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Abstract. Quality design of websites implies that among other factors, 

hypelinks’ structure should allow the users to reach the information they seek 

with the minimum number of clicks. This paper utilises the fuzzy equivalence 

relation based clustering in adapting website hyperlinks’ structure so that the 

redesigned website allows users to meet as effectively as possible their informa-

tional and navigational requirements. The fuzzy tolerance relation is calculated 

based on the usage rate of hyperlinks in a website. The equivalence relation 

identifies clusters of hyperlinks. The clusters are then used to realocate hyper-

links in webpages and to rearrange webpages into the website structure hierar-

chy. 
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1 Introduction 

When designing a website, the way that its content is organised and how efficiently 

users get access to it, influence the user perceived design quality. The designers’ goal 

is an effective and plain communication of content [2]. Website structure has been 

identified by many reaserch studies as an important factor that affects web design 

quality. The users’ perception of how different parts of a web site are linked together 

is a strong indicator of effective design [4], [13]. Thus, the websites’ hyperlinks 

structure should adapt to meet users’ changing requirements and priorities depending 

e.g. on the expertise of users in navigating a website, their familiarity with its content 

structure, their information needs, etc. Furthermore, hyperlinks structure has been 

extensivley used in web search engines and web mining [12]. The number of links 

pointing to a web page is considered as a quality indicator that reflects the authority of 

the web page the links point at [1]. Many algorithms have been developed to tackle 

one of the greatest challenges for web design and search engines, i.e. how to specify 

an appropriate website structure, or how to evaluate webpages quality [8]. This paper 

suggests the use of fuzzy equivalence relation clustering to restucturing webpages 



throught hypelinks popularity. Until recently, the web users’ browsing behaviour was 

often overlooked in approches that attempted to manage websites’ structures or 

determining the quality of webpages [9]. This paper considers the popularity of 

hypelinks as an indicator of users’ browsing behaviour and classifies links into pages 

and subsequently pages are allocated to different website levels. An illustrative 

example is provide to expemlify the proposed approach. 

2 Hyperlink Analysis 

Although hyperlink analysis algorithms that produced significant results have been 

developed, they still need to tackle challenges such as how to incorporate web user 

behaviour in hyperlink analysis [8]. A website is considered as a graph of nodes and 

edges representing webpages and hyperlinks respectively. Based on the hyperlinks 

analysis, the importance of each node can be estimated thus leading to a website 

structure that reflects the relative importance of each hyperlink and each web page 

[7]. Two of the most representative links analysis algorithms are the HITS [5] and the 

Google’s PageRank [1], which assume that a user randomly selects a hyperlink and 

then they calculate the probabilities of selecting other hyperlinks and webpages. 

Many other link analysis algorithms stem from these two algorithms. The basic idea 

behind link analysis algorithms is that if a link points to page (i) from page (j), then it 

is assumed that there is a semantic relation between the two pages. However, the links 

may not represent users’ browsing behaviour, which is driven by their interests and 

information needs. Hyperlinks are not clicked by users with equal probabilities and 

they should not be treated as equally important [9]. Thus, webpages that are visited 

and hyperlinks that are clicked by users should be regarded as more important than 

those that are not, even if they belong to the same web page. It is therefore reasonable 

to use users' preferences to redesign the hyperlink graph of a website [8]. Google 

Toolbar and Live Toolbar collect user browsing information. User browsing prefer-

ences is an important source of feedback on page relevance and importance and is 

widely adopted in website usability [3], [20], user intent understanding [22] and Web 

search [9] research studies. By utilising the user browsing behaviour, website struc-

tures can be revised by deleting unvisited web pages and hyperlinks and relocating 

web pages and hyperlinks according to their importance as perceived by the users, i.e. 

as the number of clicks show. Liu et al. (2008) developed a “user browsing graph” 

with Web log data [10]. A website representing graph as derived from user browsing 

information can lead to a website structure closer to users’ needs, because links in the 

website graph are actually chosen and clicked by users. Liu et al. (2008) also pro-

posed an algorithm to estimate page quality, BrowseRank, which is based on continu-

ous-time Markov process model, which according to their study performs better than 

PageRank and TrustRank. 



3 Fuzzy relations and fuzzy classification 

3.1 Fuzzy relations 

Fuzzy relations are important for they can describe the strength of interactions be-

tween variables [11]. Fuzzy relations are fuzzy subsets of XY, that is mapping from 

X Y. Let X, Y R be universal sets. Then  
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is called a fuzzy relation on XY [23]. 

 

3.2 Fuzzy Classification with equivalence relation 

Numerous classification methods have been proposed so far including cluster analy-

sis, factor analysis, discriminant analysis [16], k-means analysis [14], c-means clus-

tering [21]. According to Ross (2010) there are two popular methods of classification 

namely the classification using equivalent relations and the fuzzy c-means. Cluster 

analysis, factor analysis and discriminant analysis are usually applied in classic statis-

tical problem where large sample or long term data is available. When dealing with 

small data k-means or c-means methods are preferred [18]. In this paper, we use fuzzy 

equivalent relations and lambda-cuts (λ-cuts) to classify links, according to their im-

portance in a website. Classification based on λ-cuts of equivalent relations is used in 

many recent studies [6], [17] and [19]. An important feature of this approach is that 

for its application it is not required to assume that the number of clusters is known as 

it is required by other methods such as in the case of k-means and c-means clustering 

[18]. 

A fuzzy relation on a single universe X is also a relation from X to X. It is a fuzzy 

tolerance relation if the two following properties define it: 

Reflexivity: μR(xi, xi) = 1 

Symmetry: μR(xi, xj) = μR(xj, xi) 

Moreover, it is a fuzzy equivalence relation if it is a tolerance relation and has the 

following property as well: 

Transitivity: μR(xi, xj) = λ1 and μR(xi, xk) = λ2 → μR(xi, xk) = λ, where λ ≥ min[λ1, 

λ2]. 

Any fuzzy tolerance relation can be reformed into a fuzzy equivalence relation by 

at most (n – 1) compositions with itself. That is: 
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 In fuzzy equivalent relations, their λ-cuts are equivalent ordinary relations.  

The numerical values that characterize a fuzzy relation can be developed by a 

number of ways, one of which is similarity[15]. Min-max method is one of the simi-



larity methods that can be used when attempting to determine some sort of similar 

pattern or structure in data through various metrics. The equation of this method is 

given below: 
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where i, j = 1,2,…,n 

In this paper, we use min-max similarity method due to its simplicity and common 

use [15]. 

4 Proposed methodology 

Assume a website (WS) consists of a number (p) of web pages (wp) such as 

WS={wp}. A website is regarded as a set of partially ordered web pages, according to 

their popularity in terms of users’ preferences, i.e. visits. Thus, assuming a website 

has three levels of web pages, the web pages are allocated to a website level accord-

ing to the demand users show for the web page. 

 

The proposed methodology consists of the following steps: 

1. Identify the links of each web page in a website. 

2. In order to capture the users’ browsing behaviour, first measure the clicks 

made for each link (li), then compute and normalise their demand using the 

following type: 
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where Dli is the demand for link i, i=1,2,…,n and Cli are the number of 

clicks for the link i. Dli  [0,1]. 

3. Fuzzify the Dli using triangular fuzzy numbers (TFNs) and specify their corre-

sponding linguistic variables. 

4. Calculate the membership degree to the corresponding linguistic variables for 

each link, using membership functions. The membership function of a TFN is 

given by the following formula: 
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5. Calculate the fuzzy tolerance relation (
tR

~
), using min-max similarity method, 

as in Eq. (3). 

6. Calculate the fuzzy equivalent relation using Eq. (2). 

7. Decide on the λ-cuts to be used. 

8. Classify web page links according to λ-cuts. The derived clusters constitute the 

redesigned web pages. 

9. Calculate the new demand for each of the newly formed web pages, according 

to the type:  
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where Dwpj is the demand for web page j, with (i) and (n) indicating the hy-

perlinks and the number of hyperlinks in the webpage respectively. The de-

mand for each web page is calculated according to the total number of the 

clicks made to all links in this specific page.  

10. Normalize the demand for the new web pages and then fuzzify the Dwpj. 

Since a website is a partially ordered set of web pages, the newly formed we 

pages are allocated to a level a website hierarchy level according to their de-

mand. The higher the demand the higher the level they are assigned to. 

11. Calculate the validation index as shown in Eq. (7) for different λ-cuts. The λ-

cut value that maximises the validation index indicated the optimum number 

of clusters. 

 

mC /)(   (7) 

  

The C(λ) indicates the number of clusters and the (m) shows the number of da-

ta sequence that are subject to clustering. 

5 Illustrative example 

The following example illustrates the proposed methodology. Let us consider of a 

website that originally has a total of 10 links (i=10) in all of its 5 web pages as shown 

in Fig 1.  

 



 
 

Fig. 1. Original Website with five web pages having links 

 

By the use of cookies we can identify the number of clicks each of these links has 

had in a specific time period. Then according to Eq. (4) the demand of each link can 

be calculated. In our example, let’s say that the Dlis are: {0.31, 0.68, 0.45, 0.25, 0.76, 

0.59, 0.88, 0.39, 0.77, 0.25}. 

To fuzzify the Dli we will use three TFNs with their corresponding linguistic vari-

ables, which are Low = (0, 0.3, 0.5), Medium=(0.3, 0.5, 0.7) and High=(0.5, 0.7, 1). 

Then, we calculate the membership degree of each link to the corresponding linguistic 

variable using Eq. (5), as seen in Table 1. 

 

Table 1. Hyperlinks membership degrees to each of the corresponding linguistic variables 

 l1 l2 l3 l4 l5 l6 l7 l8 l9 l10 

Low 0.95 0.00 0.25 0.83 0.00 0.00 0.00 0.55 0.00 0.83 

Medium 0.05 0.10 0.75 0.00 0.00 0.55 0.00 0.45 0.00 0.00 

High 0.00 0.90 0.00 0.00 0.80 0.45 0.40 0.00 0.77 0.00 

 

Using Eq. (3) we form the fuzzy tolerance relation: 



10987654321 llllllllll









































1.000.000.430.000.000.001.000.160.000.83

0.001.000.000.520.340.960.000.000.770.00

0.430.001.000.000.290.000.430.540.050.43

0.000.520.001.000.400.500.000.000.400.00

0.000.340.290.401.000.330.000.380.380.03

0.000.960.000.500.331.000.000.000.800.00

1.000.000.430.000.000.001.000.160.000.83

0.160.000.540.000.380.000.161.000.050.18

0.000.770.050.400.380.800.000.051.000.03

0.830.000.430.000.030.000.830.180.031.00

~

10

9

8

7

6

5

4

3

2

1

l

l

l

l

l

l

l

l

l

l

Rt

 (8) 

To produce the fuzzy equivalent relation ( eR
~

) that will be used to classify the 

links of the website, we use Eq. (2): 
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The next step is to decide on the λ-cut. Assuming that the λ-cut that maximises the 

validation index shown in formula (7) is 0.5 we have: 
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 (10) 



Eq. (10) is then used to classify each of the 10 links in our example. In this case, 

we find four classes, each of which includes specific links: class1={l1,l4,l10}, 

class2={l2,l5,l7,l9}, class3={l3,l8} and class4={l6}. We then re-create the website, hav-

ing this time only four (out of the original five) web pages. The next step is to calcu-

late the new demand for each of the four newly created web pages, using Eq. (6). In 

our case we find: Dwp1=395, Dwp2=44, Dwp3=442 and Dwp4=62. Then we normal-

ize each of the Dwpi and we get Dwp1=395/943=0.42, Dwp2=44/943=0.05, 

Dwp3=442/943=0.47 and Dwp4=62/943=0.07.  

To fuzzify the Dwpi we use the same three TFNs we used when fuzzifying the Dli. 

That is Low = (0, 0.3, 0.5), Medium = (0.3, 0.5, 0.7) and High = (0.5, 0.7, 1). By cal-

culating the membership functions for each Dwpi to each TFN, we find that 

μLow(Dwp1) = 0.4, μMedium(Dwp1) = 0.6, μHigh(Dwp1) = 0, μLow(Dwp2) = 0.17, μMedi-

um(Dwp2) = 0, μHigh(Dwp2) = 0, μLow(Dwp3) = 0.15, μMedium(Dwp3) = 0.85, μHigh(Dwp3) 

= 0, μLow(Dwp4) = 0.23, μMedium(Dwp4) = 0 and μHigh(Dwp4) = 0. We can then easily 

understand that wp1 and wp3 belong to the “Medium” category, whereas wp2 and wp4 

belong to the “Low” category. To decide on the level of each web page to the website, 

we take all web pages found in the “High” category and put them in Level 1, then the 

web pages found in the “Medium” category are organized in Level 2 and web pages 

that belong to the “Low” category are left in Level 3. In case a category does not exist 

we put in the specific Level, the web pages that are found in the next category. In our 

example, no web page is found in the “High” category, so Level 1 will include the 

pages of the “Medium” category, which are wp1 and wp3. Wp2 and wp4 are then put in 

Level 2 as shown in Fig. 2.  

 

 

 

Fig. 2. Restructured website with three web pages having links in two levels 



6 Conclusions 

This paper suggests an approach to websites structuring. A fuzzy equivalence rela-

tion based clustering is been adopted, for it does not assumed a known number of 

clusters as other clustering techniques do. Further it is a clustering technique that has 

been recently used in other domains with satisfactory results. In order to derive an 

appropriate web structure, this paper considers the data that reflect the users’ brows-

ing behaviour. Research studies claim that it is important to take into account users’ 

browsing information in determining websites structure and webpages’ quality. This 

paper suggests that clustering of hyperlinks’ usage data can be used in order to cluster 

links of similar popularity into the same web page and then similar demand web page 

to be grouped into the same web page hierarchy level. An illustrative example has 

shown the applicability of the proposed approach. 
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