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1 Introduction

Biological organisms are complex systems characterized by collective behaviour
emerging out of the interaction of a large number of components (molecules
and cells). In complex systems, even if the basic and local interactions are per-
fectly known, it is possible that the global (collective) behaviour can not be
obviously extrapolated from the individual properties. Collective dynamics of
migrating and interacting cell populations drive key processes in tissue forma-
tion and maintenance under normal and diseased conditions. For revealing the
principles of tissue organization, it is fundamental to analyze the tissue-scale
consequences of intercellular interaction [11, 22]. Only an understanding of the
dynamics of collective effects at the molecular and cellular scale allows answering
biological key questions such as: what enables ensembles of molecules to orga-
nize themselves into cells? How do ensembles of cells create tissues and whole
organisms? What is different in diseased tissues as malignant tumors? Mathe-
matical models for spatio-temporal pattern formation can contribute to answer
these questions. The first models of spatio-temporal pattern formation focused
on the dynamics of diffusible morphogen signals and have been formulated as
partial differential equations (e.g. [30]). In addition to diffusible molecular sig-
nals, the role of cells in morphogenesis can not be neglected. Living cells possess
migration strategies that go beyond the merely random displacements of non-
living molecules (diffusion) [22]. More and more evidence exists about how the
self-organization of interacting and migrating cells contributes to the formation
of order in a developing organism. Thereby, both the particular type of cell in-
teraction and migration are crucial and suitable combinations allow for a wide
range of patterns. The question is: What are appropriate mathematical models
for analyzing organization principles of moving and interacting cells cells?

Cellular automata (CA), in particular lattice-gas cellular automata (LGCA)
can model the interplay of cells with themselves and their heterogeneous en-
vironment [17]. These models describe interactions at a cell-based local scale.
Cell-based models (for a review see [2, 20]) are required if one is attempting to
extract the organization principles of interacting cell systems down to length
scales of the order of a cell diameter to link the individual (microscopic) cell
dynamics with a particular collective (macroscopic) phenomenon.



2 Cellular automata and lattice-gas cellular automata

Cellular automaton models are a spatio-temporal modelling formalism and have
been introduced by J. v. Neumann and S. Ulam in the 1950s as a model of
individual (self-)reproduction [12]. They consist of a regular spatial grid in which
each grid point (or site) can have a finite, typically small number of discrete
states. The next state of a site depends on the states in the neighboring sites
and a next-state function, which can be deterministic or stochastic. Cellular
automata provide simple models of self-organizing complex systems in which
collective behaviour can emerge out of an ensemble of many interacting ”simple”
components - being it molecules, cells or organisms [15, 16, 41].

Here, we suggest lattice-gas cellular automata which can be viewed as mod-
els for collective behaviour emerging from microscopic migration and interaction
processes. LGCA can be used to model the interplay of cells with each other and
with their heterogeneous environment by describing interactions at a cell-based
(microscopic) scale and facilitating both efficient simulation and theoretical anal-
ysis of emergent, tissue-scale (macroscopic) parameters [17]. Historically, LGCA
have been introduced as models of gas and fluid flows, through implementing
simplistic local collisions. Often, the overall macroscopic behaviour of the system
can be approximated very well if averages over larger spatial scales are consid-
ered [23, 40]. In a biological context, LGCA particles are interpreted as cells and
cell migration is modeled by updating cell positions at each time step based on
local cell interactions. Local cell interactions are described by problem-specific
LGCA transition rules. These transition rules are different from the rules that
have been used for modelling fluid flows. LGCA transition rules in models of
cell migration, in general, do not assume energy or momentum conservation.
Biological LGCA models can be classified as stochastic cellular automata with
time-discrete, synchronous updates consisting of stochastic interaction and sub-
sequent deterministic migration steps. Implementing movement of individuals
in traditional synchronous-update cellular automaton models is not straightfor-
ward, as one site in a lattice can typically only contain one individual, and conse-
quently movement of individuals can cause collisions when two individuals want
to move to the same empty site. In a lattice-gas model this problem is avoided by
having separate channels for each direction of movement and imposing an exclu-
sion principle. In addition, rest channels can be added for non-moving cells. The
deterministic movement steps are alternated with stochastic interaction steps, in
which processes affecting cell number, e.g., birth and death can be implemented
(fig. 1).

A major advantage of LGCA models compared to other cell-based models
for interacting cell systems, such as interacting particle systems, e.g. [29, 39],
asynchronous cellular automata, e.g. [4–6], further agent-based models [24] or
systems of stochastic differential equations [37], is their computational efficiency.
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Fig. 1. Interaction and migration in a “biological LGCA”: Filled circles denote oc-
cupied cells and open circles empty cells. a) part of the lattice before interaction,
interation neighborhood is shown. b) after interaction: the configuration of the cells
at several nodes has changed. c) after migration: each cell has moved to the nearest
neighbor corresponding to its orientation indicated by arrows (the lattice outside the
part shown is assumed to be empty, i.e. there is no migration of cells from outside).

3 LGCA modelling and analysis

The LGCA idea has led to models of morphogenetic motion describing migration
of individual cells during spatio-temporal pattern formation in microorganisms,
cell cultures and developing organisms [7, 17, 35]1. The essential modelling idea
is the definition of appropriate transition probabilities characterizing specific
cell interactions. In particular, morphogenetic cell motion may be influenced by
the interaction of cells with components of their immediate local surrounding
through haptotaxis or differential adhesion, interaction with the basal lamina
and the extracellular matrix, contact guidance, contact inhibition, and processes
that involve cellular responses to signals that are propagated over larger distances
(e.g. chemotaxis). LGCA models have also been used to study emergent collective
behaviour in cell swarming [14], angiogenesis [32] and Turing pattern formation
[19] (fig. 2). Moreover, there are methods for parameter estimation in LGCA
models [31].

Deciphering the principles of collective cell behaviour is especially important
for a better understanding of tumour growth and invasion and might allow to
develop new therapy concepts. Besides more and more molecular investigations,
mathematical modelling of selected aspects of tumour growth has become at-
tractive within the last years (e.g. [1, 34, 36]). Cellular automaton models have

1 A simulation platform containing various LGCA models with biological motivations
can be found at www.biomodelling.info.
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Fig. 2. Spatio-temporal pattern formation in simulations (from a random initial cell
population) for a) LGCA model of adhesive interaction, b) LGCA model of alignment
interaction (see [14] and [17] for details). Colours indicate different cell numbers (a)
and different cell directions (b).

been suggested for various aspects of tumour growth [34]. In particular, simula-
tions and analysis of appropriate LGCA models permit to characterize different
growth and invasion scenarios [9, 18, 28] (fig. 3).

For a number of LGCA models a corresponding lattice-Boltzmann approxi-
mation can be adopted to analyze the emergence of spatio-temporal patterns [17].
The idea of the lattice-Boltzmann (mean-field) approximation is the reduction
of the description of a system with many interacting individuals (many degrees
of freedom), such as the CA, to the level of an effective, average description for
the behaviour of a single individual (low degree of freedom). The application
of the mean-field approximation allows for the transition from a microscopic to
a macroscopic description of the CA dynamics. The central step is the deriva-
tion of a spatio-temporal mean-field approximation of the stochastic automaton
process. Disregarding the spatial aspect completely leadd to qualitatively wrong
model predictions (fig. 4). Based on a spatio-temporal mean-field description of
the microscopic process, one can often calculate a corresponding macroscopic
partial differential equation by means of a Chapman-Enskog expansion tech-
nique [16]. For example, from the mean-field PDE for a proliferation process one
can derive important macroscopic observables of biological growth, such as total
number of particles, per capita growth rate and invasion speed, and reveal their
dependence on the microscopic growth and migration parameters [28].
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Fig. 3. Simulation of the spatio-temporal development of a LGCA growth model start-
ing from a localized initial cell population in the centre of the lattice. The three pictures
show simulation snapshots for subsequent time steps. Contour plot where colors indi-
cate the cell density (from [27] with permission).
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Fig. 4. LGCA growth model: evolution of the per capita growth rate as a function of
the total population density. Comparison of simulations, a spatial mean-field approx-
imation (fit) and a non-spatial mean-field approximation. The non-spatial mean-field
approximation completely fails to describe the LGCA dynamics (from [27] with per-
mission).

Typical examples for observables to study emergent collective behaviour are
cell density patterns and related quantities such as the dynamics of moving cell
fronts and cluster size distributions [8, 26, 32]. Cell density patterns can often
be assessed experimentally and thus provide a means to relate LGCA model
predictions to experimental observation. However, there are further experimen-
tal observables - particularly the trajectories of individual, selected cells - that
characterize emergent collective behaviour but which are not directly deducible
from cell density patterns. Classical LGCA, however, do not distinguish individ-
ual cells. We have developed an approach to overcome this limitation and which
allows to translate classical LGCA into models where individual cells can be
tracked (fig. 5). This is achieved by modifying the state space and the transition
rules such that a cell identity can be transferred [33].

Based on these individual-based LGCA the establishment of a connection
between the LGCA transition rules and a stochastic differential equation (SDE)
description for the trajectories of single cells becomes possible. Comparable ap-
proaches to derive equations for tagged particles in cellular automaton models
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Fig. 5. LGCA simulations of single cell migration in a heterogeneous environment:
Trajectories of selected labeled cells are shown in red. The positions of the labeled cells
for t = 0 and t = 25 are marked by blue arrows. Simulation of the LGCA model for
different sensitivities to the environment β = 0 (A) and β = 0.5 (B) (from [33] with
permission).

[3, 25] are only applicable to equilibrium systems, i.e. where the cellular envi-
ronment is in a steady state. Our approach allows to tackle LGCA models for
non-equilibrium systems, i.e. the cellular environment can evolve over time [33].
For fairly general, cell number conserving LGCA transition rules, we have shown
that the trajectories of individual cells can be described by an SDE whose param-
eters can be calculated directly from the LGCA transition rules. Cell number
conserving LGCA transition rules are applicable when cell migration is on a
much faster timescale than cell birth and death. The SDE description is de-
rived in the limit when lattice spacing and time step length tend to zero under
diffusive scaling. We have shown, for a variety of concrete models, that there is
good agreement between LGCA simulations and the SDE approximation (fig. 6).
Individual-based LGCA facilitate individual cell trajectory analysis while still
allowing efficient simulations, thus opening up novel possibilities to investigate
LGCA behaviour and to compare model and experiment at the individual cell
level. Notice that the SDE approximation can be extended to other cell-based
models such as interacting particle systems and general stochastic CA.

4 Outlook

The mean-field (Boltzmann) equation characterizing a given LGCA model arises
under the assumption that the probability of finding two cells at specific positions
is given by the product of corresponding single particle distribution functions, i.e.
any correlations are neglected and distributions fully factorize. It is a challenge
to include two-, three-, etc. particle distribution functions which will allow a
systematic study of correlation effects. If pair correlations are taken into account,
but third and higher order correlations are neglected, a generalized Boltzmann
equation for the single particle distribution function is obtained, coupled to the
so-called ring equation describing the evolution of the pair correlation function.
For the adhesive (density-dependent) cellular automaton the ring equation has
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Fig. 6. Symmetric random walk in the low density regime. Simulations were carried
out for a single cell on a two-dimensional square lattice lattice. Distribution f(x) of
the cell position of a single cell at time t = 10. Time development of the mean square
displacement of an individual cell. Simulation data (symbols) and corresponding solu-
tions (lines) of stochastic differential equation for different numbers of rest channels
are shown. All solutions were obtained for deterministic initial data. The simulation
data were averaged over 500 independent simulations for each case. LGCA simulations
and the corresponding SDE approximations show good agreement for the mean square
displacement (from [33] with permission).

been successfully evaluated [13]. It is a challenge to determine corresponding
equations for other cellular automata. This analysis could particularly improve
our understanding of short and long time behaviour.

The need for discrete models, especially cellular automata, goes beyond the
analysis of collective behaviour in interacting cell populations. A discrete cell-
oriented approach is also required if the dynamic system behaviour depends on
fluctuations at the individual cell level. This is, for example, the case at the front
of invading tumours and crucial for the formation of metastases. Experimental
findings of Bru et al. [10] indicate that many tumours share the same surface
dynamics. This finding motivated the analysis of the tumour interface by means
of a fractal scaling analysis [21].

In order to represent more detail at the individual cell level, multiscale models
have been developed. For example, the user-friendly simulation platform Mor-
pheus integrates cell-based models, ordinary differential equations for subcellular
dynamics and reaction-diffusion systems for the extracellular environment [38].
While there exists a rich theory on ordinary and partial differential equations,
the theory for cell-based models, in particular cellular automata is comparably
young. Based on the variability in the local dynamics, we demonstrated that the
“interaction-modul oriented” cellular automaton modelling provides an intuitive
and powerful approach to capture essential aspects of collective cellular dynamics
[17]. In conclusion, there are both challenging future perspectives with regards
to interesting biological applications of the lattice-gas cellular automaton idea
and possible refinements of analytical tools for the investigation of lattice-gas



cellular automata. Hopefully, the potential of cellular automata for modelling
essential aspects of biological systems will be further exploited in the future.
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