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polynomial-degree-robust potential and flux reconstruction in three
space dimensions*

Alexandre Ern'? Martin Vohralik*t
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Abstract

We study extensions of piecewise polynomial data prescribed on faces and possibly in elements of a patch
of simplices sharing a vertex. In the H' setting, we look for functions whose jumps across the faces are
prescribed, whereas in the H (div) setting, the normal component jumps and the piecewise divergence
are prescribed. We show stability in the sense that the minimizers over piecewise polynomial spaces
of the same degree as the data are subordinate in the broken energy norm to the minimizers over the
whole broken H' and H(div) spaces. Our proofs are constructive and yield constants independent of
the polynomial degree. One particular application of these results is in a posteriori error analysis, where
the present results justify polynomial-degree-robust efficiency of potential and flux reconstructions.

Key words: polynomial extension operator, broken Sobolev space, potential reconstruction, flux recon-
struction, a posteriori error estimate, robustness, polynomial degree, best approximation, patch of elements

1 Introduction

Braess et al. [1, Theorem 1] showed that equilibrated flux a posteriori error estimates lead to local efficiency
and polynomial-degree robustness (in short, p-robustness). This means that the estimators upper-bounding
the error also give local lower bounds for the error, up to a generic constant independent of the polynomial
degree of the approximate solution. These results apply to conforming finite element methods in two space
dimensions. They are based on flux reconstructions obtained by solving, via the mixed finite element method,
a homogeneous Neumann, hat-function-weighted residual problem on each vertex-centered element patch of
the mesh. The proof of the p-robustness in [1] relies on two key components: p-robust stability of the right
inverse of the divergence operator shown in Costabel and McIntosh [10, Corollary 3.4] and p-robust stability
of the right inverse of the normal trace shown in Demkowicz et al. [13, Theorem 7.1]. In our contribution [21,
Theorem 3.17], we extended p-robustness of a posteriori error estimates to any numerical scheme satisfying a
couple of clearly identified assumptions, including nonconforming, discontinuous Galerkin, and mixed finite
elements, still in two space dimensions, while proceeding through similar stability arguments. A second
type of local problem appears here, where one is led to solve a homogeneous Dirichlet, conforming finite
element problem on each vertex-centered element patch, with a hat-function-weighted discontinuous datum,
yielding a potential reconstruction.

The present work extends the results of [1] on flux reconstruction to three space dimensions and refor-
mulates the methodology of [21] for potential reconstruction so that it can be applied in the same way in two
and three space dimensions. In doing so, we adopt a different viewpoint leading to a larger abstract setting
not necessarily linked to a posteriori error analysis. The two main results of this paper are Theorems 2.2
and 2.3. They concern a setting where one considers a shape-regular patch of simplicial mesh elements
sharing a given vertex, say a, together with a p-degree polynomial rp associated with each interior face F
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of the patch (H' potential reconstruction setting) or p-degree polynomials rz and rx associated with each
interior and boundary face F' and element K of the patch respectively (H (div) flux reconstruction setting).
These data, satisfying appropriate compatibility conditions, are to be extended to functions defined over the
patch, such that the jumps across the interior faces of the patch are prescribed by rz (H'! setting) or such
that the normal component jumps and boundary values are prescribed by rr and the piecewise divergence
is prescribed by rx (H(div) setting). Crucially, we prove that the extension into piecewise polynomials of
degree p that minimizes the broken energy norm is, up to a constant only depending on the patch shape
regularity, as good as the extension into the whole broken H'! space with the same jump constraints. Simi-
larly, our broken p-degree Raviart—Thomas—Nédélec extension is stable with respect to the broken H (div)
one.

Section 3 reformulates equivalently the above theorems as Corollaries 3.1 and 3.3 to show that best-
approximation of trace-discontinuous or normal-trace discontinuous piecewise polynomial data by H}(wg)-
or Hy(div, wg )-conforming piecewise polynomials (i.e., by trace-continuous or normal-trace continuous piece-
wise polynomials on the open set w, composed of the elements in the patch sharing the given vertex a) is,
up to a p-independent constant, as good as by all Hi (wg) or Hy(div,ws) Sobolev functions. This section
also sheds more light on the continuous level, uncovering that three different equivalent formulations of
our results can be devised using the equivalence principle of primal and dual energies. This, in particular,
allows us to make a link with the previously obtained results in [1, 21] and to describe the application of our
results to a posteriori error analysis in Section 4. In particular, a guaranteed error upper bound for a generic
numerical approximation of the Laplace equation is recalled in Corollary 4.1 and p-robust local efficiency is
stated in Corollary 4.2, with potential reconstructions treated in formula (4.9a) and flux reconstructions in
formula (4.9b).

The proofs of Theorems 2.2 and 2.3 are respectively presented in Sections 5 and 6. In contrast to [1],
where the work with dual norms was essential, we design here a procedure only working in the (broken)
energy norms. The proofs are constructive and therefore indicate a possible practical reconstruction of the
potential and the flux which avoid the patchwise problem solves by replacing them by a single explicit run
through the patch, with possibly a solve of a local problem in each element. The key ingredients on a single
element are still the right inverse of the divergence [10, Corollary 3.4] and the right inverse of the normal
trace [13, Theorem 7.1] in the H (div) setting, but the single key ingredient becomes the right inverse of the
trace shown in Demkowicz et al. [11, Theorem 6.1] in the H! setting. We combine these building blocks
into a stability result on a single tetrahedron in Lemmas A.1 and A.3 in Appendix A. Gluing the elemental
contributions together at the patch level turns out to be a rather involved ingredient of the proofs in three
space dimensions, and we collect some auxiliary results for that purpose in Appendix B. A first difficulty
is that the two-dimensional argument of turning around a vertex can no longer be invoked. To achieve a
suitable enumeration of the mesh cells composing the patch in three dimensions, we rely on the notion of
shelling of polytopes, see Ziegler [24, Chap. 8], which we reformulate for the present purposes in Lemma B.1.
Another difficulty is that we need to devise suitable functional transformations between different cells in the
patch. This is done by introducing two- and three-coloring of some vertices lying on the boundary of the
patch, possibly on a submesh of the original patch; how to achieve such colorings is described in Lemmas B.2
and B.3.

For the sake of clarity of our exposition, we focus on discussing in details patches completely surrounding
the vertex a, corresponding to an “interior” vertex when considering a mesh of some computational domain.
Our technique, though, extends to the case where one considers a “boundary” vertex as well. Our main
results in this context are Theorems 2.4 and 2.5, whereas the reformulations as best-approximation results
on piecewise polynomial data can be found in Corollaries 3.7 and 3.8. The proofs of our main results
concerning boundary vertices are given in Section 7. The aforementioned application to a posteriori error
analysis (Section 4) then also covers some configurations of inhomogeneous Dirichlet and Neumann boundary
conditions. In the H! setting, we restrict ourselves for simplicity to the case where either Dirichlet or
Neumann conditions are enforced; there is no such assumption in the H(div) setting, which allows also for
mixed Neumann-Dirichlet conditions.

Let us finally discuss some extensions of the present results. In [18], we were recently able to employ
them to construct p-robust H(div) liftings over arbitrary domains, not just patches of elements sharing
a given point. A natural extension of [18] would be to obtain the same type of results in the H! setting.
Another extension of the present work would be to cover the H (curl) case, hinging on the single tetrahedron
results of Demkowicz et al. [12, Theorem 7.2]. We also mention that the application of the present results to



the construction of p-robust a posteriori error estimates for problems with arbitrarily jumping coefficients
is detailed in [9], to eigenvalue problems in [5, 6], to the Stokes problem in [8], to linear elasticity in [17],
and to the heat equation in [19, 20].

2 Main results

This section presents our main results, once the setting and basic notation have been fixed.

2.1 Setting and basic notation

We call tetrahedron any non-degenerate (closed) simplex in R?, uniquely determined by four points in R?
not lying in a plane. Let a be a point in R3. We consider a patch of tetrahedra around a, say Tg, i.e., a
finite collection of tetrahedra having a as vertex, such that the intersection of any two distinct tetrahedra
in 7, is either a, or a common edge, or a common face. A generic tetrahedron in 7 is denoted by K and
is also called an element or a cell. We let w, C R3 denote the interior of the subset Uger, K. For the time
being, we focus on the case where w, contains an open ball around a. The main application we have in
mind is when a is the interior vertex of a simplicial mesh 7} of some computational domain €2, so that a
lies in the interior of the patch w, surrounding it, see the left panel of Figure 1 for an illustration. The case
where a is a boundary vertex of the mesh entails some additional technicalities that we detail in Section 2.4.
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Figure 1: Example of an interior patch T, (left); an edge e € &g, the set F of all the faces that share it,
the face normals, and the orientation indicators ¢z (right)

All the faces of the elements in the patch 7, are collected in the set F, which is split into
Fa = Fg" UFS, (2.1)

with Fiit collecting all the interior faces (containing the vertex a and shared by two distinct elements in
Ta) and FEXU collecting the faces located in dwg. For all faces F' € Fq, np denotes a unit normal vector
to F whose orientation is arbitrary but fixed for all ' € Fi** and coinciding with the unit outward normal
n,, to we for all F € F&X*. We consider the jump operator [-]r for all F' € Fiit yielding the difference
(evaluated along np) of the traces of the argument from the two elements that share the interior face F
(the subscript F' is omitted if there is no ambiguity). We also need to consider edges. Let &, collect all
the edges in T, sharing the vertex a; we refer to these edges as interior edges. Then, for each e € &, the
set F, collects all the faces in f(ilm sharing e, and the set 7. collects all the cells in 7, sharing e. For each
e € &4, we fix one direction of rotation around e, and indicate for all F' € F, by tp either equal to 1 or to
—1 whether np complies with this direction or not, see the right panel of Figure 1 for an illustration.
We define the broken H'-space on the patch T, as

H'(Ta) := {v € L*(wa); v|k € H'(K), VK € Ta}, (2.2)



and similarly the broken H (div)-space on the patch T, as
H(div,Tg) := {v € L*(wa); v|x € H(div,K), VK € Ta}. (2.3)

For any v € H*(T,), we can consider its piecewise (broken) gradient Vv defined as (Vrv)|x = V(v|k),
and similarly for any v € H(div,7,), we can consider its piecewise (broken) divergence Vy-v defined as
(V)| = V-(v|k), for all K € T,. For any v € H(T,), the jumps [v]F across any face F' € Fiit are well
defined since the traces of v on F' from the two cells sharing F are in L?(F); similarly, the traces v|zex are
well-defined. We note that any function v € H**¢(7,), € > 0, is such that

Z tre[V]rle =0 for all interior edges e € &, (2.4)
Fere

since the oriented sum of the jumps along a closed path around an interior edge is always zero. The definition
of traces is a bit more subtle when one considers a field v € H(div,T,). Let rp € L*(F) for all F € F,.
Then we say that

vnp=rrp VFe€F, (2.5a)
[v] np =rp VF € Fint (2.5b)

for a function v € H (div, 7,) if and only if

(Vrv,v), + (v, Vo), = Z (rp,v)r Vo € H (wg). (2.5¢)
FEFq

We will also need to prescribe the normal component of vector fields in a single cell K € T, with unit
outward normal ny. Consider a non-empty subset }"}g C Fx where Fg collects the faces of K. Given
functions rp € L?(F) for all F € FY, we say that v-ng|p = rp, VF € FX, for a function v € H(div, K) if

(Vv,¢)k + (0, Vo)x = > (re,d)r Vo € H'(K) sit. ¢|p = 0VF € F \ Fx. (2.6)
FeFl

Let p > 0 denote an integer. We use the notation P, (K) for polynomials of order at most p in the element
K € T, and P, (F) for polynomials of order at most p in the face F' € F,. We denote by P,(7,) the space
composed of all functions defined on the patch 7, whose restriction to any K € Tq is in P, (K). Similarly,
P, (Fa) stands for the space composed of all functions defined on all faces from F, whose restriction to any
F € Fq is in P,(F'). Analogous notation is used for any subset of F,. We denote by rx the restriction of
r € Py(7Ta) to K € Tq and similarly by rp the restriction of r € Pp(Fq) to F' € Fq. Let RTIN,(K) be the
Raviart—Thomas—Nédélec polynomial space of vector-valued functions of order p in the element K € Ty, i.e.,
RTN,(K) := [P,(K)]? + P,(K)z. Finally, RT'N,(7,) denotes the broken space composed of all functions
whose restriction to any element K € 7, is in RT N, (K).

For an element K € T, its shape-regularity parameter vg is defined to be the ratio of its diameter
to the diameter of the largest inscribed ball, and the shape-regularity parameter of the patch 7, is then
defined to be 7, := maxgeT, VK-

Remark 2.1 (Orientation). The orientation of np is irrelevant in (2.4). Indeed, changing the orientation
of np changes the sign of the jumps (evaluated along np) and at the same time the sign of g . Similarly,
the orientation of np is irrelevant in the left-hand side of (2.5Db).

2.2 Broken H' polynomial extension
Our main result for broken scalar extensions is the following.

Theorem 2.2 (Stable broken H' polynomial extension). Let p > 1. Let the interface-based p-degree
polynomial r € P,(F) satisfy the following compatibility conditions:
rF|Frow, =0 on all interior faces F € F, (2.7a)

Z tFeTFle =0 on all interior edges e € E,. (2.7b)
FeF,



Then there exists a constant Cs, > 0 only depending on the patch shape-reqularity parameter v, such that

min VT Upllw, < Cst min V7w (2.8)
vp€Pp(Ta) veH(Ta)
vyl P =0 VFEF, v|p=0 VFEF,
[vplr=rr VFGJ'—:;“ wlr=rr VFE]—';nt

where the minimization sets are non-empty and both minimizers in (2.8) are unique.

The compatibility conditions (2.7) are natural since rg is used to prescribe interface jumps. Indeed,
these jumps necessarily vanish on the points of the interfaces located on dw, since the considered functions
vanish on Owg; moreover, (2.7b) follows from (2.4). The minimizers in (2.8) are respectively denoted by vy,
and v*, so that (2.8) becomes

IVTvpllwe < CstlIVTv™lusg - (2.9)
Note also that since the minimization sets are non-empty and the left one is a subset of the right one by

definition, the inequality in the other direction, ||V7v*|l., < [|V7v)|lw,, is trivial.

2.3 Broken H(div) polynomial extension

Our main result for broken vector extensions is the following.

Theorem 2.3 (Stable broken H(div) polynomial extension). Let p > 0. Let the element- and face-based
p-degree polynomial r € P, (Ta) x Pp(Fa) satisfy the following compatibility condition:

Y tr Dk — Y (rp,1)p =0, (2.10)

KeTa FeF,

Then there exists a constant Cg, > 0 only depending on the patch shape-reqularity parameter v, such that

min [Vpllwa < Cat min [0]]wa (2.11)
v ERTN,(Ta) veH (div,Tqg)
Vp Mp=TFp VFE}-ZXt VNEp=Tp VFE}-ZXt
[vp]l mp=rrp VEEFEE [v] mp=rp VFEFrt
VT-’l)le:TK VKET, VT~U|K:TK VKET,

where the minimization sets are non-empty and both minimizers in (2.11) are unique.

The compatibility condition (2.10) is again natural here, since it follows from (2.5¢) with the test function
equal to 1 in we. The minimizers in (2.11) are respectively denoted by vy and v*, so that (2.11) becomes

[vpllwe < Cstllv™ [l - (2.12)

Since the minimization sets are non-empty and the left one is a subset of the right one by definition, the
inequality in the other direction, [[v*|l., < [|v}|w,, is again trivial.

2.4 Boundary vertices

We consider in this section the case where the patch domain w, does not contain an open ball around the
point a; typically, a is a mesh vertex lying on the boundary of some computational domain €. In this case,
the patch domain w, only contains an open ball around a minus some sector with solid angle 0, € (0, 47),
see Figure 2 for two examples.

The set F, collecting all the faces of Tq is now divided into four disjoint subsets:

Fo=FMUFUFY UFY, (2.13)

where the set Fi collects (as before) the faces interior to w,, that is, the faces containing the vertex a
and shared by two distinct elements in Tg, the set FX collects the faces that are subsets of dw, that do
not contain a, and F. U FL collects the faces that are subsets of dw, that contain a. The distinction
between F2 and F) is needed because some prescription is to be enforced on FL (H!-extension) or on FL
(H (div)-extension). These additional prescriptions are motivated by the handling of Dirichlet or Neumann



Figure 2: Two examples of boundary patches Tg; in both cases, the faces in F&X*, and thus the subset dwext,
are shown in white. Left: patch where all the faces in F&*' have at least one vertex lying in the interior of
Owe; right: patch where there are faces in F&** (actually both of them) that do not have any vertex lying
in the interior of OwS** but where |T,| < 2

boundary conditions as further highlighted in Section 4. Correspondingly, we set OwS' := Up¢ Fou I,

oWl = Uperp F, and Ol = Upery F, so that
Owa = 0wt U dw? U oWy, (2.14)

see Figure 2. Faces in the three sets Fo<t, FD, and FY are assigned a unit normal vector mp pointing
outward w,. We remark that FI* can be empty (if 7, consists of a single tetrahedron), that FS** is always
non-empty, and that either 72 or FY can be empty, but not both at the same time. Finally, the set &,
collects all the edges in 7, sharing the vertex a (note that some of these edges are now located on dw,) and,
for each edge e € &,, F. collects all the faces in JF, sharing e (note that %, is now a subset of Fi'*UFD UFL).
As above, for each edge e € &, and each face F' € F, i is either equal to 1 or to —1 and indicates whether
nyp complies with the fixed direction of rotation around e or not, see the right panel of Figure 1.

We now present our main results for boundary vertices. In the H! setting, they request that either (the
Dirichlet part of the boundary) dw? is empty, or (the Neumann part of the boundary) dwY is empty. No
such assumption on dwl and dw) is needed in the H (div) setting. Moreover, in both settings, we assume
that either all the faces in F&* have at least one vertex lying in the interior of JwS**, or that the number
of elements in the patch 7, is at most two. For instance, the patch in the left panel of Figure 2 satisfies
the first assumption, and that in the right panel the second assumption. Other cases can be treated, see
Remark 2.6 below, but the analysis is increasingly technical.

Theorem 2.4 (Stable broken H'! polynomial extension). Let p > 1 and let either F2 = 0 or FY = 0.
Assume either that all the faces in FS' have at least one vertex lying in the interior of OwS*, or that

|Tal < 2. Let r € Pp(FRt U FD) satisfy the following compatibility conditions:

relpnowse =0 VF € FXUFD, (2.15a)
Z tpeTple =0 Ve € &, such that F. N .7-"}1\1 = 0. (2.15b)
FeF

Then there exists a constant Cs, > 0 only depending on the patch shape-reqularity parameter v, such that

min I Vropllw, < Cst min V70| wa s (2.16)
vpEPL(Ta) vEHY(Ta)
vp| =0 VFEFS*T, v|p=0 VEEFXt,
vp|p=rp VFEFZ, v|p=rp VFEFP,
[vplr=rFr VFE}';“ wlr=rr VFG./":;nt

where the minimization sets are non-empty and both minimizers in (2.16) are unique.



Theorem 2.5 (Stable broken H(div) polynomial extension). Let p > 0. Assume either that all the faces
in F& have at least one vertex lying in the interior of OwS*, or that |Ta| < 2. Let r € Py(Tq) x Pp(Fint U
Ft U FNY satisfy the following compatibility condition:

Stk k= Y (e 1)p=0  if FP =0 (2.17)

KeTa FeFq

Then there exists a constant Cs, > 0 only depending on the patch shape-reqularity parameter v, such that

. < . |
vPGRI’%}{}p(Ta) va”w”' - CSt vGHH(hliI\lzy’Ta) Hvaaa (2 18)
Vp Np=TF VFE]'—;X‘: vnp=rg \V/Fe]_-;xt
vpnp=rp VFEF, vnp=rp VFEFY
[vp]-mp=rr YFEF. [v] np=rp YFEFI
Vrvp|lxk=rk VK€T, Vrv|g=rkx YKETs

where the minimization sets are non-empty and both minimizers in (2.18) are unique.

Remark 2.6 (F2 U FY lying in two hyperplanes). Theorems 2./ and 2.5 for instance also hold in the case
where the set F2 U FXN is contained in two hyperplanes as in the right panel of Figure 2 and in topologically
equivalent situations, in place of the interior vertex condition in FX' or the condition |Ta| < 2, with a
similar proof as in Section 7.1.1 below.

3 Equivalent reformulations

We reformulate in this section Theorems 2.2 and 2.3 in an equivalent way as best-approximation results of
discontinuous piecewise polynomial data. This will in particular allow for a straightforward application to a
posteriori error analysis in Section 4. For further insight, as well as to make a link with previous contributions
on the subject, we also give equivalent reformulations of the right-hand sides in (2.8) and (2.11). Finally,
we also reformulate Theorems 2.4 and 2.5 as best-approximation results.

3.1 Reformulation as best-approximation results

Let us set
Hj(wg) := {v € H (wq); v|aw, = 0}, (3.1a)
Hy(div,wg) :={v € H(div,wq); v'No,, = 0}. (3.1b)
The result of Theorem 2.2 can be rephrased as follows.

Corollary 3.1 (H! best-approximation). Let the assumptions of Theorem 2.2 hold true. Consider any
Tp € Pp(Ta) so that 7,|p =0 VE € F&, and [,]r = rr YF € FP. Then the following holds true:

min V7 (7p = vp)llwa < Cs min V7 (75 = V) llwa- (32)

t
vp€PY (Ta)NH} (wa) vEHL (wa)

Proof. Direct consequence of (2.8) upon shifting the minimization sets by 7,. Note that the existence of 7,
follows from the non-emptiness of the discrete minimization set in (2.8). O

Remark 3.2 (Minimizers). The unique minimizers in (3.2) are respectively s& € Pp(Ta) N Hj(wa) such
that
(Vsy, Vup)w, = (V77p, VUp)w, Yo, € Pp(Ta) N Hj(wa), (3.3)

and s* € H}(wq) such that
(Vs*, V), = (V71p, V), Yo € Hy(wa)- (3.4)
The minimizers in (2.8) are such that v, = 7, — sy and v* = 7, — s%.

Similarly, in the H (div)-setting, Theorem 2.3 can be reformulated as follows.



Corollary 3.3 (H(div) best-approximation). Let the assumptions of Theorem 2.3 hold true. Consider any
T, € RTN,(Ta) so that Tymp = rp VF € F& and [1,]'np = rp YF € Fii*. Then the following holds
true:

min ) 17 + Vpllws < Cst min 7 + Vllwa- (3.5)
v, ERT N, (Ta)NHo(div,wa) vEHo(div,wq)
Vv, |l k=rxk =V 7p|x YKETa Vu|lg=rx—Vr-7p|k VKETq

Proof. Direct consequence of (2.11) upon shifting the minimization sets by 7,, the existence of 7, following
from the non-emptiness of the discrete minimization set in (2.11). O

Remark 3.4 (Minimizers). The unique minimizers in (3.5) are respectively o5 € RT Ny(Ta) N Ho(div, wa)
with V-op|x = rx — V1| for all K € Tg such that

(05, Vp)wa = —(Tp, Vp)uwa Vv, € RT'N,(Ta) N Hy(div,wg), V-v, =0, (3.6)
and 0@ € Hy(div,w,) with V-0%|x = rxg — V1-Tp|x for all K € Tq such that
(0%, V)w, = —(Tp, V), Vv € Hy(div,w,), V-v = 0. (3.7)

The minimizers in (2.11) are such that v, = 7, + op and v* = 1, + 7°.

3.2 Equivalent reformulations at the continuous level

We summarize here additional equivalence results on the continuous-level minimizations appearing in the
right-hand sides of (3.2) and (3.5). Let us first set

Hi(wa) ={ve Hl(“”ﬂ)? (v, Ve, =0},
and let us define the following subspace of H (curl,wg,):
H. (curl,wg) := {v € H(curl,w,); (v,V¢),, =0, Vo € H (wa)}.

We first show that the H}(wq)-minimization of Corollary 3.1 is equivalent to evaluating a dual H (curl)-
norm of a suitable linear form defined from the data rp, and consequently to evaluating the energy norm
of its H, (curl, wg)-lifting.

Corollary 3.5 (H(curl) form of the H'-minimization). Let the assumptions of Corollary 3.1 hold true.
Recall that 7, € P,(Ta) verifies Tp|r = 0 VE € F&, and [1,]r = rp VF € Fi2*. Let 7® € H.(curl,wg)
solve

(Vxr®, Vxv),, = —(Vr7y, VXv),, Vo € H,(curl, wg), (3.8)

where the right-hand side can be formally rewritten as (V17,, VX)y, = > perim (TFNE, VXV)p owing to
the elementwise Green formula. Then, we have

i \V/ — = |Vxr®|, = Z np, Vxov ) 3.9
veglél(riua)H T(Tp U)”wa || ||wa veHr&Tfl,wa) . t(TF F, )F ( )
[V xvllug=1 \FEFE

Proof. Since s® solves (3.4), i.e., (Vs® — V77, Vv),, = 0 for all v € H{(wg), a distributional argument
implies that the vector field Vs® — V7, is divergence-free in wq. The boundary Owe being connected, we
infer that there is 7* € H (curl,wq) such that Vs* — V7, = Vxr?, and without loss of generality, we can
take r® € H,(curl,w,) since wq is simply connected so that H (curl,ws) = H.(curl,w,) ® VHL(w,) (the
sum being L?-orthogonal) and fields in VH}(w,) are curl-free. We now observe that we have

(Vxr?, Vxv),, = (Vs* = V51, VXv),, = —(Vr1y, VXU)y, VYo € H,(curl, wg), (3.10)
since s* € H}(wq), so that (3.8) follows. Finally,

i V — = ||V — 5 =||Vxr® = V- V x
veglél(r;a)” T(7p V)[lwa = |l T(Tp — 5 Mewa = |l L [ PO vEHI{ﬁi(l,wa)( TTps V)was
(IVXv|lwg=1

using (3.10) and noting that any function v € VH] (wg) is automatically excluded from the maximization
set by the constraint |Vxwv|,, = 1. O



Let us now show that the constrained H(div,wg)-minimization of Corollary 3.3 is equivalent to eval-
uating a dual H'-norm of a suitable linear form defined from the data rx and rp and consequently to
evaluating the energy norm of its H}(wg)-lifting.

Corollary 3.6 (H' form of the H (div)-minimization). Let the assumptions of Corollary 3.3 hold true. Let
r® € H}(wg) solve

(Vr®, Vo), = Z (re,v)x — Z (rp,v)p Yo € H (wq). (3.11)
KeTa FeFq
Then
it vl = 9, = gg){Ej@&wKiﬂwwh}-<M%
v o(div,wgq vE Wa,
Vu|lg=rx—V7-1p|k VKETq V0]l wg =1 KeTa FeF,

Proof. The elementwise Green formula combined with the definition of 7, gives

Z (rg,v)K — Z (rp,v)p = Z (re,v)kg — Z (Tp MK, V)oK

KeTa FeF, KeTa KeTa
= Z (TK - VT'Tpa U)K - Z (Tpa VU)Ka
KeTa KeT,

and we immediately see that (3.11) is the primal formulation of (3.7). As both formulations are equivalent,
0% = —Vr® —1,, cf. [21, Remark 3.15]. The equality (3.12) follows immediately from (3.11), writing the
maximum first for all v € H}(wg) with || Vv, = 1 and then noting that any function v constant on w, is
automatically excluded from the maximization set by the constraint |Vvl|,, = 1. O

Corollaries 3.5 and 3.6 allow us to draw insightful links with the literature. On the one hand, Corollary 3.5
explains how the right-hand side in (3.2) links to the continuous minimization used in [21, Lemma 3.13].
Therein, in two space dimensions, the field ?RL(VTTP) has been employed in the definition of the function
ra by formulas (3.19) and (3.32), where R = ({ 7)) is the rotation by Z; then ||Vra|lw, of [21] equals the
present min, ¢ g1 () | V7 (75 — v)||w,, and, in particular, we have

min ||V (7 —v)|lw, = max {— RE(Vr1,), Vo }
BT = i (GO,
V]wg =

On the other hand, the maximization form in Corollary 3.6 has been used previously in [1, Theorem 7]
and [21, Lemma 3.12 and Corollary 3.16].

3.3 Boundary vertices

In this section, we reformulate Theorems 2.4 and 2.5 as best-approximation results on discontinuous piece-
wise polynomial data on boundary patches. The proofs are omitted since they are similar to the previous
ones. In view of application to a posteriori error analysis of model problems with non-homogeneous bound-
ary conditions, it is convenient to introduce some additional boundary data denoted by u5 and ¢f in the
H' and H(div) settings, respectively.

Corollary 3.7 (H' best-approximation). Let the assumptions of Theorem 2./ hold true. Let ul) € P,(FL)N
CO(0wY). Consider any 1, € Pp(Ta) so that 7p|p = 0 VF € F&, 7|lp —ul|p = rp VF € FP, and
[7lr =7rr YF € F2. Then the following holds true:

min V7 (7 — vp)llwa < Cst min V7 (7 — v)||lwa (3.13)
vp EP (Ta)NH (wa) vEH (wq)
vp|p=0 VFEF* v|p=0 VF€F**
vplr=ul | VFEFD v|p=ul|r VFEFP



Corollary 3.8 (H(div) best-approximation). Let the assumptions of Theorem 2.5 hold true. Let o €

P,(FY). Consider any T, € RTNy(Ta) so that Tymp = rp VF € F&, Tpnp + oN =rp VF € FY, and
[rp]lnp =rp YF € FP. Then the following holds true:

i < i . .
R 175 + Vpllwa < Cat veritn 7o+ Vllwa (3.14)
v, np=0 VFEF" vnp=0 VFEFI"
'vp-npzag\F VFE]“;\I ’U"l’lF:Uglp VFE]“E
v"Up|K:7"K—VT'Tp|K VKETq V“UlKi’r‘K—VT'Tp‘K VKET,

4 Application to a posteriori error analysis

We show in this section how to apply our results to a posteriori error analysis. For this purpose, let Q C R?
be a polyhedral Lipschitz domain (open, bounded, and connected set). Let 7, be a matching tetrahedral
mesh of 2, shape-regular with parameter y7; > 0 that bounds the ratio of any element diameter to the
diameter of its largest inscribed ball. All faces of the mesh are collected in the set F},, with faces lying on
the boundary of 2 forming two disjoint sets 75\ and F° covering two subdomains I'y and I'p that form a
partition of 0€2. Consider the Laplace problem

—Au=f in Q, (4.1a)
U = up on FD7 (41b)
—Vung = on on I'y, (4.1¢)

where, for simplicity, f € Py _1(Ts), up € Py (FP) N C%Tp), and on € Pp_1(FY), for a polynomial
degree p’ > 1. If |T'p| = 0, we need to additionally suppose the Neumann compatibility condition (f,1)q =
(on,1)sa. The weak solution of problem (4.1) is a function u € H*(§) such that u|r, = up and such that

(Vu, Vo)a = (f,v)a — (0N, V)ry Vv € H'(Q) such that v|p, = 0. (4.2)

When I'p = ), uniqueness is imposed through (u,1)q = 0. For more general data f, up, and oy, data
oscillation terms arise in the a posteriori error analysis, see [16] and references therein for details.

Let up, € Py (Tr) be an approximate solution to the problem (4.1); uj, can be primal-nonconforming in
the sense that u, ¢ H*(Q) and up|r, # up, as well as dual-nonconforming in the sense that —Vru; ¢
H(div,Q), V-(=Vyuy) # f, and (—Vyup-ng)|ry # on. The results of this paper have a direct application
to a posteriori error analysis since they allow us to construct two central objects leading to guaranteed
reliability and p-robust local efficiency. The first is a so-called potential reconstruction s, € Pp41(7) N
H'(2), equal to up on I'p. The second one is a so-called equilibrated flux reconstruction o, € RT N, (T5)N
H(div,Q), such that V-o, = f in Q and op,-n|r, = on on I'y.

Let us collect all the mesh vertices in the set V), and for any mesh vertex a € Vp,, let the patch T, C Tp
be given by the elements in 7; having a as vertex, whereas w, C €2 is the corresponding open subdomain of
Q. Let 14 be the “hat” function associated with the vertex a: this is a continuous function, piecewise affine
with respect to the mesh 7, which takes the value 1 at the vertex a and 0 at the other vertices. Its support
is thus the closure of the patch subdomain w,. We also split the vertex set as Vj, = Vin® U VeXt| where
V}L’“t contains all interior vertices and Vi** all boundary vertices. The faces of the elements in the interior
patches 7 (i.e., associated with an interior vertex a) are collected in F, = Fir* U F&Xt in conformity with
Section 2.1. For a boundary vertex a € V¥, the split is Fp = FIUFSXtUFLUFY, as in Section 2.4, where
FD collects the Dirichlet boundary faces from dw, N I'p and sharing the point @, and F the Neumann
boundary faces from dw, NT'y and sharing the point a. To have a more unified formalism between interior
and boundary vertices, we conventionally define 72 and FY to be empty sets for all a € V}L“t.

We define the potential reconstruction following [21, Construction 3.8 and Remark 3.10], cf. also [7], as
Sh = Y_qcy, Sp» Where sp is the discrete minimizer of Corollary 3.1 given by (3.3) for interior vertices and
similarly as the discrete minimizer of Corollary 3.7 for boundary vertices. We choose the polynomial degree
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p of our theory to be p:=p’ + 1 and we set for all @ € V},

Tp 1= YaUp in wq, (4.3a)
rp = Yo [un]r onall F e Fr, (4.3b)
rp =0 onall F e Fo*, (4.3¢)
rp = Yq(up — up) onall FeFP, (4.3d)
u = qup onall FeFP. (4.3¢)

By construction, the polynomial data satisfy the compatibility conditions (2.7) and (2.15). Similarly, follow-
ing [14], [2, 1], and [21, Construction 3.4 and Remark 3.7], we define the equilibrated flux reconstruction as
Oh i= ) _aey, Op, Where o is the discrete minimizer of Corollary 3.3 given by (3.6) for interior vertices and
similarly the discrete minimizer of Corollary 3.8 for boundary vertices, with the polynomial degree p := p'.
Here we set, for all a € Vj,

Tp = Ya VU in we, (4.4a)
ri = Yo (f + Agup) inall K € Tq, (4.4b)
rr = e [Vyup] np onall F e Frt (4.4c)
rp =0 on all F € F&*, (4.4d)
rr = VYa(Vrupnpg + on) onall FeFY, (4.4e)
oN = thgon onall FeFY. (4.4f)

For all interior vertices and for those boundary vertices which are only shared by Neumann faces (i.e.,
FP =), the hat-function orthogonality

(V'Tuhv vwa)wa = (fa q/}a)wa - (O—Na ,l/)a)awamFN (45)

is a necessary condition for the data compatibility conditions (2.10) and (2.17). This relation is not verified,
for example, for certain discontinuous Galerkin methods; the use of the discrete gradient Vquy, from [15,
Section 4.3] in place of the broken gradient Vruy, allows to fix this, see [21, 16]. This altogether leads to:

Corollary 4.1 (Guaranteed a posteriori error estimate). Let the data in problem (4.1) satisfy f € Ppr—1(Th),
up € Py (FP)NCO(Tp), and ox € Py _1(FN), p' > 1. Let u € H'(Q) such that u|r, = up be the weak

solution of (4.2). Let up, € Py (Tp) satisfying (4.5) be arbitrary. Let sp := Y, oy, sy, where sg is the

discrete minimizer of Corollary 5.1 or 8.7 with p = p’ + 1 and data (4.3). Let op := ) ¢y, O, where o
is the discrete minimizer of Corollary 3.3 or 3.8 with p = p’ and data (4.4). Then
IV (u—un)lly < Y (IVrun + onllk + IV (un — su)ll%),
KeTh
as well as
IVr(uw—w)la+ > hp 0l —wllE < Y (IVrun + ol + [V (un = sn)l1%)
FeFmUFD KeT,
+ 3 b G funllF 4 Y b (s — up)|F
FeFn FeFp
Proof. See [21, Theorem 3.3] or [16, Theorem 3.3] and the references therein. O
Let
Hl(wq) := {v € H (wa); (v,1),, = 0}, ac V™ orac VP and FY =0, (4.6a)
HY(wq) :={v€ H (wa);v=0o0nal FeF>}, acV™ and F> # 0. (4.6b)

Then the Poincaré(—Friedrichs) inequality states that

[V]|wa < CPF,wahwaHVUHwa Vv € Hi(wa)'

11



Similarly, the broken Poincaré(—Friedrichs) inequality [3, 23] states that

1/2
HVTU”wa"‘{ > hpllﬂ%[[vﬂllfw} 1

FeFruFp

[V]lwe < CoPF wa Moy

for all v € H'(Ty) such that (v,1),, = 1if @ € V™, all v € H'(Tg) such that > pcpn(v,1)p = 0 if

a € V& and FY = 0, and all v € H(T,) if @ € V** and F2 # 0. Let Ceonpr = maxgey, {1 +
CPF wo Mg [| Vel oows } a1d Ceont, bPF := MaXgey, {1+ CoPF wy Puwg | V¥allco,ws }» Where both constants only
depend on the shape-regularity parameter 7, . Then we have

IV (#av)llwa < Coont.pE[VUllw Vv € Hy(wa), (4.7)

see [1] or [21, Lemma 3.12], and, similarly,

1/2
V7 (¥av)llwe < Ceont,bpF [IIVTUII% + { > hEIIH%[[v]]II%} 1 (4.8)

FEFiMUFR

for all v € H'(7,) with the above constraints. Let Vi stand for the vertices of the element K. The crucial
application of our results is:

Corollary 4.2 (Local efficiency and polynomial-degree robustness). For the estimators of Corollary 4.1,
the following holds true:

HVT(’LLh - Sh)”K S Cstccont,bPF Z [||VT(U - uh)”wa

a€Vik

1/2
+{ > hﬁlllﬂ%ﬂuu/z]]llfw} 1 VK € Th, (4.9a)

FeFinturp
Vrun + onl| k. < CstCeont,pF Z V7 (u = up)l|w, VK € Th, (4.9b)
acVi
B P Lanllle = b P o — il VF € 7, (4.9¢)
b 20 (un = up)llp = [T fu—wnllle - VF € Fp. (4.9d)

Proof. Corollary 3.1 for interior vertices and Corollary 3.7 for boundary vertices immediately give, for any
a € Vy,

IV (Yaun — SZ)H% <Oy min IV (Yaun = v)|lw, < Cst inf IV (Ya(un = v))]lw, -
vEH (wq) vEH (wq)
v|p=0 VFEF** v|p=up YFEFL

v|p=taup VFEFL

Indeed, the right inequality follows immediately as any function v € H'(w,), equal to up on the faces from
FD. belongs to the minimization set of the middle term above when multiplied by the hat function v,.
This means that the discrete fully computable estimator ||V (Yaun — sp)llw, is a local lower bound for
a 1he-weighted distance to the H'(w,) space (or an affine subspace if 72 # (). We now make the weak
solution u of (4.1) appear in the bound. For @ € Vi"'| let @ := u — cq, where the constant ¢, is chosen
so that (i, 1)y, = (up,1)w,. For a boundary vertex a € V&' such that FY = (), let @ := u — cq, where
the constant ¢4 is chosen so that ZFe}‘g (@, 1)p = ZFU"E (up,1)p. In the other situations, we let @ := w.
Note that in all three cases, Vi = Vu on the patch w, and [@] = [u] on all the faces F' € Fi2*. Then,
using (4.8) for v = uy — @ together with ||Vr(up — sp)llx < > pcp, IVT(Waun — 87)|w,, We obtain (4.9a).
Note that if the mean values of the jumps of uy, are zero, i.e., (Jun],1)r = 0 for all the faces F' € Fi"* and
(un, 1) = (up, 1)F for all the Dirichlet faces F' € F2, (4.9a) actually simplifies to

V7 (un = sn)ll < CstCeont b D V7 (u = un)|lus, -

a€Vk
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Corollary 3.3 for interior vertices and Corollary 3.8 for boundary vertices, in conjunction with Corol-
lary 3.6, yield, for any a € Vy,

[YaVrun + opllw, < Cse  max { > (rxv)k = Y (TFMJ)F}

= Ust max (fa wav)wa - (VTUh, V(wav))wa - Z (UNa ¢GU)F 3

1
el
using the definition of rx and rr in (4.4) and the Green formula. Thus, the fully computable estimator
¥aVrun + o5 llw, is a local lower bound for the local dual norm of the residual with 1),-weighted test
functions. We now note that ¥4v, extended by zero outside of the patch subdomain wg, is a function in
H'(Q) which is zero on the Dirichlet part of the boundary I'p. Thus we can use the definition (4.2) of
the weak solution to replace the right-hand side by (Vy(u — up), V(¥av))w, . Invoking (4.7) together with
IV7un + onllk < Xgev 1VaVrun + ofllw, gives (4.9b).

Finally, (4.9c) and (4.9d) are immediate by definition. O

5 Proof for broken H! polynomial extensions

We prove here Theorem 2.2. In particular, we show in Section 5.1 the existence of the minimizers in (2.8),
in Section 5.2 their uniqueness, and in Section 5.3 the stability bound (2.8). Let p > 1 and let r € P, (F2)
satisfy the compatibility conditions (2.7). Define

Vo(Ta) := {v, € Py(Ta); vplp = 0VE € F& [v,]r = rp VE € FM, (5.1a)
V(Ta) :={v € H(Ta); v|lp = 0VF € F>*, [v]r = rp VF € F"}, (5.1b)
Then the stability bound (2.8) becomes
in  ||Vruplle, < Cs min ||V, . 5.2
vpenvl,l,?m” TUpllwa < tvergl(r;a)ll TV wa (5.2)

To prove it, we crucially consider the enumeration of the cells in the patch 7, from Lemma B.1 below
in the form Kji,..., K}y, . Without loss of generality (see Remark 2.1), we orient all the interior faces
F =0K;NJK; € F™ so that np points from K; to K; with j < i.

In what follows, we abbreviate as A < B the inequality A < ¢B with a generic constant ¢ whose value
can only depend on the patch regularity parameter 7, ; the constant C' is in particular independent of the
polynomial degree p.

5.1 Existence of the minimizers

Let us first prove that the minimization sets V,,(7,) and V(7,) are non-empty; then the existence of the
minimizers immediately follows. Since V,,(74) C V(74), we only consider V,,(7,). The proof is constructive
in that we build a function in V,(7,) by enumerating all the cells in 7, while prescribing suitable Dirichlet
data on some faces of each cell. For all 1 < i < [Tg|, let us set Ff** := JK; N Qwg, i.e., Ff** is the face of
K; lying on the patch subdomain boundary dwg. Note that F; € F&*'. Consider a function w, € P,(Tg)
such that its restrictions w; = wp|k,, for all 1 < ¢ < |Tg|, are defined by induction as follows:

(i) For i =1, w, is any function in

V(K1) = {vp € Pp(K1); Up|fot =0}. (5.3a)
(ii) For all 1 < i < |Tq|, w}, is any function in

Vp(Ki) = {vp € Pp(K;); vplpext =0, vp|lp = —1p + w§|F VE € fiu}, (5.3b)
where j = j(4, F) is the index of the cell sharing F' with K;, ie., F = 0K; N 0K;. Recall that by

definition of the set of previously enumerated faces ]—'iﬁ in Appendix B, we have j < i, so that w;; is

already known from a previous step of the construction.
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Lemma 5.1 below shows that the (affine) subspaces V,(K;) are all non-empty, i.e., the above construction is
meaningful. Then, it is easy to see that any function w, constructed as above is in the discrete minimization
set V,(7Tq); in particular, we note that the prescription (5.3b) on the faces in ]-"f implies that [w,]r =
’wg)|p — w;|p =TF.

Lemma 5.1 (Non-emptiness). For all 1 <i <|Tg|, the set V,(K;) is non-empty.

Proof. The proof is carried out by induction.

(1) First, the linear space V,(K7) is non-trivial. Its dimension is actually equal to the number of Lagrange
nodes of order p in the tetrahedron K; that are not located on the face F f"t.

(2) Let now 1 < ¢ < |T4| and suppose that V,,(K;_1) is non-empty. To prove that V,(K;) is non-empty, we
need to verify that the prescribed values on the faces of K; are continuous across the edges they share. Once
this is established, it will follow that V,,(K;) is an affine space whose tangent space has dimension equal to
the number of Lagrange nodes of order p in K; not located in the faces of K; where a value is prescribed.
We distinguish three cases.

(2.a) Case 1 < i < |Tq| and |]-"f| =1, say ]-"f = {F}!}. There is one edge to consider, namely e = F** N FL.
The compatibility condition (2.7a) implies that rz|. = 0, and we have by construction wg\e = 0 since
e C Owg. Hence, the value we are prescribing on the face F! restricted to the edge e is zero.

(2.b) Case 1 < i < |Tq| and |}"f| = 2, say ]-'f = {F!, F?} (note that |.7-"Zﬁ| < 3if i < |T4| owing to
Lemma B.1(ii), although we do not need to make use of this property here). There are three edges to
consider, namely e' = F&* N Fl €2 = F™' N F?2, and e!'? = F! N F?. For e! and e?, the reasoning is the
same as above. For e := e'2, we first use Lemma B.1(i), giving that K; is the last cell to be enumerated
in the rotational path of cells around e. Thus w,, has been already defined in the previous elements by the
induction argument, and the algebraic properties of the jump operator (see (2.4)) give

Yoo wrelwp] = w) — w2, (5.4)
FeF\{F}!,F?}

where F! = 0K; N 0K;, and F? = 0K, N 0Kj,, with K;, following K; in the rotation direction around
the edge e. Second, employing in (5.4) [wy]r = rp for all F € F \ {F} F?} and the compatibility
condition (2.7b), we conclude that

wg;l - wif = —lpl TRl — L2 TRz = TR — TRz (5.5)
on the edge e; the last equality also employs that tp1 . = —1 and tp2 . = 1 in the chosen notation (recall

that both normal vectors nyp1 and np2 point inward K; as ji,j2 < i), see the right panel of Figure 1.
Equation (5.5) provides the desired continuity property on e.
(2.c) Case i = |Ta|. Then F? contains three faces, and the six edges of K1,| need to be considered. The

1
reasoning is the same as above for the three edges located on dw, and the three edges inside wq (using again

Lemma B.1(i) and the compatibility condition (2.7b)). O

5.2 Uniqueness of the minimizers

The uniqueness of the minimizers in (2.8) results from the fact that V,,(7,) and V(7,) are convex sets (being
affine spaces) and that the functional we are minimizing is strictly convex on the tangent spaces of V,(74)
and V(T,) (both tangent spaces are composed of functions vanishing on Owg, where the H!'-seminorm
defines a strictly convex functional).

5.3 Proof of the stability bound (2.8)

We now construct two functions ¢, € P,(7a) and ¢ € H'(7a) such that their restrictions ¢}, := (p|k, and
¢t :=(|kg,, for all 1 <i < |T,|, are defined by induction as follows:

(i) For i = 1, we define the spaces

V(K1) := {vp € Pp(K1); vplppee = 0}, (5.6a)
V(Ky) = {ve H (K)); | pexe = 0}, (5.6b)
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and consider the following unique minimizers:

¢, == arg min [|Vup||k,, ¢! = arg min||Vv| g, - (5.7)
vp€Vp (K1) veV (K1)

Note that these problems are actually trivial, so that we have () = ¢! =0 in K.

(ii) For all 1 < i < |Tq|, we define the spaces

Vo (K) == {vp € Py(K); vplpexe = 0, vplp = —1rp + (| p VF € FF}, (5.8a)
V(K;) = {v € H'(K;); v|pee =0, v|p = —rp + (| p VF € Ff}, (5.8b)

where j = j(i, F) is the index of the cell sharing F' with K;, i.e., F = 0K; N 0K,. Note that both
spaces are defined using the same Dirichlet data which are piecewise polynomials of degree p. Consider
the following unique minimizers:

¢, := arg min ||Vu,||x,, ¢":= arg min||Vo||, . (5.9)
vp €V (K;) veV(K;)

Note that the above minimization problems are well-posed since the minimization sets are non-empty.
Indeed, the Dirichlet condition is a continuous, piecewise polynomial, as established in Section 5.1.
Moreover, the set of faces where a Dirichlet condition is prescribed is always non-empty, and the
minimized functional is strictly convex. We can also observe that the continuous minimizer (¢ €
H!(K;) is the weak solution to the problem

~AC"=0 in K;, (5.10a)
(|lp=—rp+Clp onalFeF, (5.10b)
C'lp=0 on Ft, (5.10¢)
V¢, |r =0 on all F € F?, (5.10d)

whereas (;; is its (spectral) finite element approximation in Pp,.

We will show the following two statements for all 1 < i < |T4| (the statements being trivial for ¢ = 1):

VGl S V¢ L, (5.11a)
V¢l SNVT0" lwa + DIV, (5.11D)

j<i

where the sum in (5.11b) is void if ¢ = 1 and where v* € V(7,) is the global continuous minimizer in (2.8).
Since the above inductive construction implies that ¢, € V},(7a), the global discrete minimizer v, € V,(7a)
in (2.8) is such that

”VTU;Hwa < IVTGllu-

Moreover, combining (5.11a) with (5.11b) proves by induction that [|[V{!|k, < [[V7v*|w, for all 1 <i <
|Tal, so that |[V7(pllw, S IV70*]w,. Hence, [Vrvs|le, S IV7v*||e,, and this concludes the proof of (2.8).

Proof of (5.11a). We apply Lemma A.1 on K = K; with F{ = {F™'} U ]—'f and the p-degree polynomials
given by 0 for F' = F™" and —rp + QIZ\ r for all F € ]iﬁ The proof that these polynomials are continuous
over the edges shared by two faces in F has been given in Section 5.1. O

Proof of (5.11b). We distinguish three cases.

(1) Case 1 < i < |Ta| and |F}| = 1, say F' = {F}. Let K, € T, be the cell such that F = 8K; N OK;;
the definition of .7-'2# implies that j < i. Let T : K; — K; be the (unique) bijective affine map leaving F
pointwise invariant. Consider in the cell K; the function

vi=1v"

K, — (WK, =)o T
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The crucial observation is that v € V(K;). Indeed, the properties v € H'(K;) and v| pexe = 0 are straightfor-
ward to verify. Moreover, since j < i, we have v*|g, —v*|k, = [v*]F = rp, so that indeed v|p = —rp+(J|p.
Using the definition (5.9) of {* together with the properties of the map T which follow from mesh regularity,
we infer that

VS Ik, < IVollx, < IV Il + V(0" |x; = G) o Tl
S IV lr + IV |k = Gl < VOl + IV l[k; + VG ;s

so that (5.11b) holds true (recall that j < ).

(2) Case 1 < i < |Tq| and |F| = 2, say F! = {F', F?} with e = F! N F2. We consider the conforming
refinement 7. of T, from Lemma B.2 applied with K, = K; (observe that the partition 7] may add one
element with respect to 7¢). Recall that 7. contains K;, that all the tetrahedra in 7, have e as edge with
their two other vertices lying on dwg,, and that, collecting all the vertices of 7. that are not endpoints of
e in the set V!, there is a two-color map col : V. — {1,2} so that for all k € 7/, the two vertices of &
that are not endpoints of e, say {al}1<n<2, satisfy col(a??) = n. We use the two-color map to define, for
all k € T/, the (unique) bijective affine map T, : K — K; leaving e pointwise invariant and preserving the
color of the two other vertices of , i.e., col(Tx(al’)) = n for each n € {1,2}. Consider in the cell K; a
function v defined from the global continuous minimizer v* in K; and from its difference with the piecewise
polynomial ¢, on the previously enumerated elements by

€
vi=tk Y, (0 = G)leo T (5.12)
€K,
RETIN{K:} °

where for all k € T/, €, = 1 if the orientation of the vector ala? is compatible with the fixed orientation of
rotation around the edge e and ¢, = —1 otherwise. Note that the binary coloring implies that €, + €, =0
if the two cells x and &’ share an interior face. Let us verify that v € V(K;). The properties v € H(K;)
and v| pexe = 0 are again straightforward to verify. It remains to show that v|p = —rp + §g| p forall F e .7-'?.
We will do the proof for the face F''; the proof for the face F? is similar. Let « € F'', and assume without
loss of generality that the vertex of F'! that is not in e has color 1. Let F! collect all the interior faces in
7. whose vertex that is not in e has color 1. Then, F' € F! and F? ¢ F!. Moreover, the definition of T},
implies that, for all K € T/, k # K;, the point T !(z) belongs to the face of x in the set F!. Recall that
€, has opposite sign on the two cells sharing each interior face. As a result, we find that the function v
in (5.12) satisfies

vl = okl — (i, ~ G o Tl + Y er(v'lr — [Gle)lroTsY,  (5.13)
FeFI\{F'}

where K, is the cell sharing F'! with K;, i.e., F! = 0K; N 0K}, whereas ep = €., /ex, = +1 where rp
is the element sharing F having the lowest enumeration index. Since [v*]p = [(,]F for all F € F} (the
common value being rp if F is already a face in 7, or zero if F is a newly created face in 7.) and since
J1 < i, this yields

’U|F1 = U*‘Ki Fl — (’U*|Kj1 — C£1>|F1 = —’I“F1|F1 + C]‘Z1|F1.
Hence, v € V(K;). In view of (5.12) and (5.9), we conclude that

V¢l < Vol S UVV*lle+ Do Vo e+ IVG I} < T2 IV 70" llwn +2Y2 D1 VG, -
RETI(K:} i<i

(3) Case i = |Tq4|. Note that owing to Lemma B.1(ii), this is the only case where |]-"f| = 3 happeuns, so that
we need to work with all the three interior faces of the element K;. For this purpose, we apply Lemma B.3
with K, = K;. Recall that 7, contains K;, that all the tetrahedra in 7, have a as vertex with their three
other vertices lying on dwg, and that, collecting all the vertices of 7. that lie on Ow, in the set V., there
is a three-color map col : V/, — {1,2,3} so that for all kK € T}, the three vertices of x that are not a,
say {al}i<n<s, satisfy col(a]y) = n. We use the three-color map to define, for all k € 7, the (unique)
bijective affine map T} : kK — K; leaving a invariant and preserving the color of the three other vertices of
k. Consider in the cell K; the function

€r o/ x —
vi=tlk Y W =Gk o T (5.14)
€K,
RETIN{K:} °
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where, for all K € 7., €, = 1 if the vector ala?xala? points outward w, and €, = —1 otherwise. Let us
verify that v € V(K;). The properties v € H*(K;) and ’U|F‘e7:5t| = 0 are straightforward. It remains to verify

that v satisfies the appropriate boundary condition on the three faces in Fiﬁ7 i.e., on the three faces of K;
sharing the vertex a. We can call these faces F12, F'3 and F?3, where the superscripts refer to the two
colors of the two vertices of the face that are not a. Let us verify the boundary condition on F'2; the proof
for the two other faces is similar. Let F'2 collect all the interior faces in 7, such that their two vertices
which are not @ have colors 1 and 2. Since any interior face in F'? is shared by two cells in 7. having
opposite number ¢, and since any cell in 7/ has one interior face in F'2, we infer that

vlpiz = 0%k, = (0%|k,,, — @)z 0 T+ S er(vlr - [GlR)F o T,
FeFi2\{F12}

with er and kp defined as above and where ji» is the index of the cell sharing F'2 with K;. Since

[v*]r = [¢p]F (the common value being either rz or 0) and since ji2 < i, we conclude that v|p2 =
—rpiz|piz + (12| 2. Hence, v € V(K;). Finally, we can bound [|Vo||k, as above, and this completes the
proof. O

6 Proof for broken H(div) polynomial extensions

We prove here Theorem 2.3. In particular, we show in Section 6.1 the existence of the minimizers in (2.11),
in Section 6.2 their uniqueness, and in Section 6.3 the stability bound (2.11). Let p > 0. Let r € P,(Tqg) X
P, (Fe) satisfy the compatibility condition (2.10). Let us set

Vy(Ta) == {vy, € RTN,(Ta); vpnp =1p VF € FZ, Vrwp|xk = rg VK € Ta,

[v,]nF =rp VEF € FrY, (6.1a)
V(Ta) = {v € H(div,Ta); vnp =rp VF € F2**, Vrv|g =1k VK € Tq,
[v] np =rp VF € Fit. (6.1b)

Then the stability bound (2.11) becomes

min ||v < Cs min ||v|e,- 6.2
vpeVp(Ta)H pra = Vst vEV(Ta)H ||wa ( )
As in Section 5, we consider the enumeration of the cells in 74 from Lemma B.1 in the form Ky,..., K|,|.

Without loss of generality (see Remark 2.1), we orient all the interior faces F' = 9K; N 0K; € Fi* so that
np points from K; to K; with j <.

6.1 Existence of the minimizers

Let us first prove that the minimization sets V,(7,) and V(7,) are non-empty, yielding the existence
of the minimizers. Since V,(Ta) C V(7Ta), we only consider V,(7,). Recall that, for all 1 < i < |Tg],
FX' = 9K; N Qwg is the face of the element K; lying on the patch boundary dwg. Consider a function
wy, € RTN,(T,) such that its restrictions wy, := wy|x,, for all 1 < i < |Tg|, are defined by induction as
follows:

(i) For i =1, w, is any function in

V(K1) := {v, € RTN,(K1); vpnpese = rpext, VUp =Tk, }. (6.3a)
(ii) For all 1 < i < |Tql, w}, is any function in
Vo (Ki) := {v, € RTN,(K;); vpnpes = rpext, VU, = 'k, UpNp = —TF + w)npVF € ]-"iﬁ},

(6.3b)
where j = j(4, F) is the index of the cell sharing F' with K;, ie., F = 0K; N 0K;. Recall that by

definition of }"f, we have j < 4, so that 'wg is already known from a previous step.
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Lemma 6.1 below shows that the (affine) subspaces V,,(K;) are all non-empty, i.e., the above construc-
tion is meaningful. Then, it is easy to see that any function w, constructed as above is in the discrete
minimization set V,(7g); in particular, we note that the prescription (6.3b) on the faces in ]-"f implies that

[wp]nr = (w) —w,)np =re.

Lemma 6.1 (Non-emptiness). For all 1 <i <|Tg|, the set V,(K;) is non-empty.

Proof. The proof is actually simpler than that of Lemma 5.1 in the H'-setting in Section 5.1, as Neumann
boundary data in (6.3) do not request any condition of continuity on edges between faces of each K;. Thus,
property (i) of Lemma B.1 is not used here. The only non-trivial property to verify is the compatibility
between the prescriptions of the normal component and the divergence whenever .7-"3 U{F™} = Fg,,
i.e., whenever the normal component is prescribed over the whole boundary of K;. Here, it is important
that this situation only happens when i = |74/, i.e., for the last cell in the enumeration; this is indeed
the case owing to Lemma B.1(ii). Then the non-emptiness of V,,(K;) follows from classical properties of

Raviart-Thomas—Nédélec finite elements. Let thus ¢ = |T,|. We need to check the Neumann compatibility
condition

(TKM 1)K7, = (TF.Q’“’ I)ngc + (TF - wj'nFa l)F (64)
i i p
FeF!

(Note that ng points inward K; for all F' € ]-'f since i = |Tg|.) Using the divergence theorem in each cell
K;, 1<j<|Tal, we write

Z (rec;, Vi, = Z (V-wi,l)Kj = Z Z (wg'nKjvl)F
1<j<|Tal 1<j<|Tal 1<j<|Ta| FEFK;

= Z (TFjeXt,l)F;xt —+ Z ([[wpﬂ~np,1)p + Z (’wg.np,l)p

1<j<|Tal FeFin\F} FeF!

= (rpexe, 1) pext + (rps Dr + ('wz'an Dr,
Z J J Z Z

1<<|7al FeFint\ F? FcF!
where ng; is the unit normal pointing outward K. Then (6.4) follows by combining the above relation

with the compatibility condition (2.10). O

6.2 Uniqueness of the minimizers

As the affine subspaces V,(7,) and V(7,) are non-empty convex sets, the uniqueness of the minimizers
in (2.11) follows from the fact that the functional we are minimizing is strictly convex on the tangent spaces
(both tangent spaces are composed of divergence-free functions, so that the ||[|w, = ||| & (aiv,7,) for such
functions).

6.3 Proof of the stability bound (2.11)

We now construct two functions ¢, € RTN,(Tq) and ¢ € H(div, 7,) such that their restrictions ¢! := {p|x,
and €' := (|k,, for all 1 < i < |T,|, are defined by induction as follows:

(i) For i = 1, we define the spaces

‘/;](Kl) = {'Up S RTNP(Kl), 'Up'nFlext = T’fot, V"Up = TKl}, (65&)
V(K1) == {v € H(div, K1); vnpest = rTpe, Vv =71k, |, (6.5b)

and consider the following unique minimizers:

C; = arg min ||vp &, ¢! = arg min ||v| k, . (6.6)
vp V(K1) veEV(Kq)
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(ii) For all 1 < i < |Tq|, we define the spaces
Vo(Ki) i= {vy € RTNy(K;); vpnpest = rpext, VoUp =Tk, UpNp = —Tp + ¢)mpVF € FA,
(6.7a)
V(K;) :={v € H(div, K;); vnpest =rpess, VU =Tp,, VNF = —TF + ¢ mpVF € Fi}, (6.7b)

where j = j(i, F) is the index of the cell sharing F' with K;, i.e., F = 0K;N0K;. In (6.7b), the normal
trace is prescribed according to (2.6). Consider the following unique minimizers:

C; = arg min ||vp| x,, ¢! = arg min ||v||g,. (6.8)

vp €V (Ky) veV(K;)

The same reasoning as in Sections 6.1 and 6.2 shows that these minimization problems are well-posed. We
can also observe that the continuous minimizer ¢? of (6.8) is given by —V(¢?, where (¢ € H'(K;) is the weak
solution to the problem

A = TK, in K;,
—Viinp=—rp+ Cgm,p onall F' e ff,
—VCi-nFiexc = Tpext on Ff™,
Clp=0 onall F e F,,

whereas C;) is its (spectral) mixed finite element approximation in RT'IN,,.
We will show the following two statements for all 1 < i < |Tg|:

1615, S 1€ (6.9a)
17 S M0 o + D 1€0 15 (6.9b)

j<i
where the sum in (6.9b) is void for ¢ = 1 and where v* € V(7,) is the global minimizer in (2.11). With
these two bounds, we can conclude the proof as in Section 5.3.

Proof of (6.9a). We apply Lemma A.3 on K = K; with FX = {F*'} U ]-'f, the p-degree polynomial
prescribing the divergence being r g, , and the p-degree polynomials prescribing the normal components being
T pext for F = FieXt and rp — Cg"n,p for all F' € .7-"f (recall that np points inward K since F' = 0K; N 0K;
with j < 7). The compatibility condition for these polynomials on the last element follows by the same
reasoning as in Section 6.1. O

Proof of (6.9b). The principle of the proof is the same as that of (5.11b) in Section 5.3, the only salient
difference being that the pullback by the geometric map has to be replaced by the contravariant Piola
transformation. Let us exemplify this modification in the case where 1 < i < |T,| and |.7-"Zﬁ | = 1, say
Fi={F}. Let K; € Ty be the cell such that F = dK; N JK; the definition of F? implies that j < . Let
T : K; — K, be the (unique) bijective affine map leaving F' pointwise invariant. Let J be the (constant)
Jacobian matrix of T and consider the transformation ¥ (v) = A(v o T) with A = det(J)J 1. Then 4 is
an isomorphism from H (div, K;) to H(div, K;), and also from RT N, (K;) to RT N, (K;). Consider in the
cell K; the function

v = v, — ¥ (0], — ), (6.10)
and let us prove that v € V(K;). It is clear that v € H(div, K;). Concerning the divergence, we use the
property V.o~ (v;) = det(J) ™} (V-v;)oT~! in K; for any function v; defined in K. Applying this identity
to the function v; = v*|k, — ¢J which is divergence-free (since j < i), we infer that V-v = V-v*|g, = rk,.
Let us now consider the normal component of v. Recalling (2.6) and that np points inward K;, we need to
prove that

(Ua V(b)lﬂ = _(rKi’¢)Ki + (TFth7¢)Ff"t + (rF - C;g'nF7 ¢)F’ (611)

for all ¢ € H'(K;) such that ¢|p = 0 for all F € F7. Let ¢ : wq — R be such that ¢|x, = ¢, ¢|x, = ¢po T,

and ¢ = 0 otherwise, and observe that ¢ € H Y(wq). Using ¢ as the test function in (2.5¢) for the global
minimizer v*, we infer that

(’U*, V(/b)KL + ('U*a V((bOT))Kj = _(er(b)Ki - (TKj ) ¢OT)KJ' + (rFf"t’(b)Fth + (TF;Xtv(bOT)F;’“ + (’I"F, ¢)F
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Considering the term (v, V¢)g,, the definition (6.10), changing variables in the last term in the right-hand

side, and employing €y = ‘iitt((?)‘ = —1, we obtain

(v, Vo), = (v*,Vo)k, — (b~ (v*|k, — (), Vo)x,
= (v, Vo)k, + (v, V(9o T))k, — (¢, V(¢ o T))k,
="\ Vo), + (v, V(¢oT))k, + (rk;, 90Tk, — (TF;XMQf’ ° T)F;xt - (C§~nF,¢)F
= —(ri;, ), + (rpext, Q) pexe + (rr = &) mp, d)

where we used the Green formula for the term ( g, V(¢oT))k, and the prescribed properties of Cg together
with the above relation satisfied by v*. Hence, (6.11) holds true, and v € V(K;) as announced.

The reasoning is similar when F? contains two or three interior faces of K;. Let us still briefly discuss
the case where 1 < i < |T| and |F| = 2, say F? = {F!, F2} with e = F' N F2. We consider the two-color
conforming refinement 7. of the rotational path 7. around e of Lemma B.2 below. Define in the cell K; the
function

vi=vli b Y (T = G, (6.12)
ReTA\ (K} T

where we use the same notation as in Section 5.3, together with the contravariant Piola transformation 1,
built using the geometric map T, with Jacobian matrix J,. We need to show that v € V(K;). It is again
clear that v € H(div, K;) and similarly, remarking that the restrictions (v* — ()|, for all k € T/ \ {K;} are
divergence-free, we infer that V-v = V-v*|k, = rk,. We are thus left to prove that the normal components
conditions in (6.7b) are satisfied. Let F' = 0K; N 0K;, and F? = 0K; N 0K,,, where we remark that
J1,j2 < i. Using (2.6), we need to show that

(v, V), = —(rk,, )i, + (Tpext, @) pexe + (rpr — (I mpr, @) pr + (rp2 — J2np2, ¢) p2, (6.13)

for all ¢ € H'(K;) such that ¢|r = 0 for all F € F?. Let now ¢ : we — R be such that $|K = ¢,

s = poTy, k € T)\ {K;}, and ¢ = 0 otherwise. Observe that ¢ takes the value zero on the faces lying
on the boundary of the submesh 7. and sharing the vertex a and is continuous over the faces in 7. sharing

the edge e. Consequently, 5 € H'(wq). Using as above (; as the test function in (2.5¢), we see that
W Vo), + D>, (W V(@oT))w= — (k. 0, — O, (e¢0T)s+ (rpes, @) pe
RETI\{K:} RETI\{K:}

+ Z (rstta(boTn)F:“ + Z (TF’(bOTNF)F?

HG",—‘;\{K'L} FeF

(6.14)

with the obvious association of F¢** with F¢** and where kp € T is the element sharing F' having the lowest
enumeration index. Employing the definition (6.12), changing variables, noting that e4ey_ is independent
of the two cells sharing F' € F, since n,, changes orientation, and using that the jumps of ¢, on the faces
from F, other than F' and F? are given by rr whereas the normal component of CIJ,' has zero jumps inside
of the original simplices K; from 7., we deduce

(©.Y0)k, = (0" Vo, — Y. (i (0" =G, Ve)

€K, i

RETIN{K:} ¢

=V, + >, @ V(oT))e— Y. (& V(eoTa))s
KETI\{K;:} RETI\{K:}

=@ Vo)k, + >, @ V(oT))e+ >  (re¢oT.),
RETI\{K;} KETI\{K;}

- Z (rrexe, @0 Tyg) pexe — Z ([&p]mp, @0 Ty )r

RETIN{K:} FeF\{F',F?}

- (C}]’I M1, O T, )P — (ng'anv po Tn,ﬂ)F?
= — (ri, O, + (rpext, @) pexe + (rpy — Grnpr, @) pr + (rp2 — §2 g, 6) 2,

where we have also employed that both np: and np2 point inwards Kj;, and, in the last step, (6.14).
Thus (6.13) holds true. O
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7 Proofs for boundary vertices

In this section, we prove Theorems 2.4 and 2.5, by relating the case of a boundary patch to that of an
interior patch via geometric piecewise affine mappings and symmetry arguments. Let a be a boundary
vertex as specified in Section 2.4. Recall that by assumption, the patch domain w, only contains an open
ball around a@ minus some sector with solid angle 8, € (0,47). In what follows, as throughout the paper,
we abbreviate as A < B the inequality A < ¢B with a generic constant ¢ whose value can only depend on
the patch regularity parameter yr,. Moreover, A ~ B stands for simultaneously A < ¢B and B < cA.

7.1 H! setting

We prove in this section Theorem 2.4. Recall that we have assumed that either FY = () or FD = (.
Moreover, either all the faces in FX* have at least one vertex lying in the interior of 8we"t see the left panel
of Figure 2 for an example, or there are at most two tetrahedra in the patch, see the right panel of Figure 2
for an example. We show the details under the first assumption and only give brief comments on the case
where this does not hold but |7,| < 2.

When all the faces in F&X* have at least one vertex lying in the interior of dwS*, it is possible to design a
mapping T of 7, into a flattened patch ’7; lying in a half-space in R? determined by some plane containing
the boundary vertex a. More precisely, the mapping T is defined by means of a collection of bijective affine
mappings {TK} ke, such that (see the left panel of Figure 3 for an illustration in the context of Figure 2):

)Tk : K — K where K is a tetrahedron; 2) the tetrahedra K form a patch T topologically equivalent
to Tq (i-e., the connectivity between elements, faces, edges, and vertices of 7:1 is the same as that in Tg); 3)
all the faces F' € F2 are mapped into a plane P and 7~; lies in a half-space of R? bounded by this plane; 4)
the shape-regularity parameter of 7~; is equivalent to that of T, up to a constant that only depends on 7,

Figure 3: Left: boundary patch Tg of the left panel of Figure 2 mapped by T to the flattened patch 7~;
lying in the half-space of R? determined by the plane P; right: patch 7, mapped by the symmetry S over
the plane P and the resulting interior patch 7,

Let us further map the flattened patch Te by the symmetry S over plane P into the other half-space
of R? to produce together with Te & new patch of elements denoted by 7;, see the right panel of Figure 3
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for an illustration. We keep the orientation for the face normals nz of faces F in T, the same and let it

arbitrary for the newly created faces in 7A; Then, 7A; is an “interior” patch of tetrahedra sharing the vertex
a as described in Section 2.1, where in particular the patch subdomain &g, defined as the interior of the set
Uz 7, K, contains an open ball around a.

7.1.1 Case 1: pure Dirichlet conditions

Let us first treat the case where FY = 0), i.e., Fq = FiM* U FS* U FL and all the faces located on the patch
boundary dw, and sharing the vertex a are contained in the (Dirichlet) set 2. Denote

Vo(Ta) == {vp € Pp(Ta); vplp =0 VE € F& vy|lp =1 VF € FY, [v,lr =rr VF € F2'},  (7.1a)
V(Ta) == {ve H(Ta); v|r =0VF € F&* v|p =rp VF € FY, [v]p =rp VF € F*}. (7.1b)

Then the stability bound (2.16) becomes

_min [9rtylle, < Ca_min V7ol (7.2)
As in Section 5, we denote respectively by vy € V,,(7,) and v* € V(7,) the minimizers in (7.2), supposing
for the moment that they exist. Considering on 7, the equivalents ‘7},('7;) and V(T,) of the spaces Vp(Ta)
and V(T,) from (7.1), where 75 := rp o T for F € Fg, Fe .77}(, K = Tx(K), F = Tx(F), one readily
shows that

IVzopllza = [VTopllwas V70" llza = [VI0" [lwa. (7.3)

where W, is the interior of the set Uz 7 K and

v, =arg min_ [|[Vzpllz,, v":=arg min [[Vz0lgz,. (7.4)
v

’UPE r\/a € a

For instance, since v* o T~ € V(Tq), we have [Vz0*lz, < [Va@* o Tz, = [[J5(Vro*) o T3, <
| det(J) 2| T |2 | V7o |w, S V70" |lw,, since the Jacobian matrix J of T—! and its determinant det(J)
are both of order unity. R

For each interior face F' € Fi'* of the symmetrized patch Tg, cf. Figure 3, right, consider a polynomial
Tp € Pp(ﬁ) such that

?ﬁ = 77}7 if ﬁ = ﬁ S .}’:(ij_nt, (7.5&)

?ﬁ = 77}7 if ﬁ = ﬁ S .7‘:0]?7 (7_5b)

Fa=0 if F=S8(F),F e Fn, 7.5¢
F a

where, in the last line, more precisely, Fe .7?;(, Fe .7?1?, K = S(IN(), F= S(ﬁ) Remark that, crucially,
T3l Fros, = 0 on all interior faces F € Fint and > Fer lpeTple =0 on all interior edges € € &,. Indeed,
the former property follows by (2.15a), whereas the latter property is trivial for edges only present in the
extension by S (not lying in the patch 7~ZL, to the left of the plane P in the right panel of Figure 3) and

follows from (2.15b) together with our definition in (7.5) for edges already present in 7,. Thus, by the
results of Sections 5.1 and 5.2 for interior patches, there exist unique minimizers of the problems

vy i=arg min_ [|Vzyz,, 0" :=arg min [|Vzullg,, (7.6)
Tp€Vy(Ta eV (Ta
where
Vo(Ta) == {Tp € Py(Ta); Tplp = 0 VEF € F&, [6,]5 = 75 VE € Fiit}, (7.72)
V(Ta) = {0 € H(Ta); 05 = 0 VF € F&, [0]p = 7 VF € Fint}. (7.7b)

Moreover, as proved in Section 5.3, the claim (2.8) of Theorem 2.2 holds true, i.e.,

IV70pllas < 1V70" 120 (7.8)
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We now show that there exist unique minimizers in problems (7.4) and, a fortiori, in problems (7.2).
Consider v given by (7.6) and define on w,

Up = i]\;k‘;a — i]\;|aa\aa o S (79)

Immediately, v, € Pp(ﬁ); moreover, it is easy to verify that actually v, € 17p(7~;) Thus, the minimization
sets in (7.4) are non-empty, and uniqueness of the minimizers follows as in Section 5.2. From (7.4) and the
definition (7.9) of 7, we immediately conclude that

IV#0s Iz, < IVEDllz, < V2(V205ls, - (7.10)

Finally, let us extend the continuous minimizer v* from (7.4) from W, to We by zero, which we denote by

~

E(v*). Immediately, we have E(v*) € V(7,), so that
1955 g, < IVEE) o, = 195515, (7.11)

Combining (7.10), (7.8), and (7.11) gives ||[Vzu;llz, S [[V#0*]z,, and (7.3) yields the desired stability
property (7.2).

At most two elements in the patch Tq

Figure 4: Boundary patch T, with FY = (), the two faces in FS* not having a vertex lying inside Owext,
and four edges e;, 1 <i < 4 having a as vertex and lying in dw? (left); extended patch T, (right)

Let there be a face in F&** not having a vertex lying on dwe** but let |T5| < 2, as in the left panel of
Figure 4. We now show that (7.2) also holds true in this case. If |T4| = 1, i.e., the patch consists of a single
tetrahedron, then (7.2) holds true in virtue of Lemma A.1. If |7, | = 2, then there exists an edge e between
the vertex a and one of the vertices in FS** not lying inside wS® such that all the faces F' € F2 that
share e either lie in a plane P, or the patch 7, is such that there exits a collection of bijective affine maps
Ty (denoted simply T') as in the first step above, such that all the faces F' € F2 lie in a plane P after the
mapping of Tg by T. This condition is satisfied in the situation illustrated in the left panel of Figure 4 for
the faces e; and e4 but not for e; and e3. For simplicity, we keep the notation 7, for the patch even after
a possible mapping by T, since an equivalent of (7.3) holds here as well.

Let us now map 7T, by a collection of bijective affine maps S in a symmetry over the plane P into the
other half-space of R3, as in the second step above, see the right panel of Figure 4 for an illustration. Note
that again, the shape-regularity parameter of T, is equivalent to that of 7, up to a constant that only
depends on 77,. The new patch T, is not an interior patch, since otherwise, the condition on the edge e
would be violated. An illustration is given in the right panel of Figure 4.
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Extend now the polynomial data rr “by zero” from Tg to Ta. More precisely, for each face F € Faq,
consider a polynomial 75 € P, (F) such that

Tr=rp if F=Fe¢Fm (7.12a)
Tr=rr ifF=F¢cFp, (7.12b)
Fr=0 ifFe(Fa UTL)\ (FruFD). (7.12¢)

- =i —=ex —=D . . . . . . _ .
Here F, = F, ft U }_Z ‘U F, with our usual notation; in particular all faces lying in 0w, and sharing the
. .. —=D A . . ..
vertex a are gathered in the Dirichlet set F,. Again, T#|F-55, = 0 on all interior and Dirichlet faces

— —j —D —
F e .7:2“ UF, and Y 5.7 t5Trle = 0 on all edges € € £,, so that we can apply the result for the case

ext

where all the faces in 7:“ have at least one vertex lying in the interior of 0wg". We then conclude using

restriction from 74 to Tg by symmetry over P and prolongation from 7T, to T4 by zero.
7.1.2 Case 2: pure Neumann conditions

We now treat the case where F2 = (), i.e., FY collects all the faces lying on the boundary of the patch w,
and having a as vertex. Let

Vo(Ta) = {vp € Pp(Ta); vplp = 0 VF € F&, [o,]p = rp YF € Fint}, (7.13a)
V(Ta) :={ve H(Ta); v|lp =0VF € F&*, [v]r = rp VF € F'}. (7.13b)

Recall from Figure 3 the flattened patch 7~; and the symmetrized patch '7A; For each interior face I € ﬁé‘“,

~

we now consider a polynomial 7z € P,(F') such that

Fo=T7% if F=F e Fint, (7.14a)
Ps=0 if F=FeFY, (7.14b)
Fa=rpoS™t if F=8(F),FeFn (7.14c)

where, in the last line, more precisely, F e ]t'f(, Fe ff(, K= S(I?), F= S(ﬁ) Remark that, crucially,
we have 75|55, = 0 on all interior faces F € Fint and > Fez lpeTple =0 on all interior edges € € &,
Indeed, as in Section 7.1.1, the former property follows from (2.15a), whereas the latter property is here a
consequence of the conditions imposed in (7.14) together with the choice of the orientation of the normals
nz of the faces F not present in T If the sum > Fe 2l ﬁ,a?}ﬂg only contains faces either from 7T, or from
7\; \ 7~;, then it is equal to zero because of (2.7b), whereas if it also contains faces from both 7~; and 7A; \ 7~;,
then the summands from Tg and 7A; \ 7., cancel out owing to the symmetry of T, with 72 \ Ta.

Then the result of Sections 5.1 and 5.2 can again be used here, so there in particular exist unique
minimizers to the problems (7.6), and Theorem 2.2 implies (7.8). Consider vj; given by (7.6) and define

*

Ty = 0%, (7.15)

(compare with (7.9) in the case of Dirichlet conditions). Recall that V,(7g) is defined by the mapping S
from (7.13). Then v, € V,(7,); in particular, no condition needs to be satisfied on the Neumann faces F .
From (7.4) and the definition (7.15) of v,, we immediately conclude that

155150 < V5T lz, < 1958} (7.16)

Extending the continuous minimizer * from (7.4) from g to Wq by symmetry as E(0*)|z,\z, = 0%z, 087",

we see that E(v*) € V(Tg), so that
V70" llza < IV2E@)z, < V2(V70" |3, (7.17)

Combining (7.16), (7.8), and (7.17) gives [|[Vz0, [z, < [[V707[|z, and (7.3) yields the desired stability
property (7.2).
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At most two elements in the patch Tq

If there exists a face in F&*' without a vertex lying inside Ow®* but |T4| < 2, as in the right panel of
Figure 2, the face jumps 7 have to be set to zero on the original Neumann faces and extended by symmetry
over P otherwise, we map from T 4 to 74 by simple restriction, and from 74 to T4 by symmetry, cf. Figure 4.

7.2 H(div) setting
We sketch here the proof of Theorem 2.5. As in the H' setting, we present the case where all the faces in

F&* have at least one vertex lying in the interior of dwe*®, see the left panel of Figure 2 for an example; the
case |Ta| < 2, see the right panel of Figure 2, can be treated as in Section 7.1. Contrary to the H! setting,
we do not make here any assumption on the subsets F. and FJ; for the sake of clarity of exposition, we
still distinguish the case with pure Neumann conditions, that with pure Dirichlet conditions, and finally we
treat the general case of mixed Neumann-Dirichlet conditions. We again rely on the flattened patch 7, and

the symmetrized patch Tq; see Figure 3.

7.2.1 Case 1: pure Neumann conditions

Let us first assume that 2 = (). Denote

Vy(Ta) i= {v, € RTN,(To); vynp =rp YF € F&* v,mp =rp VF € Fh,

[vp]mp =rp VF € Fflm, Vrvplk =rx VYK € Ta}, (7.18a)
V(Ta) :={ve Hdiv,To); vnp =rp VF € F&' vnp = rp VF € FY,
[v]np =rp VF € F Vrw|g = rg VK € To}. (7.18b)

Then the stability bound (2.18) becomes

' < Cy mi . 7.19
vpen‘l,ir(lTa)IIUp\lwa_ stvergl(r;a)IIUIIwa (7.19)

The data rx and rg are here extended “by zero” from the flattened patch 7~; to the symmetrized patch

Ta:

Fa=rp if F=FeFMtuFe, (7.20a)
Fo=7p ifK=KE€Ta, (7.20b)
Fa=7x ifF=FcFy, (7.20¢)
Fa=0 if F=8(F),FeFmuFe, (7.20d)
Fo = if K =S(K),K €T, (7.20e)
the spaces on 7\; become
V,(Ta) = {0, € RTN,(Ta); B,np =75 VF € FO,
[Bp]mp =75 VE € F2, Vrd,|p =75 VK € Ta}, (7.21a)
V(Ta) = {v € H(div,Ta); vnp =7p VF € F&,
[v] np =7p VE € Fit, Vro|p =7 VK € T,), (7.21b)
and the stability property in ﬁ becomes
min_ [|vp/jz, < Cs¢ min o], (7.22)

BpEVp(Ta) BV (Ta

Owing to (2.17) and (7.20), we find that the compatibility condition (2.10) in Ta, ie.,

Y D= D, Fp)p=0 (7.23)

KeTa FeF,



holds true. The last two ingredients of the proof are the restriction of the discrete minimizer vy of (7.22),
left, from 7\; to Ta given by

Up = Oylz, — Y (Vploa\aa): (7.24)
where the contravariant Piola transformation ) is built using the geometric mapping S, and the extension
of the continuous minimizer v* on 7, from 7, to T, by zero.

7.2.2 Case 2: pure Dirichlet conditions

The case FY = () can be treated as above. After moving from T, to Te in the first step, the data are
extended “by symmetry” from 7T, to T, similarly to (7.14). This ensures the compatibility condition (2.10)
on the “extended interior” patch 7;, even though there has been no such a condition on the orlglnal patch
Ta- The restriction of the discrete minimizer v, of (7.22), left, from Ta to Tq is given by © vy = Upla,,

whereas the extension of the continuous minimizer v* on T from T to 'T is obtained by symmetry as

( )|U-)a,\wa, -_w (v |wa)-

7.2.3 Case 3: mixed Neumann—Dirichlet conditions

The proof proceeds again as above. The main change is that in (7.20), we also need to impose 75 for all
F=Fc¢ ]T'E : we can choose arbitrary values for all Dirichlet faces except for one, where 7'z is chosen such
that (7.23) holds true. As in Section 7.2.1, the restriction of the discrete minimizer v}, is given by (7.24);
note that all the Neumann conditions prescribed on the faces from FX (or FX) are satisfied, whereas no
conditions need to be satisfied on the faces from FP (or FP). Finally, the continuous minimizer * on T
is extended from T to Ta by zero.

Acknowledgments. The authors are grateful to F. Meunier (CERMICS) for insightful discussions on the
results of Appendix B.

A Stable polynomial extensions on a tetrahedron

In this section, we reformulate and extend some recent results by Demkowicz, Gopolakrishnan, and Schéberl
[11, 13] and by Costabel and McIntosh [10] on stable polynomial extensions on a single tetrahedron. We
first consider H'-stable extensions in the polynomial space P,(K).

Lemma A.1 (H'-stable polynomial extension on a tetrahedron). Let K be a tetrahedron with FR C Fk a
possibly empty subset of its faces. Let r be a p-degree piecewise polynomial on Fi, p > 1, with restriction
to each F € .7-}]3 denoted by rp. Assume that r is globally continuous over the Dirichlet boundary given by
FR. Then there exists a constant C > 0 only depending on the shape-regularity parameter v such that

min Vo <C min Vullk. Al
Lmin Vol <O min [l (A1)
Vp|lp=rr VFEFR v|p=rpF VFE}'E

Remark A.2 (Equivalent form). Consider the following problem: find (x such that

~Alg =0 in K,
Cklp=rF on allF€.7:I[(),
~V{iknglr=0 on all F € Fr \ FR,

i.e., in weak form, (i € HY(K) is such that (k|p =rp for all F € FR and
(Vik,Vo)gk =0 Yo e HY(K), v|p =0VF € FR.

Similarly, the (spectral) finite element method of order p finds (, k € Pp(K) with (p x|p = rp for all
F € FR such that

(Vépx,Vup)k =0 Yo, € Py(K), vy|p =0 for all F € FR.
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As ( k and Cx are, respectively, the unique minimizers from (A.1), Lemma A.1 can be rephrased as a
stability result for (spectral) finite elements on a single tetrahedron, i.e., |V{k ||k < ||V rllx < C|VCk| k-

Proof. The result of Lemma A.1 follows from the results and proofs in [11]. For completeness, we give a
proof using the present notation.

(1) Let us start by noting that in the case Fr = (), both (, x and (i are zero. Let us henceforth suppose
that F2 # (.

(2) We first establish (A.1) on the unit tetrahedron, say K ; to this purpose, we proceed in three substeps.
(2.a) Case K = K and F2 = F K, i.e., the Dirichlet condition is prescribed on the whole boundary JK.
Then [11, Theorem 6.1] shows that there exists a polynomial ¢,(r) € P,(K) such that (,(r)|ax = r and
¢y < CpasllTllmizory, where |[7][g1/25k) is defined using the Sobolev—Slobodeckij norm as

follows: ‘ ( ) ( )‘2
r(z) —r(y
|2 = I 2aomc) + / / @) =) 45 gy,
H/2(8K) L2(0K) or Jor ||Zl7—y||?2

recalling that d = 3. Since there exist constants C 1,2 and Cpi/2 of order unity so that

QH1/2 min ||UHH1(K) S ”r”Hl/z(@K) S CH1/2 min HU”Hl(K)a (AQ)
vEH(K) veH' (K)

vlox=r vlgr=r

and since ||(,(7)|| g1 (&) > min||vy| g1 (k) over all v, € P,(K) such that v,|ax = r, we infer that

min v <C min v A3
,in lopllar () < o, ol (k) (A.3)
vp|F=TF VFE]:B v|p=rp VFE}'E

with € = CpasCiyi/» and ||v||%11(K) = ||v]|% + || Vv||%. Note that we are using the H'-norm in (A.3), and
not the H'-seminorm as in (A.1).
(2.b) Case K = K and FR # Fr. Let us prove again (A.3). Let us set

(k= arg min vl fr (k) (A.4)
vEH(K)
v|lp=rr FEFK

Note that C~K solves in strong form —AEK +§K =0in K, fK\F =r|p forall F € ]-"[]?, and —VfK-nK|F =0
for all F € Fi \ ]-'II(); note also that (fK is well defined since ]-'I[{) is assumed to be non-empty. Define a
new function # € H'/2(0K) as the trace of Cx on OK; this extends the boundary data r originally defined
only on the faces in .7-}]3 to the whole OK, not necessarily by polynomials on the faces in Fx \]:1[()- The
definition (A.4) of (x combined with (A.2) yields 171l 1200y < Crrse |\C~K||H1(K). Let us now order the faces
of K with the faces in FX first and consider only the summands corresponding to the faces in F% instead
of the full extension operator of [11, equation (6.1)], applied to the function 7. Following [11, Theorem 6.1],
we obtain a polynomial (,(7) € P,(K) such that (,(F)|r = rp for all F € FR and [|G(F)|| gy <
Cpas Pl g1/2(9x)- Combining with the above bound on ||| g1/2(9 k) and since [|G, (7) || 72 () > minl|vy || 51 (k)
over all v, € P,(K) such that vy|p = rp on all F € FR, we infer that (A.3) also holds true if F2 # Fx
with C = CpcsCp/z. This completes the proof of (A.3).

(2.c) Let us prove that (A.1) holds true when K = K. Let ¢ € R be arbitrary and let us set 1/ := r + ¢;
note that ' is also a p-degree piecewise polynomial on FZ that is globally continuous over FX. Since K is
the unit tetrahedron and applying (A.3) with the datum ', we infer that

min Vv < min Uy + C = min v
Jmin Vel min o fytelmgo = min ol
vp|p=rp VFEFR vp|lp=rr VFEFR Vp|p=rfp VFEFR
<C  min olmao=C  min o+l
veHY(K) veHY(K)
v|p=rm YFEFR v|p=rr YFEFR

where the first bound follows by dropping the L?-norm of v, + c¢. Taking the infimum over ¢ € R on the
right-hand side and using the Poincaré inequality infeer [[v+c||x < 2hg||Vol|x < ¢f|Vol|x with a constant
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¢ of order unity, we infer that (A.1) holds true when K = K.

(3) Finally, we use a scaling argument to prove (A.l) in any tetrahedron K. Let (, x and (x be the
two minimizers in (A.1) (see Remark A.2). Let T be the geometric map from the unit tetrahedron K to
K. Then the pullback by T defined as ¢(v) = vo T is an isomorphism from H'(K) to H'(K) and also
from P,(K) to P,(K). Moreover, we have V@)l < CyllVollx and [|[V(@1(0))|x < Cp-1]|VD| %

with constants such that CyCy-1 is uniformly bounded by the shape-regularity parameter of K. Let now
.7-}3 = {F € Fp; T(F) € FR} and let us introduce the piecewise polynomial 7 such that 7z = r o (T|)
for all F' € ]:1%' Applying the result of Step (2c) to K with the polynomial data 7 and the subset .7-}%, and

introducing the two corresponding minimizers, Epf( and Zf(a we infer that ||V6pf(|\f( < 6||VEIA{||IA( with C
of order unity. Finally, we have

IVGxllx < IVE@HE, )k < CurIVE 2l < CorClIVizlz
< Cyr OV (Cr)llg < CuCyrClIVEk |k,

since w_l(zp #) is in the minimization set defining (, x and ((x) is in that defining C}( O

Let us now consider H (div)-stable extensions in the polynomial space RT'N,,(K). The following lemma
rephrases the first two steps of the proof of [1, Theorem 7|, while merging them together and extending
them to three space dimensions. Recall that the normal trace of a field in H (div, K) is prescribed according
to (2.6).

Lemma A.3 (H(div)-stable polynomial extension on a tetrahedron). Let K be a tetrahedron with unit
outward normal ny. Let FX C Fi be a possibly empty subset of its faces. Let r be a p-degree piecewise
polynomial on Fy, p > 0, with restriction to each F € FX denoted by rp. Let rx be a p-degree polynomial
in K. If Fi = Fk, assume that Y pcr (rp,1)p = (rx,1)k. Then there exists a constant C > 0 only
depending on the shape-reqularity parameter vi such that

min lvpllx < C min vl - (A.5)
v, ERT N, (K) veH (div,K)
'vp~nK|F=rF VFE]'—II\({ 'u-nK|p:rF VFE]:IIE
Vwp,=rg V-v=rg

Remark A.4 (Equivalent form). Consider the following problem: find (x such that

—Alk =Tk in K, (A.6a)
CrlF=0 on all F € Fr \ Fy, (A.6b)
~Vikng|lr=rr on all F € F§, (A.6c)

i.e., in weak form, (x € HY(K) is such that (x|r =0 on all F € Fx \ FX, (Ck, 1)k =0 if FR = F, and

(V¢k, Vo) = (rk o) — Y (rr.d)p Vo € HY(K) with ¢|p = 0 VF € F \ Fi. (A7)
FeFl

The dual weak formulation looks for €x € H(div, K) with V-€x =1k and Egni|lp =rF on ol F € ‘7'—]1\(]
such that
(€x,v)k =0 Vo € H(div, K) with V-v =0 and vng|r =0, VF € Fx,

and it is well-known that

¢k = arg min lvllxk = —V(k. (A.8)
veH (div,K)
v~nK\p:rF VFG]‘—II\({
V-v=rg

Similarly, the dual (or, equivalently, (dual) mized) finite element method (here, a dual spectral method) finds
&k € RTN,(K) with V€, xk =1k and &, k' ni|r =7r on all F € FX such that

(éprsvp)k =0 Vv, € RTN,(K) with V-v, =0 and v,ng|p =0, VF € Fx.

As &y k and i are, respectively, the unique minimizers from (A.5), Lemma A.3 can be rephrased as a
stability result for mized finite elements on a single tetrahedron, i.e., ||€x||x < ||€p.xllx < Cll€k| k-
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Proof. We first establish (A.5) on the unit tetrahedron, say K ; to this purpose, we proceed in three steps.
Then, we establish (A.5) on any tetrahedron by using the contravariant Piola transformation.

(1) Case K = K and FY = (). We infer from [10, Corollary 3.4] that there is &p(rx) € RT'N,(K) such that
V-€,(ri) = ric and [|§,(rx) ||k < Comllrillm-1(x) where |7k || -1 (k) := max(rk, ¢)x over all ¢ € Hg(K)
such that ||V¢||x = 1. Furthermore, since a Dirichlet boundary condition is prescribed over the whole
boundary of K in (A.6) when FY = (), we infer that (x € H(K) is such that (V{x,Vd)x = (rx,¢)x for
all ¢ € H}(K). Then, we have by (A.8),

min V|| = =V = max (rx, =||r - .
vEH(div,K)H Ix =1€xllx = Vil x ¢eH3(K)(K D) = Tkl -1

Vow=ri IVellx=1
Altogether,
i ) < < - =C i V|| k.
UpeRH%III\}p(K)H plle <€ (rr)llx < Comllrxllm-1(x) = Cem veI-}I(léRr,K)” |
Vvp,=rg V-v=rg

(2) Case K = K, FN #0, and rx = 0. We further distinguish two cases.

(2.a) Assume first that Fy = Fx. Since a Neumann boundary condition is prescribed over the whole
boundary of K in (A.6), (¥ € H'(K) is such that (Cx,1)x = 0 and (V(k,Vd)x = (r,¢)ax for all
¢ € H'(K) such that (¢,1)x = 0. Since (r,1)sx = 0 by assumption, [13, Theorem 7.1] shows that there
is £,(r) € RTN,(K) (actually, in [P,(K)]®) such that V-&,(r) = 0, &,(r)nk|r = rF for all F € F,
and [|€,(r) ||z aiv.x) = [1€p(r)lx < Cpaslirllg-1/2(9)- Here, H~'2(9K) is the dual space of H'/?(0K)
equipped with the norm ||| g-1/2(9x) := max(r, ¢)ox over all ¢ € H'/2(OK) such that |||l g1/2px) = 1.
On the unit tetrahedron, we can use the lower bound in (A.2) and the Poincaré inequality in the space
{¢p € HY(K); (¢,1)k = 0} to infer that there is a constant C'p—1/2 of order unity so that

(7’, dj)aK
”THH*U"’(GK) < CH*1/2 sup v .
$EH (K) Vol x
(¢,1) k=0
Owing to (A.8), we infer that
7l ir-17200k) < Crr-1/2|IVCk |k = Cp-1/2 veHH(lé?v,K) vl k-
vng|p=rr VFEFK
V-v=0
Altogether,
i v < <C - < CpasCy- i v k-
L lvpllx < 1€p(r)lx < Coaslirllg-12(0k) < CpasCr-1/2 verim vl
‘Up~‘rLK|F:TF VFeFKk v'nK|p=Tp VFeEFK
V-v,=0 V-v=0
(2.b) Assume now that () # FxX C Fg. Let us set
(k= arg min IV k,

veH (K)
—Vong|p=rr VFEFR

i.e., in weak form (V(gk,V@)x = Srery(rr, @)F for all ¢ € H'(K) such that ¢|p = 0 for all F €

Fi \ FR. Since K is a convex polyhedron, elliptic regularity implies that (xk € H 2(K), so that the
normal derivative V{x-ng can be given a pointwise meaning on K. Let us call 7 this normal derivative.
We infer that |7 g-1/29x) < C||VCk|lx. Let us now order the faces in FR first and consider only the
summands corresponding to the faces from F% instead of the full extension operator of [13, equation (7.1)],
applied to the function 7. Following [13, Theorem 7.1], we obtain a polynomial ¢,(7) € [P,(K)]? such that
C(F)mi|p = rp for all F e Fg and ||¢,(F)||lx < Cpasl|7llg-1/2(9x)- Combining the above bounds and
reasoning as above, we infer that (A.5) holds true in case (2) altogether.

(3) Proof of (A.5) when K = K. Since K is the unit tetrahedron, we can use the bounds established in
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Steps (1) and (2). Let &, , € RTN,(K) be the discrete arg min with only divergence prescribed by 7
but no boundary flux prescribed. Using the result of Step (1), we infer that

! = i <C i <C i =C
1€, k| 56 ,,peRH%BIG,,(K)””P”K < WGHH&Q’K)IWIIK < erim vl €| 5,
V.v,=rK V-v=rg vng|p=rr VFEFY
V-’U:’I‘K

where the last inequality follows by restricting the minimization set and introducing the unique minimizer
€k defined in Remark A.4. Let now & ,» € RT'N,(K) be the discrete arg min with divergence prescribed
to zero and boundary flux prescribed to rp — E;’K-nK|F for all F € ]-'II}I. In the case where FN = Fg, the
compatibility condition on the prescribed fluxes holds true since

Y rr—&xnklp, D= Y (rp.)r— (V€. D= > (rp,1)p — (r, 1)k =0,

FeFy FEFY FeFy

by assumption. Step (2) implies that

1 — . < C . .
15,5 Il ¢ LU [opll i < eriin o]l
’Up'nK‘F:TF—E;YK'nK‘F VFG]‘-IIE vV NK F=TF—§;7,K'T"K|F VFE}—E
V-v,=0 V-v=0

Furthermore, a shift by 5;7 x allows to rewrite equivalently, and then bound by the triangle inequality, the
last minimum above as follows:

. Y < . / _ /
i lo-gadis_min ol 1€l = [l + 1l
vng|p=re VFEJ:II\(T vng|p=rr VFG}'E
Vv=rg Vv=rg

so that [|€) |l < C([[€xllx + 1€, kllr). Now &, r+&) i belongs to the discrete minimization set in (A.5)
and [|€, ;¢ + & k|l is bounded by [|€x||x. This proves (A.5) on the unit tetrahedron.

(4) Proof of (A.5) on a general tetrahedron K. We are given a subset Fx of the faces of K, a p-degree
piecewise polynomial 7 on F%, and a p-degree polynomial rx in K such that, if Fx = Fp, EFE]—'K (re,1)p =
(rx,1) k. We are going to prove (A.5) on K by mapping the minimization problems to the unit tetrahedron
K. Consider an affine bijective map T : K — K with Jacobian matrix J. Note that J is a constant (and
invertible) matrix in K since T is an affine (bijective) map. Let ]-"%I collect the faces of K that are images
by T! of the faces of K in FY. Let us set

i i=det(D)| T Tnplle(rr o T|p), VF € FX, 7z = det(J)(rx o T),

where n g is the unit outward normal to K on the face F. Then, 7 defined by its restrictions to the faces
Fe ]-']IA\(I is a p-degree piecewise polynomial on fg, and 7% is a p-degree polynomial on K, and in the case
where ,7-"11\(I = Fg, we additionally have

Y Fplp= Y (rroTgdet()|J Tnple)s

ﬁe]—} ﬁe}}?
= Y es(rp)p =es(rg, ) = (rg o T, det(J)) z = (7, 1)z,
FeFk
with €5 = ﬁ%((‘?)‘ = +1. Here, we used the following classical formulas to change the surface measure
and the volume measure: ds = |det(J)|||[J "npl;2ds and dz = |det(J)|dZ. Let us now consider the

contravariant Piola transformation such that ¥ (v) = A(v o T) with A = det(J)J~!. Then % is an

isomorphism from H (div, K) to H(div, K), and also from RTN,(K) to RTN,(K). Moreover, we have
the following key properties:

Vw=rgin K<<= V- (¢(v)) =7% in K, (A.9a)
vnglp =rp onall F € Fy <= 4(v)ns =77 onall F e FY, (A.9b)
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with K = T(K) and F = T(F). The first equivalence results from V-(1p(v)) = det(J)(V-v) o T and the
definition of 7'z. To prove the second equivalence, recalling (2.6), the left-hand side means that

(U,V¢)K + (V'v7¢)K = Z (TFv(b)Fa

FeF}

for all ¢ € H'(K) such that ¢|r = 0 for all F € Fx \ FX. Changing variables in the volume and surface
integrals, the above identity amounts to

(Y(©), Vo) + (V-@(),0)z = > 7505

FerX

K
where (E ¢ o T. Since the pullback by the geometric map T is an isomorphism from {¢ € HY(K); ¢|r =
OVF € Frx \ FX} to {(b € Hl( ); ¢|F = OVF € Fz \fN} the above identity means that ¥ (v)-ng =75

onall F € .7-'N

Let now £p i and €k be the unique minimizers in (A.5) using the polynomial data r and rx; similarly,
let £p # and 5 7 be the unique minimizers for the minimization problems posed on K using the polynomial

data 7 and 7. We infer from Step (3) that ||€p7K||K < C||£K||K with constant C' of order unity. Since

1/:’1(51) 7) is in the minimization set defining §, x and since 1(§x) is in that of é}?, we have

l&p &l < 971 E, 2l < ¥ e, 7z < ¥ e CliEz Iz

< M ewe e Cle €z < I19lewe )l lewe o Cléxlx,

where ||| z(z2,2) and ||t~z (12, 12) are the operator norms of ¢ and ¥ ~! as linear maps between L*(K)

and L?(K). This completes the proof since the factor ||9||z(r2,12)l|9 || £(12,12) is bounded by a constant
only depending on the shape-regularity parameter g . O

B On cell enumeration and vertex coloring in patches

We collect in this section some auxiliary results on cell enumeration and vertex coloring in simplicial patches,
corresponding to the setting described in Section 2.1. For any cell K € 7T, its interior faces are collected
in the set ]-"}?t = Fr N ]:Lilnt. Let us first observe that any enumeration of the elements in the patch 7T, in
the form Ki,..., K|7,| induces a partition of each of the sets ]—'}?:, 1 < <|7al, into two disjoint subsets,

f}?f = ]-'f U ff, where ]-'f collects all the interior faces of K; shared by an already enumerated cell K; with
j<i,ie., J"-'ﬁ ={F € F**, F = 0K, N 0K, j < i}, and F? collects all the other interior faces of K;, i.e.,

Fr:={F € Fi™* F = 0K; N 0K, j > i}. Note that |F| + |]-'ﬁ| = 3. An immediate consequence of this
definition is that F} = Fi and ‘77jj = () on the first element, whereas .7-"‘7_ | =0 and ]-"‘7_ | = = Fli K,y on the
last element.

Lemma B.1 (Patch enumeration). Let T, be an interior patch of tetrahedra as specified in Section 2.1.
Then there exists an enumeration of the elements in the patch Tq so that:

7 or a <Z_ als ? ere are at Leas wo jaces 1n ,ZTL ersecting 1n an eage, en a e elements
) For alll < i < |Ta|, if th t least in F?, intersecting i dge, then all the element

K3
sharing this edge come sooner in the enumeration, i.e., if |.7-'f| > 2 with F',F? ¢ ]-'f, then letting
e:=F'NF? K; € T.\{K,} implies that j < i.

(i) For all 1 < i < |Tq|, there are one or two neighbors of K; which have been already enumerated and
correspondingly two or one meighbors of K; which have not been enumerated yet, i.e., |]-'f| e {1,2}

(so that |F!| =3 — |]:Zli| € {1,2} as well), for all but the first and the last element. In particular, ]:f
contains all the interior faces of K; (so that F? is empty) if and only if i = |Ta|.

3

Proof. The key notion to assert the existence of the enumeration with the requested properties is the shelling
of a polytopal complex. Let us first explain the concepts of polytopal complex and of shelling in the present
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context; we refer the reader to [24, Definition 8.1] for a more abstract presentation. The collection of the
boundary faces, edges, and vertices of the patch constitutes a so-called pure, two-dimensional, polytopal
complex, that is, a finite, nonempty collection of simplices (triangles, segments, and points, all lying on the
boundary Ow,) that contains all the faces of its simplices (that is, the lower-dimensional simplices composing
the boundary of each simplex) and such that the intersection of two distinct simplices in the complex is
either empty or an edge or a vertex for each of them. The shellability of the polytopal complex (composed
of the boundary faces, edges, and vertices) means that there exists an enumeration of the boundary faces
(or, equivalently, the cells composing the patch) so that, for all 1 < ¢ < |Tg|, the boundary of the set
(Uj<iK;) N Owq is connected and contains only vertices of degree two (i.e., each vertex is connected by an
edge to exactly two other vertices also belonging to this boundary). The fact that this polytopal complex
is shellable results from a theorem by Burggesser and Mani [4], see also [24, Theorem 8.12]. The main idea
for the construction of the shelling is to imagine the complex as a “little” polyhedral planet, and launch
a rocket from the interior of one of its faces; the rocket trajectory is a line that is supposed to intersect
all the planes supporting the faces at one and only one point. The faces are enumerated by counting the
launching face first, followed by the faces as they become visible from the rocket as it progresses to infinity.
Once the rocket reaches infinity, it starts its travel back from minus infinity towards the complex; then all
the previously hidden faces become visible and are enumerated as they disappear from the horizon. When
the rocket reaches back the complex, all the faces have been enumerated, and the resulting enumeration
produces a shelling with the desirable properties. We refer the reader to [24, pp. 240-243] for details and
illustrations. O

Lemma B.2 (Two-color refinement around edges). Fiz a cell K. € T, and an edge e of K. having a as
one endpoint. Recall that T, collects all the cells in Tq having e as edge. Then there exists a conforming
refinement T, of To composed of tetrahedra such that

(i) T contains K,;
(7i) All the tetrahedra in T, have e as edge, and their two other vertices lie on Owg;

(i1i) Collecting all the vertices of T, that are not endpoints of e in the set V., there is a two-color map
col : V. — {1,2} so that for all kK € T., the two vertices of Kk that are not endpoints of e, say
{al}1<n<2, satisfy col(ayl) =n.

Proof. 1f |T.| is even, we can just take 7. = 7. since the vertices of 7, that are not endpoints of e then form
a cycle with an even number of vertices that can be colored using alternating colors. If |7.| is odd, we pick
one tetrahedron in 7, \ { K.} and subdivide it into two sub-tetrahedra by cutting it along the median plane
containing e. By doing so, we obtain a conforming simplicial refinement 7. of 7, that has all the desired
properties. O

Lemma B.3 (Three-color patch refinement). Fiz a cell K, € To. There exists a conforming refinement T,
of Ta composed of tetrahedra such that

(i) Ta contains K,;
(i) All the tetrahedra in T, have a as vertex, and their three other vertices lie on Owg;

(#ii) Collecting all the vertices of T, distinct from a in the set V., there is a three-color map col : V) —
{1,2,3} so that for all k € T, the three vertices of k distinct from a, say {a] }11<n<3, satisfy col(al) =
n.

Proof. Since all the cells in T, and in 7 have a as vertex and their three other vertices lie on dwg, we will
reason on the trace of 7, on Owg. Using a homeomorphism, we can map Ug/cr,\ (k. }{K' N Owa} to an
interior triangulation, say T, of the unit triangle 7 in R? with the particularity that the three sides of T' are
edges of cells in T (these three triangular cells are the images by the above homeomorphism of the trace on
Owg of the three tetrahedra sharing a face with K, ); see Figure 5. We now devise a conforming triangular
refinement of ¥ that does not refine the three sides of T" and such that all the vertices in this refinement
are connected to an even number of other vertices (the number of connections is called the degree of the
vertex). The existence of a three-coloring map on the vertices of this refinement will then follow from [22].
To this purpose, we proceed in several steps. Let us call {21, z2, 23} the three vertices of T. The three
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Figure 5: Left: original patch 75 N dw, locally around K, N dw, (highlighted in dark grey), the three
triangles K’ N dw, for which the tetrahedron K’ shares an interior face with K are highlighted in light grey,
and the triangles K’ N dw, for which the tetrahedron K’ shares only an interior edge with K are dashed;
Right: mapping by the homeomorphism to a triangulation of the unit triangle 7" in R?; the polygon at the
heart of T is the image by the homeomorphism of all the triangles K’ Ndwg where K’ only shares the vertex
a with K,.

triangles in ¥ supported on the three edges of T are denoted by {71, 72,73} in such a way that 7,, does not
touch the vertex z,, for all n = 1,2,3. Let 2/, denote the barycenter of 7,.

(1) We subdivide all the triangles in ¥ by barycentric subdivision into six sub-triangles. By doing so,
we create new vertices, namely the barycenter of each triangle in T (with degree 6), and the midpoint of
each edge in ¥ (with degree 4). Moreover, all the original vertices of T have now even degree, except for
{z1, z2, 23} which have odd degree. To avoid refining the three edges of T, we remove for all n € {1,2,3}
the connection between the barycenter z/, and the midpoint of the edge of T supporting the triangle 7,,. By
doing so, the degree of the three barycenters {z{, 25, z5} changes from six to five. At this stage, we have
a conforming, triangular refinement preserving the three sides of 7', but which contains six vertices of odd
degree, namely {z1, z2, 23} and {21, 25, z4}.

(2) We subdivide the triangle with vertices {2, 24, 23} into three triangles by joining its barycenter, say z4,
to the three vertices. The degree of z;, 2}, and z3 is now even as desired, but we have created the new vertex
z! with degree three. This new triangulation is illustrated in the central panel of Figure 6 in a slightly
simplified setting with respect to Figure 5 since we have reduced to one the number of original dashed
triangles at each of the three vertices of T (see the left panel of Figure 6 for the original triangulation).

(3) We now subdivide all the triangles having z; as vertex, except the newly created one, into two sub-
triangles as depicted in the right panel of Figure 6. The vertices 2§ and zs now have even degree, and
we have created additional vertices at some edge midpoints that all have degree four while we have also
increased by two the degree of some vertices.

(4) Finally, we use a similar process, as depicted also in the right panel of Figure 6, so that the vertices
z{ and z% now have even degree, while we create additional vertices at some edge midpoints that all have
degree four. We now have a triangulation where all the vertices have even degree. O
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