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Universal Time-symmetric Number-conserving Cellular Automaton

We show the existence of Turing-universal and intrinsically universal cellular automata exhibiting both time symmetry and number conservation; this is achieved by providing a way to simulate reversible CA with time-symmetric CA, which preserves the number-conserving property. We also provide some additional results and observations concerning the simulation relations between reversible, time-symmetric and number-conserving CA in the context of partitioned CA.

Introduction

Reversibility is an important property in the realm of cellular automata, both because of its obvious theoretical consequences and because of the most practical applications for massive distributed computing models where heat dissipation would be unwanted. It has therefore been well studied (see reviews in [START_REF] Kari | Reversible cellular automata[END_REF][START_REF] Morita | Reversible computing and cellular automata: A survey[END_REF]), and some of this effort has been directed towards showing computational capabilities (by showing the existence of universal reversible CA, under different notions of universality) and towards the easy construction of reversible CA.

A more specific kind of reversibility, which is common in physical theories, is that of time symmetry, and it has been only recently applied to cellular automata [START_REF] Gajardo | On time-symmetry in cellular automata[END_REF]. In time-symmetric systems there is an involution (i.e., a root-ofidentity transformation) that reverses the flux of time, so that further application of the system's dynamics has the same effect as going back with the inverse transformation, if the involution had not been applied. Time symmetry is a natural property for study, because of its ubiquity in physical theories, and also because of potential practical concerns: one of the advantages of using reversible CA for distributed computation, besides heat minimization, is that we may actually reverse time ocassionally, if we want to find the source of a phenomenon or debug a computation mistake. In that case, using the same CA (and, in a practical setting, the same circuits) to move backwards in time would be certainly handy.

A further CA property that has attracted some attention is number conservation: here the CA states are assumed to be numbers, and their sum over finite -or periodic-configurations is preserved. The inspiration comes again from physics, with its conservation laws, and from models of simple interacting agents, when there is a fixed number of them. Number conservation can be seen as the most simple case of more general additive conservation laws in cellular automata (moreover, whatever is true for number-conserving CA usually carries on nicely to the more general settings).

Despite apparently being a rather restrictive property, number conservation allows the existence of intrinsically universal CA (roughly speaking, CA that can simulate any other) and hence also of CA which are Turing-universal [START_REF] Moreira | Universality and decidability of number-conserving cellular automata[END_REF]. This is also the case for time symmetry [START_REF] Gajardo | On time-symmetry in cellular automata[END_REF], with the caveat that intrinsic universality is restricted to the simulation of all other reversible CA. This implies the existence of full computational capabilities and of arbitrarily complex phenomena within these classes. In this manuscript we show that this is also true for the CA that share both properties. This is done in Section 3, by giving a general simulation procedure that turns arbitrary reversible CA into time-symmetric ones while preserving number conservation. The existence of reversible and number-conserving Turing-universal CA was already proved by Morita [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF].

While mapping the territory we came across a possible path to the same result, which was not ultimately fruitful, but which yielded a few results and observations that are presented here in Section 4. The main result is a generalization of one from Morita [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF], showing that any reversible partitioned CA can be simulated by a reversible number-conserving CA. We also define "intrinsic time symmetry" (ITS) in a natural way for partitioned CA, characterize ITS partitioned CA in terms of their local function, and show that the number-conserving CA simulating them (obtained through the generalized Morita construction) are time-symmetric. This could have been a path to the result of Section 3 if we had an example of intrinsic universality in ITS partitioned CA, which we currently do not. Nevertheless, the generalization does bridge two CA classes through a simulation relation. As a byproduct, it also gives a way to construct time-symmetric (number-conserving) CA by starting with ITS partitioned CA, which are rather easy to construct, and where ITS is a decidable property.

Definitions

Definition 1 (Cellular automata)

. A 1-dimensional cellular automaton (CA) A is a 4-tuple A = (Z, Q, N, f ) where Q is a finite set called the state set, N = (n 1 , ...n m ) ∈ Z m is the neighborhood, and f : Q m → Q is the local transi- tion function.
A CA defines a dynamics on the space Q Z of configurations through the global transition function

F : Q Z -→ Q Z , F (α) i = f (α i+n1 , α i+n2 , ..., α i+nm ).
The size of the neighborhood is m and when N = (-r, -r + 1, .., 0, .., r), we say that it is a symmetric neighborhood of radius r. If r = 0, the CA is autarkic. When n j ≥ 0 for every j, the CA is one way. CA with the asymmetric neighborhood (0, 1) are said to have radius 1/2.

Additive conservation laws occur in CA when some locally computed numerical attribute, added over periodic configurations, is preserved through time. The simplest version happens when the states themselves are numbers, and their sum is conserved. Here we give the definition based on finite configurations, which are configurations where all the cells, except for a finite number, are equal to 0. This has been shown to be equivalent to the definition based on periodic configurations.

Definition 2 (Number conservation). Given a CA A = (Z, {0, 1, ..., s},N,f ), we say that it is number-conserving (NCCA) if for every finite configuration

c i∈Z F (c) i = i∈Z c i Remark 1.
The class of number-conserving CA is closed for composition and inverse.

Remark 2. In NCCA all states are quiescent, i.e. , all homogeneous configurations are fixed points. Definition 3 (Time symmetry). Given a reversible CA A = (Z, Q, N, f ), we say that it is time-symmetric (TS) if there exists a CA with global transition function H such that

H • F • H = F -1 ∧ H • H = Id.
H in this case is an involution associated to the time-symmetric CA A.

Remark 3. A direct consequence of time symmetry is that

∀n ∈ Z, H • F n • H = F -n .
Remark 4. The class of time symmetry CA is closed for inverse.

Working with reversible CA, and in particular constructing them, is a bit cumbersome since identifying reversibility from the local transition function is not direct, and only an exponential algorithm exists. This has led a number of researchers to prefer the more convenient formalism provided by partitioned cellular automata. They are a particular case of CA, but they are general in the sense that every CA can be simulated by a partitioned CA.

Definition 4 (Partitioned Cellular Automaton

). A partitioned cellular au- tomaton (PCA) is a 4-tuple P = (Z, Q = Q n1 × ... × Q nm , (n 1 , ..., n m ), f ), where Q i are finite sets and f : Q → Q is the local transition function of P .
The global transition function of P is F :

Q Z → Q Z given by F (α) i = f (α i+n1 (n 1 ), ..., α i+nm (n m ))
where α ∈ Q Z , and α i (j) is the coordinate indexed by j of the i-th cell in α.

It is practical to view PCA as the composition of two CA: a product of shifts and an autarkic CA.

Proposition 1. Given a PCA P = (Z, Q = Q n1 × ... × Q nm , (n 1 , ..., n m ), f ), then its transition function F is equal to A f • I (n1,...,nm) , where -A f is the autarkic CA defined by f : A f (α) i = f (α i ), -I (n1,...,nm) = σ n1 × σ n2 × ... × σ nm : (Q n1 × ... × Q nm ) Z → (Q n1 × ... × Q nm ) Z , -σ is the shift of configurations and ∀n ∈ Z, ∀i ∈ Z, σ n (x) i = x i+n .
Definition 5 (Universality). In order to prevent unnecessary clutter here, we will dispense with the formal definitions of universality. Turing-universality is common lore by now, and as for intrinsic universality, we refer the reader to [START_REF] Delorme | Bulking II: classifications of cellular automata[END_REF] for definitions as well as excelent discussion. However, intrinsic universally depends on the precise simulation relation being used, and it is therefore important to remark that the simulations presented here comply with the definition of "injective bulking" introduced in [START_REF] Delorme | Bulking II: classifications of cellular automata[END_REF], and that is the sense in which intrinsic universality must be understood.

Universality

In [START_REF] Gajardo | On time-symmetry in cellular automata[END_REF] arbitrary reversible CA are transformed into time-symmetric CA by using the fact that the product CA F × F -1 simulates F and is time-symmetric. If the original CA is number-conserving, the product CA does not have to be, since there is no natural relabeling of its states (which are ordered pairs) that may ensure number conservation. On the other hand, one of the ideas used by Morita [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF] to transform a reversible PCA into a number-conserving CA is to represent vectors through numbers over a larger set. Here we combine these two ideas to transform a reversible number-conserving CA into a time-symmetric number-conserving CA.

Theorem 1. Given a reversible number-conserving CA there exists a time-symmetric number-conserving CA that simulates it.

Proof. Let A = (Z, Q = {0, 1, ..., s -1}, N, f ) be a reversible and number conserving CA. Let us define first the automaton A = (Z, Q, N, f ) where Q = {ks : k = 0, 1, ..., s -1} and f (q 1 , ..., q |N | ) = sf (q 1 /s, ..., q |N | /s). It is just A, but with the states multiplied by s. Now let Q be Q = {0, 1, ..., s 2 -1}; clearly, for every q ∈ Q there is a unique pair (q, q) ∈ Q × Q such that q = q + q. We can thus define two projections p : Q → Q and p : Q → Q such that for every q ∈ Q , q = p(q ) + p(q ). Let P and P be the natural generalizations of these functions to Q Z . Our time-symmetric number-conserving CA A = (Z, Q , N, f ) is defined through the global transition function

F (α) = F (P (α)) + F -1 (P (α))
Such a cellular automaton exists because F is reversible, F is conjugated to F , and because the addition of CAs is also a CA, by the Hedlund-Lyndon-Curtis theorem. Clearly,

F simulates F , because Q ⊂ Q , and if α ∈ Q Z then F (α) = F (α) + F -1 (0) = F (α).
Let us prove now that F has the requested properties.

Reversibility. The inverse of F is given by F -1 (α) = F -1 (P (α)) + F (P (α)):

F -1 (F (α)) = F -1 F (P (α)) ∈Q + F -1 (P (α)) ∈Q = F -1 (F (P (α))) + F (F -1 (P (α)) = P (α) + P (α) = α. Number conservation. Let α ∈ Q Z be a finite configuration. Since both F and F are number-conserving, i∈Z F (α) i = i∈Z F (P (α)) i + F -1 (P (α)) i = i∈Z F (P (α)) i + i∈Z F -1 (P (α)) i = i∈Z P (α) i + i∈Z P (α) i = i∈Z P (α) i + P (α) i = i∈Z α i Time symmetry. The involution H that makes F time-symmetric is defined by H(α) = s • P (α) ∈Q + 1 s • P (α) ∈Q .
It is an autarkic CA, and

H • H = I. Let us prove that H • F • H = F -1 , H(F (H(α))) = H F 1 s • P (α) + F -1 (s • P (α)) = sF 1 s • P (α) + 1 s F -1 (s • P (α)) = s 1 s F P (α) + 1 s sF -1 (P (α)) = F -1 (α)
Corollary 1. There exists a Turing-universal time-symmetric and number-conserving CA.

Proof. This follows from the existence of a Turing-universal reversible numberconserving CA, established by Morita [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF] based on several of his previous results.

Corollary 2. There exists an intrinsically-universal time-symmetric and number-conserving CA within the class of reversible CA.

Proof. Durand-Lose [START_REF] Durand-Lose | Intrinsic universality of a 1-dimensional reversible cellular automaton[END_REF] proves the existence of a reversible intrinsically universal PCA of radius 1. On the other hand, Morita shows in [START_REF] Morita | Computation-universality of one-dimensional one-way reversible cellular automata[END_REF] that any RPCA of radius 1 can be simulated by a one-way RPCA of radius 1/2, and in [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF] that any one-way RPCA of radius 1/2 can be simulated by a reversible NCCA. Along with the present theorem, these results imply the existence of a time-symmetric intrinsically universal NCCA.

The road not taken

In [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF], in order to obtain a Turing-universal reversible NCCA with a small neighborhood, Morita developed a way to transform a one way PCA of radius 1/2 into a number-conserving CA of radius 3/2 (i.e. neighborhood (-1, 0, 1, 2)). His CA is not time-symmetric and it could not have been, since time symmetry in a one way PCA implies equicontinuity (see Proposition in the Appendix), which in turns implies periodicity. Nevertheless, his construction can be generalized to PCA of arbitrary neighborhood, and as we shall see, it does preserve time symmetry if it is present (in a sense to be defined) in the original PCA.

Proposition 2. Given a reversible PCA, there exists a reversible and numberconserving CA that simulates it.

Proof. Let P be a reversible PCA with state sets Q i = {q i0 , q i1 , ..., q i(|Qi|-1) }; without loss of generality, and only for the sake of simplifying the proof, its neighborhood can be assumed to have the form (-n, ..., n).

We follow the idea of Morita's construction in [START_REF] Morita | Universality of one-dimensional reversible and number-conserving cellular automata[END_REF], which is to duplicate each set of states Q i into two sets that we call here Ŝi ⊆ N ∪ {0} and Ši ⊆ N ∪ {0}, so that for each q ij there exist ŝij ∈ Ŝi and šij ∈ Ši satisfying that ŝij + šij is a constant that depends only on i. In order to compute this numbers we define two bijective funcions for each i: φi and φi , which also ensure that the ši and ŝi of different i are on different scales and can be added into a single number wihout losing information.

The k-th cell of a configuration is represented by two cells in the number conserving CA, indexed by 2k and 2k + 1. In this way, the sum of the 2k-th and 2k + 1-th cells in the representing configuration will be equal to a constant K, independent from the content of the original cell. Now we formally define all of the needed sets and functions, for each i ∈ {-n, .., n}:

-K -n-1 = 1, K i = i j=-n 2|Q j | -Ŝi = {kK i-1 : k = 0, ..., |Q i | -1} -Ši = {(k + |Q i |)K i-1 : k = 0, ..., |Q i | -1} -φi : Q i → Ŝi , φi (q ik ) = kK i-1 -φi : Q i → Ši , φi (q ik ) = (2|Q i | -k -1)K i-1 -Ŝ = n i=-n Ŝi , Š = n i=-n Ši -S i = Ŝi ∪ Ši , S = n i=-n S i -φ : Q → Ŝ, φ(a -n , ..., a n ) = n j=-n φj (a j ) -φ : Q → Š, φ(a -n , ..., a n ) = n j=-n φj (a j )
With these definitions it is easy to see that there are projections p i : S → S i such that for s ∈ S, s = n i=-n p i (s);

-|Q i | = | Ŝi | = | Ši | = |Si| 2 ; -∀i, ∀j, φi (q ij ) + φi (q ij ) = K i -K i-1 ; and -K n = |S|.
Each cell of P is transformed into two cells of the new automaton by an injective but not surjective function Ψ : Q Z → S Z , defined as follows.

Ψ (α) i = φ(α i/2 ) if i is even φ(α (i-1)/2 ) if i is odd
It is not difficult to define an F : S Z → S Z such that Ψ • F = F • Ψ over the set Ψ (Q Z ); however, we need it to be number-conserving and reversible over the whole set S Z . This will be done by considering a decomposition F = Āf • Ī (akin to that of Proposition 1) which makes the diagram below commute, and choosing Āf and Ī in a way that ensures reversibility and number conservation in each of them.

Q Z I (-n,..,n) ------------→ Q Z A f -------→ Q Z Ψ ↓ Ψ ↓ Ψ ↓ S Z Ī -----------→ S Z Āf -------→ S Z Ī : S Z → S Z is just the equivalent of I (-n,..,n) : Ī(α) i = n j=-n p j (α i+2j ).
When Ψ duplicates information into pairs of cells, we can distinguish between the left member (L) and the right member (R) of each pair, and moreover, these can be readily identified in configurations obtained through Ψ . In arbitrary configurations there can be wrong cells which are neither left nor right. Formally, given a configuration α ∈ S Z , we define L(α), R(α), W (α) ⊆ Z as follows:

i ∈ L(α) ⇔ ∀j ∈ {-n, .., n}, p j (α i ) ∈ Ŝj ∧ p j (α i ) + p j (α i+1 ) = K j -K j-1 , i ∈ R(α) ⇔ ∀j ∈ {-n, .., n}, p j (α i ) ∈ Šj ∧ p j (α i-1 ) + p j (α i ) = K j -K j-1 , i ∈ W (α) ⇔ i ∈ L(α) ∧ i ∈ R(α).
The function Āf : S Z → S Z is then defined by

Āf (α) i =    φ • f • φ-1 (α i ) if i ∈ L(α) φ • f • φ-1 (α i ) if i ∈ R(α) α i if i ∈ W (α)
Let us remark that Āf is not autarkic, but of radius 1, since the neighbors of a cell must be known in order to determine its class. It is clear that Ī is reversible and number-conserving. To show that Āf has the same properties, we need to follow Morita and prove first that it preserves the sets L, R and W .

To see this, first we notice that L and R cells come in pairs: if i ∈ L(α), then for every j we have p j (α i+1 ) = K j -K j-1 -p j (α i ) and p j (α i+1 ) ∈ Šj , and hence i + 1 ∈ R(α); the converse is analogous. Any configuration consists therefore of blocks of L-R pairs, possibly separated by cells in W . Moreover, when i ∈ L(α), we have φ-1 (α i ) = φ-1 (α i+1 ). Therefore, when Āf is applied,

f ( φ-1 (α i )) = f ( φ-1 (α i+1 )), Āf (α) i ∈ Ŝ and Āf (α) i+1 ∈ Š. This implies that p j ( Āf (α) i ) + p j ( Āf (α) i+1 ) = K j -K j-1
, for each j, and thus i ∈ L( Āf (α)) and i + 1 ∈ R( Āf (α)). In other words, pairs in α are still pairs in Āf (α), and neither cell can form a pair with a cell that was in W ; so, W is preserved too.

From this fact we can see that Āf is number-conserving, since cells in W are not modified and the sum of the pairs is constant, equal to |S| -1. Reversibility is deduced from this too, since a bijective function is applied to each cell. Its inverse is expressed as follows.

Āf -1 (α) i =    φ • f -1 • φ-1 (α i ) if i ∈ L(α) φ • f -1 • φ-1 (α i ) if i ∈ R(α) α i if i ∈ W (α)
We conclude that F = Āf • Ī is also reversible and number-conserving.

Since PCA are CA, the general definition of time symmetry applies to them: a PCA F is time-symmetric if there is an involution

H such that F •H = H •F -1 .
Notice, however, that H does not need to be a PCA; in fact, neither does F -1 . We introduce a more convenient restricted notion of time symmetry, which requires H to be a PCA with the same neighborhood of F . Definition 6. Given a reversible PCA P = (Z,

Q = Q n1 ×...×Q nm ,(n 1 , ..., n m ), f ) we say that it is intrinsically time-symmetric (ITS) if there exists a PCA H = (Z, Q = Q n1 × ... × Q nm , (n 1 , ..., n m ), h) such that H • F • H = F -1 ∧ H • H = Id.
Proposition 3. A PCA P is intrinsically time-symmetric if and only if its neighborhood (n 1 , ..., n m ) is symmetric, and there exists a family of functions

h i : Q i → Q -i such that -h j = h -1 m+1-j , and -h = (h 1 , ..., h m ) satisfies f • h = h • f -1 .
Proof. As a first and also main step, we will prove that a PCA H = (Z,

Q = Q n1 × ... × Q nm , (n 1 , ..., n m ), h
) is an involution if and only if its neighborhood is symmetric, the components h j of h = (h 1 , ..., h m ) depend only of their (m+1-j)th coordinate, and they verify h j = h -1 m+1-j . Suppose that H is an involution and let h j be the components of h, so that h = (h 1 , ..., h m ). Notice that, a priori, each h j is a function with the whole set Q as its domain. Let (g j : Q → Q j ) m j=1 be a family of functions such that h -1 = g = (g 1 , ..., g m ). Let H = A h • I be the decomposition of H as per Proposition 1; recall that here I = I (n1,...,nm) is a product of shifts. Since H is an involution we have

I • A h • I = A -1 h = A h -1 ∀i ∈ Z, (I • A h • I(α)) i = (g 1 (α i ), ..., g j (α i ), ..., g m (α i )) (h 1 (I(α) i+n1 ), ...h j (I(α) i+nj ), ...h m (I(α) i+nm )) = (g 1 (α i ), ..., g j (α i ), ..., g m (α i ))
We obtain that g j (α i ) = h j (I(α) i+nj ), for each j ∈ {1, ..., m}. However, if we consider the decomposition of α i as (α i (1), ..., α i (m)), what we actually have is g j (α i (1), ..., α i (k), ..., α i (m)) = h j (α i+nj +n1 (1), ..., α i+nj +n k (k), ..., α i+nj +nm (m))

These two maps are equal and they depend on different sets of variables. They are not constant (since the global function is bijective), and must therefore really depend only on the variables they have in common. There is at most one of these for each j, and requires that for some k we have n j + n k = 0. This implies that the neighborhood must be symmetric, g j = h j depends only on the (m+1-j)-th variable, and |Q j | = |Q m+1-j |. Now using that g = h -1 , we obtain that h -1 j = g m+1-j = h m+1-j . The converse is trivial: if h verifies the properties described above, it is easy to show that indeed h = h -1 , and H = H -1 .

The only part of the proposition which remains to be proved is the time symmetry relation verified at the local level. By using the decomposition of Proposition 1, let us write the global transition functions of the PCA P and of its PCA involution as F = A f • I (n1,...,nm) and H = A h • I (n1,...,nm) respectively. The time symmetry of F by way of H is equivalent to the next equations:

H • F • H = F -1 (A h • I) • (A f • I) • (A h • I) = I -1 • A -1 f (I • A h • I) • A f • (I • A h • I) = A -1 f A h • A f • A h = A -1 f = A f -1
Since A f , A f -1 and A h are autarkic, this last equation is equivalent to

h • f • h = f -1 .
It was shown in [START_REF] Gajardo | On time-symmetry in cellular automata[END_REF] that every reversible autarkic CA is time-symmetric, that is, for every bijective function f : Q → Q there exists some involution h :

Q → Q such that h•f •h = f -1
. Proposition 3 imposes additional conditions to h, which will not be always verified. Thus, not every reversible f defines an ITS PCA. For example, no involution

h on Q = {0, 1} × {0} × {0, 1} satisfies h • f • h = f -1
for the function f that traverses the cycle ((0, 0, 1)(1, 0, 0)(1, 0, 1)(0, 0, 0)). Proof. Let H be the involution that makes F time-symmetric; we can suppose without loss of generality that the neighborhood is {-n, ..., n}. The involution that will work for F acts just like H on S, ignoring whether the coordinates are in Ŝj or Šj . For this we define the signature of a number s ∈ S as the sets to which its projections belong, as follows.

C : S → {∧, ∨} {-n,...,n} C(s) = (c -n (s), ..., c n (s)) ∀j ∈ {-n, ..., n}, c j (s) = ∧ if p j (s) ∈ Ŝj ∨ if p j (s) ∈ Šj
For convenience we define S ∨ j = Šj , S ∧ j = Ŝj , φ ∨ j = φj and φ ∧ j = φj . Now Ãh is defined through the function h by using the functions φ c : Q → n j=-n S cj j , defined by φ c (q) = n j=-n φ cj j (q j ) to transform states to numbers with signature c and vice versa. We will use the notation ←c = (c n , .., c -n ).

Ãh : S

Z → S Z Ãh (α) i = φ ← --- C(αi) (h((φ C(αi) ) -1 (α i )))
Ãh is autarkic and it is an involution. Let us see that the associated automaton H = Ãh • Ī is also an involution, with I taken from Proposition 2.

( Ãh • Ī(α)) i = φ ← ------ C(I(αi)) h φ C(I(αi)) -1 I(α i ) = n j=-n φ c-j (I(αi)) j   h j   φ C(I(αi)) -1   n j=-n p j (α i+2j )       We use Proposition 3. = n j=-n φ c-j (αi-2j ) j h j φ c-j (αi-2j ) -1 -j (p -j (α i-2j ))
We apply Ī from the left.

Ī • Ãh • Ī (α) i = n j=-n p j Ãh • I(α) i+2j = n j=-n φ c-j (αi+2j-2j ) j h j φ c-j (αi+2j-2j ) -1 -j (p -j (α i+2j-2j )) = n j=-n φ c-j (αi) j h j φ c-j (αi) -1 -j (p -j (α i )) = n j=-n φ c-j (αi) j h j φ C(αi) -1 -j (α i ) = Ãh (α) i Now we just need to prove that H • F • H = F -1 .
As we saw in the proof of the previous proposition, all we need to show is that Ãh

• Āf • Ãh = ( Āf ) -1 .
We analyze by cases depending on the class of cell i, and using the fact that if s ∈ Ŝ (or Š) then φ C(s) (s) = φ(s) (φ C(s) (s) = φ(s)).

Case 1: i ∈ L(α).

Ãh • Āf • Ãh (α) i = φ • h • φ-1 • φ • f • φ-1 • φ • h • φ-1 (α i ) = φ • h • f • h • φ-1 (α i ) = φ • f -1 • φ-1 (α i ) = Āf -1 (α) i = Ā-1 f (α) i Case 2: i ∈ R(α). It is analogous to Case 1. Case 3: i ∈ W (α). We remark first that Ãh (α) i ∈ W . Thus Āf ( Ãh (α) i ) = Ãh (α) i . Since Ãh is autarkic, ( Ãh ( Āf ( Ãh (α)))) i = ( Ãh ( Ãh (α))) i = α i = ( Āf ) -1 (α) i .

Final remarks

The road described in Section 4 could have led to the corollaries of Section 3, provided that universal ITS PCA had been known to exist. Let us briefly discuss the situation for each kind of universality.

Is there an ITS Turing-universal PCA? Probably. In 1989 Morita and Harao [START_REF] Morita | Computation-universality of one-dimensional reversible (injective) cellular automata[END_REF] showed a way to simulate any given reversible Turing machine with a PCA of radius 1. We currently conjecture that the construction (perhaps with slight modifications) yields an ITS PCA whenever the Turing machine is itself "time-symmetric". Since there has been little discussion of time symmetry in Turing machines, the notion used in this case is the simple one given in [START_REF] Cassaigne | A Small Minimal Aperiodic Reversible Turing Machine[END_REF], where the involution consists of an autarkic CA involution on the tape, along with an independent permutation of the machine's state set. The Turing machine needs to be expressed in quadruples in order to give sense to this notion, since only in this case does its inverse transition function correspond to a Turing machine. With this definition, universal time-symmetric Turing machines do exist: following the technique of Kari and Ollinger [START_REF] Kari | Periodicity and immortality in reversible computing[END_REF], in order to obtain one, it is enough to join the inverse and the direct machine into one.

Is there an ITS intrinsically universal PCA? The intrinsically universal PCA built by Durand-Lose [START_REF] Durand-Lose | Intrinsic universality of a 1-dimensional reversible cellular automaton[END_REF] is not ITS, but we believe that it could be modified to make it comply. In any case, its construction is quite complex and requires many states. Even if the modification worked, the existence of a simple intrinsically universal ITS PCA (or indeed, time-symmetric CA) remains an open question.

Finally, please notice that Section 4 provides a path for the construction of time-symmetric CA (possibly with the added bonus of number conservation), of which there are not that many. Besides this, the alternatives previously known to us were 1) to find involutions and blindly compose them, or 2) to design reversible PCA with a prescribed behavior (something for which PCA are quite useful), turn it into a reversible CA, and convert this into a time-symmetric CA. The new option is to construct an ITS PCA and then use Proposition 2 to get a time-symmetric CA. The ITS PCA could be designed by hand, or we could construct reversible PCA and test for the existence of an appropriate involution using Proposition 3, which is an improvement with respect to the general 1D CA case, where time symmetry is conjectured to be undecidable.

Proposition 4 .

 4 If F is the transition function of an ITS PCA, then the numberconserving function F produced by Proposition 2 is time-symmetric.
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Appendix

Definition 7 (Equicontinuity). A CA with transition function F is equicontinous if for every N there exists M ∈ N such that α [-M,M ] = β [-M,M ] implies that for every t ∈ N,

It is known that a CA is equicontinous if and only if none of its configurations is N -sensitive, for any N ∈ N.

Proposition 5. A one way time-symmetric PCA must be equicontinuous.

Proof. Let us first remark that one way CA can be time-symmetric without being periodic, even if the inverse is also one way in the same direction; therefore, our proof strongly relies on the partitioned nature of the CA.

Let P be a time-symmetric PCA which is one way in the right direction, i.e. , its neighborhood (n 1 , .., n m ) contains only non-negative coordinates, with n m being the biggest one.

Remark 5. A particular feature of reversible PCA is that when computing the preimage of a configuration, the content of a given cell determines, without ambiguity, part of the contents of the m cells in its neighborhood. Which conversely implies that if one cell i is perturbated, at least one cell in {i -n 1 , .., i -n m } will 'see' the difference in the next iteration of P .

Let us suppose that P is time-symmetric with an involution H of radius r, and that it is not equicontinuous. Let α be an N -sensitive configuration, and β a configuration given by the definition for M = N + 2r. Furthermore, let t be the least one for which

. Since P is one way, we can assure that the difference between these two last configurations lies between N -n m and N . Moreover, we can assume that α [-∞,M ] = β [-∞,M ] , because differences to the left of -M will not perturbate cells in [-N, N ].

From time symmetry, we have that

and using Remark 5, we obtain that which is a contradiction.