola—yl
E (11! — vz < (Bluz1)” (Bl 1) < Co [lo? + 7242 + 1)) o —
(52) J J J J 0
1 1
Eluslly? — 31| < (Elusl?)? (Elly? - 21%))* < CoMule —
E|ly! — 22| < Colo — yf? < Colla| + Iyl [ — yl.
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We conclude that there exists Cy > 0 such that,

(53) E 166ty u5) — €0ty wi)l| < Cullal + Iyl + 1] |2 — g,
Analogously we can deduce that

(54) E [lg(y%) — 9w¥)l] < Cillz] + lyl + 1] |z — yl-
Since C in does not depend on j, we conclude that

(55) TR (2, ) = TRy, w)] < (T+1)C [lz] + |yl + 1] |z —
and follows.

Since the set Z/{,? is bounded, and the constant C] obtained is independent of u € Ul?, relation
(49) easily follows from, the inequality

(56) VF@) = Vi)l < sup i (2, u) = Ji (g, w)l.

0

4.2. Dynamic Programming Principle. In order to prove the DPP, for all z € R™ we define
Sk (z) = infuep,, {h[(tk,x,u) +E [V’“H(y,]:flu)} } L Vk=0,...,N—1,

(57)
SN (z) = g(=),

where,
(58) yolt =@+ hf(te, x,u) + o (ty, 7, u) AW

Lemma 4.3. Under assumptions (H1) and (H2), there exists C > 0 (independent of h), such
that for all x,y € R", and k=0,...,N — 1,

(59) [5%@) = 5" )| < Cllel + Iyl + 1] 2 — .

Proof. By the definition of S* and the previous lemma, there exists C > 0 such that
(60)
[S¥ (@) = S*(y)]

IN

Subyer,, { B0tk 7, 0) = Ot o w)] + B [[VER () = vER )] }

k7 b k b
RCo lla| + Iyl + 1] | — ol + E [Collyf | + okt + Ul — oiil] -

IN

By the Cauchy-Schwarz inequality, we obtain
(61)

1 1
k7 k) k b k} 1 5 k bl 5
Elypsi) + et + i = oet] < (Bl + et + 102)* (Bl - i)

By Lemma [3.1] and Lemma [£.T] we conclude that there exists C; > 0, independent of u because
U,a is bounded, such that

1 1
kvxu Y, 2 k’xu k N 2
(62)  (BIgert+ ks +112)° (Bluer — i) * < Crllal + Lyl + 1] = — vl

Combining and , we deduce that holds true. O

Lemma 4.4. For all x € R", and for all k = 0,...,N, the map u € R™ E[Vk“(y:flu)] is
Lipschitz continuous. As a consequence, S¥(x) € R, for all x € R™.

Proof. Let u,v € R", then by (H1) and the It6 isometry,

(63)
’yllzfiu — g 2:| < E [|h(f(tk,l’,’LL) - f(tkvl" U)) + (U(tk,l’,U) - U(tka l‘,U))AWk;J,_lP]
< 207K [|f(th, =, u) — f(tr, x,0)[] + 2hE [|o(ty, z,u) — o(ty, z,v)|?]
< 2h2L2%u —v|? 4+ 2hL2|ju — v|?.
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Thus, arguing as in proof of the previous lemma, by Lemma Lemma and the Cauchy-
Schwarz inequality, there exist Cp > 0 and C' > 0 such that,
(64)

[EIVF (gl - Vi )|

IN

k7 ) kv b k k‘
E [ICollyi)] + i) + 1l = v ]

1 1

k., k., 2 k, k 2

< (BIColyer™) |+ k)l +10121) * (Bllyps - vl ?1)
< Clz|+1] |u—wv|.

By and (H2), we conclude that the map u — E[Vkﬂ(ylkfflu)] is Lipschitz continuous, and
so S¥(x) is finite. O

Now we prove the DPP. Since V* is continuous, we can directly prove the result following the
arguments in [5] without needing to embed our problem in the general framework of [3].

Theorem 4.5 (DPP). Under assumptions (H1) and (H2), for all z € R"™ we have
(65) VFz)=S%z) YEk=0,..,N

Proof. We start by proving that V*(x) > S*(z). Let u = (uy, ..., uny—1) be any element of U'. By
the definition of the set U,?, we can write u; for j € {k+1,...,N — 1}, as a measurable function
of the increments of the Brownian motion, i.e. uj(AWjyq,...,AWj). For fixed Awiy1 € R™ and
j=k+1,...,N —1, we define the maps

(66) Uj(Awgt1) tw € Q= uj(Awpyr, AWiia(w), ..., AW (w)).

Setting @(Awgy1) = (Gps1 (Awpr), - - -, An—1(Awg1)), we obtain @(Awyiq) € U ;. Then, we
can also define,

(67) Uk1(Awgy1) =z + hf (e, 7, up) + 0 (b, T, up) Awgt 1,

which is deterministic, and for j =k +2,..., N,

(68) G5 (Awpi1)  w € Qs g THI BB ()

Then, by the independence of the increments of a Brownian motion, we have
(69)

|:th 1 ]79;“6” u;) +9(y§vxu)} =
Jem B [h Sk Ut 55 (Awk ), 8 (Awgi)) + 9N (Awki)) | dPaw,,, (Awgir),

where Paw, ., is the measure induced from P by AWy 1 on R™ (see [, Section 4.13]). So, we
obtain,
(70)

[h Zg —ri1 U 973/;“ L ug) +9(y’1€\fx u)]
= Jam ((tgs1, e (Awps), Upg1 (Awpy1))
B [hS000 s 0t 55 Ak, (A1) + 9(In (Awrs1) | ) dPaw,, (Awisn)
> [om VE (g1 (Awpr1))dPAW, ,, (Awp 1)
=E [VF ' (z + hf(ty, v, u) + o (tk, @, up) AWii1)] -
Then for all u = (u, ...,un—1) € UP, since uy, € LQI,’; and FF = {0, Q}, we obtain

Ut w) + B (W05 00,577, ) + 9™
(71) > Uty v, ug) + E [V (@ + hf (tg, 2, up) + 0 (b, 2, up) AWieg1)]
> Sk(x).
Minimizing w.r.t u € I/I,? in the 1.h.s. we deduce

(72) VF(x) > S*(x).
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We next prove the converse inequality by an induction argument. It is clear by the definitions
that

(73) VN@)=SN(z) and VN l(z) =SV "Yx) Vo e R™

Now, let € be a positive number, for each € R" let §, > 0 be such that C[|z|+ [y|+1][z —y| < §
for all y : |x —y| < &5, where C' is the maximum of the constants given in Lemma and Lemma

Then, for all K =0,...,N and v € U,?,

(14)  max {7}z, w) = (0], [VE@) - VE@)LISH@) - S @)} < 5 Vyile -l <o

Since R™ is a Lindel6f space, i.e. every open cover has a countable subcover, there exists a sequence
(&)ien C R™ such that R™ = (J;2, B(&;, d¢,). In order to obtain a disjoint union, we can define

(75) By :=B(&1,6,), and By := B(&.0e,) \ (UZ1B)), V> 1

Let £k < N —1, and assume that V" = §", foralln = k+1,..., N. Let u € Uyq be an §-optimal
solution of S7(&;), for j =k, ..., N — 1, i.e.

i j i i j €

(76) he(ty, &, ub) + B [VIYHE + hf(ty, &, ub) + o(ty, &, ul) AWip)] < S7(&) + 3

We define the measurable function u;(z) = Y .7, ]XB (z). Let € R and i such that = € B;
(see (75)). Then,

hf(t]‘, Z, Uy (l’)) +E [Vj+1(a: + hf(tj, Z,Uj (JJ)) + O'(tj, T, Uj (:U))AVVJ_H)]

he(tj,@,ul) + E [vm(m + (g, ul) + oty , u;l)AWM)]
< hllty, &) + B [VIYUE + B (g, € ud) + 0ty & u)) AW )]
§+S&) +5
< Si(x) +e.

Now, we fix x € R" and take u, = ug(z) € Uyg. We define inductively u; : © — R”, for all
k<j<N-—-1,as

—~
EN|
N |
SN—
N

IN

(78) Ujr1(w) = ujt <y;-€f1’(ﬁk""7aj)(w)) ;
where (yf’x’(ak""’ﬂj))jt; satisfies the first equation in (4) for dy, ..., a;, and yZ’x’(ak""’ﬂj) = 7.
Since the function u];_ is measurable and bounded, and yf fl(uk relld) is measurable with respect
to Fk 41, we obtain that @ = (ag, ... 1) € Z/lk Using the same ideas as in -, and the
assumption V7 = 87, for all k < j < N — 1, we get that
Jp(z,u) = hl(ty,,up) +E hZJ o L,y g () + (yf\}z’ﬂ)}
= Wl @) + B [R5 0y s ) + VY )]
(79) < bt ) + hz] o L g () + SN ) + €]
= Bty m ) + B (RSN Ay () + VIR + e
< hl(ty,x,u) + E Vkﬂ(y;]:flu) + (N —1)e
< S*(z)+ Ne.
Where the inequality in the third line above is obtained by using . We conclude that,
(80) VF(x) < JMx,a) < S*(x) + Ne.
Since € > 0 is arbitrary, we obtain
(81) Vk(:n) < Sk(x)
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Remark 4.6. If in the definition of V¥, instead of minimizing over the set Z/{,?, we minimize
over Z/_I,?’ ={u € Hj.v:_kll}%-j tuj € Ugg ace. Vj = k,...,N — 1}, we obtain the same function.
Indeed, define
N-1
(82) VF(z):= inf E |h f(tk,y?’x’u,uj) +g(y1k\}x’u)
ueu,? =k

Clearly we have VF(x) < VF(x), for all z and k. In order to prove the converse inequality, let
u = (ug,...,un—1) be any control in Z/ll?, then each uj can be written as measurable function of

(AW,)!_. Thus, for fived (Aw,)k_, € R™<k+1) e can define the functions
(83) i5((Awn)f_g) 1w € Q = uj((Awp)F_g, (AW (@)1 )

obtaining 4((Awy)F_g) = (g ((Awr)F_o), ... an_1((Aw,)k_)) € UL, By the definition of y?’r’u

. k
it 1s clear that for fized (Aw,n)fzo we have that yf’x’u((Awr)T:O) ] f]’?—measumble, and so
(84)
— : - k,x,0((Aw, I:: ~
E [h Y50 0ty ™ w) + 9N = o BIS S €ty ™ O (B )ig)
k,z,u((Aw, ’::
ol S W) aw, e, (Awr)Eo)

2 f]Rmx(k+1) Vk(x)dP(AWT)f,:O((Awr)ﬁzo) = Vk(a).
Now, minimizing in the Lh.s we obtain VF(z) > V¥(z).

Remark 4.7. Now we analyse the cases where instead of dealing with F; and .7-";“, forj=k,.,N,
we consider Fy; or .7:;;“, which are the completion of (W (t) : 0 <t <t;) and o(W(t) — W (ty) :
ty <t <t;), respectively. Arguing as in the previous remark, setting

u = {uenf:—,ng:ujeUad,P—a.s.Vj:k,...,N—1},
J

(85) u = {ue ij;leit’f cuj €U, P—a.s.Vj=k,...,N -1},
tj
we get that
(86) inf JMx,u) = inf JM(x,u).
uel;; uell?

Also, all the results of the current section including the DDP, remain true if we deal with L_Ilz
instead of Z/l,ff. Indeed, the proofs are based in the fact that the processes are adapted to the given
filtration and the increments of Brownian motions are independent. Let us denote,

(87) VF(x) = inf JM(x, u).
ueld?

Since VN (z) = VN(2) = g(x), and (V*) and (V*) satisfy (65), we can conclude that
(88) VF@z) =VFx), VE=0,..,N.

4.3. Feedback optimal control. The aim of this section is to prove that there exists a feedback
optimal control for (P"). For notational convenience we define for all 0 < k < N — 1, the function
FE:R" X Uyqg — R as

(89) Fk(xv ’U,) = he(tlﬁ z, U) +E |:Vk+1(x + hf(tka z, U) + U(tka z, U)AWkJrl) .
Then, by the DPP, for all x € R™” and £k =0,..., N — 1, we have,
(90) VE(z) = iI(l]f FF(z,u) and VN(z) =g(x).

u€Uqd

Based on a measurable selection theorem due to Schél |26, Theorem 5.3.1], we can prove the
following result.
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Proposition 4.8. Under the above assumptions, for allk =0, ..., N — 1 there exists a measurable
function @* : R™ — U,y such that
(91) FHa, i (z)) = VH(x),
for all z € R™.

Proof. Arguing as in the proof of Lemma it is easy to check that (z,u) — F*(z,u) is contin-
uous. Since Ugyg is compact we can apply [26l Theorem 5.3.1]. The result follows. ]

Remark 4.9. As a corollary of the previous results and the DPP, in this discrete framework, we
always have a discrete time feedback (also called Markov) optimal control. Indeed, the sequence of

measurable functions ug,...,un—1 given by the previous proposition, defines the optimal control
= (@°(yo), @ (y1), ..., wN "N yn_1)), where (yo,...,yn) is defined recursively as
(92) Y+1 = Yk + hf(tka Yk, ak(yk)) + O-(tkv Yk, ﬂk(yk))AWk-‘rl V k= 07 ey N — 1)

Yo = T.

Let us point out an interesting phenomenon, not underlined enough in the literature, which shows
the power of the DPP. In the continuous time case it is well known (see e.g. [10, Chapter VI] and
[1T, Chapters 3 and 4]) that if the Hamilton-Jacobi-Bellman equation associated with the stochastic
control problem, which is a consequence of the DPP in continuous time, admits a solution v which
is reqular enough, then we can construct a feedback optimal control. This is known as a verification
result and, under standard assumptions, usually holds when o does not depend on u and, setting

a=o0", we have that

Y a6 > ¢ YEERT,
1<i, j<n
for some ¢ > 0. In particular, if we fix (t,x) € [0,T[xR", we get the existence of an optimal
feedback policy for the problem associated with V (t,z) (defined in below). The main feature of
this analysis is that existence of an optimum is obtained without some usual convexity assumptions
required in the strong formulation (see e.g. [28, Chapter 2, Section 5.2]). On the other hand, as
we have just seen, for the problem obtained by discretizing the time variable we always have the
existence of a feedback control without any extra assumption. This is still an infinite dimensional

problem for which existence does not follow by standard methods, but it is a consequence of the
DPP.

5. OTHER REGULARITY PROPERTIES OF THE VALUE FUNCTION

In this section we analyse some properties of the value function of the continuous and the
discrete problems. The value function of the continuous problem V : [0,7] x R™ — R is defined
as

T
(93) V(s,x):= inf J¥(u) :=E [/ 0t y® (t), u(t))dt + gy (T)) | ,

ueUs,
where v, is the solution of
{ dya*(t) = [t yu"(8),w(t)dt + ot ya* (1), u(®)dW (t), t€ls, T,

ya"(s) = z,

(94)

and the control set is defined as
(95)
cii={ue L*([s,T] x Q) : u(t) is F*-adapted and u(t,w) € Uyq, for a.a. (t,w) € [s,T] x Q},

where F* = {F} },¢s 1) and F7 is the completion of o(W (r) — W(s) : s <r <t) for t € [s,T7.

In the following result we show the local (in space) Holder continuity in time for V as well as
an analogous result for its discrete version {V*; £ =0,..., N} defined in . The former result
is classical, see e.g. [27), Section 3.4] and [28, Chapter 4, Proposition 3.1]). However, for the sake
of completeness, we prove here a version adapted to our assumptions.

In the statement of the following result we use the r.h.s. of (respectively ) to extend
JM(x,-) (respectively J*%(-)) to UM, (respectively Uyq).
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Theorem 5.1. Under assumptions (H1) and (H2), there exists C > 0 (independent of h), such
that for all x € R™, u € Uyq and s,t € [0,T],

(96) 5% (u) — J4 ()] < C[1+ |2 ?)|s — ]2,

and for alluel/lfd and r,k=0,...,N,

(97) |, w) = TP, u)] < C[L+ |af?][k — r[2h3.

As a consequence,

(98) V(s,z) = V(t,z)| < C[L+ |2|3|s—t]z VzeR", stel0,T],
and

(99) VT (z) — VF(2)| < C[1 + |2}k — r|2hz Yz €R™, rk=0,...,N.

Proof. First of all note that for all s € [0,7] and z € R", we have
(100) V(s,z) = inf J*%(u).
d

uEU,

Indeed, it is clear that V(s,x) > inf,cy,, J*"(u). On the other hand, if u € Uyq, then for all s <
t < T the function u(t) is Fi-measurable, and so there exists measurable map u:((wy)o<r<s, (wr —
ws)s<r<t) such that u(t,w) = u(Wy(w))o<r<s, (Wr(w) — Ws(w))s<r<t), P-a.s. ([1]). Then if we
fix (wy)o<r<s we can define the function

(101) Ut ((wr)o<r<s) * w € Q= u((wr)o<r<s, (Wr(w) — Ws(w))s<r<t),

which belongs to F;. Again, by the independence of the increments of Brownian motions, and
using the same ideas that in Remarks and we obtain the other inequality [5 Remark 5.2].

Without loss of generality, assume that 0 < s <t < T. We consider a fixed initial state x and
a control u € Uyg. For simplicity we denote y* := y5™, yt := y5* and for t <r < T, and ¢ = f, 0,

(102) Ay(r) = y°(r) —y'(r) and Ap(r) = (r,y°(r), u(r)) — @(r,y" (r), u(r)).
Then, we obtain for t <r < T
Ay(r) = [} fEy(n),ulm)dr + [ o(r,y°(7), u(r))dW (7)
+ ftr Af(T)dr + ftr Ac(7)dW (7).
By assumption (H1), the Cauchy-Schwarz inequality and the It6 isometry we have
E[|Ay(r)?] < A4lls =t +1] [;3L2(1 + E[ly*(7)]?] + ElJu(7)[*])dr
+4[|s — t| + 1] ftr L2E[|Ay(7)|?]dT.

(103)

(104)

Since the set U,q is compact, by the Gronwall lemma [8] and [22], Proposition 2.1] there exists
Cp > 0 such that

(105) sup E [|Ay(r)[*] < Co [L+|z|*]|s — ¢t

t<r<T

Now we compare J*%(u) and J4*(u), we denote Al(r) := £(r,y*(r),u(r)) — (r,y'(r),u(r)) and
Ag=g(y*(T)) — 9(y*(T)). We have

(106) |5 (u) — Jb%(u)| < Efst [0(r, y*(r), u(r))|dr + EftT |AL(r)|dr + E|Ag].
By assumption (H2) we obtain,

t t
(107) E/Wanfw»mwwvs3L/[Emwmm+Emmwﬂ+udn

and since Uy is bounded, again by [22 Proposition 2.1] there exists C; > 0 such that

(108) E/ 100, 3% (), u(r))|dr < C1[1 + |z|*]|s — t].
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On the other hand, for the last two terms we obtain,
A < E[fy 16,091 (r) +EAy(r), u(r) Ay(r)lag]
(109) < B[O+ Iy 0] + €Ay + [u(r))|Ay(r)llag]

< LE[1+[y°(r)| + [Ay(r)] + [u(r)[[]Ay(r)]] -

By the Cauchy-Schwarz, [22], Proposition 2.1], the compactness of U4 and ((105)), we deduce that
there exists Cy > 0 such that

(110) E[|AL(r)[] < Co [1+ |2 |s — t]2.

An analogous estimate holds for Ag and so the result follows.
Now for the discrete value function by Remark [4.6) we have that for all z € R" and k €
{0,...,N},

(111) V@) = inf E |h Z 0ty ) + guly™)
uelxl
Let u = (uj) € UM, be a given control and r, k € {0, .. — 1} such that r < k. Let us set

kv ’ k 3 k
(112) Ayj =y "=y ™", Apj = oty uj) — sO(g,y]” uj) and Ag = g(yy"")—g(yn""),
for o= f,o,fand j=Fk,...,N — 1. Then

(113) Ayjr1 = Ay + hAfj + AojAW;.

Following the techniques in Section [3], there exists C'5 > 0 such that

(114) E [|Ayj1f’] < (1+ Ch)E [|Ay;*] < e“TE [|Ay?] .

By the definition, we have y’,:’w’u =z, then
k—1

(115) Ay =y — o = hZf (™" ) + Yl (ty, 0" ) AW ).
j=r

Since U,y is compact, by the mdependence of the increments of the Brownian motion and (H1),
there exist Cy > 0 and C5 > 0 such that

E[Apl] < Cu 120 =) SEVENA (077" w) P+ b S Bllo(t, 57", ) ]
Cshlk = r| |1+ max;—, 4 11@:[|y”“t| 1]

Cehlk — 7| [1 + || ] ,

where the last inequality holds by Lemma We have

(116)

IN

IN

_ N—-1

(117) TP () = T, w)| = (B B,y ug)] + by B[AL] + E[Ag]|,
. ot

and also,

(118) V() = VE(@)| < sup [} (z,u) = i (2, u)].

uelxl;‘d

By (H2), Lemma and since U,q is compact, there exists C7 > 0 such that
k—1 k—1 )

(119) B> E 7 up))| < h Y LE [1 )+ \uj@ < hlk —r|Cr [1+|a]?] .
j=r Jj=r

On the other hand, as in (109), by Lemma and ([L16]), we obtain the existence of Cg > 0 such
that

(120) E[Al) < Cs [1+ ] hz |k — 72,
and a similar estimate holds for E[Ag]. Therefore, combining (117)-(120]) we get the result. O
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Our aim now is study the semiconcavity of V and of its discrete version {V*; k=0,...,N}.
Recall that ¢ : R™ — R is semi-concave with constant K > 0 if for all A € [0, 1]

(121)  Ap(z) + (1= Ne(y) — ez + (1= N)y) < KA1 =Nz —yf*, Va,yeR"

We will need the following additional assumptions:

(H3) There exists K > 0 such that g is semi-concave with constant K and ¢ is also semi-concave
with constant K, uniformly in [0, 7] X Uy, i.e. for all y,y € R™,

(122) Mt y,u) + (1 — N, §,u) — £ty + (1= Ngu) < KA1 — Ny — 52, ¥A € [0,1],
and
(123) Ag(y) + (1= Ng(m) — gy + (1= N)g) < KA1 =Ny — 5>, VA€[0,1].

(H4) For ¢ = f,0, and for almost all ¢ € [0,T], the map (y,u) — @(t,y,u) is C? and there
exists a constant L such that for all y € R™ and u € Uy,

(124) ‘Soyy(tvyau” + ‘Soyu(t7yvu)| + |<,0uu(t, yvu)‘ S L

Under these additional assumption we prove now a local version of (121)) for V and {V* ; k =
0,...,N}. The following proof is similar to [28, Proposition 4.5, p.187].

Theorem 5.2. Under assumptions (H1)-(H4), the functions V and V* are locally semi-concave,
i.e. for all z € R™ and 6 > 0, there exists a constant Kz s > 0 such that, for all s € [0,T],
k=0,...,N and for all X\ € [0, 1], we have

(125)  AV(s,2) + (1 =NV (s,z) — V(s, Az + (1 = N)Z) < Kz sA(1 — \)|z — 2>, V€ Bs()
and

(126)  AVF(@) + (1= NV¥E) = VFOx + (1 - N)Z) < Kz s (1 — N)|z — 2%, Va € Bs()
where Bs(z) := {x € R" : |z — 7| < d}.

Proof. Let z,7 € R™ and XA € [0,1], define 2* := Az + (1 — A\)Z. For any £ > 0, there exists
ue € U3, such that

(127) Jo (ue) —e < V(s,z).

For notational convenience, we denote y&(t) = yaS(t), L(ys(t)) = £,y (t),us(t)) and g(y¢) =

gyt (T)) for € = z,Z, . Then, we have

AV (s,z) + (1 =NV (s, Z) — V(s,z) AT5% (ug) + (1 — N)J5% (u) — Jsa (ug) + ¢
(128) < E[JT) + (1= Ve — oyt

+E [Ag(y””) + (1= Ng(y*) — g(y”’”k)} +e.

IN

A

By the semi-concavity assumption (H3) we obtain,
(129)

E [/ + (1= News) — ey lde] = B[S + (1= 0w — w® + (1= Ay®)d]
+E [ [ 160w + (1= 2)y®) — eyt

KL= NTE [supyep, 71 [y (1) — y* (D]

FE [ 10w + (1= Ny — e )e]

By [22, Proposition 2.1], there exists C such that

IA

(130) E | sup [y°(t) —y"(t)]*| < Colz —z[*.
tels, T
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Now, define Ay(t) := )\yf‘(t)Jr(l—)\)ygf(t)—gf‘”A (t) forallt € [s,T]. By (H2), and the compactness
of U, there exists C7 > 0 such that,

A

(131) O™ (1) + (1= Ny™ (1) — L™ ()] < fy 1™ (1) + EAy(0))]|Ay(1)]d€
< Gt + |y ()] + Ay Ay ().
We can obtain a similar estimate for g. By (H4), there exists Cy > 0 such that

(132) E | sup |Ay(t)[”

tes, T

< CoN*(1 = Az — z|n

Now, returning to (131)), by the Cauchy-Schwartz inequality, [22 Proposition 2.1] and the above
equation, there exists C3 > 0 such that

E [y @llay®l] < Ely (1))} Elay()):
Cs [1+ 2] M1 = A)|z — z?

< C3[l+ 2]+ |z — 2] M1 = M|z — Z|°.

IN

(133)

IN

Since |z — z|* < 62|z — z|?, for all z € Bs(Z), combining (129)-(133)), we can complete the proof
of (125)).

Now, for the discrete value, we follow similar arguments. There exists u. € Z/{,? such that

(134) Tt u) —e < VF@Y).

Denoting y§ = yf’g’ug and é(yf-) = {(t;, yj'g, ug ;) for ¢ = x,z,2" and j = k,..., N, we have

AVE@) + (1= NVEE) = VEE) < ATz, ue) + (1= N JME, ue) — TP ue) + ¢
E [h SN ) + (1= V) — 2|

+E [Ag(yfv) + (1= Ng(yy) — 9(vk )} +e.

As in (129)), by the semi-concavity assumption (H3) we obtain,
(136)

E[n ) ) + (0= V) — )| < BAQ = T maxjoy, W E lyf - 7]
B [R5 OwE + (1= M) — ay )]

IN

(135)

By Lemma there exists Cp > 0 such that

(137) jmax B [lyf —yf”] < Cole — 7"

IR

In order to estimate the last term in (136) we set Ay; = Y5+ (1— )\)yij — y}”x. By (H2) and
since U,q is compact, there exists C7 > 0 such that

s E[e0ws + (1= NgD) - )] < E[f16,05" + 0w l|ay1de]
< CiE[[L+1y| + 1Ay 1Ay

We have,

(139)

Aginn = Agy+h[fOw8 + 0= Ngh) = F2)] + [ 0w + (1= V) — 03] AW,
+h M)+ (1= NFE) = FOu + (1= g3
+ Aoy + (1= Vo) — o OwF + (1= Nyd)| AW,
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By the Young’s inequality and the It6 isometry, there exists Cy > 0 such that,

E[l Ayl < [+ CohlE [|Ay;[2] + ChE [|F (w2 + (1= Ngd) - Fi )]
+CohE [lo (s + (1= Nyd) — o (i) 2]
FCOhE [IAf(42) + (1= NJ () = FOwE + (1= Ny
+CohE | Ao(yF) + (1= No(yF) — o OF + (1= Nyd)] -

(140)

By (H1), we obtain
(141) E [|FOwf + (1= ) = Fu P +E [loOg + (1= Nyf) — oy )] < 202 [| Ay,
Now, for the last two terms in we have,
IMf(yF) + (=N f(y]) — FOwf + (1= Ny)]
= A fy Fy Q2 + (1= N2 + €01 = N (yF —yP)(1 = N (yF —y?)de
(=N fy fyOuf + (1= Nyf + AT — y)AT — y¥)dé]
< LML = N)yf = yi P,

where the last inequality holds by (H4). Analogous estimates are satisfied by o. By Lemma
we can conclude that there exists C3 > 0 and C4 > 0 such that,

E[|Ay1?] < [1+4 ChlE [|Ay; 2] + CahA2(1 — N)?|z — z|*.

< eDBTCN2(1 — \)? |z — 2L

(142)

(143)

By the Cauchy-Schwarz inequality, and the above inequality, there exists Cs > 0 such that

(144) sup E[|Ay;|] < CsA (1 —N)|z — 7).
=k,

In order to estimate (138)), by the Cauchy-Schwarz inequality, Lemma and the previous bounds,
there exists Cg > 0 such that,

By 1Aul] < @y 12)? Eldyl):
(145) < Goll+ AL = Nl — 3
< Cg[l+ 12| + |z — Z[]A1 = N |z — 2|2

Since |x — z|* < 62|z — z|?, for all x € Bs(z), combining (138), (144)) and (145]), we deduce that
there exists Uz s > 0, which depends on Z and 4, such that

IN

(146) E hZ IN(2) + (1= N(yT) — 2] | < Cash1 = Mo — 22,

Similar estimates hold for the term involving g in (135]), and then by (136]), (137) and (146) we
can conclude that (126]) holds true. O

Remark 5.3. If in addition to the above assumptions, we assume that the cost functionals £ and
g are Lipschitz or f and o are affine, then similar arguments as those in the previous proof (see
[28, Proposition 4.5, p.187]) show that V and V* satisfy for some K (independent of h in
the case of the discrete value function).

Now we can define for each h = %, the discrete value function, V" : [0,T] x R — R as a linear
interpolation in time of the functions V*, i.e.

(147) Vit x) = aVF (@) + (1 — )V (2),

for t = aty, + (1 — @)tgy1, @ € [0,1). Combining Theorem [5.1 and Theorem we easily obtain
the following result.
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Theorem 5.4. Under assumptions (H1) and (H2), for each h = % the discrete value function
VI is 2-Hélder continuous in time. If in addition, we assume that (H3) and (H4) hold, then V"
18 locally semi-concave in the second variable.

Proof. Let s,t € [0,T] with s < t. There exist ks, k € {0,..., N — 1} such that s € [tg,, k., +1)
and ¢ € [tg,,tr,+1). Then, there exists o; € [0,1), such that i = a;tx, + (1 — a;)t, 41, for i = s,t.
If kg = ky, by the definition of V" we obtain, for all z € R,
(148)
[Vi(s,z) = VIt z)] < |asVFs(2) + (1 — as)VFBt(z) — a;VF(z) — (1 — o) VFH(2)]

s — au| [V () = VEH ()]

IN

< O+ |z[Y]as — ailh?,

where the last inequality holds by Theorem Since |s — t| = |as — oy |h and |as — ay] < 1, we
deduce that

(149) Vh(s,2) = VI(t,)] < O[L+|af*]]s — t]2.
Now, assume ks < k;. Then,

(150) s — t| = [as + (ke — ks — 1) 4+ (1 — )] R
i{nd) again, by Theorem [5.1] we obtain,

151

[Vi(s,2) =Vt 2)]? < 3[lasVF(2) + (1 — a)VEF (@) = VI (2)2 + [VEH (2) — V()2
HVF (@) — 0 VF (@) + (1 = ) VEH (2) ]

< 3 JasP Ve () = VEF ()2 + [VFF(2) — VEe(s)?
1 = P [VF(x) = VFH (s)?]

< 3C2[1+ [2[2]? [Jas|2h + (ki — ks — 1)h + |1 — oy |2R]

< 3C2[1+ [2[]* [as + (ke — ks — 1) + (1 — ay)] b,

where the last inequality holds since ag, (1 — ay) € [0,1]. Finally, by (149) and (151)), for all
x € R" and s,t € [0,T] we have

(152) Vh(s,z) — V(t,z)| < VBO[L + |z[?]|s — ¢]3.

Since the constant Kz s in Theorem is independent of k = 0,..., N, for t = aty + (1 — a)tgi1,
and for all A € [0, 1], we have
(153)

AVt x) + (1= NVt z) = Vit Az + (1 — N)T)

=a[AVF(z)+ (1= N)VF@) - VF(Az + (1 - \)2)]
+(1 —a) AV (2) + (1 = N)VE(Z) = VFL Az + (1 — N\)2)]
< Kz A1 — Nz — 2P,
for all z € Bs(Z). The result follows. O

6. CONVERGENCE

In this section we will analyse the relationship between the value of the discrete and the
continuous problems. As the time step h tends to zero we will prove that V" converges to V
and also that any sequence of solutions of the discrete problems, extended as piecewise constant
processes in [0, 7], is a minimizing sequence for the continuous problem. In particular, we can
take as minimizing sequence the one consisting on the discrete time feedback controls constructed
in Proposition f.§ and Remark Finally, under some convexity assumptions, we can prove the
weak convergence of the discrete optimal controls to a solution of the continuous problem.

Throughout this section we will assume that (H1)-(H2) hold and, as in the previous section, we
suppose that U,q is compact. We begin by providing an estimate of the difference between the cost
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functions of the discrete and the continuous problems. In what follows, for any £k =0,...,N —1
and z € R", we extend J!'(z,-) to H?;BlLQ}-t_ using the same r.h.s. as in (39).

Lemma 6.1. Let u" € Hi]\iBlL%_-ti and define the control in Uyg, still denoted by u", as u"(t) := uZ

for all t € [ty tpsr). Then, for allk =0,...,N — 1 there exists C > 0 independent of u* and k
such that

(154) Jh(z,uh) - th@(uh)‘ < C[|2f +1] b2 + Cw(h).

Proof. For notational convenience we will assume that & = 0 and, since x is fixed, we denote
J(uh) = Jl(z,u") and J(u) = JO(u"). Let " be the continuous solution of the state equation
with respect to the control u”, and y"* = (yZ)éVZO the discrete state associated with u”. We have
(155)

) = I < ENZ [ (o050, st ] ]+ B o0 0~ 000
=0 vtk
and
(156) ‘E [ 5 (), ) = Uty u)] dt’ < E‘ftk“[ (&, G (E), ul) — €(t, g, ul)] dt’

—i—Eft’““ ‘E t,yﬁ,uZ) —E(tk,yk,uk }dt.

By (H1), for the last term we obtain,

tr4+1
(157) E /
tg

and for the first one, by (H2) we have

Uty lt) — Ot s uf)| dt < hi(h),

B[ [0t 5 (0), uf) — ety wl)]
(158) <E [ Jo 1o, @) + sl — 57 (@), uf)| |37 () — yp| dsdt
<E [0 L [[170)] + ] + 1150 — o] + |50 — ] at

Since Uy is compact, by the Cauchy-Schwarz inequality, [22, Proposition 2.1] and Corollary
there exists Cy > 0 such that
(159)

(] tet1 1 1 3
/ E[|§"()]15" (t) —ykldt S/ [E[1g"(0)1*])2 [BIF" () —yi P2 dt < Col|z[*+1]h> +Cohw(h),

ty tg

and also
(160)
B bk h e Lrorish hi2712 2 3 =
/t Ellugllg™(t) — yylldt S/t [EfJuj )2 [El5" (t) — yi]]2dt < Coll]* + 1]hz + Cohw(h).
k k
By (158])-(160|) and Corollary there exists C7 > 0 such that
lkt1
(161) ‘E/ €, 5 (8), ) — 06t )| dt‘ < Cyl|2)? + 1h3 + Crhw(h).
23

Arguing as before we can prove that

. 1 _
(162) E|lg(@" (tx)) = 9(wh)I] < C1 [Jof? + 1] b3 + Cro(h).
Then, we conclude that there exists C' > 0 such that

(163) ‘J(uh) - Jh(uh)‘ < O [|2 +1] b3 + Cw(h).
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Consider a sequence (Nj)jen C N such that N; — oo as j — oo and define h; = T//N; and
ty =khj (k=0,...,N;). Let x € R", t € (0,7 and (€j)jen such that €; > 0 and limj_,,€; = 0.
Let (a"); be a sequence of ¢-optimal controls for the discrete problems associated with V**1(z),
where k; € {0,..., N; — 1} is such that t € (t,,tk;,,]. Let us define

_hj
€ [t tk,
(164 tife) = e 0 € k)
Uy SE[tm tm+1) m:k:j—f—l,---,Nj—l.
In the case t = 0 we define @/ (s) = um, for all s € [ty tmy1) and m = 0,--- , N; — 1, where @/

is an ¢;-optimal control for the discrete problem associated with V°(z). Note that by definition
e L{éd. We point out that @" depends on ¢, but for notational convenience we have omitted
this dependence. Now we prove the main result of this section.

Theorem 6.2. Under the above notations we have

(165) V(t,x) = lim V" (t,z), ¥V (t,z) € [0,T] x R,
j—00
where Vi was defined in (147) and
(166) V(t,z) = lim JH®(a").
j—o0

In addition, if K C R" is a compact set, the sequence (th)j converges uniformly to V on

0,7] x K.

Proof. Let us first show the pointwise convergence in ([165)). Let ¢ € [0,7] and = € R" be fixed.
For each hj, we consider the partition of [0,T] given by {to,t1---,tn,} where t; = kh;, for
k=0,---,N;. Thus, if ¢ € (0,7] for all j € N there exists k; such that ¢ € (t,,t;41]. If t =0,
we denote tx; 11 = 0. Let € be a positive number, then there exists an 5-optimal control . € L{éd
such that

(167) JH () < V(t,z) + =

For all 5 large enough we have

(168) TG < V(ty 41, @) + €

Indeed, by and Theorem [5.1] m there exists Cp > 0, independent of h;, such that,
TR ) = T () — T () + T ()

(169)

IN

Co [1+ |[?] hj? +V(t,z)+ 5

1
Co [1+ [z] 2h7 + V (tk;41,2) + 5.

Let (¢;)jen be a decreasing sequence of positive numbers that converges to 0. Then, there exists

IN

. h. h; . :
an €j-optimal control, a e Z/{k]?H for each V" (tk;41, ), i-e.

(170) Vi (g, 41, 2) < qul( a") <V (ty, 11, %) + €5

Since U,y is compact, by a result of Krylov (see [I7, Lemma 6, Section 3.2, p.143]), for any &’ > 0,
there exists N, such that for all j > N,/ there exists u € HZ constant in each interval of the
partition {t,%,41,...,tn;}, such that

(171) [ui — el < €.

It is clear that uhi = (u?j,quH, e ,u};\fj) belongs to L2 X va k1+1L2 We can define 4" =
h; N-1 2

(uk;H, e ) el +1L]:ti’ then

|Jm<as>—zf£jﬂ<x,ahf>| < T () — Tk 4 [T () — 7 ()

(172) : Ny
T ) — T (0.
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By (171) and the continuity of J 4% in U,q we deduce the first term in the r.h.s. goes to zero when
j goes to infinity. By Theorem 5.1} and Lemma [6.1} there exists C’l > 0 such that,

(173) 7 () — T (@) < CafL o+ [
and
(174) T (@) = (2, @) < O [1+ 0] B2 +(hy)]

Therefore, we can conclude that for j large enough we have,
_ h; N
(175) | T8 () — ka?+1(a:,uh1)| <e.

As we saw in Remark [4.7, the value V" i(tr;41,7) is the same as if we minimize over the set of

controls IT; ]k +1L%: and, since 4" belongs to this set, we have

(176) VI (thy41,0) < Ty (0, 0M9) < T8 (0:) + e < V(E3) + 2,
where in the last two inequalities we have used (175]) and (167). On the other hand, Theorem
implies that there exists Co > 0 such that
1

(177) V(t, ) < Cy [1 4[] hZ + V(tr; 41, ).
Finally, Lemma and (170)) yield the existence of C'5 > 0 such that

hj s i _
Vlthyoava) 007 (@) < I (o) + Co |+ laPnf + ()

(178) 1
< VI (ty,41,2) + 25+ Cy [[1 + [2[?]h] +w(hﬂ‘>} :

Combining the last three inequalities and using Theorem we get the existence of C' > 0 such
that for j large enough,

V() = VR(t,x)| < [V(Ea) =V (g, 2)| + VD (g1, 2) = V()]
(179)

IN

gj+2+C [[1 + |:L‘|2]h]5 - w(hj)} .

Letting j 1 oo and using that € > 0 is arbitrary we obtain ([165]).
Now, let us prove (166)). Combining Theorem and Lemma we get the existence of
C > 0 such that
(180)
h. hj e bt 1s g1 , ; s
|Jhe(ahs) — g7 (@, @) < | TR (@h) — TR (ah)| 4 | SR @) = 7 (2, 1)

N

By (178]) and (165]), we conclude

x(~h;j
(181) lim J5*(@") = lim J,

j—}OO j—}OO

1
C[L+ 2| h? + Ca(hy).

h;
(o) = V(t, ).
In order to prove the last assertion of the theorem, let K C R™ be a compact set. By Theorem
and Lemma we deduce that the sequence (V"); is uniformly bounded and uniformly
equicontinuous on [0, 7] x K. Then, by the Ascoli-Arzeld theorem, and the pointwise convergence
(165)), we deduce that the sequence uniformly converges to V on [0,7] x K. ]

Remark 6.3. Relation (166) shows that (") is a minimizing sequence for the optimal control
problem associated with V (t,x). In particular, we can take as (W) the sequence of discrete time
feedback controls constructed in Remark [{.9.

The following result shows that under some convexity assumptions, we have convergence of
(@) to an optimal solution of the continuous problem.
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Corollary 6.4. Suppose in addition that U, is a convex set and J“* is a convex functional.
Then, there exists at least one weak limit point of ("), and any limit point u* € Ut satisfies,

(182) JH (u*) = V(t, ).

If in addition, J is strongly convex, then the whole sequence (' )jen strongly converges to the
unique u € U', that verifies (182)).

Proof. First, note that since U,q is compact, the space Z/{éd is bounded in HIQF. Using that the
convexity and continuity of J“% imply its weak lower semi-continuity, classical arguments yield
the existence of at least one optimal control u for V (¢, x).

Since @ is a bounded sequence in HIQF, there exists a subsequence (still denoted ") which
converges weakly to u* € ]HII%. By the weak lower semi-continuity and equation we have

(183) JHT(u*) < liminf J5 (@) = V (t, z).
J—00

Finally, if J%* is strongly convex, the strong convergence follows from the classical argument
stating that a minimizing sequence of a strongly convex problem converge strongly to the unique
optimizer of the problem (see e.g. [[4], Proof of Lemma 2.33(ii)]). O
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