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Abstract

A spatio-temporal evolution of chemicals appearing in a reversible enzyme reaction and
modelled by a four component reaction-diffusion system with the reaction terms obtained
by the law of mass action is considered. The large time behaviour of the system is studied
by means of entropy methods.

Keywords: enzyme reaction; reaction-diffusion system, trend to equilibrium; entropy; du-
ality method

1 Introduction

In eukaryotic cells, responses to a variety of stimuli consist of chains of successive protein
interactions where enzymes play significant roles, mostly by accelerating reactions. Enzymes
are catalysts that facilitate a conversion of molecules (generally proteins) called substrates into
other molecules called products, but they themselves are not changed by the reaction. In the
reaction scheme proposed by Michaelis and Menten [16] in 1913, an enzyme E converts a
substrate S into a product P through a two step process, schematically written as

S+EZ=*CE>E+P, (1)
where C is an intermediate complex and k ,k_ and k, are positive kinetic rates of the reaction.
In 1925, the enzyme reaction (I)) was analysed by Briggs and Haldane [3] by using ordinary
differential equations (ODE) derived from mass action kinetics. In their quasi-steady state
approximation (QSSA), the complex is assumed to reach a steady state quickly, i.e., there is
no change in its concentration n¢ = [C] in time (dn¢/dt = 0). The analysis yields an algebraic
expression, the so-called Michaelis-Menten function, for nc and a simple, though nonlinear,
ODE for the substrate’s concentration ng = [S]. The kinetics of enzyme reactions described by
Briggs and Haldane is sometimes called the Michealis-Menten kinetics. Further details on the



existing approximation techniques can be found in [5, 22| 23, 24], a validation of the QSSA
also in [[18]].

Many important reactions in biochemistry are, however, reversible in the sense that a sig-
nificant amount of the product P exists in the reaction mixture due to a reaction of P with
the enzyme E, [S]. Therefore, the Michaelis-Menten mechanism is incomplete for these
reactions and should be rather replaced by

ki kpt
S+E=C k:‘ E+P. 2)

— ke
Almost entire mathematical modelling of the enzyme reactions (1)) and (2) is usually done
by using ODE approaches, [} 22, 23| 24]. However, protein pathways occur in living cells,
(heterogenous) spatial structure of which has an impact on the enzyme efficiency and the speed
of enzyme reactions. In this paper, a spatial reaction-diffusion system for the reversible enzyme
reaction (2) is studied without any kind of approximation. More precisely, we will consider a
system of four equations for the concentrations n;, i € {S,E,C, P}, for the species appearing
in with the reaction terms obtained by the law of mass action. Moreover, we assume that the
species can diffuse freely and randomly (modelled by linear diffusion) with constant diffusion

rates. Thus, we consider the system

% — DsAng = k_nc — kynsng,

%LIE —DpAng = (k- +kpi)nc —kynsng —k,_ngnp, 3)
% — DcAnc = kynsng — (k- + Ky ) +ky_ngnp,

% —DpAnp = kpync —k,_ngnp.

It is assumed that for each i € {S,E,C,P} n; = n;(t,x) is defined on an open, bounded domain
Q C R? with a sufficiently smooth boundary dQ (e.g., C?) and a time interval I = [0, T] for 0 <
T < oo, Qr = I x Q. Without loss of generality, we assume |Q| = 1. The diffusion coefficients
D; are supposed to be positive constants, possibly different from each other. Further, we assume
that there exist nonnegative measurable functions n? such that

n;(0,x) = n?(x) in Q, /n?(x)dx>0, Vie {S,E,C,P}. 4)
Q

Finally, the system is coupled with the zero-flux boundary conditions
Vni-v=0, Vtel x€dQ,ie{SE,C,P}, (5)

where Vv is a unit normal vector pointed outward from the boundary dQ.
Two linearly independent conservation laws can be observed, in particular,

/(nE+nc)(t,x)dx:/(n%+ng)(x)dx:M1, (6)
Q Q
/(n5+nc+np)(t,x)dx:/(ng+ng+nop)(x)dx:M2, (7)
Q Q
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for each r > 0, where M| > 0,M, > 0. Note that there is often M| < M, [3]], however, we will
not assume any relation between M| and M;.

The conservations laws (6) and (7) imply the uniform L' bounds on the solutions of (3)-(5)
which are insufficient for the existence of global solutions. A global weak solution in all space
dimensions (d > 1), however, can be deduced from a combination of a duality argument (see
Appendix), which provides estimates on the (at most quadratic) nonlinearities of the system,
and an approximation method developed in [20, 9], which justifies rigorously the existence of
the weak solution to (3)-(5)) builded up from the solutions of the approximated system. The
existence of the global weak solution with the total mass conserved by means of (6)) and (7) can
be shown constructively by the semi-implicit (Rothe) method [21} [10], a method suitable for
numerical simulations. We also refer to [2]] where a proof of the existence of the unique, global-
in-time solution to (3)-(5) with the concentration dependent diffusivities and d < 9 is obtained
by a combination of the duality and bootstrapping arguments. Therefore, we do not give any
rigorous results on the existence of solutions; instead, we focus on the large time behaviour of
the solution to its equilibrium as t — 0. However, we derive a-priori estimates which make all
the integrals that appear (e.g., entropy functional) well defined.

In particular, by a direct application of a duality argument (see Appendix), we deduce that
whenever n € L?(logL)?(Q), then n; € L*(logL)*(Qr) for each 0 < T < o, i € {S,E,C,P}.
With the L*(logL)? estimates at hand, the solution n; for i € {S,E,C,P} can be shown, as in
[2], to belong to L=((0,%0) x Q) by using the properties of the heat kernel combined with a
bootstrapping argument and by assuming sufficiently regular initial data and dQ. Thus, we can
deduce the global-in-time existence of the classical solution (that is bounded solution which
has classical derivatives at least a.e. and the equations in (3)) are understood pointwise) by the
standard results for reaction-diffusion systems [15].

The main result of this paper is a quantitative analysis of the large time behaviour of the
solution n;, i € {S,E,C, P}, to (3)-(5). It can be stated as follows:

Theorem 1.1. Let (ns,ng,nc,np) be a solution to - satisfying @ and (]2]) Then there exist
two explicitly computable constants Cy and Cy such that

Y Ini—nielf @) < Ce @ ®)
i€{S,E,C,P}

where n;  is the unique, positive, detailed balance steady state defined in ([[1).

In other words we show L' convergence of the solution n;, i € {S,E,C,P}, of — to its
respective steady state n; ., i € {S,E,C,P}, at the rate C; /2.

We remark that by following the general theory of the detailed balance systems, e.g., [12]
and references therein, there exists a unique detailed balance equilibrium to the system (3)-(5)
satisfying the conservation laws

NE o+ NCoo =M1, NS0+ NC w0+ NP =M, )
and the detailed balance conditions

k_nc,oo = k+nS’oonE7007 kp+7’lC7w = kp_np_‘oonE@. (10)



It is easy to show that the unique, strictly positive equilibrium Nee = (715 00, 1E 00, 1C 00, NPoo) 18
then

1
nee = (M+K_ \/(M+K)2 —4M1M2) ,
(11)

NEco =M —NCoo, N§oo= 17—, Npew= Zpt7Cee

- ) Poo — )
king o kp NE oo

where M =M +M, and K = k_ [k +kpy [kp—.

Theorem |I.1]is proved by means of entropy methods, which are based on an idea to measure
the distance between the solution and the stationary state by the (monotone in time) entropy of
the system. This entropy method has been developed mainly in the framework of the scalar
diffusion equations and the kinetic theory of the spatially homogeneous Boltzmann equation,
see [} 4, 25]] and references therein. The method has been already used to obtain explicit rates
for the exponential decay to equilibrium in the case of reaction-diffusion systems modelling
chemical reactions 2A| = Ay, A1 +A; = A3, A1 +A), =A3+Asand A +A) = A3 = Ay + Az
in [6, 7, 18, [12]. The large time behaviour of a solution to a general detailed balance reaction-
diffusion system counting R reversible reactions involving N chemicals,

QAL+ ...+ oAy = BlA + ...+ Bl AN (12)

with the nonnegative stoichiometric coefficients 061] e, Oc/\,, ﬁlj e, [31{, for j=1,...,R, was
also studied in [[12]]. However, the convergence rates could not be explicitly calculated without
knowing explicit structure of the mass conservation laws in the general case.

The present paper extends the application of the proposed entropy method for the reversible
enzyme reaction (2) counting two single reversible reactions. The difficulty comes from a
chemical (enzyme) that appears in both reactions which makes different from the reaction
A; +Ar = A3z = A4+ A5 studied in [12], in particular, in the structure of the conservation
laws that is essential in the computation of the rates of convergence. Further, even though
the convergence rates are obtained through a chain of rather simple but nasty calculations in
(6} 7,18, 12], we simplify them by means of an inequality @) in Lemma@ In particular, if we
denote N; = \/nj, Nj o = NS and N; = fQNi(x) dx for some chemical n; and its equilibrium
N, the expansion used in [6, [7, 8, [12] (c.f., equation (2.29) in [12]) to measure the distance
between N; and N o 1s of the form

_ N2 —N?
Ni = Nio(1 4 li) = —=——
N} +N;
for some constant (; > —1. The fraction in this expansion may become unbounded when Nl-2
approaches zero, which has to be carefully treated. On the other hand, Lemma [3.4] allows
different expansions that consequently lead to easier calculations.

For the sake of completeness, a different approach based on a convexification argument is
used in [17] to study the large time behaviour of the reaction-diffusion system for (12)). How-
ever, it is difficult to derive explicit convergence rates even for a bit more complex chemical
reactions such as (2) by using this convexification argument. First order chemical reaction net-
works have been recently analysed in [11]].



The rest of the paper is organised as follows. In Section [2| we introduce entropy and en-
tropy dissipation functionals and provide first estimates including L? and L?(log L)? bounds. A
main ingredient for the a-priori estimates is a duality argument that is presented in Appendix.
The large time behaviour of the solution as ¢t — oo studied by the entropy method is given in
Section 3l

2 Entropy, entropy dissipation and a-priori estimates

Let us first mention a simple result on the non-negativity of solutions of (3)-(5) which follows
from the so-called quasi-positivity property of the right hand sides of (3)), see [19].

Lemma 2.1. Let n > 0 in Q, then n; > 0 everywhere in Qr for each i € {S,E,C,P}.

In the sequel, we will write shortly n = (ng,ng,nc,np). The entropy functional E(n) :
[0,00)* — [0, 0) and the entropy dissipation D(n) : [0,0)* — [0, o) are defined, respectively, by

E(n) = Z nilog(Gini) —ni—l—l/G,-dx (13)
i={S,E.CP}’Q
and
Dm)= Y 4D,-/ |V /ni)? dx
i={S,E,C.P} Q
(14)
—|—/ [(k+nSnE — k_nc) (log(GSGEnSnE) — IOg(Gcnc))
Q
+ (kp_nEnp — kp+nc) (log(GEGannp) — lOg(Gcnc))] dx,

where Os, 6, 6¢ and op depend on the kinetic rates. The first integral of the entropy dissipa-
tion (T4) is known as the relative Fisher information in information theory and as the Dirichlet
form in the theory of large particle systems, since

Vn,- 2
s [rvumt = [T [o9 ogn

see [25]], p. 278.

Note that the function xlogx — x + 1 is nonnegative and strictly convex on [0,c0). Thus,
the entropy E(n) is nonnegative along the solution n(z,-) for each # > 0. Also, the entropy
dissipation D(n) is nonnegative along the solution n(z, -) for a, 8 > 0 such that

Ooc=0k_, OsOp = Ok,

(15)
GC:ka+, GEGPZﬁk —.

Indeed, with the last two integrands in have a form of (x — y)(logx —logy) which is
nonnegative for all x,y € R;. One can choose & = 1 and 8 = k_ /k, to obtain
kp_

k
GC:GE:]C,, GS:—Jr and Oop=_—, (16)



though other options are possible.

It is straightforward to verify that D(n) = —d;E(n), which implies that E(n) is decreasing
along the solution n(z,-) and that there exists a limit of E(n(z,-)) as t — oo. By integrating this
simple relation over [t1, 1] (- > t; > 0) we obtain

15}

E(m(t1,x)) — E(n(t2,x)) = / D(n(s,x))ds

1

which implies that

o)

lim [ D(n(s,x))ds=0. (17)

1—eo [,

Hence, if the solution n(f,x) tends to some N (x) as t — oo, then D(Nw(x)) = 0 and n. is
spatially homogeneous due to the Fisher information in (I4). In fact, it holds that

D(n(t,x)) =0 <= n(f,x) = Nw (18)

where n. 1s given by (@ and . Let us remark that the entropy E(n) is “D-diffusively convex
Lyapunov functional” which implies that the diffusion added to systems of ODE:s is irrelevant to
their long-term dynamics and that there cannot exist other (non-constant) equilibrium to (3)-(5)

than (T1), [13].

Further, we can write

t
E(n(t,x))+/ D(n(s,x))ds = E(n(0,x)). (19)
0
Since the entropy and entropy dissipation are both nonnegative we can deduce from (19) that
sup ||n;logn; ||L1 <C, (20)
1€[0,00)

i.e., n; € L*([0,00);L(logL)(Q)) for each i € {S,E,C,P}, and
HV\/_HLZ o);L2(Q,RY)) <C, 21

ie., /1 € L*([0,00); W12(Q)) for each i € {S,E,C,P}.
In addition to the above estimates, let us introduce nonnegative entropy density variables
zi = nilog(oin;) —n;+ 1/0;. Then, the system (3)-(5) becomes

%—A(Az) <0 in Q, V(Az)-v=0 on JQ (22)

where z = Y7, zg = Y,;Dizi (sums go through i € {S,E,C,P}) and A = z;/z € [Q,E] for
D = minc (s g ¢ py{Di} and D = max;c(s g c,py {Di}. Indeed, after some algebra we obtain

0z
E—A ZD

- (k+nSnE —k_nc) (log(osognsng) —log(ocnc))
— (kp_nEnp — kp+nc) (log(O'EGannp) — 10g(Gcl’lc))

]Vn,|

(23)
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where the rh.s. of is nonpositive for 6/s given by . The boundary condition in can
be also easily verified.

Hence, a duality argument developed in [20,|19] and reviewed in Appendix implies for each
Jj€{S,E,C,P} that

Hl’lleg(Gjnj) —nj+ I/GJ'HLZ(QT) <C Zn?log(din?) —n?~|— 1/o; (24)

L(Q)

where C = C(Q,D,D,T). We deduce from that n; € L*(logL)*(Qr) as soon as n! €
L?>(logL)?(Q) for each i € {S,E,C,P}. Note that a function v € L*(logL)?(Q) is a measur-
able function such that [, v*(logv)?dx is finite.

Moreover, the same duality argument implies L?(Qr) bounds by taking into account n? €
LZ(.Q.) foreachi € {S,E,C,P} and z = ng+ng + 2nc +np, zg = Dsns+ Dgng +2Dcnc + Dpnp
and A = z,/z for which we directly obtain (22).

3 Exponential convergence to equilibrium: an entropy method

Let us first describe briefly a basic idea of the method. Consider an operator A, which can be
linear or nonlinear and can involve derivatives or integrals, and an abstract problem

Assume that we can find a Lyapunov functional E := E(p), usually called the entropy, such that
D(p)=—0dE(p) >0and
D(p) = P(E(p) — E(peg)) (EEDI)

along the solution p where & is a continuous function strictly increasing from 0 and peq is a
state independent of the time ¢, [[1, 25]. The aforementioned inequality between the entropy
dissipation D(p) and the relative entropy E(p) — E(p.g) is known as the entropy-entropy dis-
sipation inequality (EEDI). The EEDI and the Gronwall inequality then imply the convergence
in the relative entropy E(p) — E(peq) as t — oo that can be either exponential if ®(x) = Ax or
polynomial if ®(x) = x%*; in both cases A and & can be found explicitly. In the second step,
the relative entropy E(p) — E(p.q) needs to be bounded from below by the distance p — p, in
some topology.

In our reaction-diffusion setting, the relative entropy E(n|n.) := E(n) — E(n.) for the en-
tropy functional defined in can be written as

n;

E(nn.) = Z /n,-log : — (nj —njo)dx > 0. (25)
i={S.E,C.P}/Q Mieo

This is a consequence of the conservation laws (6) and (7) which together with (9) and
imply
Z (7 — nj o) log(oin; ) = 0. (26)
i:{S7E7C7P}



Note that the relative entropy (23], known also as the Kullback-Leibler divergence, is universal
in the sense that it is independent of the reaction rate constants, [14]. The relative entropy (25))
can be then estimated from below by using the Cziszar-Kullback-Pinsker (CKP) inequality
known from information theory that can be stated as follows.

Lemma 3.1 (Cziszar-Kullback-Pinsker, [12]). Let Q be a measurable domain in R and u,v :
Q — R, measurable functions. Then

u 3
ulog — — (u—v)dx > || —v[%1 01 (27)
/g v 2[[ullpr @) +4lIVIiL @ LH®)

Hence, the application of the CKP inequality (27) concludes the second step of the entropy
method.
Let us mention some other tools that will be later recalled in the proof of the first step.

Lemma 3.2 (Logarithmic Sobolev inequality, [8]). Let Q € R? be a bounded domain such that

|Q| > 1. Then,
/uzloguzdx— (/ uzdx) log (/ uzdx> SL/ Vul|? (28)
o Q Q Q

that holds for some L = L(Q,d) positive, whenever the integrals on both sides of the inequality
exist.

Lemma 3.3 (Poincaré-Wirtinger inequality, [18]). Let Q € RY be a bounded domain. Then

/ u(x) —7)* < / \Vul>, VYueH'(Q) (29)
where u = fQ )dx and P(Q) is the first non-zero eigenvalue of the Laplace operator with a
Neumann boundary condition.

The following lemma is a technical consequence of the Jensen inequality.

Lemma 3.4. Let Q € RY be such that |Q| = 1, u,v € L'(Q) be nonnegative functions, i =
Jou(x)dx and v = [, v(x)dx. Then

2 -
(Va-v3) < (V= vViP+ Vi Valb g, (30)
where equality occurs for v = 0.

Proof. Let us define an expansion of /u around its spatial average ﬁ by u = %—k Ou(x)
which implies immediately that §, = 0,
—=

“\/a—ﬁ”é(g) = ”SMHIZ}(Q) :5_3 and @=+/u +
Then, with the Jensen inequality ﬁ < v/l we can write
(Vi V&) =u-2vivs v
< Vi =247+ 82
= (Vu—V7)’+8

which concludes the proof. [

=)



In fact, with the ansatz /v = /v + 8,(x), we can deduce that
2 - _ -
(Vii—V3)" < (Vu= Vol + V= val2a g + V5 = VPl g

1
< IV VWl + gy (9 Vil + 19 g)
by the Jensen and Poincaré-Wirtinger inequalities.

Recall that we assume |Q| = 1, D = min;{D;}, D = max;{D;} and we write shortly n =
(I’ls,nE,nc,np), N, = (I’lSVOO,I’lEPo,I’lC’oo,nROQ) and ﬁ(l‘) = (Ws,ﬁ,%,%) where 7; = fgnidx for
eachi € {S,E,C,P}. In the summations we will omit i € {S,E,C, P} from the notation.

We can finally prove the exponential convergence of the solution n(z) of — to the equi-
librium n., given by (TT).

Proof. (of Theorem|l.1)) We can deduce from (I8) that

D(n) = —%E(n) = —%E(n|nm).

As suggested above, we search for a constant C; such that
D(n) > CiE(n|n..), (31)
since in this case we obtain

d
aE(n\nw) < —ClE(n|nw),

and, by the Gronwall inequality,
E(n[n..) < E(n(0,x)ne)e ", (32)

that is the exponential convergence in the relative entropy as t — o. The CKP inequality
applied on the LA.s. of yields

E@lne) > s gl gy + e — el g

2M> My + M, (33)

+ g e = el @y + g Ime = e B
due to and the conservation laws (6)) and (7). Thus, with C; to be found and

C, =En(0,x)|n.)/min{1/2M,1/2M,,1/(M, +M>)}
we obtain (§).
To show the EEDI (31) let us split the relative entropy so that
E(n|n.) = E(n|n) + E(0N|n.),
and estimate both terms separately. For the first term we obtain that
E(n[n) :Zi:/gn,-logn,-dx—n_ilogn_iSL;/{Z|V\/E|2dx (34)

9



by the logarithmic Sobolev inequality (28). Hence, when compared with the entropy dissipa-
tion . we conclude that D(n) > C|E(n|n) for the constant C; = 4D/L.

For the second term E(n|n.) we use and an elementary inequality xlogx —x+ 1 <
(x— 1)2, which holds true for x > 0, to obtain

E(n|n.) anlog——n,+n,m

lDO

(35)

(- =) + E -l |

where the last inequality is due to (30) (for u = n; and v =V = n;.) and the constant C =
2max;{1/n; e} max{2M,,2M>,M + M, } is deduced from (6)) and (7).

On the other hand, the entropy dissipation D(n) given by can be estimated from below
by the Poincaré-Wirtinger inequality and an elementary inequality (x —y)(logx —logy) >
4(y/x— \/y)*, which holds true for x,y € R.. We obtain

D(n) > 4min{P@)D. 1H( L Vit~ Vil

(36)
+ || \/k+n5nE - \/k—nCHLZ(Q) + || \/kp—”E”P - \/kp+nC||22(Q)
Hence, we can conclude the proof once we find two constants C3 and C4 such that
X (Vi i 2) RV Vil < G LIV Vil
(37)

+Cy (”\/kJr”S”E - \/kf”CHLZ(g) +[Iv/kp-nenp — \/kp+”C‘|i2(Q)) ’
since in this case, by combining (35)-(37), we obtain

1 max{C3,C4}

cEmn.) < b oID. 17

D(n).

Hence, we can derive a constant C; such that D(n) > CiE(iijn.,) and thus the convergence
rate C in the EEDI lb e.g., C; = min{C,C; }/2. The missing inequality is proved in
Lemma 3.3 O

For the sake of simplicity, let us denote N; = /n; and N; . = ,/n;  and thus rewrite
into the form

Z(N Nico) +Z||N Nl <C3Z||N N2

+Cy (|| VI NsNE = V/KNel2s ) + 1o NeNp = v/ Nel gy )

(38)

10



Lemma 3.5. Let N;, i € {S,E,C,P}, be measurable functions from Q to R, satisfying the
conservation laws (6)) and (7), i.e.

N2+NZ=M; and N24+N2+N3=M,, (39)

and let nj o = Nfoo be defined by @) and . Then, there exist constants C3 and Cy, cf.
and ({62)), such that (38) is satisfied.

Proof. Let us use the expansion of N; around the spatial average N; from Lemma
N;=N;+§(x), 8;=0, ic{S,E,C,P}, (40)
which implies N? = N; + 82 for each i € {S, E,C, P} and
Y IN: = NillF ) = Y67 (41)
i i
With @[) at hand, we can expand the remaining terms in (]3;8[), e.g.,

. _\2
Iv/k NsNi: — \/kTNcl\,%z(Q) = (\/HNSNE - \/kTNC>
+2/ky (\/ENSNE - \/k_—]TC) 856k
+ v/ (Nsde + N s+ 858¢) — v/k—8clFq)

_ __\2 —
> (\/ k+NsNg — +/ k,Nc> — ki Ky 2512,
i
since the third term in (]1_7[) is nonnegative and the second term can be estimated as follows,

2 (VENSNE — VENe) 585 = 2| Vi Nl — VA e [ 86

> —Ki(82+82) > —K Y 62,

(42)

where K| = k.MM, + \/ k_(My+ M;)/2 is deduced from the Jensen inequality ]712 > ]7,-2
and ll Analogously, we deduce for K, = \/ kMM, + \/ kp+ (M + M) /2 that

e NeNe /o iNelagy > (Ve NoNE — VoriNe) Ve koL 82 43)
1
We see that with (@1)-@3) it is sufficient to find C3 and Cy such that
Y (Ni = Nieo) + 25_,2 < <C3 —Ca(V/ky Ky + \/kp_—Kz)> 25_12
l 1 1
(VIR -~ VENe) 4 (Vi NN - By e

from which (38) (and so (37))) directly follows.

(44)

11



Let us explore how far the spatial average N; can be from the equilibrium state N; . for each
i€ {S,E,C,P},i.e. let us consider a substitution

N;i = Niwo(1+ W) (45)

for some w; > —1,i € {S,E,C,P}. We obtain

Y (Ni—Niw)? = LN (46)
i
and with (10), i.e.. /K- NsooNE 0 = vK-Nc oo and /kp_NpeNE o = /Kp 4 NC o
S N2
(VENsNE = VENE) = k-NE (14 1s) (1 + ) — (1 4+ ki),

(47)
(Vo NeNE — vk Ne) = ke NE (1 + )1+ ) — (14 )
Hence, (44) follows from
YNk +252< <c3 Co(Vho Ky +/hy K» )Z
’ (48)

+Q&WHWMHWw—UH@LSUHWU+M%ﬂ+MW)
=1 =1
where K3 = min{v/k_, \/kp1 } NG ...

Let us note that the conservation law (39), reflecting the ansatz (40) and the substitution (5],
1.e.,

NE o+ NG, :Ngyw(l+uE)2+5_§+N§7w(1+uc)2+5_g, (49)
N2 oo+ NE oo+ Npow = N3 o (14 15)? + 82 + NE o (14 p1c)* + 82 0)
+Npoo(1+ pp)? + 83,

possesses some restrictions on the signs of y;’s. In particular, we remark that
i) Vie {S,E,C,P}, —1 < t; < Ui max Where ; mqy depends on ne;

ii) the conservation law (49) excludes the case when ug > 0 and uc > 0, since in this case
Ng > Ng o and Nc > N and we deduce from , and the Jensen inequality

N2 > N7, that
N2 N2 SN2 2 2 2
My =Ng+Ngz> Ng~+N¢™ > NE700+NC’00 =M,
which is a contradiction;

iii) analogously, the conservation law (50) excludes the case when 15 > 0, pic > 0 and pp > 0;
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iv) for —1 < ug, uc <0, the conservation law implies N,%’mu% +Né°oug < ZS_iZ, since
for —1 < s <0 we have —1 < s < —s% < 0 and we can deduce from that

0= NZ oo (2HE + HE) + N (21 + p2) + 82 + 82
< —Ni ol = NEolie+ ) 87

v) analogously, for —1 < ug, tuc, up < 0, the conservation law implies that Ngwug +
NG ME+ N Hp < Y67

To find C3 and Cy explicitly, we have to consider all possible configurations of ;’s in (48],
that is all possible quadruples (ug, Uc, Us,p) depending on their signs. The remarks (ii)
and (ii1) reduce the total number of quadruples by five and the remaining 11 quadruples are
shown in Table 1l

Table 1: Eleven quadruples of possible relations among ;, i € {S,E,C, P}, which are allowed
by the conservation laws and (50). In the table “+ ” means that y; > 0 and “— " that
—1 < y; <0. Each quadruple is denoted by a Roman numeral from I to XI.

HUE - + —

Uc - - +

Hs | — | — | + + | = | - + + - | = | *F

Mp | — | + | — + | -] + - + - |+ | -
@D | dD | D) | AV) | (V) | (VD | (VID | (VIID | IX) | (X) | (XT)

Ad (I). The remarks (iv) and (v) implies ) ; Nl%mui2 < 22:‘5_;'2 and, therefore, is satisfied
forC3; =3 and C4 = 0.

Ad (IT) and (IIT). We prove for —1 < ug,uc < 0and us and up having opposite signs.
Firstly, let us remark that implies that

NZ oo = N2 (14 tp)? + N2 oo (2pic + 1) + 82 + 82,

1.e.,
2

(1+pe)*=1- %(2%4#%) —
NE./OC NE7oo

1 o)
2 2
ZI_N%OO 6i

since for —1 < e <0 there is —1 < 2uc+ /.Lé < 0. Then, by using an elementary inequality
a® +b*> > (a— b)?/2 we obtain for

(85 +62)

Y

I+ = ((1+ps)(1+pe) — (1+ue))* + (14 p) (1+ pe) — (1+ pe))?

13



that

1
L+ > (ks — pp)*(1+ pg)?
: _ (51
> S Ka(N§ ot + Npcoltp) — K5 )67
since g and Up have opposite signs and are bounded above by Us . and ppjqx (by the re-
mark (i)). In , K4 = min { 1 /N;m, 1 /N%oo} is sufficient, nevertheless, we will take

1 1
K4= min — SandKs = ——(uZ, +uz, ), 5
! ie{s,E,c,P}{N,io} 5= g Womax t Bima) (52)

since Ky in will appear several times elsewhere. Together with Néoo,u,% +Némué < 25_3
for —1 < ug, uc < 0 known from the remark (iv), we deduce

Y K - 2
2 12 2 < = 242
YNk + 16 _2(1+ K4>Z6, + D), (53)

and we see that is satisfied for

2 K
— and C3=2 (1 + —5) +Cy (\/k+1<1 + \/kp_K2> :
KK, Ka

when (#8) is compared with the rh.s. of (53).

Cy

Ad (IV) Assume —1 < ug, uc <0 and pg, up > 0. A combination of and (50) gives
Nf oo~ N3~ N3 =Ng" + 82 —Ns' — 8 —Np"— 6 -
SNEZ,'7m_]v52_ATP2+6_§_6_§_5_[2H

since N_E2 < Né&o for —1 < ug < 0. We deduce from that

N3 oo = N3 < —N2o(1+ pi5)? = N3oo(1+pp)* + 82 — 82 — 83

and

N (otts +182) + N2t +183) < 87— 87— 83 < Y87,
Thus, N§7mu§ +N1%wu1% < 25_1-2 since Ug, p > 0. This estimate together with the remark (iv)
yields ZNI%WLLZ-2 < 225_1.2. Similarly as in the case (I), |i is satisfied for C3 =3 and C4 = 0.

Ad (V) Let us now consider the case when —1 < ug, uc, up < 0 and ug > 0. As in the case

(IV), a combination of (49) and (50) gives
< N2o+ N3 —Ng~ + 83 +83 — 82,
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since, again, ]V,-Z < Nl%w for —1 < u; < 0. Hence, for ug > 0 we deduce from lh that

Ng,mu]% < 26_1.2, which with the remark (v) gives ZNl%oouiz < 225_1.2. Thus, is satisfied
forC3; =3 and C4 =0.

Ad (VI) and (VII). Assume that /.LE >0, —1 < ue <0 and g and pup have opposite signs.
Then using an elementary inequality a + b > (a+b)?/2 we obtain

1 1 1
Li+h= E(Ns—HP)Z(l +uE)’ > E(NS—.UP) E(Hs +Up),

since (1+ pg)? > 1 and pg and up have opposite signs. Further, it holds that (1 + p)(1 +
ug) > (14 ug) for w being either ps > 0 or up > 0 (one of them is positive). This implies
(I+w)(14+pg) — (14 pe) > wg — e > 0 and thus (ug and ge have opposite signs)

L+5L> (g — pc)* > i + e

Altogether, we obtain for both cases that I1 +1, > )" u / 4> Ky4/4Y. N  oa [,Liz where K, is defined
in (52). We deduce that (48) is satisfied for

and G5 =1+ (VK + kK2 (56)

Ad (VIII). Assume that ug, s, p > 0 and —1 < yc < 0. Using the similar arguments as
in the previous case, in particular, (1 + us)(1+ ug) > (1+us), (14 ps)(14+pug) > (14 pue),
(I+up)(1+ug) > (1+up) and (1 + up)(1+ ug) > (1+ ug) and since y; — pe > 0 for each
i € {S,E,P}, we can write

Cy—
7 KKy

L+nL = ((1+us)(1+pe) — (1+4)* + (1 +up) (1+ ) — (1 4+ uc))?
1 1 1 K
> 2 (s = Ho) + (e — pe) + 5 (e — ko) = S Y7 = 5 Y Nz
Hence, is satisfied for C4 = 2/K3Ky and C3 defined in (56).

Ad (IX). The case when —1 < ug,us,up < 0 and e > 0 is similar to the case (VIII).
Now we observe that uc — p; > 0 for each i € {S,E, P} and that (1 + pug)(1+ ug) < (14 us),

(1+ps)(T+pe) < (14 pe), (14+pp)(1+ue) < (1 +I~LP) and (1 +up)(1+ue) < (1+pe)
which can be used to conclude I; + 1, > Z,ulz /2> K4/2Y N, l’mul . The constants C3 and Cy4 are
the same as in the case (VIII).

Ad (X). Assume that —1 < ug <0, uec >0, —1 < g <0and up > 0. By the same argument
as in (IX), we can write

L+hL>1 > (uc—pe)* > pé+ ug. (57)

Using the same elementary inequality as in (II) and (VI), we obtain
1 2 2
11+122§(Iis—HP) (I+ue)7, (58)
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where —1 < ug <0, thus we cannot proceed in the way as in the cases (VI) and (VII) nor in
the cases (II) and (III), since pc is positive now. Nevertheless, we distinguish two subcases
when —1 <N < ug <0and —1 < ug < n. For example, 1 = —1/2 works well, however, a
more suitable constant 1 could be possibly found. For n = —1/2 and 1 < pg < 0 we obtain

from that
(43 + up)- (59)

This with implies that I) + I, > Y u?/16 > K/ 162waui2 and we conclude that is
satisfied for C4 = 16/K3K4 and C defined in (56).

For n = —1/2 and —1 < ug < 1 we obtain, by using an elementary inequality (a —b)? >
a®/2 — b?, that

O | —

1
L+5L> g(us—up)z >

Li+h>1=((14pc) — (14 ps)(1+ ug))?
1 1 (60)
> 5 (1 ue)* = (1 us)* (14 pe)* > 4,
since (1 + uc)? > 1 for uc > 0and (14 us)?(1+pg)? < 1/4for —1 < ug<0and —1 < ug <

—1/2. On the other hand, ZNiZ,ooN,'Z < Zwaui%maX by the remark (i). In fact, for the given
quadruple of y;’s, we deduce from a constant Kg = NSZ7°°(1 +N1%7m +Ng’w) —i—Ném such that
):Nl-z./ooui2 < Kg. We see that 1} is satisfied for C4 = K /4K3 and Cs as in |b

Ad (XI). Finally, assume that —1 < ug <0, uc >0, us > 0and —1 < up < 0. This case is
symmetric to the previous case (X), thus the same procedure can be applied again (it is sufficient
to exchange superscripts S and P everywhere they appear in (X)) to deduce the constants C3 and
Cy4 in . In particular, for —1/2 < ugp <0 we take C4 = 16/K3K4 and for —1 < up < —1/2
we take Cy = K7/4K3 and K7 = N%oo(l +N27oo +Néoo) +N,%7oo. In both subcases C3 is as in lb

From the eleven cases (I)-(XI), we need to take

1 16 K¢ K7
Co— - max ] 16 Ko K7 61
4 K3maX{K4,474} ( )
and ©
C3:max{3,2(1+Fs)}+€4(x/k+K1+«/k,,_K2> 62)
4
to find (@8)) true and thus to conclude the proof. O

Appendix. A duality principle
We recall a duality principle [19} [20] which is used to show L?(logL)? and L? bounds, respec-

tively, for the solution to (3)-(5). Note that a more general result is proved in [19], Chap. 6,
than presented here.
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Lemma 3.6 (Duality principle). Let 0 < T < oo and Q be a bounded, open and regular (e.g.,
C?) subset of RY. Consider a nonnegative weak solution u of the problem

diu— A(Au) <0,
V(Au)-v=0, Viel, xedQ, (63)
u(0,x) = uo(x),

where we assume that 0 < A} <A = A(t,x) < Ay < oo is smooth, A| and A are strictly positive
constants, ug € L*>(Q) and [ uo > 0. Then,

[ull 20,y < Clluoll 2 (@) (64)
where C = C(Q,A1,A2,T).

Proof. Let us consider an adjoint problem: find a nonnegative function v € C(I;L?(Q)) which
is regular in the sense that d,v,Av € L?(Qr) and satisfies

—div—AAv=F,
Vv.-v=0, Vrel, xcdQ, (65)
v(T,x) =0,

for F = F(t,x) € L*>(Qr) nonnegative. The existence of such v follows from the classical results
on parabolic equations [15].
By combining equations for u and v, we can readily check that

— [ uv > / ul’

Q Q
/ qu/uovo. (66)
or Q

By multiplying equation for v in (65)) by —Av, integrating per partes and using the Young in-
equality, we obtain

e [rwrs [awe=- [ Favs [ 24
/|Vv|2 / (Av)2 /—.

Integrating this over [0, 7] and using v(T') = 0 gives

F2
/|Vvo|2+/ A(Av)zg/ —.
Q Or or A
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i.e.



Thus we obtain the a-priori bounds

(67)

< F
Q=3
From the equation for v we can write (again, by integrating this equation over Q and [0, T'] and

using v(T') = 0)
/ Vo = / AAv+F.
Q Or

/Qvo—/QT\/_(\/_Av—l—T) < VA2

< 2H\/ZHL2(QT)

F
||VV()||L2(Q7]Rd) < Hﬁ , and ||\/ZAV||L2(
L*(Qr

L*(Qr)

Hence,

‘\/_Av-l-—
A

2

which follows from the Holder inequality and (67).
To conclude the proof, let us return to (66) and write

0</ uF</u0v0—/ (vo—v0) +uovo
Or

< luoll 2y 1o — 7ol 2y + /Q v
< C(@)lluoll2(0) [ V¥0 | 2.0 + 70 /Q o,

where we have used the Holder and Poincaré-Wirtinger inequalities, respectively. Recall that

1
V= @ / vdx. The norm of the gradient vy can be estimated by (E and the last remaining
Q
integral by (68) so that we obtain

F
ulF < <C( )HuoHLz +2u0H\/_HL2 H—’ , (69)
/Qr VAl
which holds true for any F € L?(Q7). Thus, for F = Au we can finally write
VAUl 29,y < C(Q)lluoll 20 + 200l VAl 20, (70)
and deduce by using the boundedness of A, i.e. A] < A(t,x) < Aj. O
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