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Recent results for column generation based diving heuristics

Assume a bounded integer program with decomposable structure:

[P] ≡ min c x :

A y ≥ a y = k ∈K x k x k ∈ X k = { B k x k ≥ b k x k ∈ N n(k ) }, ∀k ∈ K Assume that subproblems [SP] k ≡ min{c x k : x k ∈ X k } (1)
are "relatively easy" to solve compared to problem [P]. Then,

X k = {z q } q∈Q(k ) conv(X k ) = x k ∈ R n(k ) + : q∈Q(k ) z q λ q , q∈Q(k ) λ q = 1, λ q ≥ 0 q ∈ Q(k )
The Branch-and-Price approach (2)

Reformulation as the master program (Dantzig-Wolfe reformulation):

[M] ≡ min

k ∈K q∈Q(k ) (cz q ) λ k q : k ∈K q∈Q(k ) (Az q )λ k q ≥ a q∈Q(k ) λ k q = 1, ∀k ∈ K λ k q ∈ {0, 1}, k ∈ K, q ∈ Q(k ).
Aggregation of identical blocks in K:

[AM] ≡ min q∈Q (cz q ) λ q : q∈Q (Az q )λ q ≥ a q∈Q λ q = K , λ q ∈ N, q ∈ Q.
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Rounding heuristics in λ var space Rounding a variable λ q → new dual variable Adding upper bound λ q ≤ u q : If dual variable is ignored, λ q might be wrongly regenerated as best.

If enforced, significant modifications to pricing.

Adding lower bound λ q ≥ l q : If ignored, λ q 's reduced cost is overestimated, hence not regenerated Adapted to Column Generation: if one only uses λ q ≥ l q

Remark

Fixing λ q ← λq as a partial solution is equivalent to setting a lower bound on λ q

Diving heuristics in λ var space

The residual master problem may become infeasible after rounding, as the partial solution may not satisfy the master constraints;

the partial solution may not be completed with columns generated so far.

Solution 1

One should work with proper columns, i.e. columns that could take a non-zero value in a master integer solution (may be harder to price such columns).

Solution 2

Diving, i.e. further column generation after rounding is a generic way to restore feasibility, i.e. to generate "missing" complementary columns.

Pure Diving [START_REF] Harvey | Limited discrepancy search[END_REF])

MaxDiscrepancy = 2, MaxDepth = 3
At each node, we have a tabu list of columns forbidden to be added to the partial solution. Tour Scheduling: Description A tour scheduling problem 1. Needs: to perform at best a limited list of activities (workload) during a planning horizon (a week).

2. Human Ressources: list of employees with skills, individualised contract and personal preferences/obligations.

Main objective [START_REF] Chan | La planification du personnel: acteurs, actions et termes multiples pour une planification opérationnelle des personnes[END_REF] To design a JuSTE planning: Juridical, Social, Technical, Economical.

→ feasibility and optimisation problem.

Daily workload for a production activity (time period = 15 min) Piecewise linear cost function for each period -production activity 
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[START_REF] Danna | Exploring relaxation induced neighborhoods to improve MIP solutions[END_REF].

Optimum

Diving for feasibility

We are doing backtracking in diving until a feasible solution is found, corresponds to Diving with LDS with parameters MaxDiscrepancy = 1, MaxDepth = ∞

Strong Diving

The candidate columns for selection are evaluated (as in strong branching). We choose a candidate which deteriorates the least the column generation bound.

Diving with sub-MIPing

Run Diving

Run Restricted Master Heuristic with all columns generated during diving A variant with "local branching" [START_REF] Fischetti | Local branching[END_REF] The following constraint is added to the restricted master: