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Plea for a semidefinite optimization solver in complex numbers

J. Ch. GiLBERT T and C. Josz#
December 27, 2016

Numerical optimization in complex numbers has drawn much less attention than in real
numbers. A widespread opinion is that, since a complex number is a pair of real numbers,
the best strategy to solve a complex optimization problem is to transform it into real numbers
and to solve the latter by a real number solver. This paper defends another point of view and
presents three arguments to convince the reader that skipping the transformation phase and
using a complex number algorithm, if any, can be much more efficient. This is demonstrated
for the particular case of a semidefinite optimization problem solved by a feasible predictor-
corrector primal-dual interior-point method. In that case, the complex number formulation
has the advantage of (i) having a smaller memory storage, (i) having a faster iteration, and
(i41) requiring less iterations. The computing time saving is rooted in the fact that some
operations (like the matrix-matrix product) are much faster for complex operands than for
their double size real counterparts, so that the conclusions of this paper could be valid for
other problems in which these operations count a great deal in the computing time. The
iteration saving has its origin in the smaller (though complex) dimension of the problem in
complex numbers.

Keywords: Complex numbers, convergence, optimal power flow, predictor-corrector interior-
point algorithm, R-linear and C-linear systems of equations, semidefinite optimization.
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1 Introduction

Numerical linear algebra in complex numbers has drawn much less attention than in real numbers.
For example, the two reference books, those by Golub and Van Loan [9] and by Higham [10], do
not even quote the notion of Hermitian matrices in their respective index and discuss very little
the numerical methods for complex matrices. The same observation can be made for numerical
optimization in complex numbers (see the recent contributions [8, 36, 32, 37, 35, 15, 11] and the
references therein for some exceptions). Actually, it is not uncommon to encounter computer
scientists asserting that, since a complex number can be viewed as a pair of real numbers, the
best strategy to solve a complex number problem is to transform it into real numbers and to
run real number algorithms to solve the resulting problem; working directly in complex numbers
would therefore be useless folklore. This paper defends another point of view and presents
several arguments to convince the reader that developing algorithms in complex numbers can
sometimes yield methods that are significantly faster than solving their transformed real number
counterpart. This claim is often true when the computation involves matrices, which, in the real
number version, have their size twice as large as in the complex formulation.

This paper is not at such a high level of generality but demonstrates that a semidefinite
optimization (SDO) problem, naturally or possibly defined in complex numbers, should most
often also be solved by an SDO solver in complex numbers, if computing time prevails. We
are even more specific, since this viewpoint is only theoretically and numerically validated for
a primal-dual path-following interior-point algorithm, starting sufficiently close to the central
path, whose iteration is a predictor-corrector step based on the Nesterov-Todd direction, and
that uses a direct linear system solver; in that case, the speedup is approximately two. Such a
claim in such a restrictive domain may sound of marginal relevance, but this acceleration should
be observed in many other algorithms, provided some distinctive basic operations (such as those
listed in section 5.4) form the bottleneck of the considered numerical method. In the case of
the above described interior-point method, the most expensive and frequent basic operation for
large problems is the product of matrices. Since, on paper, a speedup of two is reachable for
this operation, this benefit naturally and approximately extends to the whole algorithm when it
solves sufficiently large problems. This is a “theoretical” claim, based on the evaluation of the
number of elementary operations. In practice, the block structure of the memory, the multiple
cores of a particular machine, and the decisions taken by the compiler or interpreter may modify,
up or down, this speedup estimation. It is therefore necessary to validate this one experimentally.
We have done so thanks to a home-made Matlab implementation of the above sketched interior-
point algorithm for real/complex SDO problems; the piece of software Sdolab. A comparison
with SeDuMi 1.3 is also presented and discussed.

This work has its source in and is motivated by our experience [14, 12| with the alternat-
ing current optimal power flow (OPF) problem, which is naturally defined in complex num-
bers [3, 2, 1]. One of the emblematic instance of the OPF problem consists in minimizing the
Joule heating losses in a transmission electricity network, while satisfying the electricity demand
by determining appropriately the active powers of the generators installed at given buses (or
nodes) of the network. Structurally, one can view the problem as (or reduce to) a nonconvex
quadratic optimization problem with nonconvex quadratic constraints in complex numbers [13;
§6]. Recalling that any polynomial optimization problem can be written that way [30, 31, 5],
one understands the potential difficulty of such a problem, which is actually NP-hard. In prac-
tice, approximate solutions can be obtained by taking the Shor/Lagrangian relaxation of the
problem [30, 25, 19, 20, 21] or more and more precise approximate solutions can be computed
by memory-greedy moment-sos relaxations [27, 17, 18, 14, 24|, as long as the computer accepts
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the resulting increase in the relaxed problem dimensions. These relaxations may be written
like SDO problems in real or complex numbers. Some advantages of the latter formalism have
been identified in [15]. As the present paper demonstrates it, having an efficient SDO solver in
complex numbers would still increase the appeal of the formulation of the relaxations in complex
number.

In the SDO context, the benefit of dealing directly with complex data, instead of transforming
the SDO problem into real numbers, was already observed in [33; section 25.3.8.3] (see also the
draft [34; section 3.5]), but the present paper considers complex SDO models that are more
general and goes further in the analysis of the problem. The primal SDO model in [33]| has
constraints of the form (Ay, X) = by, where the data Ay and the unknown X are Hermitian
matrices, (-,-) is the standard scalar product on the vector space of Hermitian matrices, and the
given scalar by, is therefore a real number. In the model of this paper, which occurs in the OPF
problem briefly described above, X is still searched as a positive semidefinite Hermitian matrix,
but A may be an arbitrary complex square matrix (hence by is now a complex number). Of
course, as we shall see in section 4.2.1, one can transform the latter model into the former, but
an SDO solver runs faster if this transformation is not made.

The benefits of solving an SDO problem in complex numbers with a complex interior-point
SDO solver instead of its real number analogue can be summarized in three points:

o the approach requires less memory storage (since the matrices have smaller order, see obser-
vation 4.4),

o the presented predictor-corrector interior-point solver requires less iterations (observation 5.2),

« each iteration is approximately twice faster in complex numbers (see section 5.4).

These findings alone are sufficient to wish more effort on the development of SDO solvers in
complex numbers, which justifies the title of this paper. On the other hand, since it is shown
below that the feasible and solution sets are nonempty and bounded simultaneously in the real
and complex formulations, there is no clear advantage in using the real or complex formulation
of the SDO problem with respect to the well-posedness of a primal, dual, or primal-dual interior-
point method (observation 4.10).

The paper is organized as follows. In section 2, we recall some basic concepts in complex
analysis. Section 3 presents a rather general form of the complex SDO problem and the way a dual
problem can be obtained by Lagrangian duality. Section 4 describes in details how the complex
primal and dual SDO problems can be transformed into SDO problems in real numbers, using
vector space isometries and ring homomorphisms. Various properties linking the complex SDO
problem and its real counterpart are established; in particular, it is shown that both problems
have their feasible and solution sets simultaneously bounded. Section 5 deals with algorithmic
issues. The predictor-corrector algorithm for solving the complex SDO problem is introduced
and it is shown that the generated iterates are not in correspondence with those generated by
the same algorithm on the corresponding real version of the problem. In passing, an argument
is given to show why the algorithm should require less iterations to converge when it solves the
problem in complex number rather than the problem in real numbers. The computation of the
complex NT direction is described with some details and it is shown that this computation is well
defined under a regularity assumption (the surjectivity of the linear map used to define the affine
constraint). This long section ends with a theoretical comparison of the computation efforts of
some key operations occurring in complex and real numbers, which explains why an iteration of
the complex predictor-corrector algorithm runs faster than in its real twin.



2 Fragments of complex analysis

2.1 Complex numbers and vectors

We denote by R the set of real numbers and by C the set of complex numbers. The pure
imaginary number is written i:=\/=1. The real part of a complex number z is denoted by R(z)
and its imaginary part by J(x); hence x = R(x) +iJ(z). The conjugate of x is denoted by
7= R(x) - iJ(x) and its modulus by |z| = (Tz)Y? = (R(x)? +I(z)?)/? e R.

We denote by C™ the C-vector space (hence with scalars in C) formed of the m-uples of
complex numbers (sometimes considered as an m x 1 matrix) and by Cg the R-vector space
(hence with scalars in R) formed of the same vectors. Recall that the dimension of the C-vector
space C™ is m, while the dimension of the R-vector space Cg' is 2m. The space Cg' is useful,
since the primal SDO problem (section 3.1) is defined with an R-linear map (i.e., a map that is
linear when the scalars are taken in R) whose values are complex vectors. We endow Cg' with
the scalar product (-, ')Cg :Cg x CF = R, defined at (u,v) € Cg' x Cg' by

(u,v)ep = R(uv) =R (iﬂzvz) = R(u)"RW) +I(u) T I(v). (2.1)

This choice of scalar product will have a direct impact on the form of the adjoint of an operator
with values in Cg' (see section 3.2.2).

2.2 General complex matrices

The set of real mxn matrices is denoted by R”™ and the set of complex mxn matrices by C™*™.
We denote by AT the transpose of a matrix A ¢ C™" (i.e., (AT)U = Aji), by A its conjugate
(i.e., (Z)U = A_U), and by A" := (Z)T its conjugate transpose.

We assume that C"™*" is equipped with the Hermitian scalar product

('7 ')men : (A, B) € (cmxn X (cmXTL (g <A, B)(men =tr AHB € (C, (22)

making C"™" a Hermitian vector space. As any Hermitian scalar product, this one is left-
sesquilinear, implying that for a € C: (A,aB) = a(A, B), while («A, B) = @(A, B). The associ-
ated norm is the Frobenius norm |- |p: A e C™" » | A|F, where

1/2
1/2
[Alr = (A, A)en = (tr A 4) :(Z|Aij|2) :
ij

The Hermitian scalar product (2.2) has the following properties: for A and B € C"™*" there hold

(B, A)gmen = (A, B)gmen = (AH, BM)cnxm. (2.3)

2.3 Hermitian matrices

A matrix A € C™" is Hermitian if A™ = A. The set of complex Hermitian matrices is denoted by
‘H"™, while the set of real symmetric matrices is denoted by 8™ and the set of real skew symmetric
matrices by Z". We also denote by S} (resp. S7,) the cone of 8™ formed of the positive
semidefinite (resp. definite) matrices. For a Hermitian matrix A € H", there hold R(A) ¢ S”
and J(A) € Z". The set H" is an R-vector space but not a C-linear space, since the identity
matrix I is Hermitian but not il (this observation will have some consequences below and it



already implies that all the notions of convex analysis are naturally well defined in H"). The
trace tr AB = ¥, A;j B;;j of two Hermitian matrices A and B is a real number and the map

(v )un (A, B) e H" xH" — (A, B)yn :=tr ABeR (2.4)

is a scalar product, making H" a Euclidean space.
If AeH" and v € C", then v" Av is a real number (since its conjugate transpose does not
change its value). Therefore, for A € H", it makes sense to say that

A is positive semidefinite (notation A > 0) — WHAv>0, vYoeCm,
A is positive definite (notation A > 0) — oHAv >0, VoeC™{0}.
The set of positive semidefinite (resp. definite) Hermitian matrices is denoted by H? (resp. H',).
The set H? is a closed convex cone of H"; it is also self-dual, meaning that its dual cone
(H)" ={KeH":(K,H) >0 for all H e H"} is equal to itself: (H")* =H".

A matrix A is said to be skew-Hermitian if A" = —A. Any matrix A € C™™ can be uniquely
written as the sum of a Hermitian matrix H(A) and a skew-Hermitian matrix Z(A):

A=H(A)+Z(A), where H(A) = %(A + AM) and 2(A) := %(A - AM). (2.5)

One can therefore write

A= H(A) -1 (i2(4)), (2.6)

in which iZ(A) is also Hermitian. Using this identity and the sesquilinearity of the scalar product
(+,)gnxn, one gets for A € C™™ and X € H™:

<A, X)(Cnxn = (j‘f(A), X)’Hn +i (lZ(A), X)H” s (27)

real number real number

which provides the decomposition of the complex number (A, X)cnxn in its real and imaginary
parts.

3 The complex SDO problem

Some semidefinite optimization (SDO) problems like the OPF problem [3, 2, 1] are naturally
defined in complex numbers, since they deal with the optimization of systems that are more
conveniently described in complex numbers. This section introduces the complex (number) SDO
problem in a rather general form (section 3.1), as well as its Lagrangian dual (section 3.2), and
presents the various forms that can take a standard regularity assumption (proposition 3.2).

3.1 Primal problem

The primal form of the SDO problem consists in finding a Hermitian matrix X € H" minimizing a
linear function on a set that is the intersection of the cone H? of positive semidefinite Hermitian
matrices and an affine subspace. It can therefore be written

ian <C,X)'Hn
(P) { AX)=b (3.1)
X >0,



where C € H", A is an R-linear map defined on H"™ with values in
F:=F,xF,, where [, := R™ and F. := Cg*, (3.2)

and b € F. Since (C, X )y~ is a real number, the problem has a single objective (to put it another
way, the real-valued objective, which is linear on H", is represented by the matrix C' € H™). The
linear map A cannot be C-linear since ‘H" is only an R-linear space. Hence its arrival space F
must also be considered as an R-linear space, which is the reason why the complex space Cg*
defined in section 2.1 appears in the product space F. The space F, := R™" is introduced to
reflect the fact that some constraints are naturally expressed in real numbers. Of course a real
number is just a particular complex number, so that one could have get rid of F,., but then the
surjectivity assumption considered as regularity assumption below (see proposition 3.2) could
not be satisfied.

The feasible set of problem (P) is denoted by Fp, its solution set by Sp, and its optimal
value by val(P). We make the notation shorter by introducing the index sets

K, = [1:mr] and K. := [mr+1:mr+m0]7

so that b € F can be decomposed in (bg,,bk,) with bg, € F, and bg, € F.. We also introduce the
partial R-linear maps

(A =m0 A): H" > F,, and (Ac=me0A): H" > F,, (3.3)
where 7, and 7, are the canonical projectors m, : b = (bg,,bx.) € F — b, € F. and 7. : b =
(bKT-abKC) eF - ch € Fc.

By the Riesz-Fréchet representation theorem, for k € K, the R-linear map X € H"
[A(X)]x € R can be represented by a Hermitian matrix, say Ay € H", in the sense that

VX e M [AX)]k = (A, X)pn.

Similarly, for k € K., the R-linear maps X € H" » R([A(X)]x) e R and X e H" —» J([A(X)]x) €
R can be represented by Hermitian matrices, say H; and H}c e H™

VX eH": RLAX)) = (Hy, X)pn and I([AX)]e) = (Hi, Xy

Hence
VX € Hn : [A(X)]k = <H£7X>C7LX7L +i<H]i7X>(C7L><7L = (H]:; —iH]i’X>(Cn><n,

Let us introduce Ay = Hj - iH,i e C™™, Although Aj is formed from the Hermitian matri-
ces H; and H]i, the decomposition (2.6) shows that it has no particular structure, so that Ay
is an arbitrary n x n complex matrix. In conclusion, we have shown that A has the following
representation

| (Ag, X)n for ke K,
[A(X)]k - { <Ak7X)(Cnxn fOI' k € KC7

where A € H™ when k € K, and A, € C"™" when k € K.

(3.4)

3.2 Lagrangian duality
3.2.1 Dual problem

The Lagrange dual of the complex SDO problem (P) in (3.1) can be obtained like in real numbers.
Let (-,-)g be a scalar product on F (see below). Then problem (P) can be written

inf sup (C, X)zn — (y, A(X) - b)r.
X320 yeF



Therefore, its Lagrange dual is the problem

sup inf (C, X)yn — (y, A(X) - b)p = sup ((b,y)F + inf (C - A*(y),X)Hn) .
yeF X>0 yeF X>0

Now, using the self-duality of H?, one gets

0 it C-A*(y) =0,

inf .
X>0 —oo otherwise.

<C—A%w;mﬂn={

Therefore, the Lagrange dual of (P) is the following problem in (y,S) € F x H™:

A +S=C (3.5)

sup(y,s) (0, y)¥
(D)
S>0.

The structure of (D) is similar to the Lagrange dual obtained in the real formulation of the SDO
problem.

The feasible set of problem (D) is denoted by Fp, its solution set by Sp, and its optimal
value by val(D).

3.2.2 Adjoint

To write a more specific version of the dual problem (3.5), one using the representation matrices
Ay of A given by (3.4), one must explicit how the adjoint operator A* : F - H" of A: H" - F
appearing in (D) can expressed in terms of these matrices Aj. This adjoint depends on the scalar
product equipping F. We take the standard scalar product of the Cartesian product F = F, x F,
namely

(,)r < (a,b) €F? = (a,b)p = (ax,,ak, v, + {ak., ax.)¥., (3.6)

where a = (ag,,ak.), b = (bk,,bxk.), (*,")r, is the Euclidean scalar product of F, := R™" and
(-,)r, is the scalar product of F, := Cg* defined in (2.1).

We denote by A7 : F; - H", for i € {r,c}, the adjoint map of the R-linear map A; : H" - F;
defined in (3.3).

Proposition 3.1 (adjoint of A) Suppose that A: H" - F is defined by (3.4) and that F
is equipped with the scalar product (3.6). Then, for y = (yk,,yrk,.) € Fr xF. =T, there holds:

A (y) = Ai(yk, ) + Ac(Yk.), (3.7a)
where
A (yx,) = Y kA, (3.7b)
keK,

.AZ(Z/KC) = f}f( Z ylAl) = % Z (ylAl +ylA;—|) (370)

leK. leK,
= > Ry)HA) + Y I(y)(2(4)). (3.7d)

leK. leK,.




Proor. Take any y = (yk,,yk,) € Fr xF.=F and X € H". Formula (3.7a) follows from

(A% (1), X)an

(y, A(X))p  [definition of A*]
(yre, s Ar(X))e, + (Y, Ac(X))r, [(3.6) and (3.3)]
(A (v, ), X)an + (AL (YK ), X )an

To get (3.7b), just write

(A7 (yrc, ), X )w

(yk,, Ar(X))p, [definition of A]
Ykek, Yk [A(X) ]k [Euclidean scalar product on F,]

ek, Yl Ak, X)pn [(3.4)]
(XCker, UnAr, X)pn.

The first identity in (3.7¢c) is obtained by

(Az(yr.), X )

(yr., Ac( X)), [definition of A ]
= R, BAX)])  [(21)]

= R(Ziex. Ti{An, X)enn)  [(3.4)]

= R((Zier. yAL X)enn ) [(22)]

= (H(Zier, wAD, X)nr [(2.7)].

The second identity in (3.7c) now comes from the definition (2.5) of the H operator. Finally,
(3.7d) follows immediately from the last expression in (3.7¢). O

The surjectivity of the linear map A is a standard regularity assumption of a real SDO
problem. The same assumption intervenes several times below. The next proposition makes
explicit what this means in terms of the matrices Ay introduced by (3.4). In this proposition
and below, for K; being R or C, we say that a set of complex matrices {Aq, ..., A} is Ky x---xK,,-
linearly independent if any a € Ky x---xK,,, satisfying >, o; A; = 0 vanishes. Of course, matrices
that are K; x --- x K;,,-linearly independent are also K x --- x K] -linearly independent if K] c K;
for all 7 € [1:m] (in particular, the C™-linear independence implies the R™-linear independence).

Proposition 3.2 (surjectivity of A) The following properties are equivalent:
(i) the R-linear operator A:H" - T is surjective,
(i) any y € F satisfying Yrex, YuAr + H(Xiex, yiAr) = 0 vanishes,
(i33) {Ag}rer, U { A1} ier, U {AN }iere, are (R™ x C?™<)-linearly independent,
(i) {Ag}rer, U{H(A) her, U {iZ(A) ek, are R™ 27 linearly independent.

PROOF. [(i) <> (ii)] The surjectivity of the R-linear map A is equivalent to the injectivity of its
adjoint A*, which by (3.7b) and (3.7¢) is equivalent to (i7).

[(i7) < (i19)| Since the condition Y i, yuAr + H(Xiex, viAr) = 0 reads Ypek, (2uyr) Ak +
Yier, YA+ Yiek, @lA;" =0, it is clear the (iii) = (ii). Let us now show the converse, assuming
that (é¢) holds and that

S oydp+ Y wA+ >y Al =0, (3.8)
keK, leK, leK,



for some (yKT,ch,y}{C) e R™ x C™e x C™e. Taking the conjugate transpose and adding, one
gets

> (Qyr) Ak + 3 ((yl +y)) A+ (u +y_l’)A}*) =0.
keKy leK,

By (i), yk, =0 and yx, +y’—Kc =0. Then (3.8) yields

ze;c(ylAl —@Ar) =0.

Multiplying by i, one gets

> (G A+ G Af') = 0.
leK,
By (i) again, yx, = 0. Hence yj =0 and y = 0.
[(i1) < (iv)] By (3.7d), the condition A*(y) = Yrex, YAk +IH(Xick, YiAr) = 0 can be written

Y ukAr+ Y Ry HA) + Y I(y)(i2(4)) = 0.
keK, leK, leK,

Since R(y;) and J(y;) are arbitrary real numbers, the equivalence follows. O

Remarks 3.3 1) The surjectivity of A implies a constraint on the number of affine constraints:
since the R-dimension of H" is n + 2((n - 1)n/2) = n? (n real numbers on the diagonal and
(n=1)n/2 complex numbers on the strictly lower triangular part) and the one of F is m,. +2m,.,
there must hold

my +2me < n2. (3.9)

2) Property (iv) is equivalent to saying that the constraint matrices of problem (4.9) below,
obtained by transforming the constraints of problem (3.1) into real valued constraints are R-
linearly independent. Equivalently, the operator A is surjective if and only if the operator A
defined in (4.15) below is surjective. O

4 Complex and real SDO formulations

Since a complex number is a pair of real numbers, the complex SDO problem (3.1) can certainly
be transformed into real SDO problem. One of the goals of this paper is to compare the complex
and real number SDO formulations and to highlight the advantages of the former when the
problem is naturally raised in complex numbers. Before showing this, we have to be precise on
the way such a complex number SDO problem is transformed into real numbers. This subject is
examined in this section. Section 4.1 presents the operators that make possible to switch between
the two formulations, as well as some of their properties. Section 4.2 provides one possible way of
transforming the complex SDO problem into real numbers and presents a few properties linking
the two formulations.



4.1 Switching between complex and real formulations

The transformation of the complex SDO problem of section 3.1 into a real SDO problem in
section 4.2 is better done using operators establishing a correspondence between complex ob-
jects (vector and matrices) and their real counterparts. This section introduces these operators.
These have the remarkable properties of being isometries or homomorphisms. The isometries
of section 4.1.1 are more natural for transforming the complex SDO problem into real numbers
and, as a result, for making correspondences between the feasible and solution sets, as well as the
optimal values, which are identical. The homomorphisms of section 4.1.2 are more appropriate
for establishing comparisons between the complex objects generated by the interior-point solvers
in the complex and real spaces, presented in section 5.

4.1.1 Vector space isometries

One of the first questions that should be examined deals with the appropriate way of transforming
into real numbers the condition M > 0 appearing in (3.1) for a Hermitian matrix M € ‘H". This
condition can be written vHMwv > 0 for all v e C" or

(R(v) -i13(0))(R(M) +13(M))(R(v) +i3(v)) 20,  for all ve C™ (4.1)

Without surprise, this suggests us to transform a complex vector v € C™ into a real vector
(MR(v),TI(v)) made of its real and imaginary parts. The associated transformation operator is
dep Cg — R?" defined at v € Cg by

330 - (3007).

We prefer defining HCﬁ on Cp instead of C" since it is an R-linear map and, with the scalar

product (2.1) on Cg and the Euclidean scalar product on R?", H%L is an isometry:
Vo,weCgr:  (Iep(v),dcp (w))ren = (v, w)cp.

Note that, if the size of 3% (v) € R®™ is twice that of v € CRg, the storage of these two vectors
requires the same amount of memory.
A straightforward computation shows that (4.1) can be written

dcp (v)" (9;((]]\\44)) _;((J\]é))) Hcﬁ(v) >0, for all v e C™.

It is therefore natural [33, 15] to introduce as matrix transformation operator the R-linear map

Jomen : C™ 7 > REM*E1) defined at M € C™*™ by

1 (R(M) -3(M)
3@,LX7L(M)_7§(3(M) m(M))‘

Here and below, the index of the various operators J refers to its starting space. The presence
of the factor 1/ V2 is motivated by the fact that Jomxn satisfies then the isometric-like identity

A M, N e Cmxn . (H(C'mxn (M), H(men (N))R(2m)x(2n) = m((M, N)(men ),
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where we have used the standard scalar product (A, B)gmsn = tr AT B on R™". Note also that
VM e C™™: Jenm (MNP = Jomeon (M)T. (4.2)

We see that the restriction of Jemxn to H™ has values in 2, since R(M) € S™ and J(M) € Z"
when M e H"™. This restriction is denoted by Jyn : H™ - S?". It satisfies the isometry property

VM,NeH": (Fpn (M), d3n (N )) s2n = (M, N ), (4.3)
which shows that the adjoint 3;{" of Jyn is a left inverse of Jyn:

In particular, Jy=» is injective. It is routing computation to verify that

g St Si2
'\ Sa1 Sao \/_ \/_

in which we have assumed that Si1, Sog € S™ and SL = So1.

(S11+ S22) + —= (521 - S12), (4.5)

4.1.2 Ring homomorphism
As observed in [15], the operator Jomxn = /2 Jemen having at M € C™™ the value

A R(M) —~3(M)
Jemen (M) = (3(M> m<M>)

is a ring homomorphism, since it satisfies Jemsn (M1 +Ma) = Jemen (My)+dcmn (Ma), Jenn (1) = 1,
and the property in point 1 of the next proposition. This last powerful property and its conse-
quences will allow us to compare the interior-point algorithms in the complex and real spaces.
We give its five line proof, to be comprehensive and because it plays a crucial role in the sequel.

Proposition 4.1 (ﬁcmm is a ring homomorphlsm) 1) For any M € C™" and N €
C™P, there holds 3Cm><p(MN) 3men(M) H(CnXp(N)
2) If M « (C”X” is nonsingular, then Jenan (M) is nonsingular and Jomo (M™Y) =

PROOF. 1) Let M = M, +iM; and N = N, +1N;, with M, and M; e R™" and N, and N; e R™P.
There holds M N = (M, N, — M;N;) +i(M;N; + M;N;) and therefore

MrNi +M1Nr MrNr —MiNi

- M. N, - M;N; —M;N;—- M;N,
dcmer (MN) = ( )

which has the same value as

q 1 Mr _Mi Nr _Ni MrNr_MiNi _MrNi_MiNr
oo ) ) )

Mi Mr Ni ]Vr MrNi + MiNr MrNr - MiNi

2) Applying point 1 to the identity MM = I yields j(cnxn(M) j(cnxn (M~1) = Iy, hence the
result. O
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Note that R
Hcﬁ(v) = H(Cnxl (’U) 61, (4.6)

where e! := (1 0)T is the first basis vector of R?. Therefore, for M € C™" and v € C™:
(C"”(M'U) ( (men(M))( (C"(U))7 (47)

since by (4.6) and point 1 of the previous proposition, there holds Jep (Mv) = Jema (Mv) el
= H(men(M)g(Cnxl (v) 61 = 3men(M)3C]ﬁ (v)

Proposition 4.2 (ﬁﬂn on a psd matrix) Let M € H". Then
1) M >0 if and only if éw (M) =0, or equivalently ﬁyn (H?) =S n R(ﬁyn),
2) M >0 if and only if Jun (M) >0, or equivalently Jpn (HY,) = ST A R(Jpn),
3) if M >0, then Jpn (MY?) = Joyn (M)l/2

PROOF. Using point 1 of proposition 4.1, as well as (4.2) and (4.6), we have for a vector v € C™:
HMe = (eY) e (v Mw)el
= (€N dena (©)T Jgn (M) Jone (v)er
Jez (V)" Fun (M) dcz (v).

Since gc]g (v) can represent an arbitrary vector in R?", and v # 0 if and only if 3% (v) # 0, the
first parts of points 1 and 2 follow.

The second parts of points 1 and 2 follow directly from the first parts. The equivalence of
the two parts also results from the injectivity of an

Consider point 3. If M > 0, it has a unique positive semi-definite square root in HZ} [9;
§4.2.10], denoted M2 >0, and Jun (M'?) > 0 by point 2. Furthermore

Jrn (M) Jon (MM?) = Jgn (M),

point 1 of proposition 4.1. Hence j’Hn(Ml/z) = Jgn (M)Y? (uniqueness of the square root in S2").
O

Proposition 4.3 (J%,,. on a psd matrix) ﬁ;_[n (8?2") = H" and g;_tn(Sf’}) =HT,

PROOF. Consider the first identity. [c] Let M e 82" and v € C". First observe that with
vy := R(v) and v; = J(v), one gets

T T
vrvT + ViV vrviT - vivrT Ur | [ Vr Vi) (U
Jyn (v0™) = T T = + :
vlv - Vv VrUp + Vil Vi ) \ i Ur Uy

W35 (M)v = (34 (M), 00™) = (M, F3gn (v0™)) = den (v) "M Icn (v) + den (iv) " Men (iv),

Therefore

which is nonnegative. Hence ﬁ;ln (M) e H™.
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[5] Let M e H?. Since M = g5, dun(M) by (4.4) and Jyn (M) € S?™ by point 1 of proposi-
tion 4.2, it follows that M € 3, (S") = g;_w(&%”).
The second identity can be proven similarly. O

Note that j;;n(M) > 0 with M e 8" does not imply that M > 0. As counter-example with
n =1, observe using (4.5) that j;’_w(M) =2 > 0 for the matrix

M:(; f)*o.

4.2 Transformation into real numbers
4.2.1 Transformation of the primal problem into real numbers

Let us consider first the transformation of the primal problem (3.1) into real numbers. The
complex constraints of this problem, those with index k in K., can be transformed into real
constraints by using (2.7). This yields the following equivalent problem

inf <C,X>Hn
(Ak,X)'Hn Zbk, VkEKT»
(P (H(Ak), X)pn = R(bg), VkeK, (4.8)
(iZ(Ak),X)Hn ZJ(bk), VkGKC
X =0

Since one can transform complex constraints into real ones, one can wonder whether it is
useful to make more effort to deal with additional complex constraints (we have already said at
the end of the paragraph containing (3.2) why it is not appropriate to discard the real affine
constraints).

Problem (4.8) is still expressed in complex numbers, since C, Ay, H(Ag), iZ(Ax), and X are
complex Hermitian matrices. Using the isometry property (4.3), it looks natural to take as real
number version of the primal problem, the following problem in X € §2:

inf <3’Hn(C)~,X)32n
<HH"(AI€)7X>S2" =by, VkekK,

(@3 (H(AR)), X)g2n = R(br), VkeK, (4.9)
(?7‘[”(12'(1419))7X>S2" = j(bk)a VEke Kc
X =0,

where X plays the role of Jdxn (X)) but, as we shall see in proposition 4.5, is not guaranteed to
have that value. Instead of using the isomorphism Jyn» of section 4.1.1, one could have used the
ring homomorphism j’Hn of section 4.1.2, but with the additional factor 2 in the right-hand side
of the affine constraints.

Observation 4.4 The first advantage of dealing directly with the complex SDO problem (3.1),
with (3.4), rather than with its real number transformation (4.9) can already be observed at
this point: the former requires less memory storage. Indeed the unknown matrix X € H™ takes
twice less memory storage than its real number counterpart X € S2" (2n? real numbers against
4n? if the full matrices are stored). The same observation holds for the matrices C' and Ay
(with k& € K,), when they are transformed into Jun(C) and Jyn(Ag). For the matrices Ay
(with k € K_), the ratio is 4, since the 2n? real numbers of A;, become the 8n? real numbers of
Inn (H(Ag)) and Jyun (iZ(Ag)), if the full matrices are stored. O
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Problem (4.9) can be written compactly as a standard primal SDO problem in real numbers

as follows
inf (é, X)SQn
(P) { AX)=b (4.10)

where C := Jgn(C), while the map A : 82 - R™ 2™ and the vector b € R™*?™e  whose
meanings are easily guessed from (4.9), are now defined with additional objects that will be
useful below. The feasible set of problem (ﬁ) is denoted by Fp, its solution set by Sp, and its
optimal value by val(P).

The form of the right-hand side b of the affine constraints in (4.9) suggests us to introduce
the R-linear bijection

Ir = (ax,ax,) € F = R™ x C™ o (a, Rlax, ), I(ax,)) €R™ 2™ (4.11)
since then 3
b=7Jr(b). (4.12)

Note that, with the scalar product (3.6) defined on F and the Euclidean scalar product on R *+2me
there holds

(dr(a), 3r (0) Jmrs2me = {a, b)r, (4.13)

so that Jp is also an isometry. It is also nonsingular and satisfies
Ii(a) = 35" (a) = (ax,,ar, +iak,), (4.14)

where we have assumed that @ reads ((ax)kex,, (@k)kerc, (@) )kek, ) € R™r*2me,
We now claim that the map A:S?" - R *2"¢ defined by

A:=JpoAdodim (4.15)

allows us to write the constraints of (4.9) as A(X) = b like in (4.10). Indeed, by definition of A
n (3.4), there holds for X € §?™

o I* ) _ (Akvg;{n(gz»?{”y keK, )
(A an)(X) B ((Ak73;{n(X))C”X”7 ke Kc '

Therefore, by the definition of Jr in (4.11) and by (2.7), we get

_ <Ak,3;{n()z)~)'ﬁn, kEKT <3HH(Ak),X>§2n, kGKT
(5 0 Ao B3 )(X) = | (FE(AR), By (X, ke Ko | = | (3200 (H(AR)), X)gon, ke K |.
(1Z(Ak), 33n (X)), ke Ke)  \(Tpn (1Z(Ag)), X)s2n, k€ Ke

Since the right-hand side provides the constraints of (4.9), (4.15) holds. From (4.15) and (4.4),
one deduces that

Ao Jyn :=JroA. (4.16)

In the next proposition, we highlight some of the links between the feasible and solution sets
of (P) and (P). In particular it is shown how J34n can be used to recover a solution to (P)
from a solution to its real number counterpart (P); this will be useful in the experiments. The
proposition does not assume either that the feasible set or solution set of (P) or (P) is nonempty,
or even that the optimal values are finite.

14



Proposition 4.5 (feasible and solution sets of (P) and (P)) There hold

Jnn (Fp) = FpnR(Inn) and I3 (Fp) = Fp, (4.17)
Inn(Sp) = Sp N R(Iyr) and 3 (Sp) = Sp, (4.18)

and val(P) = val(P).

PRrOOF. 1) Consider first (4.17).

o [Jun(Fp) c FpnR(Inn)| Let X € Fp and set X = Jyn(X). By (4.16) and (4.12), it results
that A(X) = Jg(A(X)) = Jr(b) = b. By point 1 in proposition 4.2, X > 0. Hence X ¢ Fp.

o [0 (Fp) c Fp| Let X e Fp and set X := g;w()?) By the affine constraint of (P), (4.15),
and (4.12), there holds Jp(A(X)) = b= Jr(b); hence A(X) = b by the injectivity of Jr. By
X >0 and proposition 4.3, X > 0. Hence X € Fp.

o [35(Fp5) 2 Fp| Just apply d3;. to both sides of the first proven inclusion g3 (Fp) ¢ Fp and
use (4.4). . .

o [Jun(Fp) 2 FpnR(Inn)| Let X € FpnR(Jn). Then X = Jpn(X) for some X € H" and one
just has to prove that X € Fp. This comes from X = J5,,Jyn(X) = 3;%(5() e Fp,by X € Fp
and the second proven inclusion.

2) Counsider now (4.18).

o [J1n(Sp) € SpnR(Jun)| Let X € Sp and set X := Jgyn (X). By (4.17), X € F5. Furthermore,
by optimality, (C, X)yn < (C, X")yn for all X’ € Fp. Using the isometry identity (4.3), it
follows that

VX € Fpi (G (), Xson < (5 (C), Bran (X)) (4.19)
Now let X’ e Fp. Then J5.(X’) € Fp by (4.17) and

(337 (C), X Vs2n = (Ipn 830032 (C), X )g2e  [(44) and C e H"]
(332 (C), Jpn T3 (X)) 2n [adjoint definition]
(J1n(C), X)s2n  [F50(X') € Fp and (4.19)].
Therefore X is a solution to (P). .
o [05n(Sp) c Sp] Let X € Sp and set X := J7,,(X). By (4.17), X € Fp. Furthermore, by
optimality, (Jzn(C), X)g2n < (J3n(C), X")s20 for all X" € Fp, so that
VX' e Fp: (C,X)an <(C, 83 (X))aen.

Now J3,n (Fp) = Fp by (4.17), hence X is a solution to (P).
o (35 (Sp) 2 Sp| Just apply d3,. to both sizes of the first proven inclusion Ju»(Sp) ¢ Sp and
use (4.4).
o [0 (Sp) > SpnR(Inn)| Let X = Jyn(X) € Sp for some X € H". Then X = g;n(X) eSp
by (4.4) and the second proven inclusion in point 2. Therefore X = Jon (X) € Jgn (Sp).
3) For X in Fp, X = Jyn(X) is in Fp by (4.17), so that (C, X)un = (Jun(C), X )son >
val(P). Hence val(P) > val(P). The reverse inequality is proven similarly. i

WV

The next example shows that 7 and Sp may contain points that are not in R(Jwn).
Therefore, the intersections with R(Jyn) in the right-hand sides of the first identities in (4.17)
and (4.18) cannot be removed.
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Example 4.6 (a simple complex SDO problem) Consider one of the  simplest
complex SDO problems (3.1), in which n =2, m, =1, m. =0,

-i

0

) eH?, and b=-2.

The problem can be rewritten in terms of the elements of X € #? as follows

inf X11 + X22
3(Xp2) = 1 (4.20)
X1120, X9220, X11Xo2>R(X12)?+1.

This problem has the optimal value 2 and for unique solution

L 1
x-(4)

The transformation of the problem into real numbers is the problem in X € S*, obtained
thanks to isomorphism Jyn like in (4.9):

inf % (Xll + XQQ + ng + X44)
~ X4+ Xog + Xgo - Xy =22 (4.21)
X >0.

We know from proposition 4.5 that

Jnn(X*) = %

= o O
O == O
O = = O
_ o O =

is a solution to (P). We claim that Jyn(X*) +tD is also a solution to (P) if ¢ € [0,1] and

0 1 1 0
11 0 0 -1 L
D_ﬁ 1 0 0 -1 GR(H'H”) _N(g'H")7
0 -1 -1 0

see formula (4.5). Therefore, for this example, Jyn(Sp) # Sp.

Since (P) is a convex problem, it suffices to show that Jy»(X*) + D is in Sp. Since D €
N (33n), there holds (33 (C), Jn (X*) + D) = (J34n (C), 24 (X)), so that the objective of (P)
takes at Jyn (X *)+D its optimal value. Let us now show that Jyn (X*)+D is feasible for (P). The
affine constraint of (P) is satisfied by Jgn (X*) + D, since (Jpn (A), Jyn (X*) + D) = (A, X*) = b.

It remains to show that

1 1 1 -1
. 1 11 1 -11. o . .
Jun(X*)+ D = % 111 -1]® positive semi-definite.
-1 -1 -1 1

This property is a consequence of that fact that the matrix is symmetric and has only two eigen-
values, 0 and 4/v/2 (the eigenspace associated with the first eigenvalue is spanned by the three
linearly independent vectors (1,-1,0,0) (0,1,-1,0), (0,0,1,1), and an eigenvector associated
with the second eigenvalue is (1,1,1,-1)), which are nonegative. ]
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We now raise the question to know whether Sp may be unbounded while Sp is bounded
(according to (4.18), Sp is is somehow “larger” than Sp). This question is of interest for interior-
point methods, since an unbounded solution set makes the solution difficult to compute by these
algorithms. It would be unfortunate that a path-following interior-point method could be well
defined for solving problem (P) but not for solving problem (P). The next proposition shows
that this situation does not occur and therefore that there is no advantage to find in the complex
number SDO formulation on this topics.

Proposition 4.7 (bounded solution sets for (P) and (P)) There hold

Fp is bounded — <= Fp is bounded, (4.22)
Sp is bounded — <= Sp is bounded. (4.23)

PROOF. [(4.22)] [=] Let X be feasible for (P). Hence Jyn(X) is feasible for (P) by (4.17).
Since F is a closed convex set, its boundedness will be proven if we show that gs»(X) +tD e Fp
for D € S?™ and all t > 0 implies that D = 0 [28; theorem 8.4]. From the condition Jzn (X)+tD > 0
for all t > 0, we get

D>0.

On the other hand 3;{71([)) = 0 since g3, (I (X) +tﬁ) =X +tdym (D) is feasible for (P) for all
t >0, by (4.17), and Fp is bounded. Hence, by (4.5), D is of the form

- D1 Dis )
D=\ = S
(D12 -Dny
where the blocks Dij € ._?” Since bothNDll and —Dq; must be positive semidefinite to preserve
D >0, there must hold D1 =0. Next D19 =0 to preserve D > 0. We have shown that D =0 and
therefore the boundedness of Fp.

[(4.22)] [«] Since Fp =J3n(Fp) by (4.17), the boundedness of Fj implies that of Fp.
[(4.23)] The proof is similar, using (4.18) instead of (4.17). O

4.2.2 Transformation of the dual problem into real numbers

The real Lagrange dual SDO problem reads

sup (Jr(b), J)rrmr+2me i
Ekerc, Tkdn (Ak) + Lier, D13 (H(A)) + Tiere, G134 (1Z(Ar)) + 5 = 33n (C) (4.24)
S=0.

This one can be obtained by writing the Lagrange dual of the real SDO problem (4.10) or by
translating the complex Lagrange dual (3.5) into real numbers (commutative diagram). In the
latter case, § = Jr(y), S plays the role of Jgn (S), the objective is obtained by using the isometry
identity (4.13) and the affine constraint is the result of applying Jyn to both sides of the affine
constraint of (3.5).

Using the isometry

Ipsrn : (y,9) € F x H" = (Ix(y), Jpn (S)) € R77H2Me x S (4.25)
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one can show results similar to propositions 4.5 and 4.7. All these yield observation 4.10.

Proposition 4.8 (feasible and solution sets of (D) and (D)) There hold Jpuyn(Fp)
= Fp N R(pxnn ), Tpxrn(Fp) = Fp, dpsan (Sp) = Sp 0 R(Ipxmr), Jgugn(Sp) = Sp, and
val(D) = val(D).

Proposition 4.9 (bounded solution sets for (D) and (D)) Fp is bounded if and only
if Fp is bounded. Sp is bounded if and only if Sp, is bounded.

Observation 4.10 There is no advantage in using the real or complex formulation of the SDO
problem with respect to the well-posedness of a primal, dual, or primal-dual interior-point
method, since the primal and dual solution sets are nonempty and bounded simultaneously
in the two formulations. O

5 A feasible predictor-corrector algorithm

As already said, the goal of this plea is to highlight the advantages of solving a complex SDO
problem directly with a complex SDO solver, not to present a competitive complex SDO solver.
With that objective in mind, we have implemented in Matlab a simplified version of a predictor-
corrector path-following interior-point algorithm, using the primal-dual Nesterov-Todd (NT)
direction, in which the iterates always satisfy the affine constraint (sometimes qualified as feasible
algorithm) and remain close to the central path. The algorithm is introduced in section 5.1.
Section 5.2 shows why the convergence of the algorithm is unlikely deducible from the one of
its real version applied to the associated real SDO problem. Section 5.3 gives the details on
the computation of the NT directions computed by the algorithm in complexr numbers. The
comparison of the computational effort required by the complex and real algorithms is done in
section 5.4.
We denote the primal-dual strictly feasible sets by

]:S
ﬁs

{(X,y,8) e H", xFxH", : A(X) =b, A*(y)+S=C},
{(X,§,5) e ST xR™M*2me x S22 A(X) = b, A*(§)+ S =C}.

In all this section, we assume that
F? + @ and A is surjective. (5.1)

By propositions 4.5, 4.8, 4.2, and 4.3, and by remark 3.3(3), this is equivalent to saying that
F? + @ and A is surjective.

5.1 Description of the algorithm

This section presents an algorithm that is a faithful adaptation to complex numbers of a predictor-
corrector algorithm for real SDO problems discussed and analyzed in details by de Klerk [4; § 7.6].
This one is descending from the homonymous algorithm described by Roos, Terlaky, and Vial [29;
§ 7.7.4] for linear optimization, itself inherited from [22, 23]. The algorithm is primal-dual, which
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means that the iterates are triplets z := (X, y,S) made of primal X € H" and dual (y,S) e FxH"
variables. It is also feasible in the sense that the iterates belong to F°. The iterates are forced to
follow the central path C, which is the image of the map pe Ry = (X, yu, Su) € HY, xFxHY,,
giving the unique solution to the system

A (y)+S=C
A(X) =0
XS =ul.

Uniqueness indeed occurs when (5.1) holds.
The NT direction d = (dx,dy,ds) € H" xF x H" at a point z € F* is the solution to

A*(dy) +ds =0, (5.2a)
A(dx) =0, (5.2b)
dx + WdsW = uS™ - X, (5.2¢)

where W e H" is the scaling positive definite matrix defined by
W= X1/2(X1/2SX1/2)71/2X1/2 _ 571/2(51/2X51/2)1/2571/27 (5.3)

in which the matrix square roots only act on Hermitian matrices (see [26, 16; 1997| and [4;
§7.1]). This is the unique matrix in H?, satisfying WSW = X. Note that uniqueness of the NT
direction is actually ensured when the regularity assumption (5.1) holds.

When g = 0, the direction is said to be a predictor direction and is denoted by d® (the
superscript a is also standard and comes from affine scaling); when p has the value

i () = 50 (5.4)
n

the direction is said to be a corrector direction and is denoted by d° (the superscript ¢ is standard
and stands for centering). Each iteration of the algorithm is composed of a prediction phase
followed by a correction phase (or vice versa). The goal of the predictor phase is to decrease
as much as possible the positive value of fiyn along the direction d* (it vanishes at a solution),
which has the side effect of moving the intermediate iterate 2’ := z + ad® away from the central
path. The stepsize along the d® is fixed to

2
Q= .
Lt /14 gt s (WA 2dS d§ W2 + W2deds W12

fizn

(5.5)

The goal of the corrector phase is then to put back the next iterate in an appropriate neighbor-
hood of the central path by moving along d° with a unit stepsize. One often refers to Mizuno,
Todd, and Ye [23] for the structure of the algorithm just described [29, 4]. Here is a more
schematic description.

Algorithm 5.1 (feasible predictor-corrector) A tolerance £ >0 on fi(z) is given to de-
termine when stopping the iterations. One iteration of the algorithm, from z € F?® to z, € F°,
is formed of the following three phases.
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1. Stopping test. If (z) < &, stop.

2. Prediction phase. Compute the predictor NT direction d* at z, as a solution of (5.2)
with =0, and the stepsize a > 0 given by (5.5). Compute the intermediate iterate

2= 2+ ad®.

3. Correction phase. Compute the corrector NT direction d° as a solution of (5.2) with
z=2"and p = fi(2"). Take as next iterate

2z, =2 +d°.

To work properly, the intermediate iterates (z’)’s must be maintained in some neighbor-
hood V() of the central path that we now define. Since W~Y2XSW1/2 is Hermitian, one can
take its square root and define the following scaled variable

1/2

V=V(z):= (WPXSWY2)" = w2 xw12 = wil2gw/2, (5.6)

Observe now that for a point z € F° and the central path € if and only if fign(2) 2V (2) =
fizn (2) 12V (2)~'. Therefore, it makes sense to define the prozimity measure of the central path
as the map

§:zeF* o 8(2):= % H,:mn(z)-l/z V(2) - finn (2) 2V (2) ! HF ¢R. (5.7)

To this proximity measure, one associates the following neighborhoods of the central path, de-
pending on the parameter 6 € R,:

V(0):={zeF°:4(z) <0} (5.8)

5.2 Non corresponding iterates

In view of the nice correspondences between the feasible and solution sets of problems (P)
and (]5) established in section 4.2, one could reasonably think that the iterates generated by the
predictor-corrector algorithm 5.1, applied to problem (P), are in correspondence with those gen-
erated by the real version of this algorithm, applied to the real transformed SDO problem (]5)
The goal of this section is to show that this is unlikely. The indication is that some natural linear
map, introduced in section 5.2.1, allows us to establish a correspondence between many objects
generated during the particular examined iteration (sections 5.2.2, 5.2.3, 5.2.4, and 5.2.6), but
not for the stepsizes in the predictor phase, which is larger in the complex space (section 5.2.5).
As a result, the complex number algorithm should converge faster than its real analogue (obser-
vation 5.2).

5.2.1 A possible correspondence

Let us assume that the current iterate z := (X,y,S) € H" x F x H" generated by algorithm 5.1
for solving the complex SDO problem (3.1) is in correspondence with the iterate z := (X,§,5) €
S2n x RMr+2me « §21 generated by the real version of this algorithm for solving the real version
(4.10) of (3.1), through the following rules

X = 3yn(X), v =3dr(y), and S =3y (S). (5.9)
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This correspondence is suggested by the fact that X plays the role of Jgn(X) in (4.9) and
(g, 5) plays the role of Jrpxpn(y,S) in (4.24). Propositions 4.5 and 4.8 reinforce the logic of this
correspondence. In agreement with (5.9), we introduce the global correspondence map

J:2=(X,y,8) e " xFxH" = 3(2) = (I (X),dr (y), I3 (5)) (5.10)

We now ask whether the correspondence (5.9) is still satisfied after one iteration of the predictor-
corrector algorithm on the complex and real transformed problems.

To fix the notation, let us specify how the standard real version of algorithm 5.1 proceeds on
the real transformed problem (4.10). The variable update is done by

X, =X+a& e Yy =Y + ady, and S,:=S+a g

where d is the solution to

A*(dg) +dg =0, (5.11a)
A(dg) =0, (5.11D)
dg + WdgW = pS™ - X. (5.11c)

The weighting positive definite matrix W e §?" is defined by the analog of (5.3), namely
W= XV2(XV2GRV2) 22 2 G V2GR G2) 25712 ¢ g2 (5.12)

and i € R, is a parameter. In the prediction phase at z, d is denoted by d~“, 1 is set to 0, and
the stepsize & > 0 is given by the analog of (5.5), namely

2

G = - , (5.13)
1+ \/1 b L T 128 da T 4 Y208, W2

Rs2n (Z)

where figzn (2) == (X,S5)g2n/(2n). In the correction phase at 2’ := Z + @d®, d is denoted by d°, p
is set to figan(2'), and a=1. )

Since it is desirable to have X +ad% = Jgn (X +ady ) and since Jgn (X +ad ) = X +adyn (d),
it is natural to wonder whether

i =dun(dx),  dy=3r(dy), and  dg=Ju(ds), (5.14a)
a=a, (5.14b)

where d and d stand for the prediction or correction directions.

5.2.2 Correspondence between W and W
By the formulas (5.12) and (5.3) of W and W, and by propositions 4.1 and 4.2, one gets

W = g ()2 (0 () P ()0 (OO i (X012 = g (), (5.15)

5.2.3 Correspondence between fig2n(Z) and fiyn(2)

With the definitions of fiyn(2) in (5.4) and fig2n(2) after (5.13), and with (4.3), we have

figzn (Z) = <X72Sn>82” _ <HH"(X)723:”(S)>82” _ <X72‘i>?-[” _ %ﬂ’}-{n(Z) (5.16)
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5.2.4 Correspondence between the Newton directions d and d

Let us now show that d defined by (5.14a) is indeed the solution to the Newton system in the real

space (5.11). Since, by the regularity assumption (5.1), the system (5.11) has a unique solution,

it suffices to show that it is satisfied by that d.
o [(5.11a)] From (4.15), it results that Jun o A* o Jf = A* and, from (4.14), that Jyn o A*
A* o dr. Then, applying Jzn» to equation (5.2a) yields indeed A*(Fp(dy)) + Jpn(ds) = 0 or
A*(dy) + d~ =0 if we assume (5.14a).
o [(5.11Db)] From (4.15) and (4.4), it results that Jpo A = AoJgyn. Then, applying Jr to equation
(5.2b) yields indeed A(Jyn(dx)) =0 or A(CZX) =0 if we assume (5.14a).

« [(5.11¢)| By applying the ring homomorphism Jyn := v/2J3» to both sides of equation (5.2¢)

and using proposition 4.1, one gets

Frn (dx) + 33un (W) (ds)3rn (W) = 1d3n ()™ = Gun (X)
or, with (5.14a), (5.15), (5.9), and division by /2,
JX-FVNVCZSWZ gg_l— X
which is indeed (5.11c), either when p = 0 (prediction direction) or when p = fign(2") (cor-
rection direction, use (5.16) in that case), provided Z’ = Jyn(Z) (this last correspondence has
not been established yet, and will not occur actually; see the next section).
5.2.5 Correspondence between the stepsizes & and «

We still have to see how the stepsizes @ and « correspond to each other. We have seen in the
previous section that (5.14a) holds for the prediction phase. Then, using proposition 4.1 and

(5.15), we get
WdL g B30 (W) G340 (d% ) B0 (%) G0 (W)

Jpn (W 2% A% W %)

N~ N|

1 - a a
- 7gw(w 248 aiwti?).

Similarly, Wl/zd%d“ W2 = (1/V/2) Jayn (WH2d%d% W12). Therefore, since Jon is an isometry,
one gets

iy e -y 1
WA de W+ WA WP p = 7 W= 24% dew 2 + W2a%as, w2 .
Using (5.16), one term in the denominator of the stepsize formula (5.13) reads
13 ~
( HW 1/2da da W1/2 W1/2da da W71/2 HF)
2/1/82'”(,3)

1 1/2 1/2 1/2 -1/2
= V2 [ —— W Pd%deW ' + W' Pagds, w2 p ).

\/_ (QMHn(Z) H + SYX ”F
By the factor /2 in the right-hand side, the formulas (5.13) and (5.5) of the stepsizes & and «

yield the inequality
a<a. (5.17)

Hence the stepsizes taken in the prediction phases of the predictor-corrector algorithm when it
solves the complex and associated real SDO problems are not identical.
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5.2.6 Correspondence between the proximity measures to the central paths

The stepsize inequality (5.17) can be explained by the fact that the neighborhoods of the central
path are larger for the complex problem than for the real transformed problem, in a sense that is
now specified. One can introduce a scaled variable V = V(%) in the real space as we did by (5.6)
for the scaled variable V' = V(z) in the complex space. The two variables are linked as follows:

figen (B) VPV = figen(2)VPWTV2XWTY2 [definition of V]
= Jiggn (2) 2 o W) PG (X)) Fan (W) 2 [(5.16), (5.15), (5.9)]
= fpn(2) 72 Jppm (W71/2XW71/2) [proposition 4.1] (5.18)

= V23w (jine (2) 712 V). (5.19)
Furthermore, from (5.18) and proposition 4.1:
fis2n (D) PV = g (2)P Gy (V1) = V2054 (ﬂHn(Z)l/2 Vﬁl) - (5.20)

One can now introduce a proximity measure § in the real space, as we did for ¢ in the complex
space by (5.7). The two proximity measures are linked as follows:

5(3) = % Hﬂszn(z)‘l/zf/—gszn(z)l/z f/‘lHF [definition of 4, like in (5.7)]
1 _ _ _
= 3 | V2830 (30 (2) 2V ) = V2300m (i (2)12 V 1)HF [(5.19) and (5.20)]
= g Hﬂyn(z)fl/z V = fign (2)'? VﬁlHF [Jxn is an isometry]
= V26(2) [definition of 4].
Therefore 3
8(z) <0 <= §(2)<V26. (5.21)

5.2.7 Conclusion

Using the global correspondence map g defined in (5.10), the equivalence (5.21), and a size 0>0,
the neighborhoods of the central paths V(¢) given by (5.8) and its real analogue V() := {Z €
F?:6(2) <0} correspond to each other by

JOV(0)) ={d(2):z € F*, 6(2) <0} ={Ze F*:6(3) < V20} = V(V20).

Therefore J(V(6)) o V(6), meaning that the transformed neighborhood J(V(0)) is larger than
the neighborhood V(6) with the same size . This inclusion provides another way of interpret-
ing (5.17), according to which, when started at corresponding iterates, the predictor-corrector
algorithm can take larger stepsizes in the complex space than in the real space. This also means
that the convergence of the complex interior-point SDO algorithm 5.1 requires a specific analysis,
which is presented in [7].

Observation 5.2 Inequality (5.17) on the stepsizes suggests us that the considered predictor-
corrector algorithm should converge more rapidly on the complex problem than on the real
transformed problem. Indeed, the speed of convergence only depends on the reductions of figyn (2)
and figen(Z) which are given at each iteration (during the predictor phase actually) by

e (20) = (L= )izgn(2)  and - figan(24) = (1 - @) frg2n (2).
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Because a > @&, the reduction of fiyn (z) towards zero for the complex problem is more important
than that of fig2n(Z) for its associated real problem, when z and Z correspond to each other by
the isomorphism J. This observation has been claimed with the conditional because it is based
on the examination of a single iteration and that the non-corresponding iterates finally takes
non-corresponding paths towards the solution, which are difficult to compare. O

5.3 Computing the NT direction

The most usual way of solving (5.2) consists in applying A to both sides of (5.2¢) in order to
eliminate dy using (5.2b). This yields A(WdsW) = A(uS™' - X). Next dg is removed from this
last equation by using (5.2a) to obtain a system in only d,:

AW A*(d, )W) = A(X — uS71). (5.22)

This linear system is generally solved by a direct method after computing and storing the matrix
of the system. Let us look at the structure of that matrix when A is the R-linear complex map
specified by (3.4). Using (3.3) and (3.7a), we see that this system can be decomposed into

A (WA ((dy)r, )W) + A (WAZ((dy)r, )W) = A (X = pS7), (5.23a)
A(WAL((dy)r, )W) + AW A% ((dy)p )W) = Ac(X = uS7H). (5.23b)

In matrix form, it becomes

12 s\ [(dyx, A (X - pS™
o [22] [ (dy)k. | = A(X - pS) (5.24)
(dy) k. ¢ H

where a simple box surrounds the square real submatrix L' and double boxes surround the
square complex submatrices L?? and L?3. The other submatrices L'2, L'3, and L?' have complex
elements. For section 5.4, it is useful to make explicit the value of the elements of these matrices:

Li, = (GMA,G,GH A Gyn € R, L2 = (GMA,G,GH A4,G)cnxn € C, (5.25a)
Li? = LG ALG,GMAG)enn € C,  L}} = 3 (GMALG,GHAPG)cnen € C, (5.25b)
L =L (GHAG,GH A G)enn €C,  LE = L(GHAG, G A G)cnin € C, (5.25¢)

where the indices (k, k') € K, x K, (I,1") € K.x K, and we have used the factorization W = GGH.

The next proposition gives properties of the matrices L¥, in particular, conditions are given
to ensure the nonsingularity of the matrix L. Its proof presents no difficulty if one uses the
Gram structure of the matrices. Note that the R-linearly independence of the matrices { A }rek,
used in point 1 and the C-linearly independence of the matrices {4;};cx,. used in point 3 are
weaker assumptions than the surjectivity of A (see point (i) in proposition 3.2).

Proposition 5.3 (properties of the matrices Lij) 1) The real square matriz L' is
symmetric and positive semidefinite. If the Hermitian matrices { Ay }rek, are R-linearly
independent in H™, then L' is positive definite.

2) The complex square matriz L?? is Hermitian and positive semidefinite. If the matrices
{A;1}1ex, are C-linearly independent in C™™, then L?? is positive definite.
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3) The complex square matriz L*3 is symmetric and (L'3)7 = %Lzl = (L'2)H,

When L!'! is nonsingular, it is natural to solve (5.24) by getting the following expression of
(dy) K, from its first block row

(dy)i, = ~(LN ™ (L2(dy ), + L)) + (L) (A(X - s ™)
and by substituting this vector in the second block row to obtain the system
Muv+ Nv =p, (5.26a)
where v := (dy) k., pi= Ac(X = pS™) = L2(LM)H(AN(X - uSTH),
M:=L2-2@™M1L?, and  N:=L2B-L2@HL. (5.26b)

The R-linear complex system (5.26a) can certainly be solved by transforming it into a double
size real system. For a computational efficiency reason, however, we prefer transforming it into
a C-linear complex system of the same dimension in the unknown variable v, hence, without the
presence of its conjugate v. This is possible when M is nonsingular (for necessary and sufficient
conditions ensuring the possibility of doing this rewriting in the general case, see [6]), which
occurs when some regularity conditions are satisfied (see proposition 5.4 below). Then, one can
write v = M~(p - N7) as a function of 7, take its conjugate © = M (p — Nv), and substitute
this last value in (5.26a), to get the following linear system in v:

Msv=p-NM'p, (5.27a)

where

M®:=M-NMN. (5.27b)

The reason for the notation M?® comes from the block elimination that has been realized, mak-
ing M?® the Schur complement of M in some larger matrix. The next proposition shows that the
surjectivity of A is a sufficient condition to have a system (5.27a) that is well defined and has a
unique solution.

Proposition 5.4 (properties of the systems (5.26) and (5.27)) 1) If the matrices
{Ar Y ker, V{A1}iek, are (R™" x C™<)-linearly independent in C™", then the matriz M is
well defined by (5.26b), Hermitian, and positive definite, and the matriz N is symmetric.

2) If A is surjective, then the matriz M?® is well defined by (5.27b), Hermitian, and positive
definite.

The proof is based on the block diagonalization of the Gram-like positive definite Hermitian
matrices

Lll 2L12 2L13

11 12
(221 gﬁm) and | L2 202 212,
L2 2L 2[22
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5.4 Computational efforts in the real and complex algorithms

We are now ready to compare the number of operations required to perform an iteration of the
interior-point algorithm 5.1 in real and complex numbers. To do so, we start by comparing the
elementary operations.

Let us denote by agr and ac the computing time for the addition of two real and complex
numbers, and by py and p the computing time for the product of two real and complex numbers.
Since for a, b, ¢, and d € R, one has (a+1ib) + (c+id) = (a +¢) +i(b+ d) and (a +ib)(c +id) =
(ac - bd) +i(ad + be), there hold

ac =2ap and pc = 4pp +2ag. (5.28)

These elementary formulas allow us to estimate the computing time of a crucial operation that
intervenes for computing the NT direction, namely the multiplication of matrices that are present
in (5.25). This is actually the most time consuming part in our implementation as soon as the
dimensions of the problem increase. The product of two nxn matrices requires the computation of
n? elements, each of which is a scalar products of two vectors of size n. Since the latter requires n
products and n — 1 additions, the total computing time is n?(np + (n —1)a) ~ n3(p + a). This
results in the following estimations.

o The computing time of the product of two n x n complex (Hermitian) matrices can be
evaluated by

mmpe(n) = n3(P<c +ac) = 4713(PR +aR), (5.29)

where we have used (5.28).

o When the same matrices are transformed into real numbers, using the operator Jx» defined
before (4.3), their size is doubled, so that the computing time of their product can be
estimated by

mmpg (n) = (2n)° (pg + ar) = 8n° (P + az). (5.30)
Therefore, one gets the ratio
mmp, (n) /mmpe(n) = 2,

indicating that the computation is approximately twice faster in complex numbers.

In practice, the ratio mmpg (n)/mmps(n) may differ from the one given by this simple estima-
tion, because the product of two matrices may depend on the ability of the function realizing
this task to take advantage of the memory block size, the possible parallelization automatically
realized by the compiler or interpreter, and the number of cores of a particular machine. Nu-
merical experiment is therefore welcome. The one related in figure 5.1 provides a mean ratio
around 1.8 for a single core, not too far from the crude estimation made above.
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